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Abstract

The presence of initial stress in natural and manufactured materials and structures has
been known for a long term and it is experimentally well attested in diverse scopes from
biomechanics, geophysics, to welded structures and manufacturing. This internal stress
has a substantial effect on material and structural behaviour and can be the origin of
heterogeneous and anisotropic behaviour. The modelling of initially-stressed materials
goes back to Cauchy’s work on the classical theory of linear elasticity in its most general
form, considering the effect of an initial stress of arbitrary origin. This thesis aims to
contribute to the development of different formulations and theoretical results in the theory
of initially-stressed hyperelasticity. The development of constitutive models for initially
stressed hyperelastic materials have permitted to identify the kind of anisotropy generated
by the initial stress field based on the analogy with the constitutive formulation for fibrous
materials. The exploitation of this analogy for linear transverse isotropic elasticity has
provided some insight into the use of anisotropy and fibre orientation to design some
elastic machines by coupling different deformation modes in a continuum boundary value
problem. In addition, the identification of material parameters of an initially stressed
linear elastic model and the residual stress are addressed and an analysis of the different
parameters influencing the quality of the reconstructed fields is carried out. Focusing on
singular problems, two boundary value problems are considered and analyzed. The first
problem is dedicated to the rigidity contrast (discontinuity) influence on the asymptotic
mechanical field near a crack tip subjected to an antiplane transformation. Whereas in the
second one, a particular generalization of the three-dimensional Linear Elastic Fracture
Mechanics (LEFM) to a model of initially-stressed hyperelastic materials is developed.
A numerical analysis to the prior problem using an XFEM formulation is realized and a

convergence-stability study is achieved.
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(General introduction

The presence of initial stress in natural and manufactured materials and structures has
been known for a long time and it is experimentally well attested in diverse scopes, from
biomechanics, plants, geophysics, geomechanics, to welded structures and manufacturing.
By initial stress, one means stress field verifying the equilibrium equation in the reference
configuration with a no homogeneous static boundary condition (no zero surface loads)
and/or a body force.. Here, the term initial stress should be used in its general sense
regardless of its origin. When this initial stress is accompanied by a pre-strain due to the
applied load in the reference configuration, the term pre-stress is usually used. In the case
of zero applied loads, the term residual stress is commonly adopted according to the defini-
tion of [Hoger 1986]. This internal stress has a substantial effect on material and structural
behaviour. It affects strength, fatigue life, and dimensional stability and can be the origin
of inhomogeneous and anisotropic behaviour. Perhaps the most known initially stressed
bodies due to gravity are the Earth and historical buildings from the Babylonians, Mayas,
Egyptians, Romans, and other civilizations. In his book "Imaging the Cheops Pyramid"
[Bui 2011], for example, H.D. Bui analyzed the effect of this internal stress on the pres-
ence of cracks near the King’s Chamber of the Cheops Pyramid. In geophysics and during
earthquakes, initial stress, developed below the Earth’s surface, is generated by gravity and
processes such as burying, heating, cooling, and prior tectonic events and its rotations along
strike can generate significant changes in rupture speed as well as distinctive patterns in slip
distribution and peak ground motion |[Dunham 2003, Duan 2010]. For arteries, residual
stress, a consequence of growth and remodelling, reduces the stress gradient distribution
and decreases the peak stress [Cardamone 2009]. It prevents dissection and potential rup-
ture of the aorta, which is a serious cardio-vascular disease [Humphrey 2012, Wang 2017].
In multi-network polymers, scission and reformation of networks give rise to initial stress
[Rajagopal 1992, Wineman 1990, Huntley 1996]. Through all these problems, the initial
stress can have detrimental and/or positive effects on the materials and structures, which
need to be better understood, determined and quantified. It is the challenge of this thesis
concerned with the modelling and the identification of initially stressed hyperelastic be-

haviour with the analysis of some continuum and singular boundary value problems.

Following Truesdell [Truesdell 1952], there are three approaches, from the born of contin-
uum modelling due to Euler, Cauchy and Green (see |Truesdell 1952]), to model initially
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stressed elastic material behaviour. Recall that these initial stresses are caused by mi-
crostructural misfits and rearrangement of matter, which can occur as a result of plastic
deformations (for example, in metals), thermal processes (for example, rapid solidification
in glass), or growth within biological tissues. The first method focuses on the modelling
of the entire process, from the initial unstressed natural state, that creates initial and
service stresses in the body. This methodology is popular in the manufacturing scien-
tific community, particularly for modeling metallic products fabrication and life service.
Nevertheless, the existence of this hypnotically initial unstressed natural state is a the-
oretical assumption and all materials and structures contain initial stresses. Thus, the
second approach aims to model material behaviour from the initial stressed state where
the stress-free configuration is not known. Indeed, the removal of this initial stress by
cutting the body is not feasible without destroying the material continuity. Nonethe-
less, this stress-free configuration is assumed to exist, which is the basis of the concept
of natural configuration as discussed by [Rajagopal 1998| by assuming a multiplicative
decomposition of the deformation gradient, from the unstressed free configuration, into
two contributions: a residual deformation describing the inelastic change of shape in-
duced by the microstructural rearrangement of the matter and a deformation accounting
for the elastic deformation of the body [Lee 1969, Haupt 1992, Rodriguez 1994]. Thus,
the material response is governed by the deformation from the initially stressed config-
uration to the current one and the residual deformation from the unstressed configura-
tion to the initially stressed one. This stress-free configuration is also called the virtual
stress-free state by Hoger and her co-workers, who developed a constitutive representa-
tion from the stressed reference configuration to the current one by inverting the consti-
tutive model response between the virtual unstressed configuration and the stressed one
[Hoger 1997, Johnson 1995, Johnson 1998, Saravanan 2008, Agosti 2018]. To do this, chal-
lenging calculations are needed and rarely yield an analytic explicit model, unless great
simplifications are assumed. The main drawback of the methodology described below is
that it requires prior information about the natural stress-free configuration, which is not
always physically accessible. Indeed, from an experimental standpoint, it would necessi-
tate infinite cuts to relieve all initial stress [Chuong 1986, Ciarletta 2016a|. Although this
technique has been successful in simple system models [Amar 2005]. It is ineffective when

evaluating the effect of a generic condition of initial stress on the material response.

In the third approach, the problem of the choice of a virtual stress-free configuration is over-
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come by developing a constitutive theory that includes explicitly the spatial distribution of
initial stresses. This is done by the initially-stressed theory, which goes back to Cauchy’s
work on the classical theory of elasticity in its most general form, linking stress as a function
of deformation and an initial stress of arbitrary origin (see [Truesdell 2012]). Another way
to define initially stressed elasticity was given by Green [Truesdell 2012] in which stress is
a derivative with respect to a deformation of a strain energy function of a deformation and
an initial stress. These two methods of defining elasticity with initial stress were misunder-
stood, and the nineteenth-century scientific community reported them in a hazy or even
erroneous manner, as pointed by [Truesdell 1952], who presented the proper theory long
later with other authors [Truesdell 1952, Gurtin 1982, Biot 1965]. Early other contributors
who made a significant contribution to the field including [Hadamard 1903, Love 2013]...

In the context of modern continuum mechanics [Truesdell 2004], it was only after the
paper [Hoger 1986] on the determination of residual stress in an elastic body that the
theory of elasticity with initial stress received considerable attention. This paper came
after another fundamental paper [Hoger 1985] where it was shown that the conditions of
the equilibrium equation and boundary condition of zero traction satisfied by the residual
stress, coupled with those implied by material symmetry [Truesdell 2012, Coleman 1964],
restrict the class of possible residual stresses in an elastic body. The work of Anne Hoger
in this scope is so powerful that it touches all the aspects of modelling and the identi-
fication of initially stressed hyperelastic materials. The first such contribution is made
in [Hoger 1993a, Johnson 1995], assuming the existence of hyperelastic potential depend-
ing on both the deformation and the initial stress, despite the fact that this hasn’t always
been properly acknowledged. The question of the uniqueness of solution for boundary value
problems associated with initially stressed hyperelastic models is also addressed by ana-
lyzing the tangent elasticity tensors in different configurations [Hoger 1993b, Hoger 1994,
Johnson 1993|. In fact, the resolution of the boundary value problems depends essentially
on the form of the strain energy. Since no restrictions have been imposed on the na-
ture of this function, it may be questionable whether the predicted response caused by
the constitutive behaviour is physically reasonable and whether the solution to the initial
stressed finite elasticity problem exists and is unique. This is the so-called Truesdell-
Haupt problem and is concerned with stability, thermodynamics, and some mathematical
conditions. The most known requirements for strain energy are those of Baker-Ericksen

inequality, the Coleman-Noll inequality, and ellipticity condition, polyconvexity condition,
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etc [Ogden 1997]. To this end, some restrictions have been developed to ensure reasonable
physical response of initially stressed material and the existence of minimizers: initial stress
compatibility (ISC), initial stress symmetry (ISS) and initial stress reference independence
(ISRI) [Shams 2011, Gower 2015, Gower 2017, Riccobelli 2019]. Recall that restrictions on
constitutive models are probably only those arising from frame indifference and material

symmetry, as was mentioned in [Saccomandi 2004].

For the development of constitutive laws for initially stressed elastic materials, the de-
termination of the model’s parameters and the initial stress are of paramount importance.
This is an inverse problem as mentioned in [Bui 2007|. From an experimental viewpoint,
non-invasive techniques like X-ray diffraction, semi-invasive techniques like incremental
center hole drilling and deep hole drilling, and fully destructive methods like slotting, con-
tour, and inherent strain can all be used to determine the residual stress at surface and/or
body points. Due to the cost, time commitment, and dispersion of the measured data,
only discrete points of stress in sections are normally measured. In initial stressed lin-
ear elasticity theory, all the constitutive models of the first half of the twentieth century,
presented in [ZP 1971], have the same algebraic structure as the model of [Hoger 1986].
This latter model depends on an unknown tangent elasticity tensor function of the initial
stress. Different forms and identification methodologies of this elasticity tensor have been
proposed |[Hoger 1986, Man 1987, Man 1994]. A general form was proposed recently in
[Gower 2015, Gower 2017]. The identification of the initial stress (or residual stress) can
be done by an analytical (or semi-) method determined from its equilibrium equation and
its boundary conditions for specific geometries [Hoger 1986, Sburlati 1992, Faghidian 2014].
In addition to its practical importance, determining residual stresses raises a number of dif-
ficult mathematical issues. In fact, several forms of the inverse problem of unique residual
stress determination were investigated, utilizing several model equations for residual stress
and various methods of measurements. The central questions here are those of stability
and uniqueness [Man 1994, Rachele 2003, Ivanov 2005, Isakov 2007, Isakov 2008]. In large
deformations and for initially residually hyperelastic materials, only the reconstruction of
the residual stress is addressed in [Gou 2014] for a specific geometry and a particular form

of the residual stress function.

Suppose now that the constitutive law of an initially stressed hyperelastic material is

explicitly known and its parameters are determined. Thus, boundary value problems can
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be formulated to analyze the effect of this initial stress on mechanical fields and mate-
rial symmetry. To this end, the semi-inverse method [Truesdell 1952], which is based on
heuristic ad hoc assumptions and ansatzes on the analytical form of elastostatic fields, is
generally used. The effect of initial stress (and residual stress) on elastostatic fields has
been analyzed theoretically for continuum problems by [Merodio 2013a, Merodio 2016,
Ciarletta 2016a, Ciarletta 2016b, Gower 2015, Gower 2017, Riccobelli 2018, Agosti 2018,
Du 2018, Du 2019a, Du 2019b, Liu 2020a, Liu 2020b, Mukherjee 2021, Melnikov 2021|. To
our knowledge, the singular boundary value problem associated with initially stressed hy-

perelastic cracked solids has not been theoretically analyzed.

After this narrative overview to describe the scientific context of our work, it is now
necessary to fix the objective of this thesis concerned with the modelling and the iden-
tification of initially stressed hyperelastic behaviour with the analysis of some contin-
uum and singular boundary value problems. First, the modelling of an initially stressed
hyperelastic material should be concisely unified and summarized based on the work of
[Gower 2015, Gower 2017] and new results and interpretations will be presented, partic-
ularly the link between anisotropy and the initial stress effect. Secondly, the effect of
anisotropic behaviour should be analyzed through a continuum and singular problems.
Thirdly, the identification of the general initially stressed linear elastic model presented
by [Gower 2015, Gower 2017| should be addressed theoretically and numerically. Finally,
asymptotic and X-FEM analysis should be done for an initially stressed hyperelastic three-

dimensional cracked solid.

The thesis plan will be presented in the following:
The first chapter is an overview on the finite transformation scope.Focusing on hyperelas-
tic behaviour, a brief recall is made for the mathematical tools for the modeling of such

mechanical behaviour.

The second chapter is dedicated for the initially-stressed hyperelastic materials model-
ing. The first part of this chapter is like a survey on the different approaches to model the
initial stress on hyperelastic structures within two classes of materials: initially stressed
and initially-strained materials. Multiple theoretical formulations and results are revisited
in a different way. On the other hand, the second chapter presents the most explicit general

model for an initially-stressed linear elastic material which is isotropic in the natural con-
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figuration, and a generalization of the Airy stress function is performed. Also, this chapter
discussed the anisotropy generated by the initial stress presence based on an analogy with

fibrous materials.

Since the initial stress can be a source of anisotropy, then by considering a simple boundary
value problem for an isotropic transverse cylinder a new kinematic coupling is discussed in
the third chapter. The presence of fibers permits a coupling between the axial shear and
the fibers rotation. Such coupling is analyzed in order to exploit it for the design of new
devices that we have called elastic machines. In the same chapter, an analogous coupling

is obtained using a simple form of initial stress field.

The fourth chapter is devoted to a set of inverse problems in the case of initially stressed
linear elastic materials. This chapter presents multiple stability estimates. Focusing not
only on the theoretical results, the fourth chapter provides an efficient direct approach
for the identification of the residual stress field and the material parameters. Exploit-
ing multiple perturbed displacement fields, a parametric analysis is performed to point out

the influence of the different variants of this approach on the quality of the identified fields.

The fifth chapter discussed the influence of a constant initial stress field on a singular
problem of a cracked hyperelastic material. An asymptotic analysis is made for the dif-
ferent mechanical fields near the crack tip considering a three dimensional transformation.
Focusing on the plane problem, a numerical analysis for the singular problem using the
XFEM method is done for different choices of elements formulations and crack-tip enrich-

ment functions.

The idea behind the last chapter is the same as the third one. In fact, the final chap-
ter treats an antiplane transformation within hyperelastic bimaterial. This chapter gives
an asymptotic analysis on the rigidity gap and the geometrical configuration on the dif-
ferent mechanical fields near the crack tip. An analogy with the case of initially stressed

materials is pointed out again.
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CHAPTER 1

Introduction to finite elasticity
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1.1 Kinematics

Let consider a body which occupies initially a reference configuration By. The prior config-

uration is a collection of material particles whose X = (X1, X9, X3) is the position vector

in the undeformed configuration . The body is transformed at an instant ¢ into a new
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8 Chapter 1. Introduction to finite elasticity

deformed configuration B; where the position vector of the generic material particle is de-
noted ¥ = (x1,x2,x3) as it is illustrated in figure (1.1). This motion can be described by

a mapping vector function x and it can be expressed mathematically as:

— —

(X, t) =X +a(X,t) (1.1)

4 is the displacement field which characterize the deformation x between the initial and the
current configurations. Each point of the reference configuration By has a unique image in
the current configuration B; and vice-versa. Thus the deformation x must be a one-to-one
function (i.e bijective vectorial function). It is essential to distinguish the fields based on
the configuration where they are defined. Since, the deformation function ¢ is defined on
the undeformed configuration, such a kinematic approach is called a material or Lagrangian
description. Although, when it is referred to the current configuration, then it is called a

spatial or Eulerian description.

1.1.1 Deformation gradient

For the sake of local behaviour studying, the mapping function must be a smooth function
and have suitable differentiability properties. Then, the deformation gradient field can be
defined as:

8:1:1-

F(X,t) = CGradx(X,t) =1+ H, H =Gradd, [F;]= Eret
J

(1.2)
where 1 denotes the identity tensor and Grad is the gradient operator relative to the
coordinates of the undeformed configuration. The deformation gradient tensor must avoid
the singular values for the local invertibility of the mapping function. Now, we can similarly

define the inverse deformation gradient tensor as:

0X;
N al'j7

—1/¥ v -1
with grad is the gradient operator relative to the coordinates in the current configuration.
In the following, the dependence on the time variable will be omitted unless it is necessary.
The deformation gradient plays an important role in the finite elasticity formulation since

it relies the transportation of an infinitesimal vector in the reference configuration to the
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1.1. Kinematics 9

Figure 1.1: The reference and the current configurations

corresponding one in the current configuration in the following way:
Az = FdX (1.4)

Exploiting the bijectivity of the deformation function, the invertibility of the deformation
gradient tensor is ensured and it can be considered as a point-to-point tensor relating two
different configurations. Using the relation (2.4), with some easy algebraic manipulation,
an information can be derived about the volume change and hence a relation between

the infinitesimal volume respectively in the material and spatial configurations, so we can
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10 Chapter 1. Introduction to finite elasticity

write:

dv

J = det(F) = . (1.5)

with det is the determinant operator for second order tensors. Since the infinitesimal
volume is a positive quantity, consequently a necessary condition that has to be satisfied

by the deformation gradient tensor is:
J > 0. (1.6)

J is also called the jacobian. As it is explained figure (1.2), another relation involving F

7 ~

’, A

Figure 1.2: Deformation of an infinitesimal element of surface

can be obtained relying the surface element in the initial configuration to the corresponding

surface element in the current configuration (Nanson formula) :
itda = JF~"TNdA. (1.7)

Returning to the point of volume change, a considered deformation can be splitted into
volumetric and isochoric or distortional parts. Hence, the gradient deformation tensor can

be decomposed as:

F=FF’=F'F (1.8)
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1.1. Kinematics 11

where the isochoric part verifies:
det(F) =1 (1.9)

and they can be expressed in function of the original deformation gradient tensor like:

F=JsF, F'=Jsl. (1.10)

The prior two equations hold in 2D space by replacing "3" by "2". Such decomposition
is essential in material modeling to distinguish the effect of every part of the deformation

especially when we are dealing with nearly-incompressible materials.

1.1.2 Polar decomposition

The polar decomposition has a great utility in the continuum mechanics. Such result is
the decomposing of the gradient deformation tensor into a stretch tensor and a rotation

one. It can be expressed mathematically in the reference configuration as:
F = RU, (1.11)

where R is an orthogonal tensor i.e RRT = RTR = 1 and it represents the rotation
tensor. Whereas U is a definite symmetric tensor and it is usually called the material
stretch tensor (or the right stretch tensor). equivalently, the polar decomposition has the

following form in the current configuration:
F=VR, (1.12)

with V' is a definite symmetric tensor and it can be regarded as the spatial stretch tensor (or
the left stretch tensor). Since U and V are both symmetric tensors, then using the spectral
theorem, it can be derived that they share the same principal values. Consequently, the

two stretch tensor can be presented in theirs following spectral forms:

3 3
U=> nied®, v=> \i%ed?, (1.13)
=1 =1
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12 Chapter 1. Introduction to finite elasticity

and for the rotation tensor:

3
R=> i ga, (1.14)
i=1
where {)\;, i = 1..3} are the common principal values (or principal stretch), while

{a®, 4 = 1.3} and {8, i = 1.3} are respectively the principal unitary orthogo-
nal vectors for U and V i.e ¢®.q0) = g gU) = ij- For the sake of a brief demonstration
of the polar decomposition theorem, let us consider a second order tensor A. The demon-
stration will be restricted to the case of invertible tensors. Using the singular spectral
theorem (the generalization of the spectral theorem), the tensor A can be decomposed as

the following:
A=UxVT, (1.15)

where U and V are both orthogonal unitary tensors i.e UUT = vVvT =1, and ¥ is
an invertible diagonal second order tensor. This decomposition is unique because A is

invertible. Then, it can be derived:

AAT —UxxTu?, ATA=vxTsvT, (1.16)
Then using the above equations, we can rewrite the tensor A as:

A=A(ATA)2(ATA)z = (AAT)z(AAT) 2 A (1.17)
Hence, it is easy to derive that:

A(ATA) 2 = (AAT)zA (1.18)

is a unitary orthogonal tensor which represents the rotation tensor, while (ATA)% and
(AAT)% denote respectively the right and left stretch tensors. The unicity of the polar
decomposition is inherited by the unicity of the singular-value decomposition in the case

of invertible tensors.
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1.1.3 Incompressibility

The incompressibility is a material behaviour property that can be defined by the aptitude
of accepting only an isochoric deformations i.e J = 1. In other words, the incompress-
ibility characterizes the non changing in volume when the material is under a prescribed
deformation. Such property is ensured by the presence of pressure force inside the material
resisting the volume change. The rubber-like materials and the tissues in biomechanics are
usually considered as incompressible materials. But, sometimes this hypothesis is relaxed
with an asymptotic expansion in the stress-strain law which leads to the construction of

the class of quasi-incompressible materials.

1.1.4 Strain

To study the shape change of a considered body, defining a measure of deformation is
necessary. The deformation tensors serve to analyse the length and angle variation. To
clear up this point let consider two infinitesimal material vectors §X 1 and 5§X o which are
transformed respectively in the current configuration to 6z1 and 6z5. Then the stretch or
the length change of the both considered infinitesimal vectors defined on the undeformed

configuration can be calculated as:

||62;]|? = 0X,C0X;, ie{1,2} (1.19)
where C is called the right Cauchy-Green tensor and its is defined as:

C=F'F (1.20)
We can proceed inversely, similarly to the above calculation, to obtain:

16X;|]? = 6x;Bdoz;, i€ {1,2} (1.21)
where B is called the left Cauchy-Green tensor and it is mathematically expressed as:

B=FFT (1.22)
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14 Chapter 1. Introduction to finite elasticity

Figure 1.3: Transporting of infinitesimal vectors from the initial configuration to the cur-
rent one

Whereas for the angle change (see figure (1.3)), we can exploit the scalar product to obtain:

1
\/53(1.0.53(1\/53(2.0.53(2

COS(912) = (53(10(53(2 (1.23)

with 612 denotes the angle between the two deformed infinitesimal vectors in the current
configuration. Exploiting the polar decomposition of the deformation gradient F', the left

and right Cauchy-Green tensors can be rewritten like:
B=V? C=U>? (1.24)

Therefore B and V' are two measures of deformation in the spatial configuration B; while
C and U represents two measures of deformation defined on the material configuration By.
Using (2.11-2.14) and (2.24), it is easy to derive that both the left and right Cauchy-Green

tensors have the same principal values and which leads to:
3 ' ' 3 ' '
c=> NiDea?, B=> i egi (1.25)
i=1 i=1

The Cauchy-Green and both of the stretch tensors represent the basis elements for the
definitions of the different class of deformation tensors. For example, the Green-Lagrange

tensor E can be defined in By as:

E:%(C—l): %(FTF—l) (1.26)
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1.2. Stress and equilibrium equations 15

Similarly, the Euler-Almansi tensor is defined by:
1
A=3(1- B H=FTEF™! (1.27)

Also, using the right stretch tensor U we can define the class of Lagrangian strain tensor

(1.28)

1.2 Stress and equilibrium equations

If we consider a material particle with a surface element da in the spatial configuration,
then the force dF associated to the contact with the adjacent rest of the material (cohesion
internal force) or related to the loading devices can be expressed in the spatial configuration

as:
dF = tda, (1.29)

where # is called the traction force vector, and it is related to the Cauchy stress tensor o

in the following way:
t=of (1.30)

where 77 denotes the unit normal vector for the surface element da. In the case of small
deformations, the material and spatial configuration are the same. Although, in the case
of large deformations, it is necessary to transform the Cauchy stress tensor and the equi-
librium equations to the reference configuration. That is why, the First Piola Kirchhof

stress tensor S will be defined and associated to the same internal force dF as:
dF = SNdA (1.31)

where N denotes the unit normal vector of the surface element dA corresponding to the
surface element da in the reference configuration. By means of the Nanson formula (2.7),

a relation between the first Piola Kirchhoff and Cauchy stress tensors can be conducted:

S=JoF T (1.32)
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16 Chapter 1. Introduction to finite elasticity

The nominal stress tensor denoted by 7 is related to the First Piola Kirchhof stress tensor
by:

x=28" (1.33)

Consider p and pg as the mass density respectively in the current and reference configura-

tion. hence the local equation of the mass conservation leads to:
dm = podV = pdv, (1.34)

then using the equation (2.5) describing the volume change, an interesting relation can be

derived:

po=Jp (1.35)

Let f denote the massic density of external forces. Thus the weak equilibrium equation
for the considered body in either the reference configuration By or the current one B; will
be:

/ o-ﬁda—l—/ pfdvz/ pydv, (1.36)
(9Bt Bt Bt

SNdA + / pofdV = [ poydV, (1.37)

0Bo Bo Bo

where 4 represents the acceleration vector and it is related to the displacement field by:

?x(X,1)

o0 (1.38)

y =
we notice that in the definition of the acceleration vector in the prior equation , the
displacement field was considered as Langrangian field (depending of the reference position
vector X and the time t) to avoid the complicated expression in the case of the Eulerian
formalism. Using the divergence theorem (or Green identity) the integrated form of the

equilibrium equations yields to:

dive + pf =p7, (1.39)
DivS + pof =po7. (1.40)
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1.2. Stress and equilibrium equations 17

Div and div are the divergence operators respectively to the current and the reference

configurations, and using the Einstein sum convention, they can be defined as:

. 0oy o 05y
[dive]; = a2, [divS]; = e (1.41)

Additionally, the balance of the moment implies the symmetry of the Cauchy stress tensor
i.e 0 = 6. In consequence, such the prior result can be expressed in terms of the First

Piola Kirchhoff stress tensor as:
FST = SFT (1.42)

Contrary to the Cauchy stress tensor, the First Piola Kirchhoff stress tensor is not nec-
essarily symmetric. Another stress tensor which is usually used in the finite elasticity
formalism is the second Piola Kirchhoff stress tensor denoted by P, which is relied to the

Cauchy and first Piola Kirchhoff stress tensors as:
P=JFloFT=F8. (1.43)

If we define ¢ as the fictive traction vector in the initial configuration, then the following
relations can be deduced:

—

t=Ft, t=PN (1.44)

le

Now, the equation of the virtual work done by both the surface and volume forces com-
bined with the virtual motion 6z in the spatial configuration, can be obtained using the

equilibrium equation (2.40) and the divergence theorem as the following:

/ (SN).6zdA + / pof-0xdV = | poF.oxdV + | S:8FdV (1.45)
9By Bo Bo Bo

with 6 F = Graddz and ":" denotes the scalar product defined in the space of the second
order tensors which can be defined mathematically as Ay : Ay = t’I"(A{AQ) where tr is
the trace operator. Considering the prior virtual equation, the work done by the external
loadings (in the left side of the equation (2.45)) to which the considered body is subjected,
is transformed to a cinetic work and deformation one in the bulk (right side of the equation

(2.45)). The term ¢r(S : 6F) represents the volumetric density of of deformation work
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18 Chapter 1. Introduction to finite elasticity

and by definition the First Piola Kirchhoff stress tensor is called the conjugate tensor to
the deformation tensor F'. Moreover, a stress tensor can be defined for any measure of the
deformation field. For example, in the case of Lagrangian deformation tensor E™ defined

in (2.28) , a stress tensor T can be defined as:
S:86F =T . 5EM™). (1.46)

In the particular case where m =1 (i.e EV =U - 1), the corresponding stress measure
denoted by T™W is called the Biot stress tensor and it can be defined as:

T — %(STR +RTS) (1.47)

1.3 Hyperelastic materials

An elastic material is defined to be a material where every measure of stress T' can be

described by a function depending only on the deformation gradient tensor F' as:
T=T(F). (1.48)

T is called the response function associated to the stress tensor T' and it depends on the
choice of the reference configuration By. By is called the natural configuration, when the

stress tensor 1" vanishes in the reference configuration which means:
T(1)=0. (1.49)

In the case of initially-stressed materials, the prior relation does not hold (see chapter 3 for
more details). A material is called hyperelastic, when the work relative to the deformation
of the body shape in the bulk can be associated with a considered energy potential W.
Referring to the equation (2.45), an infinitesimal variation of the volumetric density of

energy W can be expressed as:

SW =S :6F (1.50)
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1.3. Hyperelastic materials 19

W is also called the strain energy function. Henceforth, the first Piola Kirchhof can be
related to the strain energy as:
ow ow

oF (1.51)

Using the equations relating the Cauchy and the second Piola Kirhoff stress tensors to the
first Piola Kirchhoff stress tensor, a similar result can be obtained:
ow 1 OW

Jo=—F. P=F"

= o5 ot (1.52)

The strain energy W is usually required to fulfill some physical requirements that can be

summarized into the following points:

e W (1) =0 to ensure that the strain energy is relative to the reference configuration.

ow

57 = 0 in the case where the reference configuration is not initially-stressed.

e W(F) increases with the deformation based on physical observations.

e W(F) — +oowhen J — 400 or J — 0: It is called the growth conditions. Otherwise

speaking, the strain energy must diverge in the case of extreme strain.

1.3.1 Objectivity

Consider a rigid deformation:
F=QX+c (1.53)

which can be decomposed into a rotation motion represented by the orthogonal tensor
Q ie QQT = 1 and translation motion by the mean of the constant vector c¢. Now, if

the considered rigid deformation is superimposed to the deformation & = x(X) whose the

deformation gradient is denoted by F', then the total deformation gradient becomes:
F*=QF (1.54)

The strain energy has to verify the objectivity principle or what is usually denoted as the
frame indifference. Such principle means that the strain energy has to be independent

or unchanged under any superimposed rigid motion. This principle can be translated
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20 Chapter 1. Introduction to finite elasticity

mathematically into:
W(F*)=W(QF)=W(F), vYQ € Orth, (1.55)

where Orth is the space including the orthogonal tensors. Now, bearing in mind the
relations of the Cauchy and first piola Kirchhoff stress tensor to the strain energy function,

the objectivity property can be expressed in another way into:

S(QF)=QS(F), &(QF)=Qé&(F)QT, vQ c Orth. (1.56)

1.3.2 Material symmetry

The group of symmetry (usually denoted by G) of a considered material is a set of transfor-
mations represented by a proper orthogonal tensor Q' conserving the strain energy which

leads to:

W(FQ')=W(F), vQ €¢ c Orth?, (1.57)
with Orth™ is the proper orthogonal tensors space. In terms of the different stress mea-
sures, the prior relation of the material symmetry is equivalent to:

)=S(F)Q, P(FQ)=QTP(F)Q, vQ e Ortht.
(1.58)

6(FQ)=6(F), S(FQ

1.3.3 Internal constraints

An internal constraint is usually a kinematic condition that must be fulfilled by the gradient

deformation tensor, and it can be represented by the following form:
C(F)=0. (1.59)

Among the most common internal constraint, the incompressibility and the inextensibility

in a chosen direction M are equivalent respectively to:

C(F)=det(F)—1=0, C(F)=M.C.M—-1=0 (1.60)
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1.3. Hyperelastic materials 21

In presence of an internal constraint, the Cauchy and the first Piola Kirchhoff stress tensors

can be written as:

0w . 0C o OW  aC

where ¢ is a Lagrange multiplier associated with the internal constraint C. It is important to

notice that the stress part related to the internal constraint does not work i.e g—% :0F = 0.

1.3.4 Isotropic materials
1.3.4.1 Constitutive equations

In the case of isotropic materials, whether the response function or the strain energy do
not depend on the direction of the loading and henceforth there is no preferential direction.
Thus the symmetry group in this case is the entire group of proper orthogonal tensors. So,

by combinating the both objectivity and group symmetry properties then we get:
W(QFQ')=W(F), vQ,Q < Orth*. (1.62)

Bearing in mind the polar decomposition of the deformation gradient in equation (1.62)
and by choosing Q = RT & Q=10rQ=1 & Q = RT, we derive:

W(F)=W({U)=W(V) (1.63)

Using similar arguments, it is easy to prove that the strain energy is an isotropic function

of the right and left stretch tensors which is equivalent to:
wWQUQT) =w(U), W(@QVQ") =Ww(V), vQ < Orth™. (1.64)

Then by using the theorem of invariant (or isotropic functions) as it is described in
[Boehler 1987a|, the strain energy depends on the common invariant of the both right

and left stretch tensor which leads to:

W(U) =W(V) = W(ir, iz, i3), (1.65)
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22 Chapter 1. Introduction to finite elasticity

with the different invariant of the stretches tensors are defined as:

iv =tr({U) =tr(V),
iz = 5((tr(U))? = tr(U?)) = 5((tr(V))? = tr(V?)), (1.66)
is =det(U) = det(V).

Using the uniqueness of square root tensor for positive symmetric one, thus we can define
similarly a strain energy density depending of the left or the right Cauchy strain tensor
which leads to:

W (U) = W (C) = W(B). (1.67)

Thus the isotropy of the strain energy function W implies the isotropy of both W and W.

Thus using the invariants theory, it leads to:
W(C) = W(B) = W(Iy, I, I3), (1.68)

with the new set of invariants which are the same for the left and right Cauchy-Green

strain tensors and they are defined as:

L =1ir(C) =tr(B),
L = Lt () — tr(C?) = L((tr(B)) — tr(B?), (1.69)
Is = det(C) = det(B)

Considering a strain energy as the one in equation (2.67), then the Cauchy and the First

Piola Kirchhoff stress tensors can be explicitly expressed as:

S = 2W\F 4 2Wa(I11 — B)F + 2W3F~T  Jo = 2W,B + 2Ws(I} B — B?) + 2I3Ws1,
(1.70)

with W; = 81 , 1 €{1,2,3}. In the case of incompressible materials Is = J = 1. Thus
based on the results in the prior section relative to the internal constraint of incompress-

ibility, the Cauchy and the First Piola stress tensors becomes:

S = 2V~V1F + 2W2(111 — B)F —pF_T’ o= QWIB + QVNV2(]1B — BQ) —pl,
(1.71)

where p is the Lagrange multiplier associated with the constraint of incompressibility.
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1.3. Hyperelastic materials 23

1.3.4.2 Examples of strain energy models

Incompressible materials

Ogden model: This model can be seen as a generalized form of the incompressible
isotropic hyperelastic material. It was developed by Ogden for the modeling of rubber-like
materials (rubber, biomechanical tissues...). The strain energy is a function of the principal

stretches and it can be presented in the following mathematical form:
N .
WA Az As) =Y %()\?i FAL AT —3), Adgds =1, (1.72)
i=1 "

where the shear modulus 4 can be expressed as:

N
Zﬂiai = 2u. (1.73)
=1

Polynomial form: Inspired by the model of Mooney, Rivlin has a proposed a more
general form for the strain energy as a polynomial expansion of the left Cauchy-Green

tensor invariants as:

W, Iy, I3) = Z Cij(I — 3)i (I — 3) (1.74)
t,j=1

where Cj; are material parameters and Cpp = 0. Another form can be obtained for the
strain energy if we replace the invariant of the Cauchy-Green strain tensors by those of the

stretch tensors.

Mooney Rivlin model: As a special case of the polynomial form presented above, the
Monney-Rivlin model is a linear combination of the involved invariants for an isochoric

deformation. Thus the potential in this case becomes:
W =Cy(I1 —3) + Cay(Iy — 3), (1.75)

with C7 and C are two material parameters and they depend on temperature. This model

is usually used for moderate levels of deformations.
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24 Chapter 1. Introduction to finite elasticity

NeoHookean model: Considered as one of the most simple models in finite elastic-
ity, the NeoHookean model is usually used for many analyses in the literature. It is the
result of the statistical mechanics if a gaussian distribution is considered for the particles
interactions in the microscopic level. the mathematical form of the strain energy relative

to this model is:
W= 5(11—3), (1.76)

Here i is denoted as the infinitesimal modulus shear.

Compressible materials

In the case of compressible materials, usually the energy is decoupled into volumetric
and distortion parts. For a strain energy depending on the Cauchy-Green strain tensor

invariants, its generalization for the compressible materials can be in the following form:

W(Il>12’l3) = W(IhIQ)) + Wvol(I?))- (177)

In this way, we can generalize the above polynomial class of strain energy forms. one of

the classical form of the volumetric strain energy is the one proposed by Ogden:
Wyt (J) = £B*(Bln(J) + J 77 = 1), (1.78)

where x denotes the bulk modulus and § is an empirical coefficient. Moreover, the model

of Ogden may be generalized for compressible materials to take the following form:

1

W()\l, >\27)\3) = W’vol(J) + W(Xl’):27):3)7 Xz = Jﬁg)\i) (&S {1)2’3} (179)

Blatz-Ko model Developed by Blatz and Ko in [Blatz 1962], this model was proposed
to model the foam behaviour. It is considered one of the few models characterized by the
coupling between the isochoric and volumetric parts. The strain energy function for this
model is given by:

~ 12 IQ

W(h, Ir, I) = f%[(h —3)+ ;(I3B -]+ (1- f)g[(g -3)+

1

U =D (180)
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1.3. Hyperelastic materials 25

with u and 8 denotes respectively the shear modulus and a positive coefficient, whereas f

is considered as an interpolation parameter defined in [0, 1].

1.3.5 Anisotropic materials
1.3.5.1 Constitutive equations

Isotropic transverse material: Let M be a unit vector denoting the preferential di-
rection in the reference configuration By. An isotropic transverse material is a material
presenting a single family of fibers whose orientation is described by the vector M. The
material behaviour is unchanged by any rotation around the fiber direction i.e QM = +M.
The strain energy depends in this case not only on the deformation gradient tensor but
also on the fiber direction M i.e W = W(F, M) Using the objectivity of the strain energy

implies:
W(QF,M)=W(F,M), VYQ € Orth". (1.81)

If we consider that the deformation x related to the deformation gradient F' is superimposed

to a rotation represented by the proper orthogonal Q/, then we can deduce:
W(FQ',QTM)=W(F,M), vQ € Orth*. (1.82)

As done in the case of isotropic materials above, by choosing @ = R in equation (2.81),

which signify:
W(F,M)=WU,M)=W(C,M). (1.83)
Now by coupling the equations (2.81-2.83), the isotropy of the strain energy is guaranteed:
W(QUQT.QM) = W(QCQT,QM) = W(U, M) = W(C,M) (1.84)

Hence, the theory of invariants requires that the strain energy W depends on five invariants:
I , I, I3 as they are defined in (2.69) added to two supplementary invariants namely I

and I5 which can be expressed as:

I, =M.C.M, Is=DM.C*M. (1.85)
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26 Chapter 1. Introduction to finite elasticity

Therefore, the resulting Cauchy stress tensor becomes:

Jo = 2W1B + 2Ws (I} B — B?) + 2I3W31 + 2Wyith ® 1i + 2Ws(B.i @ 1 + 11 @ Bun),
(1.86)

with m = F.M and W; = % for ¢ = 1,2..5. For isotropic materials, we recover the
same form of the Cauchy stress by putting Wy = Wi = 0. For incompressible materials
(J = I3 = 1), then the formula (2.86) is replaced by:

o = 2W B + 2Wy(I; B — B?) — pl1 + 2Wym @ 1 + 2Ws(B.1h @ m + 1m @ B.in).
(1.87)

Orthotropic material: In this case the material in its reference configuration By presents
two preferred directions associated to two unitary vectors M and M'. The material be-
haviour is independent of all the rotation unchanging one of the two vectors or its reverse.
Then the symmetry group is the set of the rotations around M or M'. Then using the
same argument type, we can prove that the strain energy is an isotropic function of: C or
U, M and M'. Consequently, there are more invariants to which the strain energy must

depend:

Io=M.CM, Iy=M.C>M, Iy=M.C.M, Iy=M.M, I,,=M.C%M.
(1.88)

Since, the last invariant Ijy can be expressed in terms of the rest of the invariants (see
appendix C for the demonstration), the strain energy is considered as a function only of the
first 9 invariants. Henceforth, the Cauchy stress in the case an unconstrained orthotropic

hyperelastic material is given by:

Jo = 2W1B + 2Ws (I} B — B?) + 2I3W31 + 2Wyithi ® 11 + 2Ws (B @ 17 + 17 @ B.i)
(1.89)

+oWem' @m' + 2Wr(B.m' @ m' +m' @ B.m') + 2Ws(m' @ m +mem'),
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where m' = FM' and W, = %—‘Z for i = 1..8. However, when the incompressibility

constraint holds, the prior equation is replaced by:

o = 2W B + 2Wy (I} B — B?) — p1 + 2Wym @ 17 + 2W5(B.1h @ m + 11 @ B.i)
(1.90)
+2Wem' @m' + 2W(B.m' @ m' +m' @ B.m') + 2Ws(m' @ m +1m @ m').
(1.91)

1.3.5.2 Examples of strain energy models

Usually in the literature for fiber reinforced hyperelastic materials modeling, the volumet-
ric and isochoric parts are decoupled. So in the following we will present only the isochoric

part of the strain energy.

polynomial form: Inspired by the polynomial strain energy function for incompressible

materials, a polynomial expansion for the volumetric energy density can be given as:

J1sesJ8
X(I7 — 1)j7(18 — 1)j8
(1.92)

Humphrey and Yin model: based on the assumption of the non-interacting families of
fibers in soft tissues, Humphrey and Yin proposed in [Humphrey 1987] a model where the
isotropic and anisotropic parts of the strain energy are decoupled and it can be presented

in the following mathematical form:
W (I, 14)) = cleap(b(T; — 3)) — 1] + Aleap(a(y/Ts — 1)) - 1, (1.93)

with A, a , b and ¢ are material parameters.

Holzapfel model: For the sake of multilayered arterial wall presenting two connected

families or fibers, Holzapfel and al in [Holzapfel 2000] have proposed the following form for
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the strain energy:

W (I, 14, Is) = (11-3 -+A447 > Aexp(ko(I; — 1)?) — 1} (1.94)
246

Here, u, k1 and ko are positive material constants.

1.3.6 Strong ellipticity
The equilibrium equation in the reference configuration as it is mentioned in equation
(2.40) can be rewritten as:

(92 0%z,
‘Akzl]aX 09X, + pofi = po (%22 (1.95)

whereas in the case of incompressible materials the equilibrium equation (2.95) is trans-
formed to:

Ox; Ip B 0%x;
Ak}ll] 6X 8X a'xz + pOf’L - 100 6t2 (196)

with the different components of the fourth order tensor A! in both cases are defined as:

0*wW

3Fy5F, (1.97)

1 _ 1 _
Apij = Aljiei =

The components A,lm ; are in general nonlinear functions of the deformation gradient tensor
components. In other words, the nonlinearity of the prior partial differential equation is
controlled by the fourth order tensor A!'. The equation (2.95) is said to be strong elliptic
if and only if:

Allcz‘ljmiijkNl >0 (1.98)

for all non zero vectors 1 and N. In the case of incompressible materials, the equation
(2.98) holds for the following restriction:

. = 0, (1.99)
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where 77 is considered as the push forward of N and they are related together as:
N =FT7. (1.100)

The strong ellipticity condition is used essentially initially to guarantee the propagation
of plane waves (the celerity of the plane wave is real). Then, this condition was added to
the constraints discussed above that must be fulfilled by the strain energy for a general

deformation field.

1.3.7 Linear elasticity

In the scope of small deformations, the displacement field and its gradient tensor are

sufficiently small i.e:
[H|| << 1, |u| << L, (1.101)

so that the reference and current configurations are usually considered as the same. ||.||
and |.| denote respectively two norms for tensor and vector functions, whereas L is a
characteristic length for the studied body. If the reference configuration is natural, then
all the stress measures presented above are the same. In linear elasticity, the fourth order

incremental elastic tensor denoted by C is relied to the fourth order tensor A', defined

above, as:
Co gL W (1.102)
tjkl = A5kl — a5ij85kl7 :
where € is the infinitesimal strain tensor and it is defined as:
1 T
€= §(H+ H). (1.103)
The Cauchy stress tensor can be expressed as:
ow
_ 97 1.104
o= - (1.104)
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and the strain energy can be considered as quadratic function of the infinitesimal strain

tensor which is equivalent to:

1 1
W = 55 :C:e= icijkl&jekl. (1.105)

Using the symmetry of both the strain and Cauchy stress tensors and the expression of
the strain energy in equation (2.105), thus the incremental elastic tensor C posses the full

symmetries i.e :
Cijkl = Criij = Cjikl- (1.106)

Isotropic linear elasticity: For isotropic materials the elastic tensor in the natural

configuration becomes:
Cijrr = 2p4(0irj1 + 0iadjk) + Aijop (1.107)

with p and A denote the Lamé coefficients and § is the Kroneker operator. Thus the

Cauchy stress tensor can be expressed as:

o =2ue + Atr(e)l (1.108)
and the linearized strong ellipticity condition leads to:

uw>0, A>0, (1.109)

Isotropic transverse material:
When there is one family of fibers and the fibers direction is represented by the unitary

vector M , then the stress-strain relation becomes:

o = (Mtr(e) + aM.e.M)1 + (atr(e) + SM.e. M)M @ M + 2ure
+2(pg — pr)[e.M @ M + M @ e.M], (1.110)

where A, a, 8, pr and pp are material parameters.

Orthotropic material:
When the material symmetry become orthotropic which is equivalent to the presence of

two families of fibers whose the direction is represented by the unitary vectors M and M /,
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then in case of orthogonal fibers, the expression of Cauchy stress tensor is simplified to:

o = (Mtr(e) + ayM.e.M + asM €. M )1 + (aytr(e) + f1M.e.M + 3M ..M )M @ M
+ (agtr(e) + BsM.e.M + oM € MM & M + 2ue + 2pu1le.M @ M + M ® e.M]
+2usle. M @ M + M ©e.M], (1.111)

Although for the more general case, a tension-shear coupling take in place and the stress-
strain relation becomes more complicated (see the work of Spencer in [Spencer 1984a| for

more details)

1.3.8 Linearization of the hyperelastic models

The linear elasticity theory can be whether constructed mathematically with the choice of
quadratic form for the strain energy or by the linearization of the hyperelastic model in
the finite elasticity. In this section, we intend to rely the hyperelastic models to the linear
stress-strain relation by Linearization. For the sake of generality, the hyperelastic model
for orthotropic material is considered and the case of isotropic and isotropic transverse
materials can be then deduced. The infinitesimal or the Linearized Cauchy stress tensor

becomes:

o = QW] + AWF + 2WE + tr(e) (AW + AWN]1 + 4(WP + We + [2WF + aWEH M @ M
+ 2WE AWM @ M+ 4W2eM @ M + M @ eM] +4WPeM @ M + M ®eM ]
+WEM @ M+ Mo M (1.112)

with

WiL = (2Wi1 + 4Wi2 + QWig)tr(s) + (ZWM + 4Wi5)]\2.€.]\2
+ (2Wig + AWi7)M' e M’ + 2WisM €. M, Vie {1.8}, (1.113)

where Wij = 82W/(9]i8[j, 1,7 = 1..8. To ensure that the reference configuration is a

natural one which is equivalent to the absence of an initial stress field, then the following
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condition must hold:

W+ 2Wd + W9 =0 (1.114)
W 42w =0 (1.115)
W+ 2P =0 (1.116)

Wi =o, (1.117)

where the index . in the terms W} refers to express these terms in the reference configu-

ration which is equivalent to:

WY =W;(IL, =3,L=3,L=11,=1,Is=1,Ig=1,1I; = 1,Ig = Iy) (1.118)

()

When the internal constraint of incompressibility is taken into consideration, thus the
linearized stress strain relation becomes:
o= —pl+ AW+ We + 2WE + aWF M @ M
+ [2WE +4aWFIM @ M +4WeM @ M + M @ eM] + 4WPeM @ M + M ®eM']
+WEM @M+ Mo M (1.119)

with p is the Lagrange multiplier relative to the incompressibility condition which is equiv-

alent to:
tr(e) =0 (1.120)

and to guarantee the vanishing of any type of initial stress field the following conditions

are transformed to:

WY +2W3 — py =0 (1.121)
W+ 2w =0 (1.122)

W +2W2 =0 (1.123)

W =0, (1.124)

where pg is the value of the Lagrange multiplier field in the reference configuration.
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1.4 Conclusion

In this chapter, the formalism of finite transformations is presented focusing on the special
case of hyperelastic materials. Through the previous sections, a set of multiple theoretical
concepts are presented and discussed like the principle of frame indifference or the strong
ellipticity. Such concepts or principles are necessary for the materials behaviour model-
ing. Centering our attention on the case of hyperelastic initially-stressed materials, the
behaviour modeling of such class of materials is a real challenge. As well as, more math-
ematical constraints than the ones presented above are established to be more coherent

with the physical behaviour of such materials as we will see in detail in the next chapter.
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Modeling of initially-stressed
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2.1 Introduction

Materials sciences were and still considered one of the pillars of industrial and scientific
development in the last two centuries. The technological advancements in different areas

play the role of driven force behind the evolution in such scientific scope. Despite the long
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36 Chapter 2. Modeling of initially-stressed hyperelastic materials

steps made in the modeling of material behaviors, many fundamental foundations remain
raising a lot of questions. One of the first fundamental columns, on which is based on the
materials sciences, is the theory of elasticity whose the spark idea was coming from Robert
Hook in the 17th century. Despite the development of many new complex non-linear the-
ories for materials modeling involving many class of behaviors like plasticity, viscosity and
damage, the elasticity still essential for pre-sizing structure and in some sciences like frac-

ture mechanics or fatigue, remains one of the basis.

Among the biggest challenges that the theory of elasticity in particular and the mate-
rial science in general are facing is the modeling of residual stress which is defined as the
remaining stress inside a considered body in a chosen configuration in absence of all ex-
terior loadings. The residual stress can be involved in various examples and scopes. The
residual stress plays a key role in the propagations of cracks by fatigue. It is shown in
[Nelson 1982] that the nature and the amount of the residual stress have direct effects on
the threshold of fatigue, it can be advantageous to the material especially in high cycle
regime when the residual stress is of compressive type leading to the brake of the crack
propagation and so the delay of failure, and it could be disastrous in the opposite case. In
biomechanics many works like [Fung 1991, Holzapfel 2014] cleared out the contribution of
residual stress in self-regulation properties of stress and strains in the different types of ar-
teries inside various organs in the objective to preserve the ideal mechanical conditions for
tissues functions. In geophysics, It is shown that residual stress can possibly affect not only
the direction of crack propagation through the stones [Holzhausen 1979, Friedman 1970)]
and the changement of tectonic plates topography [Savage 1986], but also the dynamic
properties of seismic waves |Tolstoy 1982|. In the oil and gas industry many techniques
are based on the scope of elastodynamics are still used for identifying the oil fields or even
stimulating and influencing the reservoir for better recuperation [Roberts 2003]. But since
it is shown the impact of residual stress on wave propagation [Guz 2002], it is necessary to

take into account the presence of internal stress and its consequences.

The residual stress origins can be multiple, varying from the heterogeneity of the material
to the way of loading the structure to even the in-vivo mechanisms. In metals, the residual
stress essentially is due to the high gradient of loading like welding process [Deng 2008],
multiple manufacturing processes invoking plastic deformations (rolling...)[Treuting 1951]

and thermal or surface treatments [Withers 2001]. In composite structures, focusing on
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the meso-scale, the difference of thermal expansivity, rigidity or any other material prop-
erty of different parts of the composite structure leads to the residual stress presence near
the boundary between the matrix and inclusions or fibers. In arteries, residual stress is
a result of non-uniform growth and remodeling [Fung 1991] due to the physiological func-
tions. More explicitly, the disorganization of fragmentation and the fibrous constituents
of tissues ,mainly collagens and protein elastin, leads to the presence of residual stress to
preserve the mechanical integrity and the optimal functions of the body parts in vivo state
|Cardamone 2009].

Since the concept of residual stress touches almost all the areas, the development of a
model taking into account the influence of such a field on the behaviour of the material is
necessary. Also, this concept could be used to have a better physical understanding and

explanation to the different complex phenomena in material sciences.

In the litterature, the modeling of residual stress began inside a more general category
of stress fields, the one of initial stress or in presence of dead loads defined as a non
changed loadings in both amplitude and direction. Based on the investigation of Bazant in
[ZP 1971], many formulations as constitutive relations in presence of pre-stress were found
by many authors in some special cases like Southwell, Biezeno and Hencky, Trefftz, and
Biot. But essentially, to our knowledge, the first studies focusing specifically on the residual
stress were managed by Colman and Noll: One of the interesting properties, they found in
[Coleman 1964] the commutation of the residual stress tensor with the tensors elements of
the symmetry group. This property was exploited by Anne Hoger to propose the possible
form of residual stress within different classes of symmetry |[Hoger 1985|. Then, Hoger
established in [Hoger 1986] one of the most general constitutive stress-strain relations in
presence of residual stress for compressible materials in the scope of small deformation.
The same formulation was extended to the case of arbitrary rotations and small strains
in [Hoger 1993b|, and was generalized by Marlow in [Marlow 1992] to take account of the
possible constraints in the material. Jonshon and Hoger in [Johnson 1993], supposing that
the residual stress is due to prior elastic deformations, they derived a general stress-strain
constitutive relation in the presence of pre-stress for isotropic materials, in the same paper
considering a small deformation superimposed to a large one, they found an explicit lin-
earized form of the constitutive relation unlike the relation found by Hoger in [Hoger 1986]

where the elastic tensor operator is unknown. Inspired by experimental protocols used to
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release the residual stress from arteries, Johnson and Hoger presented a method for mod-
eling the materials behaviour affected by the residual stress using the concept of virtual
configuration where the material could be relieved from all its internal stress [Johnson 1995]
and it was generalized in [Hoger 1997] to study the influence of material symmetry on the
previous formulation. The determination of the response function invert in explicit form
and the identification of the virtual configuration are among the biggest challenges for the
use of the prior method. Far from these constraints, an interesting idea is to consider the
strain energy as a function of both the deformation gradient tensor and the residual stress.
In the scope of finite transformations, this idea was introduced in [Hoger 1993a| to focus
on the case of isotropic transverse symmetry and later in [Shams 2014] in the objective
of studying the wave propagation. The only difference between the introduced formula-
tions is that the first one is expressed in function of the right Cauchy strain and residual
stress tensors and in the second one the strain measure used is the right Cauchy-Green
deformation tensor. Recently, Gower et al in [Gower 2015, Gower 2017] developed two new
restrictions on the prior presented strain energy potential. The first one is based on the
symmetry of the response function for both the Cauchy and residual stresses tensors, and is
called the initial stress symmetry (ISS). This restriction was made to preclude the influence
of the reference configuration choice on the strain energy. A set of mathematical condi-
tions was proposed to be verified by the potential of energy to satisfy the ISS restriction.
The second restriction, named initial stress reference independence (ISRI), focuses on the

energy conservation property. Then a linearized form for the density of energy was deduced.

Introduced by Morgan in [Morgan 1966], and developed recently by the group of Ra-
jagopal, the implicit theory could be one of the promising attempts to extend the limits
of classical theory of elasticity. It is shown that the implicit theory characterizes a wider
class of reversible elastic materials than the Cauchy materials [Rajagopal 2003]. Focus-
ing on the scope of small deformations, Bustamante and Rajagopal through examples of
some proposed implicit relations studied the response of such material models to a set
of chosen known transformations. Later they studied a special subclass where the strain
tensor is derived from the derivation of a strain energy potential relative to the stress ten-
sor |[Bustamante 2016, Bustamante 2015]. Recently, the implicit theory was exploited to
derive a new formulation for the modeling of residual stress influence on an elastic solids
[Bustamante 2018].
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Here in this chapter, we propose a new formulation to take account of the influence of
residual stress on elastic behaviour proposing a general explicit form of elastic tensor with-
out making any hypothesis on the residual stress source. Also a study for different for-
mulations proposed in the litterature for the same objective, are presented as a review.
Also, the different restrictions that were derived recently (ISS and ISRI) are presented in a
detailed way and we show that they are equivalent although the different arguments used
for each one. On the other hand, it is well known the strong link between the initial stress
field presence and the anisotropy. That’s why, in this chapter a detailed study illuminates
an explicit analogy between the initially-stressed hyperelastic materials behaviour and the

behaviour of some symmetry classes for fibrous hyperelastic materials.

In the other hand, the plane deformations and/or plane stress hypothesis are among the
most used scopes in order to simplify the analysis of complex boundary values problems in
mechanics. In both cases, it has been shown that equilibrium equations can be reduced to
a single partial differential equation on a scalar potential field based on the compatibility
of the deformation field. Such type of formulations like the one invoking the Airy stress
function is essential for many problems in mechanics: for example, to derive the asymptotic
form of the different mechanical fields near a crack tip in an isotropic material, the use
of such function was primordial. That is why the third section will be dedicated to the

establishment of plane deformations formulation in the case of constant initial stress field.

2.2 Preliminary equations

Let us consider a body B in a reference configuration denoted by By C R3. Consider a one-
to-one mapping vector-valued function ¢ that transforms a point X in By into & = ¢(X)
in the actual configuration denoted as 3;. Besides, we can define the deformation gradient

tensor as:
F=Vxo, (2.1)

where V x is the gradient operator relative to the coordinates system of the reference config-
uration, and F has to satisfy J = det(F') > 0 for admissible mathematical transformations.

Thus, the deformation measures subsequently denoted as Left and Right Cauchy-Green
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40 Chapter 2. Modeling of initially-stressed hyperelastic materials

deformation tensors can be defined as the following:
B=FF"' C=F"F. (2.2)

The First Piola-Kirchhoff stress tensor S = § (F') is related to the Cauchy stress tensor

o = o(F), which is defined on the actual configuration, as:
S=JoF T, (2-3)

If we denote by Orth™ the set of proper orthogonal tensors, then the observer independence

for both Cauchy stress tensor o and the first Piola-Kirchhoff tensor S is equivalent to:
o(QF)=Qo(F)QT, S(QF)=QS(F), VQ € Orth™. (2.4)

The equilibrium equations in presence of a mass density of forces denoted as f and in its

static form for both stress measures are:
Vx.S+pf=0, V,o+pf=0, (2.5)

where the indexations by , and x denote the coordinate systems relative to what the deriva-
tion of the divergence operator is made. pg and p represent the mass density respectively

for the reference and actual configurations.

2.3 Modeling of initially-stressed hyperelastic materials

Residual stress can be defined as the remaining stress in a considered body in absence of
any external forces. Such kind of internal stress is regarded as a critical and potential phe-
nomenon that can affect the material behaviour. This influence may touch the mechanical
parameters, the heterogeneity or the anisotropy of the material or it can even change the
constitutive equation describing the material behaviour itself. In the following the residual
stressed bodies will be studied in a more general class denoted by the initially-stressed
materials where the stress field in the chosen configuration is usually called initial stress

or initial stress and it is equilibrated not necessarily in absence of external loadings.

Now, we define the initial stress field 7 as the Cauchy stress in the reference configuration.

This definition is usually denoted by the initial stress compatibility condition ISC (It will
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be used in almost the following presentations of the different constitutive formulations).

Thus it must be symmetric, and it has to satisfy:

Vx.T=0. (2.6)
In the special case where:

TN =0, (2.7)

where N is the unit outward normal vector to the body B in the reference configuration
By, then 7 is called residual stress: the remaining internal stress when all the external
loadings are removed. Based on the theorem of average of Signorini (see [Hoger 1986]), the
residual stress is heterogeneous inside the material body, and so the presence of such a field
inside the structure leads to an inhomogeneity in the mechanical behaviour. Considering
equation (2.7) implies that the residual stress depends on the shape of the studied structure.
The modeling of the residual stress influence on the material behaviour was initiated with
Coleman and Noll in [Coleman 1964| where they discussed the possible initial stress based
on the symmetry group of a material. So far multiple formulations were derived in different
ways to model such internal stress affecting the constitutive equations of the material

behaviour.

2.3.1 Hyperelastic model based on the theory of invariants

In finite elasticity, the modeling of initially-stressed hyperelastic materials has begun to
our knowledge with the work of Shams et al in [Shams 2011] where the strain energy is a

function of the deformation gradient F' and the initial stress field 7 so we can write:
W =W(F,T). (2.8)

To ensure that the energy is independent of the rigid deformations, the strain energy W

must satisfy:

W(QF,r)=W(F,7), VvQ € Orth™. (2.9)
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7 o N\

Figure 2.1: The different configurations for the formulation proof of the initially-stressed
hyperelastic model based on the invariants theory

Bearing in mind the polar decomposition of the deformation gradient tensor F' = RU and

by choosing Q@ = R”', the prior equation leads to:
W(F,7)=W(U,T), (2.10)

Since the right Cauchy-Green strain tensor C' is a definite positive, consequently, the
stretch tensor U which represents the square root tensor of C' is unique. Hence, the strain
energy W depends on F' through the right Cauchy-Green strain tensor C'. That is why, a

new strain energy function W can be defined as:

wC,r)=W(F,r)=W(U,). (2.11)

Consider the configuration B as the result of a rotation of the initial configuration By
as it is shown in figure (2.1). The rotation is defined by a proper orthogonal tensor Q.
Focusing on figure (2.1) and exploiting the outcomes of the objectivity principle on the

Cauchy stress tensor illustrated in equation (2.4) and the invariance of the strain energy
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under superimposed rigid rotations, we derive:
F=6(Q)=QrQ", W(FQ" 7)=W(F,1) (2.12)

As a conclusion, using equation (2.11-2.12), we can deduce that the strain energy W (or
W) is an isotropic function of the right Cauchy-Green strain tensor and the initial stress

tensor T i.e :
w(QCcQ',QrQ") =w(C,r), VvQ e Orth™ (2.13)

Thus, using the theory of invariants and based on the works of Spence and Bohler [Spencer 1971,
Boehler 1987a|, we can get finally an explicit justification for the formulation established

by Shams and al [Shams 2011| where the strain energy W is a function of the following

invariants:
1
I =tr(C), I= 5(tr(C?) —tr(C)?), I3 = det(C), (2.14)
I =te(r), 1= ()~ tu(r)?), ] = det(7) (2.15)
I =tr(CT), Iy =tr(C*r), Is=tr(CT?), I;=1tr(C*?). (2.16)

So, we can deduce the Cauchy stress tensor expression as:

Jo = 2W B + 2Ws(I1 B — B?) + 23W31 + 2W, FTFT + 2W;F(C1 4+ 7C)FT
+ 2We FT2FT 4 2W,F(CT + 7C)FT, (2.17)

with W; = 0W/0I; for i = 1..7. In case of incompressible materials, the expression of

Cauchy stress tensor is modified to be:

o =2W,B + 2Wy(I, B — B?) — p1 + 2W FrF! 4 2WsF(Ct +7C)FT
+ 2We Fr*FT 4+ 2W,F(CT + 7C)FT, (2.18)

where p is the Lagrange multiplier relative to the incompressibility condition.
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2.3.2 Constitutive equation based on the concept of virtual configura-
tion

In biomechanics, there are different methods to estimate qualitatively or quantitatively the
residual stress field inside the ex-vivo organs or parts of them. Focusing on the destructive
and semi-destructive methods, among the most popular and commonly used approaches to
measure the residual stress, we find cutting body into seperate parts, hole drilling, surface
grinding and ring coring [Hauk 1997]. For the sake of introducing a constitutive equation
modeling the influence of the residual stress on elastic behaviour and inspired by these
different experimental approaches, Johnsen and Hoger in [Johnson 1995] have introduced
the concept of virtual configuration. The virtual configuration denotes the stress free con-
figuration which may be attainable by a sequence of sectioning and cutting the considered

body to release all the residual stress. To clarify the approach of virtual configuration,

;o
-2

Figure 2.2: The different configurations for the virtual configuration concept

Po

the reference configuration will be denoted as By. Let consider Py as a material part of
the considered body in the reference configuration. Through the deformation gradient F',
the reference configuration By is mapped into a current configuration denoted by B and in
particular the material part Py is transformed into P as it is illustrated in the figure (2.2).
By examining the work of [Johnson 1995], the derivation of the constitutive equation for

residual stressed bodies is based on the idea that "for each infinitesimal neighborhood in
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the residual stressed body there exists a corresponding stress free configuration". To sim-
plify the derivation of the constitutive equation, Johnson and Hoger have treated first the
class of initially-stressed material that can be cut in finite volume to release the residual
stress. Let consider the material part P as one of these parts that will be stress free when it
is separated from the rest of the material body. Thus, implicitly, this implies the existence
of gradient deformation tensor denoted by Fy that describes the transformation of Pgy into
a stress free part denoted by Py. Fpy can be either incompatible tensor in the case of
residual stress field presence in the reference configuration or compatible when the internal
stress is nothing but a regular elastic initial stress equilibrated by some external tension
loadings. Let consider that material body has an elastic behaviour for both transformation
from Py to P and from Py to Py. Therefore, the Cauchy stress tensor o in the current

configuration and the residual stress 7 defined in the reference configuration become:

~ — ~ —

oc=T(F*X), T=T(F,X) (2.19)

with 7 represents the response function and F* is the resulting deformation gradient tensor

obtained from the transformation of Py into P:
F* = FF, (2.20)

In the rest of this chapter, the dependence of the response function 7 through the position
will not be shown explicitly unless it is necessary. If the response function is invertible,

then the deformation measure Fy can be expressed in function of the residual stress as:
Fy=T1(7), (2.21)

and consequently by using the elastic constitutive equation (2.20-2.21), the constitutive
equation describing the residual stress influence on the elastic behaviour can be described

through the following constitutive relation:
o=T(FT (), X). (2.22)

It is important to notice that the prior constitutive equation is independent of the history
of the process source of the residual stress field presented in the material. Also, the natural

configuration has not to be reachable or known.
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Since, the hypothesis of releasing the residual stress field by cutting the material body
into finite parts can not stands for the residually stressed materials, in [Johnson 1995],
the same constitutive equation (2.22) can be derived reasoning on the infinitesimal neigh-
borhood of a material point and the same way of Cauchy tetrahedron argument. In this
case, every material point in the reference configuration has a corresponding material point
in the stress free configuration. The latter will be the sum of all these points which are
not necessarily the one near the other. The stress free configuration in this case is just
a mathematical concept. That’s why the term "virtual" was employed to denote this
method.

2.4 Restrictions in initially-stressed materials modeling

2.4.1 Initial stress symmetry (ISS)

The model based on the theory of invariants illustrated above is quite general without any
physical restriction. That is why, in this section and the following one, we will present the
different mathematical conditions based on some physical restrictions that specify more
the proposed formulation above. The first restriction is based on the work of Gower and al
in [Gower 2015] and it is denoted initial Stress Symmetry (ISS). If we consider the response

function é , then the ISS condition can be expressed as:
U:é(FaT>v T:é(F_l,O'), VF, VT, (223)

whereas in the case of incompressible materials this conditions is equivalent to:

~

o =&(F,7,p), T=&F " 0p), (2.24)
p :ﬁ(07F7T)7 br :ﬁ(T,F,U), (225)

with p is the response function relative to the Lagrange multiplier associated to the in-
compressibility condition and p;, is the Lagrange multiplier defined on the reference con-
figuration By. The ISS condition is based on the symmetry of the response function and
implies that the behaviour modeling is independent of the reference configuration choice.
If the equations in (2.23-2.25) are rewritten in a way where they are incorporated one in

the other, then the ISS restriction implies:

r=EF LEF, T, plo, F,7)),p.), VF, V1. (2.26)
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Hence, based on some compulsory algebraic calculations, the prior condition can be sum-
marized into nine mathematical equations that must be satisfied by the strain energy W

(for more details, see [Gower 2015] and the relative electronic supplementary material).

2.4.2 Initial stress reference indifference (ISRI)

Whereas the ISRI restriction is based on the reversibility of the response function, Gower
and al in [Gower 2017| have added a new restriction based on the energy conservation (or
decomposition) and it has been denoted as ISRI which stands for the initial stress reference
indifference. In other words this supplementary condition is established to ensure that the
stress-strain relation in the presence of an initial stress field is independent of the choice
of the reference configuration where the initial stress field is defined. Based on energetic
perspective, the ISRI restriction can be formulated in terms of the strain energy W which
must fulfill:

W(FF,7)=det(F)W(F,&6(F, 7)), vV, V{F,F}, (2.27)

where 7 is the Cauchy stress tensor in a chosen reference configuration and & (F, 7) denotes

N

_{
)

F

Figure 2.3: The different configurations illustrating the ISRI restriction.
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the Cauchy stress tensor defined on a new configuration result of the transformation of
the configuration, where the stress tensor 7 is defined, by a transformation relative to the
gradient transformation tensor F'. The ISRI condition (2.27) is a result of the conservation

of the strain energy which can be illustrated through the following equation:

W(FF,7)dV = / W(F,o(F,T))dV, (2.28)
Bo B

where By is the reference configuration where the initial stress field T is defined, and B is the
image of the configuration By by the mapping transformation relied to the transformation
gradient tensor F. Thus the infinitesimal volume elements in the two configurations are

connected by:
dV = det(F)dV. (2.29)

By considering the strong form of equation (2.28) , the ISRI condition illustrated through
equation (2.27) is easily obtained. The condition (2.27) can be expressed in terms of the

Cauchy stress response function as the following:

&(FF,7)=6(F,6(F,7)), Yr, YF and VF. (2.30)
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Proof: If we consider the decomposition of the transformation gradient tensor as it is
illustrated in the figure (2.3), then it leads to

F =FF, (2.31)

and by consequence, the ratio of volume change can be expressed in function of the same

ratios defined between the different configurations as:

J = det(F) = det(F)det(F) = J.J. (2.32)

Now, the Cauchy stress tensor defined in the configuration B can be expressed in terms of

the strain energy relatively to both the configurations By and B in the following way:

J&(FF,7) = ?;;(F,T)FT (2.33)
s oW, . -
JO'(F,U(F,T)):a—F(F,U(F,T))F. (2.34)

Using the ISRI restriction illustrated by equation (2.27) and exploiting the definition of
the Cauchy stress tensor in equation (2.34) side to side with some calculus properties for
the tensor fields, it leads to:

Jo(FF,T) = jg‘g(ﬁ‘,&(ﬁ‘,r))FTFT = J&(F,&6(F,T)). (2.35)

Hence, the equivalent form of the ISRI restriction illuminated by equation (2.30) is finally

obtained.

In the incompressible case, the ISRI condition expressed in terms of the Cauchy stress
response function and illustrated by equation (2.30) (like it was done in [Gower 2017]),
needs to be adapted to take account of the Lagrange multiplier compatibility. Hence,

following figure (2.2), it becomes:

6(FF,r,p)=6(F,6(F,7,p),p), Vr, VF and VF, (2.36)
p=p(o,FF,7)=p(c,F,5), Vr, YF and VF, (2.37)
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50 Chapter 2. Modeling of initially-stressed hyperelastic materials

with

p=ple,F, 1), (2.38)
o=ao(F,T,p). (2.39)

The ISS and ISRI restrictions are based each one on a different perspective: the first one
comes from the reversibility of the response function and its symmetry, whereas the prior
restriction is based on energetic constraint decomposition. Although the two restrictions
seem to be justified with different arguments, they are indeed equivalent. The proof of
such a property is trivial if we consider the decomposition as it is illustrated in the figure

(2.2), and the similarity of the two stress Cauchy response functions € and & i.e (&(.,.,.) =

&)

2.5 Link between the initial stress field and the anisotropy

The presence of the initial stress field can be both a source of anisotropy and heterogeneity.
To treat such a point, in the litterature, to our knowledge, Noll and Colemann were the first
to investigate the possible residual stress form in an elastic body with a particular material
symmetry [Coleman 1964]. Such investigation was based on an interesting property: the
initial stress tensor commutes with the elements of the symmetry group of the considered

material i.e

TQ=QT, VQE€EG, (2.40)

where G denotes the group of symmetry elements relative to the considered material body.
Based on the work of Coleman and Noll [Coleman 1964], Anne Hoger in [Hoger 1985]
exploited the equilibrium equation and the boundary conditions for a residual stress field,
to get more specific properties about the form of the residual stress tensor for some classes
of material symmetries. Conversely, in this section, based on the initial stress spectral
form, we intend to study its influence on the generated anisotropy for an isotropic material
in the natural configuration which is defined as the configuration where the initial stress
field vanishes. Since the initial stress field is defined to be the Cauchy stress tensor in the

reference configuration, then it has to be symmetric and by using the spectral theorem, we
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get:

T =71L1® L1+ 7Ly ® Ly + m3L3 ® L, (2.41)
with

D@L+ L@ Ly+ 3@ L3 =1, LiLj=06j i,j=1,23 (2.42)

where (73,4 = 1..3) and (L;,i = 1..3) are respectively the eigenvalues and the relative
eigenvectors of the initial stress field 7 and § denotes the Kronecker symbol. Based on the
theory of invariants as it was illustrated above, added to the isotropic invariants (I3, I, I3)
and the invariants of the initial stress field (I7, 13, I]), the strain energy depends also on

the following set of invariants which can be expressed differently as:

Iy = (11 — 13) 14 + (72 — 73) 16 + 7311, (2.43)
I5—(T1—7'3)~5+(T2—7’3)~7—|-T3(I1 —2]2), (244)
Is= (8 =)+ (3 — ) Is + 214, (2.45)
I; = (18 — )5 + (13 — ) I; + T2 (17 — 21) (2.46)
with

L=05L L=105L I3=I; (2.47)
I, =0[,.C.Ly, Is=L.C*L,, (2.48)
fﬁ = EQ.C.EQ, j7 = I_:Q.CZ.I_:Q. (249)

Thus the strain energy which depends previously on the 10 different invariants as expressed
in the section related to the modeling of hyperelastic initially-stressed materials, can be
formulated as function of a new set of invariants equivalent to the previous ones, so we can

write:
W (I, Iy, ..., I1, 1T, I35, 1) = W (I, ..., Iz, 71, 72, 73). (2.50)

It is clear that the new set of invariants are analogous to those of the orthotropic material
where the fibers directions are described by 2 eigenvectors of the initial stress field and the

invariant relative to the shear between the two families of fibers is neglected. Thus, based
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52 Chapter 2. Modeling of initially-stressed hyperelastic materials

on the new set of invariants and theirs relations with the previous ones, we can deduce the
following different material symmetries for a initially-stressed hyperelastic material where

the material body is considered to be isotropic in the natural configuration:

e If 7 is spherical tensor (i.e 7 = 71), then the initially-stressed material has an
isotropic behaviour and in the reference configuration the material body is subject

to the pressure field 7.

e if 7 has only two different eigenvalues (i.e 7 = nLi1®L; +7’2(f/2®l_;2+l_;3®[_;3)), then
the initially-stressed material has an analogous behaviour to an isotropic transverse
material where the fibers direction is parallel to the eigenvector L, and they are
subjected to the tension or compression stress 71 along the fibers orientation in the

reference configuration.

e if the initial stress field 7 has three different eigenvalues, the initially-stressed material
has an analogous behaviour to an orthotropic material where the two families of
fibers are described by two among the three eigenvectors and the shear invariant
(Ig) influence is neglected. Besides that, in the reference configuration every fiber is
subjected to the tension stress equal to the corresponding eigenvalue of the initial
stress field.

The new formulation of the initially-stressed hyperelastic materials gives more physical
sense to the different invariants and presents a clear analogy between the behaviour of
both anisotropic fibrous materials and the initially-stressed hyperelastic ones. Thus using

the new strain energy W, the Cauchy stress tensor becomes:

Jo = 2W1B + 2Wo(I1 B — B?) — p1 + 2Waily @ I + 2Ws5(Bly @ I + ) ® Bly)
+ 2Wsls ® Iy + 2Wr(Blo ® s + I @ Bl), (2.51)

with

—

l;=FL;, i=1.2, (2.52)

and where W; = OW /0I;,i=1.7Tand p = —2Ws 15 for compressible materials whereas it
represents the Lagrange multiplier when the incompressibility condition holds. To ensure

the compatibility of the initial stress tensor definition, some conditions on the strain energy
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must be satisfied:

QWY + AW — pr = 73, (2.53)
QWS +4We =1 — 73, (2.54)
QW + AWS =19 — 13, (2.55)

where VT/Z-O represents the different derivatives of the strain energy W evaluated in the

reference configuration.

2.6 Anne Hoger formulation

In the scope of small deformation the linearization of the dependence of both Cauchy and

First Piola-Kirchhoff stress tensors relative to the displacement gradient tensor leads to:

o=6(F)=6(1+H)=1+L[H|+0o(H), L[H]= %(1)[1{], (2.56)
S=S8(F)=8(1+H)=r7+C[H]+o(H), C[H]= $(1)[H], (2.57)

where £ and C are called the elasticity tensors relative respectively to the stress measures
o and S, whereas H denotes the displacement gradient tensor. With the linearization of

(2.3) and using equations (2.56-2.57), we can deduce:
ClH) = —7HT + tr(H)T + L[H] + o(H) (2.58)

Both of the two elastic tensors depend on the residual stress and they are not equal
contrary to the case of classic theory of linear elasticity in absence of residual stress. Based
on some results of Gurtin in [Gurtin 1982], Hoger in [Hoger 1985] deduced the following

mathematical properties of the elastic tensor relative to the first Piola-Kirchhoff stress

tensor:
CW]=Wr, Vw e Skw(Lin), (2.59)
skw Cle] = %[e‘r —T€], Ve € Sym(Lin), (2.60)
ClQHQT) = QC[H|QT, VH cLin, YQ€g, (2.61)
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54 Chapter 2. Modeling of initially-stressed hyperelastic materials

where Lin denotes the second order tensor space, Skw(Lin) and Sym(Lin) are respectively
the space of skew-symmetric and symmetric second order tensors spaces. If the material

is hyperelastic, then we get the fourth property:

C[H,): H, =C[H,]|: H}, VH,, H; € Lin, (2.62)

where the operator ’:’ stands for the double contraction of second order tensors which

satisfies:
H,: H, = tr(H] H,), VH;, H; € Lin. (2.63)

Using the previous properties of the elastic tensor mentioned above, then the linearized

form of the first Piola Kirchhoft stress tensor becomes:
S:T+HT—é(T€+€T)+L[€]+O(H), (2.64)

where L].] is called by Hoger the "incremental elastic operator" and it is defined as:
L[H] =sym C[H]|, VH € Lin. (2.65)

It is important to notice that there is no general explicit form for the operator L[.] in the
scope of small deformations. Hoger proposed in [Hoger 1986] a simple form for the incre-
mental elastic operator like the one for isotropic material in absence of residual stresses,

SO we can write:
Lie] = 2pe + Mtr(e)1, (2.66)

where 1 and A\ are the Lamé coefficients. In the objective to derive a more general form

for the Hartig law, Man in [Man 1998| has proposed the following stress-strain relation:

S =71+ Ht + fitr(e)tr(7)1 + Satr(T)e + B3(tr(e)T + tr(eT)1)
+ fBa(Te+ €T) + 2ue + Atr(e)1. (2.67)

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



2.7. General model for linear elastic initially-stressed material 55

Respecting the formulation introduced in equation (2.64), Robertson has proposed a more

simple model in [Robertson 1997] where the stress-strain relation can be expressed as:
S =71+ HTt + 2ue+ Mr(e)l. (2.68)

As illustrated above, multiple tentatives took place for the sake of initially-stressed mate-
rials modeling in the scope of small deformations. Despite the generality of Anne Hoger
formulation, we still need to look for a more general explicit form for the incremental elastic

operator which will be the subject of the next section.

2.7 General model for linear elastic initially-stressed material

Here, in this section, our objective is to give a more explicit general model for linear elastic
initially-stressed material. Returning to the formulation established by Hoger in equation
(2.64) let’s define:

GlE] = _%(Te ter) + Lie. (2.69)

Then exploiting the concept of polynomial isotropic tensor function defined by Spencer
[Boehler 1987b], a possible representation of the operator G[.] in the first order on € could

be as a function of:

1, 7, € Te+er, Ter, Tle+er?, TleT + Ter?, Tl€T?, (2.70)
and of the invariants:

7, I3, Ii, tr(e), tr(er), tr(er?), (2.71)
where

7 =te(r), I = %((1{)2 —tr(r2), I = det(r). (2.72)

Such representation implies implicitly the isotropic behaviour of the material in the nat-
ural configuration. In this section, we would like to exploit the work of Gower et al in
|Gower 2017| being more consistent to derive a more general explicit form for the elastic

tensor taking account of the initial stress influence.
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56 Chapter 2. Modeling of initially-stressed hyperelastic materials

If we consider a second order tensor A, then using the theorem of Cayley Hamilton, A

must satisfy:

A A+ A -1 =0, (2.73)
with

I = tr(A), I = %((I{‘)Q _tr(A%), I = det(A). (2.74)

Expressing the tensor A = v7+ €, then using the identities of Cayley Hamilton in equation

(2.73), for the order 72 the same equation as it is mentioned in [Gower 2017] is obtained:

Ter = —[Tle + et?] + I][Te + e1] — I€ — [ITtr(e — tr(eT)]T — tr(e)T>

+ [tr(eT?) — ITtr(eT) + I3tr(€)]1 + o(e). (2.75)

Exploiting the prior equation (2.75) and the theorem of Cayley Hamilton for the initial

stress tensor 7, we can derive:

Tler + Ter? = [[TeT — e + [tr(ET) — ITtr(E)]T2
+ [tr(ET?) — ITtr(ET) + I3 tr(E))T, (2.76)
T2er? = IyTer — [J[ET + TE]
+ [tr(ET) — ITtr(B)][I{ 7% — [T + I31]
+ [tr(ET?) — ITtr(ET) 4 I3tr(E)]T2. (2.77)

Contrary to what is said in [Gower 2017], using equation (2.75), we can not express tr(E7?2)
as a function of the rest of invariant in equation (2.71). Consequently, the second order

linear operator G[.] can be explicitly expressed as:

G[E] = [a1tr(E) + astr(ET) + astr(ET)|1 + [autr(E) 4+ astr(ET) + agtr(ET2)|T
+ [artr(E) + agtr(ET) + agtr(ET?)|7% + ano(eT + 7€) + a11 (€7 + 7€)
+ a19e + o(E), (2.78)

where {o;, 4 € [1..12]} are all functions of the initial stress invariants (I7, I3, I3). It

is clear that the new tensorial function G[.] has to satisfy the same property of C[.] in
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equation (2.62) for hyperelastic material, and hence it must verify:
Qy =y, Qa3=aa7, Q= as. (2.79)

As a conclusion for this section the first Piola Kirchhoff stress tensor can be expressed in

more general explicit form:

S =7+ Ht + [otr(E) + astr(ET) + astr(ET?)]1
+ [aotr(E) + astr(ET) + agtr(ET?)]T
+ g€ + [astr(E) + agtr(ET) + agtr(ET?)]72
+ aqo(eT + 7€) + a1 (em? + 7€) + o(E). (2.80)

Now, we can recover the model established by Man (see equation (22) in [Man 1998|) when

the only non vanishing parameters «; are set to:
ar=Pil{ + A, ar=pP3, aio=p1 oa12=70I] +2p. (2.81)

Strong ellipticity is one of the well known mathematical constraints used to make restric-
tions on the different models in the scope of hyperelasticity. In fact, such a condition is
a sufficient one to guarantee that the celerity for plane waves must remain real, otherwise
there will be a dissipation of energy which must not exist in such an elastic medium. The

strong ellipticity can be presented through the following mathematical condition:

Without loss of generality, we can suppose that @ and b are unit vectors. In the scope of
small deformation S — 7 is a linear tensor function of the displacement gradient tensor H.

Therefore, the strong ellipticity condition becomes:

- —

A®b:(S—7):@®b>0, Vi#0 and b#0. (2.83)
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A sufficient condition to preserve equation (2.83) is to hold:

1 2
min caiz > maz geg {loa| + (Jaz| + laa| + 2|aso])|7]] + |as|[| 7]
XeBy

+ (las| + laz| + 2laan ][72]] + las]l| 7]
+ (| + s |7 llI72]]}. (2.84)

For the weak formulation of the equilibrium equation in a initially-stressed material, an
analogous inequality has been obtained for the case of Man’s model presented in equation

(2.63) in the objective to ensure the coercivity of the derived bilinear form[Robertson 1998].

2.8 Plane deformations

Plane deformation and/or plane stress are still one of the most used hypotheses for the
analysis of many boundary values problems using analytic solutions. In such a case, the
equilibrium equation will be reduced to a single partial differential equation on a scalar
function, and the different stress components and strain components can be expressed in
function of this potential. In other words, the potential or the scalar function we are
talking about is the generalization of the Airy stress function (used for isotropic materials)
to the class of initially-stressed material in the case of infinitesimal deformations. Since
this section will be devoted to the case of plane deformations, then the displacement field

will be in the following form:
u=u(X1,X2), v=v(X1,Xs), w=0. (2.85)

u, v and w are the displacement field components in the cartesian coordinate system.

2.8.1 Sufficient conditions to sustain plane deformations

It is clear that independently of the material parameters «; presented above, the vanishing
of the antiplane shear components of the initial stress field (713 and 793) is a sufficient
condition to obtain plane deformations. Thus, using the displacement field form in equation

(2.85) and the constitutive relation in equation (2.80), the explicit form of the different
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components of the first Piola-Kirchhoff stress tensor can be presented as:

2.86
2.87
2.88
2.89
2.90
291

S11 =11 +mug + T2u2 + Gii[E],
Si2 = Ti2 + Ti2u,1 + T2u 2 + G2 E],
So1 = Ti2 + T11v1 + Ti2v2 + G12[E],
S99 = Tag + T120,1 + Ta2v 2 + G E],

(
(
(
(
S13 = S31 = Sa23 = Ss2, (
(

)
)
)
)
)
S33 = T33. )

where G;;[.] denotes the component ij of the tensorial operator G i.e G;;[E] = [Gj;[E]];;.
Now, by the vanishing of the components 713 and 793, the equilibrium equation is trans-

formed into two partial differential equations:

(riug + m2uz + Gii[E)) 1 + (Ti2u1 + T2us + Gi2[E]) 2 = 0, (2.92)
(7’111)71 =+ T120,2 —+ Glg[E]),l + (7‘121},1 + T22V 2 + GQQ[E]),Q =0. (293)

Without any hypothesis, it is easy to show that the vanishing of the antiplane shear
components and the depending of the initial stress field on only the plane-coordinates of

the deformation field i.e
T = T(Xl, X2) (294)

are sufficient conditions to permit sustaining a plane deformation.

2.8.2 Potential formulation for constant initial stress field

The objective of this section is to generalize the concept of Airy stress function. In fact,
in the case of singular problems (crack ..) the displacement gradient becomes singular and
the linearization of the relation between the Cauchy and the first Piola Kirchhoff stress
tensors has no meaning. Thus the constitutive relation can only be expressed in function
of the First Plola Kirchhoff stress tensor. Since the latter stress measure is non symmet-
ric in general, the definition of the classical stress Airy function has to be modified for
the formulation of the plane deformation problem within an initially-stressed linear elastic

material.
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In this section, we will suppose that the initial stress field 7 is constant. Even with this

simplification, this case is still a curious and interesting situation, since the presence of a

constant initial stress creates certain classes of symmetries and consequently an anisotropic

behaviour. In the following, we will consider the cartesian coordinates (Y7, Ys, Y3) respec-

tively to the orthonormal basis (El, Eg, E3) Then the planar displacement field will be

considered in the following form:
u=u(Y1,Y2), v=u(Y1,Y2), w=w=0.
Thus the different components of the stress tensor S can be simplified to:

Si =1 +niy + GulEl,

Stz = Tt + Gra[El,

So1 = 191 + G12|El,

Sog = 79 + ToU 2 + GQQ[E],

Stz = Sz = Sg1 = S32 =0,

S33 = T3,

(2.95)

where f1 and fo denotes the derivatives of a function f relative to the new cartesian

system (Y7, Ys,Y3). Using the diagonal spectral form of the initial stress field then we can

derive:

tr(E) =1Uu1+ 09, tr(ET) 27111’1—1—7'21772, tr(ET2) :7'12111-1-7'2172,

) )

[ 2111, %(ﬂ,er@,l)(ﬁ +7) 0
Er+7TF = %(@24—571)(7'14-7'2) 27’227,2 of,
I 0 0 0
[ 2712u71 %(uz + 071)(7'12 + 7'22) 0
ET?+7°E = |Las+0,) (1] +73) 2730 9 0
0 0
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Now, the equilibrium equation (2.5) for the first Piola-Kirchhoff stress tensor in absence

of volumetric forces leads to:

T + (G [E)) 1 + miioe + (G12[E]) 2 = 0, (2.105)

)

71011+ (G12[E]) 1 + 720,22 + (Gaa[E]) 2 = 0. (2.106)

Let us define the following stress quantities:

S =711+ 7@ — 02) + GulE], (2.107)
Siz = Tolig + 1101 + Gia[E], (2.108)
Soo =T+ 7202 —U,y) + Gl E). (2.109)

So we can express the planar components of the initial stress field in the new coordinates

system as:
S = S + v, (2.110)
Sio = 813 — 1By, (2.111)
So1 = S1z — 7ol 2, (2.112)
So = Soo + 7ol 1. (2.113)

Exploiting the equilibrium equation (2.5) and the new defined quantities in equations
(2.107-2.109), then it leads to:

S11,1 + Si22 =0, (2.114)
S12,1 + Sa22 =0, (2.115)

which implies the existence of a potential function ¥ such that:

Si=12, Sw=v1, Si=-v¥1. (2.116)
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Using the general form of the operator G[.] mentioned in equation (2.78) and bearing in

mind all equations (2.102-2.109), we can show that:

S = Briu + B12v,2, (2.117)
Soy = Boru + Bazva, (2.118)
Si2 = Ba1us + Bs2v g, (2.119)

with 3;; are functions of the defined parameters «;, involved in the stress-strain relation in

the previous section. Therefore, we can deduce:

[B22( 22 — 1) — Pr2(¥ 11 — T2)], (2.120)

1
U1

o B22B11 — B21B12

1
V2

2 B2211 — B21 512

[Bi1(¥ 11 — 12) — B21( 22 — 71)]- (2.121)

Then by making the derivative of equation (2.119) relatively to Y7 and Y5, and by using
equations (2.116,2.120,2.121), a partial differential equation on the unknown potential
function v is deduced the following way:

Y1 2222 + V29 2011 + 3¢ 1111 = 0, (2.122)

where we can express the constants vy, v2 and 3 as:

1

= BasBir — Brabr Par bz, (2.123)
—1

7= BaaBu1 — Braban (Brzfss + Ban). (2.124)

3 : P21 (2.125)

- 522511 - 512521

In absence of residual stress, the stress-strain relation in equation (2.76) is transformed
into the classical constitutive equation for isotropic materials, and hence the potential v

satisfies the classical biharmonic partial differential equation:

AAY = 0. (2.126)
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2.9 Concluding remarks

In the beginning of this chapter, some theoretical results about the initially-stressed ma-
terials are discussed. Moreover, to widen and enrich the class of models describing the
behaviour of initially-stressed materials, we have proposed a more general linear elastic
model compared to the existing ones in the literature. Also, we have analyzed explicitly
the link between initial stress field presence and the generated anisotropy. Using a re-
formulation of the different invariants involved in the formulation based on the theory of
invariant, we have shown the analogy between such class of initially-stressed hyperelastic
materials behaviour and the one of hyperelastic anisotropic fibrous materials. The last
part of this chapter is dedicated to the establishment of a simple formulation for the case
of plane deformations in initially-stressed solids. Generalizing the concept of Airy stress
function, we have succeeded to transform equilibrium equations into one single differential

partial equation on a scalar potential.
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CHAPTER 3

Elastic Machines : a non standard
use of the axial shear of linear
transversely isotropic elastic

cylinders.
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3.1 Introduction

Most materials behaviour exhibit moderate to high anisotropy in macroscopic mechan-
ical properties due to the dependence of their microstructure to one or more preferred
directions. This feature is present in many biomaterials, polycrystals, fiber-reinforced ma-

terials and composites which are usually sorted on the basis of their anisotropic behaviour,
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i.e., the symmetry elements of the underlying microstructure [Finger 1983, Ting 1996b,
Ting 1996a]. As elasticity is concerned in this work, symmetry considerations reduce the
number of mechanical properties to a range from 3 (cubic system) to 21 (triclinic sys-
tem) [Gurtin 1972 and classify the elastic energy into 8 categories |[Forte 1996]. Material
anisotropy emerged as an important aspect of material sciences, and it becomes necessary
to use the knowledge of this behaviour to design better products. Otherwise, recent design
requirements and constraints of mass reduction cannot be easily fulfilled. To this end,
numerical approaches are usually used. However, analytic methods provide exact solutions
for some idealized problems which enable us to have an overall picture of the anisotropy

influence on local and global mechanical fields [Vannucci 2018].

Analysis of the boundary value problems associated to anisotropic elasticity has been
often tedious due to the complexity of the constitutive behaviour models. In linear
anisotropic elasticity, two stress and displacement based formalisms, due to Lekhnitskii
|Lekhnitskii 1950, Lekhnitskii 1963] and Stroh [Stroh 1958, Stroh 1962], are the most used
techniques to find numerical and, if possible, analytical solutions when the mechanical fields
depend on only two spatial coordinates. These two formalisms, which have been shown to
be equivalent [Barnett 1997], have been applied to study anisotropic solids, for example, in
[Horgan 1996, Ting 1996a, Tings 1999, Ting 1996b, Ting 2000]. In anisotropic elasticity

coupling general loadings with in-plane and anti-plane deformations, is quite complex.

Let us consider an isotropic linearly elastic cylinder subject to a prescribed axial trac-
tion field on its outer curved boundary whose only nonzero component is axial and which
does not vary in the axial direction. In absence of body force, the infinitesimal deformation
corresponding to this surface traction field is an anti-plane shear deformation, where the

word plane denotes here the cylinder’s cross section plane.

On the other hand, it is well known that not all arbitrary anisotropic cylinders can sustain
an anti-plane shear deformation when they are subject to axial tractions. Necessary and
sufficient conditions on the elastic moduli which do allow an anti-plane shear deformation
in anisotropic materials have been obtained by Horgan and Miller [HORGAN 1994] who
proved that, when the cross-section is circular, the most general elastic symmetry consis-
tent with such a deformation is that with only one plane of symmetry (monoclinic material
with 13 elastic moduli).
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The result by Horgan and Miller suggests that an anisotropic hollow elastic cylinder cannot
undergo an anti-plane shear deformation when it is subject to axial tractions on its outer

curved boundary.

Anti-plane shear deformations of isotropic elastic materials have been the subject of several
studies (see |[Horgan 1995b| and references therein for a review on the subject). Some re-
cent results on this problem in isotropic nonlinear elasticity are contained in [Pucci 2013b,
Pucci 2015a]. In the framework of the linear theory of elasticity, anti-plane shear defor-
mation is much less studied. In the isotropic case, the linear elastic problem is reduced
to a single linear partial differential equation. In the framework of anisotropic elastic
materials, some explicit solutions based on the anti-plane shear deformation are given
and/or summarised in the book by Ting [Ting 1996b]. Among the works devoted to the
study of deformations coupling in the framework of linear anisotropic materials we can cite
[Blouin 1989, Crossley 2003| where extension-torsion and bending-flexure respectively are
considered. These two fields of deformation are different from the ones that will be studied

in the following of this chapter.

Here, we consider an infinite cylindrical hollow tube with inner radius a and outer ra-
dius b in the reference configuration €. In cylindrical coordinates r € [a,b],0 € [0,27], 2 €
[—00, 00]. This cylinder is composed by a fiber reinforced elastic material (i.e. transversely

isotropic) and is subject to the following tension boundary conditions:

(11) |r=p = T, (3.1)
and

i(a) = 0. (3.2)

In this case, the equations of linear elasticity, under the usual standard requirements, ad-
mit a unique solution. For isotropic elasticity, this solution can be easily determined by
considering just an azial shear deformation and solving an ordinary differential equation.
In the anisotropic case, this is possible only for special arrangements of the fibers, while
in the general case, a more complex deformation is produced by the given tension field on

the boundary.
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Clearly, the symmetry of geometry and boundary conditions simplifies the problem and
makes it solvable by using the semi-inverse method. With this approach, we show that
the general solution consists in a superposition to the anti-plane axial shear of an in-plane

deformation composed by a radial deformation and an azimuthal shear.

Using this solution, it is possible to show how to control the various deformation modes
via their coupling . This fact might be used to create new kinds of actuators that we call

elastic machines able to exploit anisotropy to convert forces into moments or vice versa.

The plan of the chapter is as follows. In the next Section, we introduce the basic equations.
Section 3 is dedicated to the study of the pure axial shear and the fiber arrangements com-
patible with such deformation. In Section 4, we prove that in the most general setting,
the equilibrium configuration is a superposition of anti-plane and in-plane deformations.
The superposition of an in-plane deformation is a necessary and sufficient condition for an
anti-plane deformation to be sustainable by a transversely isotropic elastic tube with any
arrangement of fibers. The coupling between the various deformation modes is studied in
details via an asymptotic procedure for the compressible materials. In Section 5, some
optimisation problems are presented. The sixth section treats the analogy between the
initially-stressed and the isotropic transverse elastic materials through the solutions of the

studied boundary value problem. The last Section is devoted to some concluding remarks.

!This coupling should not be confused with the Poynting effect [Poynting 1909] for two reasons. First,
the Poynting effect is a non-linear effect. Then, in the Poynting effect, the twist and the extension are
coupled [Atkin 2005]. Although, here the coupling is between two shear modes (azimuthal and axial
shear). The composition of these two modes is also denoted as helical shear and it has been studied into
details in non-linear elasticity (see for example [Horgan 2003a]). In wire ropes (see [Costello 1997]) that
are structures and not materials, a coupling between bending and twist deformations is usual.
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3.2 Basic Equations

The constitutive equation for the Cauchy stress tensor ¢ for a linear elastic transversely

isotropic material with a preferred direction M (the fiber direction) has the form [Spencer 1984b):

G = (Mré+ aep)l + 2uré + (atré+ Bes)M @ M
(3.3)
+2(ur — pir) (]\Zf@dT/[erT/[@M),

where I is the identity tensor, € is the infinitesimal strain tensor, €f = tr(eM ® M) is the
strain in the fiber direction and A, o, 8, ur, pr are the constitutive parameters. Clearly,
pr and py, are the infinitesimal shear modulus in the transverse and longitudinal direction
relative to the preferred direction. The connection of all these parameters with the longi-
tudinal and transverse Young’s modulus can be found in [Spencer 1984b|. From (3.3), the

isotropic case can be recovered considering « = =0 and pur = pr.

In the case of incompressible materials, only isochoric deformations are admissible (i.e.

tré = 0) and the constitutive equation is given by [Spencer 1984b|:

G = —pl + 2uré+ fey M @ M
(3.4)
+2(ur — pr) (M@eM—i—eM@M),

where p is the arbitrary Lagrange multiplier associated with the constraint of incompress-
ibility. To guarantee the uniqueness of the boundary value problem’s solution, the strong

ellipticity is a sufficient and necessary condition [Marsden 1994, i.e.:
ur >0, pup >0, 2ur+A>0, 2a+F+A+4u —2ur >0 (3.5)

and

lur + a4+ XN < pr + v/ Cur + N 2a+ 8+ A+ 4 — 2ur). (3.6)
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For the incompressible materials, the above strong ellipticity conditions are replaced by:
pr >0, pr >0, B+4ur —2ur > 0. (3.7)

We now assume that the displacement field is a function only of the radial coordinate and
the domain is a circular cylinder. Therefore, in the absence of body forces, the three scalar

equilibrium equations become:

d d d
% (TUTT) = 099, % (TQUTG) =0, % (ro-rz) =0. (38)

3.3 Axial Shear

The axial shear problem is a trivial problem in the framework of the theory of linear
isotropic elasticity and for this reason, it is usually not considered into details in the classi-
cal textbooks (see for example [Horgan 1995b]). The objective of this section is to identify

the possible fibers arrangements that can sustain the axial shear deformation.

Considering an axial anti-plane deformation field #*? whose components are:

u? =0, wuy” =0, u=uw(r), (3.9)

the strain tensor relative to the displacement field mentioned in (3.9) becomes:

Loy o o
P = §w/(er Qe+ €, Re), (3.10)
where w’ = dw/dr. To preclude any confusion in the following, we notice here that M is
not assumed to be aligned with z-axis of the considered cylinder. Also, the anti-plane na-
ture of the displacement field 4 is relevant to the tube geometry i.e: 4®? is perpendicular
to the cross section of the cylinder and it is not necessarily in the same direction of the

vector M.

In the isotropic case, the only non zero component of the Cauchy stress tensor is the
axial shear stress o,, and the balance equations (3.8) are reduced to a single differential
equation: (r0,.) = 0. The boundary conditions, (1.1) and (1.2), to append to this equa-

tion are: o,,(b) =T, w(a) = 0.
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Therefore, the solution of our problem in the isotropic case is given by:

w(r) = J/;bln<2> , (3.11)

where p is the isotropic infinitesimal shear modulus.

3.3.1 Compressible transversely isotropic materials

In the absence of any internal constraints in a transversely isotropic material, the use of

equation (3.10) leads to:
tre® =0, f = w' M, M,. (3.12)

Thus, the explicit form of the stress field components corresponding to (3.9) is:

ol = [aM, M, + BMEM. + 2(py, — pr) M M. ] W, (3.13)
ogh = [aM, M, + BM, Mz M.] v, (3.14)
ol = [aM, M, + BM, M? + 2(ug, — pir) My M) W', (3.15)
oy = [BMIMgM; + (r — pr) Mg M. | w' (3.16)
ot = [ + BMEM? + (g, — pr) (M2 + M2)] o, (3.17)
= [BM MgM? + (pur, — pur) My My w'. (3.18)

In this case, the three balance equilibrium equations (3.8) compose an overdetermined
system where the only unknown is the anti-plane displacement field w = w(r). The

boundary conditions relative to this overdetermined system are:

orr(0) =0, o,9(b) =0, o,.(b)=T, w(a)=0. (3.19)

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



Chapter 3. Elastic Machines : a non standard use of the axial shear of
72 linear transversely isotropic elastic cylinders.

One important question is to establish when a non-trivial (i.e. w(r) non constant) solution

for such a system exists.

Using (3.8-2) and the corresponding boundary condition o,9(b) = 0 leads to the van-

ishing of the azimuthal shear stress component i.e o,4(r) = 0.

Assuming that the components of M with respect to the fundamental basis associated

with the cylindrical coordinate system are constants, equation (3.19-2) reduces to:

[BM? + pp, — pr] MoM.w' = 0. (3.20)
Considering only non-trivial solutions, we get:

i) My =0, ii)M,=0, iii)BM?+ ur—pr=0. (3.21)
Equation (3.8-3) and the corresponding boundary conditions are:

or2(b) =T, w(a)=0, (3.22)
and therefore the axial displacement field is:

w(r) = [pr + BMEM? + (ur — pr)(M2 + M2)] 7 Toln (1) (3.23)

r
a
in case i) and

w(r) = [pr + (o~ pr)MZ) " 7010 (), (3.24)

a

in the remaining cases ii) and iii).

When the axial field is defined by (3.23) or (3.24), it is remarkable that (ro,,) = 0

and therefore (3.8-1) reduces to ogg = 0. In so doing, we distinguish three possibilities:

i) M, = My =0 (figure (3.1.c)) and

w(r) = o In (f) . (3.25)

KL a
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ii) M, =0 (figures (3.1.a), (3.1.b) and (3.1.d)) and

w(r) = [ur + (ur = pr)MF] " Toln (). (3.26)

i) M? = (pr—pr)/B and Mj = —a/B. Therefore, MZ = 1+ § + #2255 In this case,
once again, the axial displacement component could be written as in in (3.26) (figure

(3.1.g)).

Case iii) introduces a link among fiber direction of the material and the constitutive param-
eters. It is necessary to check if this link is compatible with the strong ellipticity condition

and the conditions:
(ur —pr)/B >0, —a/B>0.

3.3.2 Incompressible transversely isotropic materials

Considering the isochoric displacement (3.9), it is interesting to note what happens when
the incompressibility constraint is in force. For incompressible materials, the first equilib-
rium equation (3.8-1) is used to determine the pressure field p = p(r) and therefore the

previous classification is simplified as follows:
i) My =0 (figures (3.1.a), (3.1.c) and (3.1.e)) and the axial shear is defined by (3.25).
ii) M, =0 (figures (3.1.a), (3.1.b) and (3.1.d)) and the axial shear is defined by (3.26).
iii) M2 = (ur — pr)/B, Mz + M2 =1+ (ur, — pr)/B, and once again the axial shear is
defined by (3.26) (figure (3.1.g)).
3.4 Coupling the In-Plane and Anti-Plane Deformations

The possibility to have a transverse isotropic material in an anti-plane deformation without
restrictions on the fiber direction relies on the presence of an in-plane special deformation

field @ whose components are:

uip = f(r)a uép = g(?“), ui’p = 0. (327)
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(b) My =1

A

(e) MT¢07M9:OaMz7A0

(d) Mr#OaMG#Osz:O (f)Mr207M07é07Mz7é0

(g) Mr7é07M97éoaMz7éO

Figure 3.1: Possible fibers arrangements

Indeed, in this case the corresponding strain tensor field has the following form:

) 2f" rg 0
[€P]i; = 3 rg 2% 0 (3.28)
0 0 O

Then, the volumetric dilatation and the stretch in the fiber direction, corresponding to the
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in-plane deformation field, can both be expressed as:

tre®? = f' + f, (3.29)
T
ep = f'M?+ fMg + rg' M, M. (3.30)
r
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Consequently, the stress distribution relative to the in-plane deformation is given by:

o = (M2B + (4ur, — 4ug + 20)M? + 2pup + N) f (3.31)

+ [(MZB + a)M? + Mo + A]g + M, My(M?B + o+ 2, — 2pu1)r9’,

oib = (M2 + a)MZ + M2a + A f’
f

+ (M5 + (dpr, — dper + 200 M + 2ur + 2] (3.32)
+ M, Mo(M§B + o + 2pur, — 2ur)ry,
o = [(M} 4+ M2)a+ M?MZB+ )\ f
+ (M} +M2)a+M0M2B+)\]f + M, My(M?2B + a)rg/, (3.33)
o = |(M2B+ a+2uL —2ur)f + (M§B + o+ 2z, — QMT))f M, My
+ (M8 + pr, — pr) MG + (ur — pr)M? + prlrg, (3.34)
o = |(MZB+a+2ur —2ur)f' + (Mg B + a)% M, M,
+ MM (M?B + pr, — pr)rg, (3.35)
o = |(M2B -+ ) f + (MZB -+ o+ 2ur — )| My
+ (Mj B + pr, — pr) M, M.rg'. (3.36)

Taking advantage of the linearity of the constitutive equation, the composition of the

in-plane and anti-plane deformation fields implies:

G =a"4 5%, (3.37)
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where the boundary conditions are:

o (b) =0, o0.9(b) =0, o0,.(0)=T, (3.38)
and

w(a) =0, f(a)=0, g(a)=0. (3.39)
Bearing in mind that (7‘20'7«9), =0 and o0,9(b) = 0, it must be g,9(r) =0 i.e.

[flf/ + fgf:| M, My + fg?”g/ + f’4MZM9w’ =0. (3.40)

r

On the other hand, from (ro,.)’ = 0 and o,,(b) = T, the axial shear stress component
must be o,,(r) = Tb/r, i.e.

- - - bT
[Flf’ + (Mgﬁ + oz)ﬂ MM, +TyMyM,rg’ +Tsw' = o (3.41)

with

f‘1:M36+a+2(uL—uT), fgzMgﬂ—i—a—FQ(,uL—,uT)
L3 = (M2B + pr — pr) MG + (pr — pr) M2 + pr,

N ) (3.42)
Ly =M:B8+ pup — pr,
U5 = (M?B + pr — pr)MZ + (pr — pr) M7 + pr.
From (3.40) and (3.41), when
305 — T3My M, # 0, (3.43)

it is possible to determine ¢’ and w’ and then to reduce (3.8-1) to a second order linear
differential equation in the unknown f(r). The boundary conditions for such a differential

equation are provided by o,(b) = 0 and f(a) = 0.

Once the solution for the radial displacement has been provided, the azimuthal and axial

shear components are determined from (3.40) and (3.41) imposing g(a) = 0 and w(a) = 0.

This means that our boundary value problem is well determined and this is for any di-
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rection of the fibers. Moreover, because the system is linear, it is possible to implement
its resolution in a numerical code. Instead to pursue this general solution, which is just a
simple numerical computation, two special cases are examined: an asymptotic solution in

the case of the compressible behaviour and the incompressible case.

3.4.1 An asymptotic solution for the compressible case

When M, =1 and M, = My = 0, the anti-plane shear deformation can be sustained. We

now rewrite the fiber direction M in spherical coordinates as:

—

M = sin(g) cos(y)é, + sin(y) sin(y))éy + cos(p)e (3.44)
and assume that the fibers have a small deviation from the z—direction i.e.:

Mr = ECOS(¢) + 0(63)7
My = esin(y) + O(e?), (3.45)
M,=1- %52 +0(e?),

where the polar angle ¢ =€ << 1.

We perform a perturbation analysis of the field equations with respect to the small param-

eter ¢ introducing:

r) =efi(r) + 2 fa(r) (e3),
) = eg1(r) + &2ga(r) + O(e%), (3.46)
w(r) = wo(r) + ewy (r) + 2wz (r) + O(e3).

+0
+0

To the leading order, the solution of our problem is clearly given by:

wo(r) = o In (1) . (3.47)

mr a

At order O(g), we have:

ovp = € [prrgy + (pr — pr) sin(p)wg] + O(?). (3.48)
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From the balance equation (3.8-2) and the corresponding stress boundary condition, we

obtain o,y = 0. Solving (3.48) imposing g;(a) = 0 it is:

WL — BT . bl a —r
r)="—"—""sin(v))— . 3.49
o(r) = Pt () 2 (3.49)
From (3.8-1), we obtain:
2 el ! abT COS(w)
r +rfl —fi = ———, 3.50
1 fl fl /.LL()\ + QMT) ( )
whose exact solution is:
k1o abT cos(v)
=kyur+ —— ————, 3.51
fr =k r pr(A+2pur) (3:51)

where k11 and kj9 are integration constants fixed by the boundary conditions fi(a) = 0
and o,,(b) = 0 as:

{267 + (=2p1 — o+ Npr — Mug]b + praa}dT cos(y)

kiq =
H (2pr + Npr(a?pr + b2\ + b2ur)

, (3.52)

{[—242 + (2ur + a — N pr + Aupla + ba(pr + A) }ab*T cos(¢)
@pr + Npr(@ur + 0+ Pur) |

k1o = (3.53)

On the other hand, the use of equation of (3.8-3), i.e. o,.(r) = Tb/r, implies:
w1 = 0.

In conclusion at order O(e) the effect of a dispersion of the fibers out of the z—direction
like in (3.45) produces an in-plane deformation given by (3.49) and (3.51), but it will not
change the anti-plane deformation field. To outline the effect of the fibers dispersion on

the anti-plane shear deformation mode, it is necessary to consider O(¢?) terms.

In this case, the second order of the asymptotic expansion relative to the axial displacement

component w is obtained as it follows:

ks a koa (a—1 koo
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with

ka1 = p3 (2pr + N pr((a® + b)) pr + 67N, (3.55)
koo = 2b{2bp3 + [(—2p1 — a + N\)b + aa]ur — bhur} cos(1)?

x (a+ pr — pr)prT), (3.56)
kas = {[2(8 — pr) iy + (8 — )X + 2p3 — @®)pr + A cos(v)?

— @ur + N — ) T((0? + ) + B2, (3.57)
koy = {—4ap? + [(4pr + 2 — 2X)a + 2balur + 2X\(apr, + ab)}

X (pr — pp)prb*al cos(i)?, (3.58)

which introduces the direction of the fibers influence on the anti-plane shear component
of the displacement. This situation is similar to what happens to the same problem in

non-linear isotropic elasticity [Pucci 2013a).

3.4.2 Incompressible case

In the incompressible case a radial displacement is not admissible (i.e f = 0) and the com-
putations are simplified because the displacement field is directly determined from (3.40)
and (3.41). The remaining equilibrium equation in (3.8) must be used to determine the

pressure field and a simple and complete exact solution is derived.

We set:

D1 =+ BMIMG + (1= @) (M7 + Mg),
Ty = [BM2 + (1= )| My (3.59)
Ty = fi+ BMZMZ + (1 — p)(M? + M3).

So, we can write (3.40) and (3.41) as:

T
Tyig' +Tow' =0, Torg’ + Tz’ = =, (3.60)
7
where the dimensionless variables and parameters are defined as:
fi=pr/up, B=8/un, F=r/b, w=w/b, T=T/u. (3.61)
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The solutions of this system, subject to the boundary conditions g(a/b) = 0, w(a/b) = 0,

are given by:

. (b, ) Ty /1 b
SRS S Y =2 p(=-2). 3.62
[T —12 <ar) 90 = Fr I2 <f a> (362)

This means that the axial shear deformation is always coupled with an anti-clockwise

w(r)

azimuthal shear.

3.5 Optimisation Problems

There are several interesting aspects about the coupling between the in-plane and the anti-
plane deformations in the anisotropic setting. First of all, by using an axial deformation,
it is possible to generate an azimuthal shear (or the converse). This fact allows to create

the concept of some simple elastic machines that may be very useful in some frameworks.

The other aspect of this framework is given by the possibility to arrange the fibers in

such a way that it is possible to optimise some quantities of mechanical interest.

It is well known that in the isotropic case, the moment associated with an anti-plane

shear, given by:
27 rb
M= / / r2og.drdd, (3.63)
0 a
is null because g9, = 0. But, in the anisotropic case the situation is completely different.

For example, in case ii) where the distribution of the fibers is as in figure (3.1.d), us-

ing (3.26), the moment expression is found to be:

~ (1= )M, M, a?
= T " Tr(1-— 64
M=z "\ i) (3.64)
where
. T
ot oy Moo T (3.65)
KL b3ur KL
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Therefore, a rectilinear surface traction generates a moment which is a function:
M: S 5 R.

Since S! (defined as the unit circle in the plane (M,, My): M? + M7 = 1) is a compact
set and M is a continuous function, the Weierstrass extreme value theorem guarantees
the existence of optimal arrangements of fibers that maximise and minimize the moment.

Parametrising M as:

M, = cos(), My =sin(h), (3.66)

the optimal arrangements are attained when:

i fi i fi
f, = arccos , 0Oy =7 — arccos - . 3.67
1 ( M) 2 ( ,m) (360

Ifop<1, 9~1 is a maximum and 9~2 a minimum. The converse situation occurs if i > 1.

A general treatment of these problems is quite involved. In the incompressible case the

solution is known in an explicit form and results in closed form can be obtained.

Indeed, in this case (see subsection 3.2) the torsion stress component oy, is given explicitly
by:

09- = (BMj + pr — pr) Mo Morg' + [BM? + g, — pr| M, Mpw' (3.68)

and therefore:

bT'M,
il — 12
x [Ty Mo(BM? + pp — pr) — ToML(BM§ + pr, — ur)]-

M = 7(b* - a?) (3.69)

Introducing the dimensionless variable # = r/b € [a/b, 1], the maximum amount of the

azimuthal shear is obtained on the external mantle of the cylinder as:

g(1) = (nrirg) T (1 — Z) . (3.70)
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Reading ¢(1) as a function:
g(1): 8> > R,

where S? is the unit sphere (defined by M2 + Mg + M2 = 1), it is possible to search for
arrangements of the fibers that optimise the azimuthal displacement, once again, using the

classical extreme value theorem of real analysis.

To compute the extrema of the rotation field g, the following Lagrangian is introduced:

Iy

L=_— 2
IR

— A(M? + M + M2 - 1), (3.71)

and therefore, the following system must be solved:

( oL oL __
Moz — Mrgaz; =0,

M, 55— My 3% =0, (3.72)

M2+ M3+ M2 —-1=0.
From (5.10)2:

(BMR? +1— p)(M2 — M2) =0 (3.73)
and since we require I'y #£ 0, otherwise g = 0, we obtain:

M? =1-2M? M;= M?>. (3.74)

Using this assumption, it is possible to find a general solution of (5.10) given by:

1
M, =0, My=+—, (3.75)

3

see figure (3.1.1).

Another solution to (5.10) can be obtained only for special values of i and B, if the
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algebraic equation:

16/3%( — 1) M +1653( — 1) (3 — B — 1) M
(3.76)

~

—4B(a— 1) (= B = 3)MI +4BM; + i — B —1 =0,
admits a solution M2 €]0, 1[.

It is possible to determine the zone of existence or non-existence of solutions of (5.10)

in the &, B—plane by a direct numerical method see the left plot of figure (3.2).

Dl2 D.4 08 08 1 1‘2 14 1‘5 18 2 ) D:Z 04 08 08 1 'IjZ 14 '\.B 18 2
(a) Shear’s optimisation (b) Moment’s optimisation

Figure 3.2: Number of the optimal fibers arrangements depending on the material param-
eters (yellow color: existence of two admissible solutions, blue color: existence of unique
general solution).

Another optimisation problem can be studied if the moment in (5.7) is considered as a

function:
M:S? 5 R
Now the Lagrangian of interest is:
L=M—A(M?+ M+ M?-1)), (3.77)
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and the equations to be solved have the same formal structure of (5.10):

( L oL
Moz MT{)M =0,

M

AL
ZBMG — My g7, =0, (3.78)

M2+ M§+ M2 —-1=0.

A first solution of (5.16), valid for any value of the constitutive parameters, is:

i 1
M, =0,M, =+ My =+, . 3.79
+1 (O VRS | (3.79)

Solving (5.16)2 we obtain the following relation:

201% — (B+ 4+ 2JM? — 2% + (B +3)j1 —
3B(ft — 1)M2 — 6/ + 3(3 +4) — 6

M = [ : (3.80)
and introducing it in (5.16); 3, we reduce the problem of the additional solution determi-
nation to the search of real roots of a fifth order polynomial equation (see Appendix A
for details). The existence of this additional solution depends on the values of constitutive

parameters (see the right plot of figure (3.2)).

3.6 Analogy with initially-stressed materials

As illustrated in chapter 2, the presence of an initial stress leads in general to the material
anisotropy. That is why the objective of this section is to point out in a different way the
analogy between initially-stressed and fibrous materials behaviours. Let consider that the

material cylinder is subjected to a constant initial tensor 7 which satisfies:

{ divr =0, in Q, (3.81)

7.1 =t on 0%,

where 7 denotes the outward normal to the boundary 9, whereas ¢ is the traction force
imposed on the boundary 9f) to equilibrate the initial stress field .

In analogy with what is discussed above, suppose that the material cylinder is subjected
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to an initial stress field denoted by 7 which is in the following form:
T=0;1+53,L®L (3.82)

where o, 8, are constant and the components of the vector L components in the cylindrical

coordinates are constant. The Cauchy stress can be divided into two parts as:
oc=T1+d0, (3.83)

with do is a linear tensorial operator depending on the displacement gradient. Then, if we
choose the same boundary conditions for the unstressed material in the previous sections

with a slight changes as:
(3.84)

The same structure of the partial differential equations related to the equilibrium equation
are obtained for both compressible and incompressible transformations discussed above.
Hence, analogous couplings to the ones studied above can be enlightened in the case of
initially-stressed materials. It is important to notice, that in the incompressible case,
the radial displacement component vanishes and the equilibrium equation leads to an
overdetermined partial differential equations system which needs to be studied in detail

for the possible existence of non-trivial solutions.

3.7 Concluding Remarks

Using a simple, but non trivial example, we have illustrated some interesting couplings of
the various modes of deformation in a transverse isotropic material. This kind of couplings
shows the inherent complexity of anisotropic elasticity and can be exploited to create some

elastic actuators.

Arranging the anisotropy of the material, for example, it is possible to turn an axial
displacement into an azimuthal deformation and vice versa. A very interesting property
to design elastic machines, but also to understand the arrangement of the fibers in some
biological materials. In the bio-framework, it is possible that these coupling effects have

been optimised for the best efficiency of the different organs functions. Therefore, our
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findings shed a new light on the structure of some fiber-reinforced biomaterials.

The different couplings studied in this chapter for an anisotropic material can be in an
analogous form in the case of initially-stressed materials. Such fact highlights in a different
way, the analogy between initially-stressed and anisotropic materials behaviours. A gen-
eralization of our approach, in presence of nonlinear deformations and residual stresses, is

a necessary step to adapt our results for realistic applications in biomechanics.
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CHAPTER 4

Identification of linear elastic

initially-stressed material parameters
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4.1 Introduction

For the development of constitutive laws for initially stressed elastic materials, the de-

termination of the model’s parameters and the initial stress are of paramount impor-
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tance. This is an inverse problem as mentioned in [Bui 2007]. From an experimental
viewpoint, non-invasive techniques like X-ray diffraction, semi-invasive techniques like in-
cremental center hole drilling and deep hole drilling, and fully destructive methods like
slotting, contour, and inherent strain can all be used to determine the residual stress
at surface and/or body points. Due to the cost, time commitment, and dispersion of
the measured data, only discrete points of stress in sections are normally measured.
In initial stressed linear elasticity theory, all the constitutive models of the first half
of the twentieth century, presented in |[ZP 1971], have the same algebraic structure as
the model of [Hoger 1986]. This latter model depends on an unknown tangent elastic-
ity tensor function of the initial stress. Different forms and identification methodologies
of this elasticity tensor have been proposed [Hoger 1986, Man 1987, Man 1994]. A gen-
eral form was proposed recently in [Gower 2015, Gower 2017|. The identification of the
initial stress (or residual stress) can be done by an analytical (or semi-) method deter-
mined from its equilibrium equation and its boundary conditions for specific geometries
[Hoger 1986, Sburlati 1992, Faghidian 2014]|. The stress function method [Faghidian 2012]
and the inverse eigenstrain technique [Jun 2010| have been developed to date in order to
reconstruct residual stress fields. This avoids modelling the mechanisms that cause residual
stresses. Both approaches are utilized only when the stress or strain distributions can be
stated using a parametric equation, such as when the distribution varies in one direction
[Korsunsky 2007|, due to the complexity of the hypothesis and debugging of the stress or
strain function. In [Ballard 1994], an approximate inverse method to build a residual stress
field is used. These methods, however, do not guarantee that the distributions satisfy the
equilibrium and boundary requirements due to a lack of knowledge about additional and

significant constraints.

In addition to its practical importance, determining residual stresses raises a number of dif-
ficult mathematical issues. In fact, several forms of the inverse problem of unique residual
stress determination were investigated, utilizing several model equations for residual stress
and various methods of measurements [Bonnet 2005]. The central questions here are those
of stability and uniqueness [Man 1994, Robertson 1997, Robertson 1998, Rachele 2003,
Ivanov 2005, Isakov 2007, Isakov 2008] . For the residually stressed linear elastic model
proposed by [Hoger 1986], some basic properties for the associated boundary value problem
have been established particularly Carleman estimates, which lead to the Cauchy prob-

lem’s uniqueness and stability [Lin 2003, Isakov 2007].
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The objective of this chapter is to study some inverse problems in the scope of initially-
stressed linear elastic materials whose constitutive formulation is presented by [Hoger 1986].
This chapter can be divided into two main parts. The first part includes section 2 and 3
and focuses on the general constitutive relation for initially stressed linear elastic materials
with a three-dimensional material body. Whereas the second part gathers the remaining
sections and treats a simple behaviour model in the scope of plane deformations with a dif-
ferent reconstruction approach. In fact, The second section is devoted to the reformulation
of the general constitutive relation established by [Hoger 1986]. Based on the new form
of the constitutive relation established in the second section, the third section illustrates
a reconstruction approach for the different material parameters and a stability estimate is
obtained. Moreover, section 4 presents the theoretical formulation of the direct approach
that will be used for the material parameters identification in the case of the considered
simplified model. The next section provides a stability estimate for the special case of
residual stress reconstruction. The remaining sections detail the numerical aspect of the
used approach and show the influence of multiple parameters on the quality of the different

fields reconstruction.

4.2 Preliminary equations

First, we will denote by M3(R) the vector space of 3 x 3 real matrices endowed with the
scalar product A : B = tr(ATB). The space M3(R) can be decomposed with respect to
the defined scalar product as M3(R) = S3(R) @ A3(R), where S3(R) and A3(R) denote
respectively the spaces of symmetric and skew-symmetric matrices. Let consider Q C R?
as a bounded domain with smooth boundary. If we suppose that the material body has a
linear elastic behaviour relative to a reference configuration free of any residual stress which
is defined geometrically by the domain €2, then the material behaviour can be formulated

through a stress-strain relation usually denoted by Hooke’s law and it can be exhibit as:

c=C:e€ (4.1)
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where o and € denote respectively the Cauchy stress tensor and the strain tensor whereas
C is a fourth order tensor and represents the elastic tensor in absence of any initial stress.

C satisfies the following symmetries:
Cijii = Cjirts,  Cijit = Criij 1 <0,5,k, 1 <3, (4.3)

Hence, the linear elastic behaviour represented through the fourth order tensor C is char-

acterized by a 21 independent scalar material parameters instead of 81.

Based on the Voigt representation, the elasticity tensor C can be represented by a symmet-
ric matrix valued function C in Sg(R). The components of the C' matrix is constructed

via the double index mapping:

11 — 1,
22 2,
33 —~3
_ ’ 4.4
v 32,23 — 4, (4.4)
13,31 — 5,
12,21 — 6.

\

in a way that we can define the matrix C in function of the elasticity tensor C as:
Crn = Cijrr,  with m = ~(ij) and n = y(kl). (4.5)

Using Voigt representation, the Hooke’s law presented above in equation (4.1), can be

reformulated as:
oy = CGV (4.6)

with

{ oy = [0-11,0'22,0'33,023,0'137(712]7 (4 7)

ey = [e11, €22, €33, 2€23, 2€13, 2€12).

In the case of initially-stressed material, the elastic material behaviour is not any more a
simple relation between the Cauchy stress tensor and the strain tensor, but a more complex

relation, although it is linear, involving the displacement gradient field V. Now, we
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suppose that the reference configuration €2 is subjected to an initial stress field denoted by
7 which is defined as the Cauchy stress tensor in the reference configuration. Consequently,

T is symmetric and it satisfies the equilibrium equation:

Divr =0, in (4.8)
and the boundary conditions:

7.N =15, ondQ, (4.9)

where Div is the divergence operator defined relatively to the reference configuration €2,
N denotes the outward unit normal to the boundary of © whereas #, denotes the exterior
force vector needed for the equilibrium of the material body in the presence of the initial
stress field 7. When %, vanishes, 7 is called a residual stress (auto-equilibrated initial
stress field in absence of any exterior loadings). The behaviour of such material can be
characterized as a mathematical formulation relating the first Piola Kirchhof stress tensor

S and the displacement gradient tensor Vu as:
S=74+(Vi)r+L:€ (4.10)

with L is a fourth order tensor having the same symmetry properties of the standard elastic
tensor C (see equation (4.3)) and it is depending of the initial stress field 7. Similarly to the
elastic tensor C, the initially-stressed elastic tensor £ can be represented by a symmetric
matrix L in Sg(R). To have an analogous form of the stress-displacement gradient relation
as the one for the Hooke’s law using Voigt representation, we will introduce the general

vector representation of non symmetric tensors in M3(R) as:

Sa = [S11, S12, S13, S21, S22, S23, S31, S32, Ss3) 7,
(VU)G = [U1,1,U1,2,u1,3,uz,1, U2,2,U2,3,U3,17U3,2,U3,3]T (4-11)
= [(Vun)™, (Vug)™, (Vuz) ™"

In the sake of pure simplification, the general vector representation of a tensor in M;3(R)
will be denoted in the following of this chapter as G-representation. Now, we can express

the strain tensor (in Voigt representation) in function of the displacement gradient (in
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G-representation) as:
€y = MEH(Vﬁ)G (4.12)

where M.y is a constant matrix and it can be explicited as:

(4.13)

o O O o o =
= o O O O O
o = O O O O
= o O O O O
o O O O = O
O O R O O O
o = O O O O
O O R O O O
o O O = O O

Furthermore, the equivalence between the general vectorial and Voigt representations for

the symmetric Cauchy stress tensor can be illuminated through the following equation:
oqg = Ms,ov, (4.14)

where the constant matrix Mg, may be presented as:

100000
00 0 O0O0 1
00 O0O0T1PO0
00 0 O0O01
Ms,=10 1 0 0 0 0] =M (4.15)
000100
00 O0O0T1O0
000100
00100 0

In fact, the first Piola Kirchhoff stress tensor can be divided into two parts: a symmetric
tensor S(M) expressed in a similar way of the Hooke’s law and a second part S2) depending

explicitly on the the residual stress field 7, so we can write:

S =8 4 83,
S =L ¢ (4.16)
S® =t + Vir,

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



4.2. Preliminary equations 95

Using the G-representation, the different tensors ™) and S@ can be shown as:

{ Sy = Ms,S) = Mg, LML (Vii)q, (4.17)

S® =15+ M.(Vi)a,

where the matrix M, can be displayed in function of the initial stress tensor 7 as a block-

matrix in the following form:

M, = (4.18)

o o N
© 3 ©
N © ©

Consequently, using equations (4.16-4.17) related to the decomposition of the first Piola
Kirchhof stress tensor, we can derive the stress-displacement gradient formulation in the

case of an initially-stressed material as:

S = 16 + C(Vi)g, (4.19)
where the matrix C can be written as:

C = Ms,LMZ, + M,, (4.20)

It is important to notice that the term 74 is not involved in the equilibrium equation since
the initial stress tensor 7 satisfies also the equilibrium equation (4.8). Also, it is clear that
C is a symmetric matrix in a subspace of Sg(R) which will be denoted by V(R) and can
be defined as:

V(R) = {Ms, LML + M. LecSsR), 7¢cS35(R)}C Sy(R). (4.21)

Based on the form of the matrix C function of the matrces 7 (6 independents components)
and L (21 parameters), we can deduce that dim(V(R)) < 27. Furthermore, using the ex-
plicit form of the matrix C in function of both L and 7 components, we can show that
dim(V(R)) = 27 (see appendix D) and we can construct a basis for V(R) exploiting two
chosen basis of S3(R) and Sg(R) using the expression of C in equation (4.20).

Both Cauchy stress and the first Piola Kirchhoff stress tensors satisfy the following equi-
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librium equations:
DivS =0, dive =0, in (4.22)

where Div and div are the divergence operator relative to respectively the reference and
the current configurations. Since the scope of small deformations is considered, in the case
of smooth deformation fields, as an approximation of first order, both the current and

reference divergence operators can be considered as the same one.

Hypothesis 1: In the rest of this chapter we will assume that the initially-stressed elas-
ticity tensor L is pointwise stable over Q) as it is defined in [[Hughes 1983] Chap. 6, Def.
1.9] (for the standard elasticity tensor C) as the existence of a constant § > 0 such that

e:L:e>Pe:e, VX EQ, Ve € S3(R). (4.23)

Lemma 1: Based on Hypothesis 1 illustrated through equation (4.23), and based on Lemma
2.1 in [Bal 2015], there exists a constant ' such that

det(L) > 8, VX €. (4.24)

4.3 Inverse problem for a generalized initially-stressed mate-

rial
4.3.1 Reconstruction of the elasticity tensor

In this section we intend to present a methodology for the reconstruction of both the
initially-stressed field and the initially-stressed elastic tensor £ which are both represented
by the matrix C. Based on this method, a set of stability results can be derived. First,
let define the operator D¢ related to the equilibrium equation satisfied by the First Piola

Kirchhoff and the initial stress as:

0h 0 93 0 0O 0 O O O
D=0 0 0 8 8 035 0 0 0 (4.25)
0 0 0 0O 0O 0 0 0y 05

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



4.3. Inverse problem for a generalized initially-stressed material 97

where 0; denotes the partial derivative relative to the coordinate X; defined in the reference

configuration 2.

In the following, to develop the idea whose the reconstruction of the matrix C is based on,
we suppose the existence of N + 9 displacement fields whose the first 9 fields satisfies the
following hypothesis.

Hypothesis 2.
There exist nine solutions @V, ..., @9, whose gradient tensors form a basis of M;3(R) at

every X € Q. This condition can be summarized as:
ianEQdet((Vﬁ(l))G, (VA g) > ¢o >0, for some constant cq. (4.26)

In fact Hypothesis 2 is equivalent to assume that the first 9 displacement gradient fields
construct a basis in M3(R), so we can express the rest of the gradient displacement fields

in function of this basis elements as:

9
Vi) (X) =3 (X)VaD(X), VX € Qg (4.27)
j=1
where f1,; is the coordinate of Vi®) relative to the basis element V@), If we define the
operator detg as:
detq(Val, ..., Vi) = det(VaV)g,...,(Vi)q) (4.28)

then the coordinates functions y,; can be explicitly defined as:

j
_dete(VaW, ..., via®, .. vi®)

‘ 4.29
Vs deta(VidD, . Vi) (4.29)

Now, exploiting the decomposition of the displacement gradient fields in equation (4.27)
and bearing in mind that the initial stress field satisfies the equilibrium equation as it
is illustrated in equation (4.8), then the equilibrium equation associated to the first Piola

Kirchhoff stress presented in equation (4.22) can be reformulated for the set of displacement
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fields data as:

9
= (D) C(VED)G + 41 Da(C (VD)) ) (4.30)

Vi) is the gradient of the displacement field @) solution of the equilibrium equation i.e

Dg(C(Vi))g) = 0 and hence the previous equations is reduced to:

9

> (Dapp)C(Vi)g =0 (4.31)
=1

This last equation can be seen as three scalar orthogonality constraints on the tensor C
in the inner product ":" structure of V(R), where the matrices that are orthogonal to C
are directly known from the available measurements. For every single displacement field
measurement @?), the prior equilibrium equation is equivalent to the following three scalar

constraints:

C:-MP'=C:MP?=C.MP?3=0 (4.32)
with

-2\4-(1))’1 - Z?Zl(alﬂpj7 aZILija 83/’ij7 07 07 O’ O’ O? 0) ® Vﬁ(])7
M®2 =352 (0,0,0,0: s, Dafin; iy, 0,0,0) @ ViIld), (4.33)
M(p)’g = Z?:l(oa Oa 07 07 07 07 allupjv 82:upja 83lupj) & Vﬁ(])

Note that since C is orthogonal to Ag(R), and V(R) is a subspace of Mg(R) one could
replace the matrices M) with the projection of their symmetrized versions on V(R).

If we have a rich enough set of displacement measurements, we can construct a set of
linear constraints of the form (4.32) and then construct enough set of matrices as the ones
presented in equation (4.33) to form a hyperplane in V(R) at every point X in €. Then,
the matrix C which must be perpendicular to this hyperplane, can be reconstructed up to
a multiplicative constant. The reconstruction procedure can be done via a generalization
of the cross-product, as used, in [Monard 2013] for the material parameters identification

in the context of the conductivity equation or in [Bal 2015] for the sake of the elastic tensor

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



4.3. Inverse problem for a generalized initially-stressed material 99

identification.

Define by {mj}iil a basis of V(R), and given set M = {Mj}?o:1 C V(R). Now, follow-
ing [Bal 2015], we can define define the generalized version of the cross product operator
denoted by A : V(R)?® — V(R) as follows

M1:m1 M26:m1

mi|, V1<i<om
M :mo7 -+ Mg : mo7
(4.34)

Based on its expression in the last equation, A is a 26-linear, alternating map that does not
depend on the choice of basis for V(R). N (M) is a vector that is normal to the hyperplane
spanned by M when M is linearly independent; zero otherwise. In particular, if M is a
family of matrices known to be orthogonal to a given matrix m’ , then N (M) is either

zero (if dim span M < 26) or proportional to m/ (if dim span M = 26).

In light of this last comment, and assuming that a rich enough set of solutions of the
direct problem gives rise to a family of matrices M of the form (4.33), with cardinality
greater than 26 and spanning a hyperplane of V(R) at a given point Xy € Q, for any given
26-tuple M’ C M N(M') is either zero or proportional to C(Xo).

Before going deeper in the details of the parameters reconstruction, we will show that
we extract both the initially-stressed elastic matrix L and the initial stress tensor 7 from
the matrix C. To do so, based on equations (4.18,4.20), we can get the matrix C function

of matrices L and T components as:
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[Li1 4+ 711 Lig+ 712 Lis + 713 L1 Lo Ly L5 Ly
Le1 + 712 Les + T2 Lgs + 23 Les L2 Ly Lgs Ly
Ls1 + 713 Lsg+ 723 Lss + 733 Lsg Lo Ls4 Lss L4
Le: Les Lgs Les + 111 Le2 + 112 Lea + 713 Lgs Ley
C = Loy Lo Los Lo + 712 Loz + a2 Log + To3 Los Loy
Ly Ly Lys Lys + 113 L4+ 103 Lag + 733 Lys Lyy
Ls Lsg Lss Lsg Lo Lsy Lss + 111 Lsa+ 112
Ly Ly Lys Ly Lyo Lyy Lys + 712 Lyg + T2
| Ls1 L L3 L3 Lo L3y L3s + 713 L3q+ To3
(4.35)

Using the components of C expressed only function of L components we can extract di-
rectly the following quantities which can be sorted in two sets:

-mixed index components of L: L;; with ¢ # j.

-La4, Lss, Les.

Next, using the first 3 x 3 block of C, we can extract all the components of the ini-
tial stress field 7 except 711. Then, knowing 6'44 we can get the value of 711 since Lgg is
already determined. Hence, so far all the components of the initial stress field are deter-
mined and we can use the rest of the matrix C components to derive the rest of the matrix

L components (which are Lij, Loo and Ls3).

Since the extraction of the matrices L and 7 from C is feasible, we will denote by K,
and I, the operators that extract respectively L and 7T from the generalized initially-

elastic matrix C.

Based on the Lemma 1 and as it was in the proof of Lemma 2.1 in [Bal 2015], the Hypothe-
sis 1 implies that the components L1, Lo and L33 must be strictly positive. Thus, to make
the reconstruction operator of the matrix C unique, using the Lemma.l, we can define the
final reconstructed matrix C* by normalizing the matrix L enforcing the strict positiv-

ity of the components L1y, Lo and Ls3. So we can define the reconstructed generalized
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initially-stressed matrix as:
(£)arN (M) = (det(KLNV(M))5C*, ¥X €@, (4.36)

for every 27-tuple M’ C M , where (+)) is the sign of the top-left entry of K (N(M')).
This equation is either trivial when M’ is linearly dependent, or reconstructs C (fo) oth-

erwise.

Hypothesis 3 Assuming hypothesis 2 is fulfilled, there exists N additional solutions

a0t @ON) giving rise to a family M of 3N matrices, whose expressions are explicit
in terms of (Vi | OjVﬁ(i) ,1<i<6+N,1<j <3 (see equation (4.33)) and such

that they span a hyperplane of V(R) at every X € Q. This condition can be summarized as

infg.q > N(M

M cM, #M =20

/

) : J\/(M/) >c1 >0, for some constant c;. (4.37)

The last hypothesis ensures that at least one subfamily M’ is linearly independent, so we

can sum the last equation over all subfamilies so we can establish the following formula

c=( ) (det (KoL (N (M))))7) ! > (F)ar V(M) (4.38)

M cM, #M =20 M cM, #M =26

The reconstruction formula in equation (4.38) makes the stability of the problem straight-
forward to assess, because based on the hypothesis 3, one subfamily linearly independent
exists at least, and hence by summution we can reconstruct the generalized initially-stressed

elastic tensor up to a multiplicative constant and avoid the trivial null solution.

4.3.2 Stability results

In order to build up our reconstruction method, we have already developed our key hy-
pothesis above. In fact, based on the different 3 hypotheses, the unknown generalized
initially-stressed matrix is forced to lie on the orthogonal of a vector space constructed by
a rich enough set of displacement measurements. And finally, both the couple initial stress
and the initially-stressed elastic matrix can be reconstructed up to multiplicative constant.
To follow this approach, 9 + N displacement fields are needed. We should emphasize that
N depends on the number of C unknown parameters. In other words, N depends on the

anisotropy generated by both the initial stress 7 and the initially-stressed elastic matrix
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L. If we denote by dpqram the number of scalar parameters in the matrix (6} , then N must

param

satisfy N >

added displacement field measurement. In the most general case, dpgram = 21 +6 = 27

, where the number 3 refers to the extra three constraints for every

and hence we need to get N + 9 = 18 displacement data fields.

It should be highlighted that Hypotheses 2 and 3 are stable when the boundary condi-

tions generating the displacement fields @1, ... @O+N)

are perturbed smoothly. This is
because both of the latter hypotheses are expressed in terms of continuous functionals of
their boundary conditions that rely polynomially on the components of displacement fields

and their derivatives up to second order.

Theorem 1. Suppose that over some open set Qo C ), Hypothesis 2 and 3 hold for two
families of displacement fields {ﬁ(j)}?i{\[ and {J’(] ?i{v corresponding to the couple elastic
tensor-residual stress fields (L*,7*) and (L*/,T*/). Then C* and C* each can be uniquely
reconstructed over Qg from knowledge of their corresponding solutions, with the following

stability estimate:

N+9
1C* — C¥ Iy < K Y IVED — V@Y [y 0 (4.39)
j=1

where K is a constant (K > 0) and p is a fized integer depending on the reqularity of the
displacement fields.

We express the latter stability inequality explicitly in terms of the initially-stressed elastic
matrix L and the initial stress field 7 as:
N+9 .
IL* = L¥ [[wroe () + 17 = 7 llwroe(ag) < K Y IVED = V@[ iypi100(0p)
j=1
(4.40)

Proof:

Uniquness: Based on equation (4.38) , the matrix C gathering the initially-stressed elastic
matrix L and the initial stress tensor 7 can be explicitly reconstructed up to multiplicative
constant. Using the same refereed reconstruction formula, the uniqueness of the recon-
structed matrix C* is ensured by normalizing the matrix L and enforcing the positivity of
the diagonal terms of the first3 x 3-block.

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



4.4. Inverse problem for a particular initially-stressed material 103

Stability : The reconstructed matrix C* is a rational function of the displacement gradient
components and their partial derivatives. Then if two sets of displacement measurements
{ﬂ'(j)}?i{\f and {u/ (])}?i{\f satisfies the hypotheses (2) and (3) over some smooth domain €2,
the denominator of the formula (4.38) never vanishes, and its rational expression function

of displacement gradient components implies the following local estimate:

N+9 ,
1C" = C Iy < K Y IV = V&P |y (441)
7=1

for a positive constant K. Now, if the displacement gradient tensor components are in
Wrtloo(Qq) for some integer p > 0, then by differentiating the reconstruction equation
(4.41) p times leads to the stability estimates in equation (4.38).

4.4 Inverse problem for a particular initially-stressed mate-

rial

In the previous section, the reconstruction of the initial stress field and the material param-
eters represented by the generalized initially-stressed elastic matrix is done via a pointwise
identification procedure. The motivation behind the analysis of such methods is to have
an idea about the quantity of necessary data that can be needed for an elastic initially-
stressed material characterization. On the other hand, it permits to obtain a stability

result to analyze the regularity of the different reconstructed fields.

In practice, the equilibrium equation is always solved using weak formulations in the ob-
jective to obtain numerical solution. That is why, in the following of this chapter we will
consider a direct method based on the weak formulation related to the equilibrium equation
of the direct problem to reconstruct all the fields to be identified.

4.4.1 Weak formulation of the direct problem

This section will be dedicated to the development of the variational formulation of the

direct problem. Let consider the static version of the equilibrium equation in presence of
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a volumetric force density f as:
DivS + f=0, inQ. (4.42)

To establish the equilibrium weak formulation, let consider the Sobolev space denoted by
H1(Q) and defined as:

HYQ) = {v e L*(Q,RY), Vv € L*(Q, R}, (4.43)

Using the definition of H'(£2) and the equilibrium equation (4.42) and bearing in mind the

Green integral formula lead to:

/S:Vde:/f.de+/ (S.N).wdl' Yo € H'(Q). (4.44)
Q Q I'=0Q

Here we divide the boundary 0 into two parts based on the type of boundary conditions:
e I',: where Dirichlet conditions are imposed,
e ['y;: where Neuman conditions are imposed,

with the compatibility constraint I, UT; = 9B and measure(I', N'T';) = 0. Now, the above

boundary conditions can be explicitly presented as:

S.N =t Iy,
{ o o (4.45)
u=u®* only,.
By defining the subspace H3(Ty, Q):
HY(,, Q) ={¥€ Hi(Q),7=0 on T}, (4.46)
the weak formulation presented in equation (4.44) can be transformed into:
{ a(@,®) = lff), Vi € HY(Ty, ), 47
u =u® on Iy,

and by considering the material behaviour asserted through equation (4.10), both the

bilinear and linear operators introduced in the weak formulation (4.47) can be explicitly
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presented as:

alit, 7) = / (Vil)r + £ Vi : VidQ, (4.48)
Q
vecy € Hy(Ty, Q), (4.49)
1(7) :—/T;Vﬁd9+/fadsz+/ Fodl, W5 € HA(Ty, ).
Q Q I
(4.50)

Let us define the Frobenius norm for a second order tensor A as ||A|| = «/ZA%]- and

the norm associated to the sobolev space H'(Q) as ||7]] y1(q) = \/||17H%2(Q) + ||V17||%2(Q).
Hence, the continuity of both linear and bilinear operators involved in the weak formulation

can be easily ensured since:

{ (@) < (€]l + 17l 111 173y, 75,7 € H(@), s
O < Ngllzzw,y + 11220 Tl 101 1(), ¥ € HY(9),
with
I£]lls = SupgllI£]]l, Al
L:
L] :SUPAeM(Rdxd)Wa (4.52)

ITlloe = Supgll7l],

whereas the coercivity of the bilinear operator requires extra constraints involving the ini-
tial stress field and the initially-stressed elastic tensor £. For example in the case where
the elastic tensor £ can be revealed explicitly in function of the residual stress field 7, to
ensure the coercivity of the bilinear operator a(.,.), a sufficient inequality have been found
in [Robertson 1998]. In fact such constraint enforce the residual stress to be sufficiently
small so it cannot perturbate the coercivity of the bilinear operator related to the standard

elastic tensor C.

To simplify the analysis of the proposed identification approach that will be presented
in details in the following sections, we will consider a relatively simple model which was
used by Anne Hoger in [Hoger 1986] in the objective to study the residual stress effect
on an isotropic material in the free-configuration (the configuration free of any internal

stresses). Such model can be described via the explicit formula for the initially-stressed
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elastic tensor L:
L=2u] +X1®@1+ L, (4.53)

where I is the identity tensor for the fourth order tensor space, whereas L, is a fourth
order tensor depending explicitly on the residual stress field and whose components can be

written as:
[Lr]ijer = Tikdj1 + Tjibik, (4.54)

with 0 is the Kronecker symbol. Considering the explicit expression of the initially-stressed
elastic operator, the First Piola Kirchhoff-displacement gradient tensor relation is trans-

formed to:
1
S =1+ Vir — 5(67’ + 7€) + 2ue + Mr(e)l (4.55)

The residual stress field 7 involved in the latter formulation is usually subjected to the
mathematical constraint of strong ellipticity. Such constraint is not only a sufficient condi-
tion for the propagation of elastic plane waves, but also it is necessary for the uniqueness

of the boundary value problem’s strong solution. Such condition implies:

B

0<2

Ikl (4.56)

Whereas, using the mathematical constraint established in [Robertson 1998], to guarantee

the coercivity of the bilinear form af(.,.) a sufficient condition is:

sup ||7|| < inf £ (4.57)
Xeq Xeq 2
Thus, using all the previous results above and exploiting the Theorem of Lax-Milgram,
the existence and the uniqueness of the displacement solution of the weak problem (4.47)

is ensured.

4.4.2 Formulation of the identification approach

Before presenting the reconstruction method, let us define the Sobolev space H3(Q) =
HZ(09,9). Considering only the internal part of the displacement data measurements,
the weak formulation of the equilibrium equation is still valid in H} (), since HJ(Q) C
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H&(FU,Q). The equilibrium equation can be seen differently when we suppose the dis-
placement field is known and both the initial stress and the initially-stressed elastic tensor

L are unknown, and by consequence we introduce the following equivalence:

{a(ﬁ’ﬁ):au([u A T}’g):l(ﬁ) v € Hy(Q), (4.58)

1(0) = [, f-0dQ, V&€ H(Q).

In order to remain in the Hilbert space framework relatively to the second equality sign in
(4.57-1), we suppose that displacement gradient tensor V1 is bounded. In the objective to
formulate the identification approach on the set of scalar fields, we can rewrite the residual
stress field as a projection on the canonical basis of symmetric matrices in S3(R) in the

following form:

T :7'11M(11) +722M(22) +T12M(12), (4.59)
with
TR L B IC N L B VICE I L (4.60)
0 O 0 1 1 0

Hence, the weak formulation of the equilibrium equation (4.57) related to the measures

(i, f), can be rewritten as the sum of separate terms related to every scalar field to be
identified as:

2
/ KX().5dQ + / KX (0).5d0+ Y / KM (7,).5d0 = / F.odQ, Vi e HY(Q),
Q Q - JQ) Q

i=1,i<j
(4.61)
where the different stiffness-to-force operators involved above read:
K (1) = —Div|pue] (4.62)
K®1()\) = —Div[\Div] (4.63)

KM (1.) = —Div(r;[VaM i) — %(M(ij)e +eMN)), ije{l,2}  (4.64)
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The general recovery problem with multiple measurements reads as the following system:
T ) )
K [M Aoty e Ti2| =F, inH (Q) (4.65)

where the general stiffness-to-force and force operators related to the set of displacement
and forces measures { (@9, ﬁi))}?zl can be presented as:

I 191 M(ll) M(22) M(12) 1
Ku(l) Ku(l) Ku(l) Ku(l) Ku(l) f_‘t )
. . . . ’ F _

K= (4.66)

KI Ki@l K]\.J(U) K]\.J(QQ) K]\.l(lg) f_(n)

4.5 Residual stress invertibility and stability

In this section we will focus on the reconstruction of the residual stress field knowing the
Lamé coeflicients and based on the displacement data fields. In fact, such simplification
of the initial inverse problem can be encountered in special cases for the material or struc-
tures characterization. For example, we consider a material structure with an isotropic
linear elastic behaviour already characterized with known Lamé fields. If the structure is
subjected to a process leading to the appearance of a residual stress field. Then, in the
objective to characterize the linear elastic behaviour of the initially-stressed structure, an

extra task is to identify the residual stress field.

4.5.1 Reconstruction of the residual stress field

Let consider two data sets (ﬁ(l),ﬂl)), (6(2),1”_(2)). Now, if we consider that the Lamé

coefficients are known everywhere in €2, then using the following tensorial identities:

Div(AB) = (VA) : B+ A.(DivB), (4.67)
V(eA) = V(A) + A® Va, (4.68)
A®c:B=ABZc (4.69)

where A and B are two general 2 x 2 tensors, ¢ is a vectorial function whereas « is a
scalar function. Consequently, similarly to what is done in the reconstruction system of
equations in [Bal 2014|, the equilibrium equation in the reference configuration can be

written as a differential partial system on the residual stress components similar to the

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



4.5. Residual stress invertibility and stability 109

transport equation and which can be given as:

V11 T11
A VTQQ + B T22 :f (4.70)
V1o T12
with
MDD pge20) pg12)0) SRR AR Fu
T
A= M(U)e(2) M(22)€(2) M(12)€(2) , B= bu(2) bu(2) bu(Z) , f= f“m
A M(22) M(12) 6 0 0 0
(4.71)
and
I;S(jk)) _ V(E(k) _ 2Vﬁ»(k)) : M) 1 M) Dive®), (4.72)
foe) = Div[4ue® + 2)Diva1]. (4.73)

In fact, the first two block-matrix rows are the origin of the equilibrium equation for the two
force-displacement measures, whereas, the last one is a result of the equilibrium equation
satisfied by the residual stress itself. To simplify the partial differential system in equation

(4.69), we will suppose the invertibility of the matrix A which implies

Vi1 T11
Vre| +M |m2| =f, M=A"'B (4.74)
VT2 T12

Based on cumbersome algebraic calculation, we can show that the invertibility of the matrix

A is equivalent to the following condition on the displacement data fields:

detA # 0 & (u5) —u{ ) (us) +ul) — W) —ui) (W] +uld) £0, vXeq.
(4.75)

The transformation of the system of equations (4.69) is not done for the sole sake of simpli-
fication, but also to avoid the attraction points to better reconstruct the initial stress field
over the characteristic curves. That is why we will make the following assumption which

will be used in the next section for the stability analysis of the residual stress reconstruction.
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Hypothesis 3: The displacement fields satisfy @™ € H'(Q) N WH2(Q) for n = 1,2 and
satisfy:

1

)

2 2 2 1 e
) — D) +ul) - (uSy —uP)@h] +uly) > o, VX €0 (4.76)

) ) )

(ul

where ¢y s a constant.

4.5.2 ODE-based approach and stability estimate

Focusing only on the stability estimate, we will consider that the reconstruction of the
initial stress field is based on a direct integration method of the differential system (4.73).
So, suppose that €2 is a connected domain, and two points XU and Xl which are related

via the smooth curve . Such curve can be defined as:
01 —Q - S
v 0 1] with v(0) = X and v(1) = X;. (4.77)
t — &)

Now, using the variable change X = ~(t) and the differentiation chain rule, the differential
system (4.73) will take the following ODE form:

de- (t) . . B 711 07(1) ) m()g'
G M 06,(0) = 1), 6,(t) = |7209(t)| and 6,(0) = | ma(X,
712 07(t) T12(Xo)

(4.78)

Hence, if we know the values of the residual stress 7 components in a chosen starting point
of the curve v, by a direct integration of the ODE system illustrated in equation (4.77)
and by varying the end point X of the curve ~v we can reconstruct the residual stress field
at any point of Q. It is clear that the space of the ODE system in equation (4.77) is a
vector space of dimension 3. Since the residual stress field satisfies equation (4.9) (with
to = 6) on the boundary of the domain {2, we can choose the end points of the curve v on
the boundary 052 so that we obtain 4 scalar relations which can be sufficient (based on the
choice of ) to reconstruct the values the residual stress field components on the curve .
After clarifying the reconstruction procedure, we can show that this approach is a stable

so we can state the following theorem.
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Theorem 2: Consider that 2 is a conver domain and let suppose the existence of two
C? displacement data sets (@M, @), (1;’(1), 1;’(2)) associated to two residual stress fields
7, 7' with the same Lamé coefficients u and X. Supposing that the considered displacement
field sets satisfy the criteria illustrated in hypothesis 3, then the residual stress fields T and

7' can be determined uniquely over Q using the data as:

2
7 = 7l < K YT — @ llyzoe oy (4.79)

i=1

where K is a positive constant.

Proof: Based on PicardaASLindelf theorem and Gronwall’s lemma for the error con-
trolling along characteristic curves the proof of the theorem 2 can be established as it
was done in [Bal 2014] in the context of isotropic elasticity and with detailed analysis in
[Monard 2011] for multi physical problem, but it will be omitted here. The extra major
difference at the proof level illustrated in the later 2 references is that in our context we

have exploited the homogeneous boundary condition satisfied by the residual stress field.

4.6 Numerical approach

4.6.1 Direct problem and data generation

The displacement data are generated by computing the direct problem over the domain
Q using non structured triangular mesh and where the displacement field is interpolated
on Lagrange polynomial functions P,. We suppose that the volumetric force density f
vanishes. In the case of residual stress identification, for the sake of simplicity, we have
chosen homogeneous constant fields for the Lamé parameters. Whereas in the case of the
reconstruction of all the material parameters, continuous inhomogeneous Lamé fields are
considered. The perturbation of the displacement measures is done by adding a noisy field
to the direct problem solution. To ensure the repeatability of the results, as it is done in

|Bal 2014|, the noise field is represented by the following function:

1 .
Y S S 4.80
Sup)?eﬂffé’ (7) (4.80)

N
Unoise
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with
N k| k] X
m(X) = (=), 4.81
Som(X) k;mmx(mﬁ) (4.81)
(X)) = cos(2n X .¢1) cos(21 X .63 (€1 + &) (4.82)

whereas § denotes the noise amplitude and m is an integer parameter. The considered

noise field illustrated in the prior equation is illustrated in figure (4.1).
x10°®

10

noise (b) unoise

Figure 4.1: Noise function components (§ = 107°)

4.6.2 Discrete formulation of the inverse problem

Let suppose that the domain {2 admits an exact triangular mesh denoted by 7j for any
mesh characteristic length denoted by h. Such hypothesis is to avoid the influence of the
geometrical meshing on the fields reconstruction approach. Now let define the following

finite element spaces:

e P2(Th): the space of continuous scalar piecewise quadratic Lagrange functions asso-
ciated to the mesh 7Tj,.

e P?(Th,R?): the space of vector-valued P2(7},) functions in R2.

e PY(T;): the space of continuous scalar piecewise linear Lagrange functions associated
to the mesh 7j,.

Let {gk}kNgl and {5}{21 denote respectively the canonical basis of shape functions of P!(7y,)
and P?(Ty,R?). Hence the displacement field and the scalar fields to be reconstructed can
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be decomposed on the different above interpolation spaces as:

Ns
a(X) = Zakfk()z)7 a=Ti, T22, T2, M, A (4.83)
— ]\/;’U — —
i(X) =) updp(X), (4.84)

where Ny and N, denote respectively the degrees of freedom number for the scalar mate-
rial parameters and the displacement field. In fact, the initial stress field components and
the Lamé parameters are chosen to be projected in a continuous space of interpolation in
the sake of the identification approach simplification. In general, the interpolation spaces
for the fields to be identified may be chosen to be discontinuous to better account for
the discontinuous character of the different material parameters that can be encountered

(presence of inclusion ...).

Using the interpolation from for the different scalar fields as it is illustrated in equations
(4.82-4.83), the discrete form of the partial differential system in equation (4.64), can be

transformed into the following algebraic system:
KV=F, KeMERN"*N) yeMR™N), FeM®R™M™, (4.85)

with N denotes the number of degree of freedom associated to the internal displacement
field, and where V denotes the vector of the coordinates associated to the interpolation of
the different scalar fields to be identified, whereas IF and K are the discrete form of the

operators F' and K respectively. The matrices K, F and V can be presented as:

I 1K ML M((22) M(2)
Ku(l) Ku(1> Ku(l) Ku“) Ku(l) Fu<1>
K= : : : : : , F=1 = (4.86)
I 1K ML) M (22) M(12)
Kum Ko Ko Ko Ko F )

V= [T (T (T et (vmeyT]
VE=[u], VA=[N, VW =[], ije{l,2} (4.87)
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with [a] are the vectors of the coordinates associated to the interpolation of the scalar
field ”a”. The block-matrices involved in the expression of the general discrete form of the

identification formulation in equation (4.85), can be expressed as:

Keolis = /ijvsﬁ(l) : VD (4.88)

[Ki®1): = /Q ¢;Divii) Dive;d (4.89)

1 -
KM, — /Q GV MO — L (MOIT i 4 M) VG0, (4.90)

i=1.N"™ j=1.N,, l=1.n pq=1.2 p<q.

4.6.3 Least squares approach and regularization

In practice, we compute the identifiable fields by minimizing a regularized mean squares

functional of the form
J(V) = ||KV —F||3 + R(V) (4.91)

where the regularization term R(.) is a sum of multiple operators penalizing the variations

of the Lamé coefficients and the divergence of the residual stress field as the following:
R(V) = au‘|vﬂ\|i2(ﬂ) + O‘AHV)\H%?(Q) + adeDieriz(Q), (4.92)

with a, ay and ag, are 3 chosen scalar regularization parameters. In the case of Lamé
coefficients and residual stress reconstruction, the optimization of the cost function J is
subjected to the positivity of 4 and A and the boundary condition satisfied by the residual
stress field as it is illustrated through equation (4.9) (with #y = 0). Since the set of the
constitutive parameters are determined to a multiplicative scalar, we can enforce in the
optimization problem that min(u, A) > ag > 0 where o is a chosen constant or field to
preclude the trivial null solution. Consider the matrix L such that L[[711][722][T12]] gives
the vector of the degree of freedom involved in the boundary condition (7.N = 0) for
the different residual stress components. Consequently, the interpolation of the different

fields to be reconstructed represented through V¢ can be formulated as the following
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optimization problem:

{ Vid = argminy J(V) (4.93)

sbt LV =[0] & VE>ap & V> a.
where V7 gathers all the degree of freedom associated to the residual stress components i.e
(VT = [[vm Tt (vt [vmepT, (4.94)

Regarding the convexity character of the optimization problem, the minimization of (4.92)
was carried out using the cvzopt Python module which is efficient for convex optimization

problems under linear constraints.

To enhance the quality of the reconstructed fields, we may use a filter regularizing the

perturbed displacement measurements. Two alternatives are studied:

-the classical elastic filter where the gradient of the displacement is penalized and the
regularized displacement field denoted by w; associated to the perturbed displacement

measure 4, can be obtained as the solution of the following minimization problem:
iy = argming{[|@ — 4|72 + Qetas| [V |72 () } (4.95)

where a5 is a regularization scalar parameter.

-the displacement measurement carried out on the reference mesh Ty, is L?-projected
on a coarse mesh 7 which decrease the noise influence on the displacement gradient field

which will be regularized. Such filter was used in |Bal 2014| in the objective of the Lamé
coefficients reconstruction. It can be characterized through the parameter kp = e

0
4.6.4 Numerical results

4.6.4.1 Reconstruction of the residual stress field

In this section, we focus on the numerical results of the residual stress field reconstruction.
Before dealing with results, we introduce the used data. In fact, we have exploited two
displacement fields resulting from the direct problem associated with different boundary

conditions: the first one is a simple tensile test, whereas the second data is the result of a
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simple shear test. The two displacement measurements are presented in the figure (4.2). A

0 1 0.42¢ 0.00:
-0.02 - 0.75 — 0.32; 0.00;
-0.04 0.5 0.21. -0
-0.07 - 0.25 - 0.10° -0.0C
-0.0¢ -0 0 -0.0C

(a) us” (b) uf? (c) uy (d) uf”

Figure 4.2: Displacement fields data

numerical check of the residual stress identifiability criteria illuminated in equation (4.75)
is done for the displacement data and it is shown over all the domain € in the figure (4.3)
which ensures that the chosen displacement fields shown in figure (4.2) are sufficient for

the reconstruction of the residual stress field. Both the proposed two filtering approach:

o — 0.56
0.54
' . ‘ 0.51
0.48

Figure 4.3: Criteria on the displacement fields data for the identification of the initial stress
field)

filtering by mesh projection or elastic filter are tested on the displacement data to choose
the best one. Hj error norm for all the filtered displacement data are carried out using
the two filters as it is shown in figure (4.4). In fact the Hi-norm measure is used here to
quantify the error measure because simply the displacement field is involved in the recon-
struction formulation through its gradient. For the mesh-projection filter there is always
an optimal parameter kj, depending on the noise level (see figure (4.4-b) where the optimal
values for kj, are (3,6) for the noise levels respectively 107>, 10~%). However, this filter
has a limitation, when the noise amplitude is very small, the quality of the filtered dis-
placement field can not be enhanced like it is shown in figure (4.4-b) for the case § = 1077.
Whereas, the elastic filter is not ameliorating the error of the filtered displacement data
relative to the exact solution. Such result does not mean that the elastic filter is not useful
but it precludes that it is less performant compared to the mesh projection filter at least in

the regularization of the used data fields. That is why, only the mesh-projection filtering
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107"
S 42
2107,
g\ —-—0=10"7
| 1073, ——5=107°|
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10
[
108 ' ' '
-9 -7 5 -3 ‘ ‘ ‘ ‘
10 10 10 10 1 3 5 7 9
Qelas k= h/ho
(a) Elastic filter (b) Mesh projection filter

Figure 4.4: Hj-norm error for the set of the filtered displacement data

approach will be considered in the residual stress reconstruction method.

Similarly to the above analysis reserved to the filtering parameter k;, we have examined
the regularization parameter ayg;, influence on the reconstruction quality of the residual
stress field. This investigation is done for different noise levels but using the optimal kp
for every noise amplitude § in the objective to eliminate the filtering influence. In fact, the
Qgipy iImpact on the reconstruction approach is inspected based on three error measures:
Lo-relative error, Hi-relative error and an error measure on the divergence of the residual
stress field. The divergence of the residual stress field can be represented in the discrete

form by:

- [CZ) J—
fain(VT) = > KTV, (4.96)

i=1,i<j

with Ké‘/f @ = KM “'if 7 = 0. Then the prior error measure related to the divergence of

the reconstructed residual stress field can be defined mathematically as:

exact

Errain(V7) = || fain (V) = fain (V)2 (4.97)

exact

where V7 and V™ denote respectively the discrete coordinates of the exact and the
identified residual stress field. Based on figures-set (4.5), it is clear that for every noise

level, there is always an optimal value for the regularization parameter a4, to get the lower
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(a) Relative Lo-norm error for the residual
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ization parameter a.cg

ol ——3§=107%]]
107 ———=10"*
1073+

10" 10° 10! 102 103
arrng

(c) Evaluation of Div 7 reconstruction func-
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(b) Relative La-norm error for the residual
stress reconstruction function of the regular-
ization parameter a,eq
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(d) Error measure for the Div 7 reconstruc-
tion function of the regularization parameter

a’!’Eg

Figure 4.5: Influence of the regularization parameter a;.., on the residual stress recontruc-

tion

error. Fixing the noise level, it is remarkable that the optimal regularization parameter

value differs slightly from an error measure to another. In fact, the regularization can be

seen as a penalty parameter for the equilibrium equation satisfied by the residual stress.

Hence no wonder to the decreasing of the divergence measure of the residual stress if g,

become greater and greater like it is illustrated in figure (4.5-c).

Also, a stability analysis
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(a) Relative Lo-norm error for the residual stress reconstruction function of the
noise amplitude §

Figure 4.6: Influence of the parameters kj, and ;.4 on the stability of the residual stress
recontruction

is performed with a different set of regularization and filtering parameters as it is presented
in figures-set (4.6), where different measures of error are plotted in function of the noise
level. In fact, in absence of any regularization or filtering techniques (i.e kp, = 1, ayeq = 0),
the identified residual stress converges to the predefined field as the noise level decreases
relatively to the different measures of error. Based on figures-set (4.6), it is clear that for
every noise level there exists an optimal filtering and regularization parameter. But also
fixing these both parameters to different values than (ky = 1, e = 0 implies that the
error of the reconstruction method converges to a limit value and by consequence it creates

a limitation on the reconstruction approach accuracy.
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(b) Relative Hi-norm error for the residual stress reconstruction function of
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Figure 4.6: Influence of the parameters kj, and ;¢4 on the stability of the residual stress

recontruction

In the remaining part of this section, we present a set of the reconstruction approach

results for different scenarios by binary game considering-omitting the filtering and the

regularization terms.

Such choice of analysis is considered to emphasize the importance of both filtering and

regularization terms in enhancing the quality of the reconstructed residual stress field. The

parameters couple (k, = 6, a4, = 20) guarantees a quasi-optimal reconstruction of the
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Figure 4.6: Influence of the parameters kj, and ;¢4 on the stability of the residual stress

recontruction
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Figure 4.7: Reconstruction of 71, § = 10~*
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residual stress components when the noise amplitude is chosen to be § = 107%. Focusing

on the figures set (4.10), we remark that the ellipticity criteria is verified when at least
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Figure 4.10: Checking of the ellipticity condition for the reconstructed initial stress field,

§=10"*

one or both of the filtering and regularization procedures are considered. But, we cannot

guarantee that such restrictions can be satisfied if the noise level increases. As a solution we

can add an extra constraint to the optimization problem to satisfy the ellipticity criteria.

However, such a solution implies the non-linearity of the added inequality-constraint which

will complicate the optimization procedure.

4.6.4.2 Reconstruction of residual stress field and the material parameters

In the case of all parameters reconstruction, we have chosen continuous Lamé coefficients

fields and the same residual stress as the one considered in the previous section. Regarding
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the Lamé representation in figures (4.12-d) and (4.12-e), their fields can represent an inclu-
sion presence in a heterogeneous material but with a smooth material rigidity variation to
avoid the discontinuity character of the problem. Again, the ellipticity criteria presented in
equation (4.55) is checked through figure (4.12-f). In this section we have used 6 displace-
ment fields that are again results of direct problem solutions perturbation using different
Dirichlet boundary conditions. To ensure that the noise function has the same influence on
the different displacement fields, these measures are chosen to have the same displacement
maximum which is fixed to the unity value. The number 6 here is a full arbitrary choice.
Indeed, following the same ODE approach used in section 4.5, we have shown algebraically
that five displacement fields are in general not sufficient for the reconstruction of all the
parameters. So, to present our reconstruction method in an efficient way, we have thinked
of using a relatively small number of data measures but higher than five. This is why, we

have chosen six displacements fields.

Since the residual stress field and the Lamé coefficients are determined to a multiplica-
tive constant, in the following results we have considered the reconstructed fields as Lo-
projection of the identified parameters-vector field on the exact predefined one. In the first
step to ensure the efficiency of the exploited chosen displacement fields, a stability analysis
is done. Through this analysis, without using nor filtering nor regularization terms, we
have shown that both relative Ly, Hi-norms errors and the residual stress divergence er-

ror converges to zero as the noise amplitude decreases as it is illustrated in figures-set (4.11).

Proceeding by the same way as in the previous section, multiple possible cases by changing
the filtering and regularization parameters to show they are both necessary to obtain a
good reconstruction of the different material parameters as it is shown in figures (4.13-4.17)
with an amplitude level 6 = 10™4. In addition, the ellipticity criteria is checked also for
this inverse problem as it is presented in figures-set (4.18). In short, the ellipticity criteria
is satisfied for the optimal reconstructed fields. Similarly to what proposed in the previ-
ous section, we can enforce the strong ellipticity restriction in the optimization problem.

However, the added inequality constraint is not only non linear but is also non convex.
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Figure 4.11: Stabilty of the parameters reconstruction method
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Figure 4.13: Reconstruction of 711, 6 = 1074
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4.7 Conclusion

In this chapter, we have presented a new direct identification approach for the residual
stress and the material parameters reconstruction. The approach is based on the vari-
ational formulation of the direct problem and it exploits only the internal data of a set
of displacement measures. We have presented some stability results for a generalized
initially-stress linear elastic material and particular model by different methods. Also, we
have shown that only two displacement fields , fulfilling some mathematical restriction,
are sufficient to the reconstruction of the residual stress field. Moreover, using only six
perturbed displacement fields, we have reconstructed the residual stress field and the Lamé
fields with good accuracy. A variety of numerical results are presented for both the residual
stress reconstruction knowing the Lamé coefficients and the identification of all the material
parameters : residual stress and the Lamé coefficients. Couple of regularization techniques
are tested for both cases in the objective to analyze the parameters of the reconstruction

approach on the quality and the accuracy of the results.
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5.1 Introduction

It is well known that natural and manufactured materials and structures contain initial
stress in their reference configuration. This initial stress field can be developed in the
earth’s crust due to processes such as various past tectonic events, in manufactured ma-
terials and mechanical parts during their fabrication and assembly, in composite materials
and structures when they are manufactured, in soft tissue when growth and remodelling
processes occur, in rock, etc. Here, the term initial stress shall be used in its general
sense regardless of the origin of this initial stress field that verifies the equilibrium equa-
tion in the reference configuration with a no homogeneous static boundary condition (no
zero surface loads). When this initial stress is accompanied by a pre-strain due to the
applied load in the reference configuration, the term pre-stress is usually used. In the
case of zero applied loads, the term residual stress is commonly adopted according to the
definition of [Hoger 1986]. From a physical viewpoint, the initial stress can be a result
of incompatible growth and/or plasticity deformation processes and then alters the me-
chanical properties and the stress distribution. This deformation incompatibility generates
singularity due to stress concentration at the micro, meso and macro-scale. Other types of
singularities are also present in structures like cracks, corners, voids, inclusions, and other
material or geometrical imperfections. The problem here is that the combination of the
initial stress and singularities effects can promote or prevent failure and alter the fracture
mode by contributing to the crack-driving force. In contrast to metal-like materials, this
problem is more complicated and challenging for rubber, rubber-like and soft tissue mate-
rials due to their geometrical and material nonlinearities. For example, the residual stress
prevents the propagation of aortic dissection, which is a serious cardio-vascular disease
and life-threatening event, by reducing stress gradient [Humphrey 2012, Wang 2017]. In
contrast, residual stress promotes failure in bush mounting. These two examples, among
others, show that residual stress can promote or prevent crack initiation and propagation
in soft tissue and rubber. The investigation of fracture behaviours of the above presented
problematics are relatively difficult and hence the analysis methods are multiplied: exper-
imental [Drory 1988, Ohayon 2007, Creton 2016, Amabili 2019, Brunet 2019], theoretical
[He 1994, Radayev 2001, Dal Corso 2008, Bigoni 2008] and numerical |[Nagashima 2009,
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Ebrahimi 2021].

Following these analyses, physical investigations and computational analysis using the
finite element method (FEM) have shown that very high stress concentrations can arise in
the region of cracks, edges, corners, and near-interface problems when the material charac-
teristics are discontinuous [Martin Borret 1998|. In the mechanical community language,
the associated problem is said to admit a singular stress which requires the development of
crack initiation criteria. In fracture mechanics, the different crack initiation or propagation
criteria are based on the stress field in the body and, therefore, a good knowledge of their
analytical form is important. Furthermore, it is widely known that in the presence of stress
singularities, the convergence rates of classical FEM decrease [Strang 1973]. Here, prior
knowledge of the stress field can be exploited to improve algorithms by including particular
singular functions in the FE-spaces [Strang 1973, Destuynder 1982, Moés 1999].

Thus, the purpose of this chapter is threefold. First, the academic paradigm three-
dimensional boundary value problem (BVP) of an infinite initially-stressed hyperelastic
cracked cylinder will be formulated. The aim is to give one issue of a generalization of the
three-dimensional Linear Elastic Fracture Mechanics (LEFM) to hyperelasticity by super-
posing an in-plane transformation to an antiplane one. This is a particular "simpler" class
of the three-dimensional initially-stressed crack problem with a simple initially-stressed
hyperelastic potential which can elucidate the other "more complicated" class of problem.
Secondly, the resolution of this BVP will be done with a neoHookean potential taking
into account an initial constant stress. The elastostatic field results will be analyzed and
differences with LEFM will be elucidated. Third, the XFEM formulation and numerical
analysis will be realized. A convergence study will be carried out to show the contribution

of the exploitation of such a method.

In linear elasticity, the Linear Fracture Elastic Mechanics (LEFM) based on the super-
position principle gives us a three-dimensional analytical elastostatic field. A criticism and
a review of the LEFM can be found in the excellent book of Bui [Bui 2007] in which some
three-dimensional linear elastic problems were summarised. In the presence of initial stress
and when its magnitude is sufficiently small, the principle of superposition can be used to
provide a useful solution by adding the LEFM stress field to the initial stress field. Other-

wise, the initial stress linear elastic models presented in chapter 2 should be used in a crack
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boundary value problem. This BVP is resolved and analyzed by using three main meth-
ods: asymptotic development, complex variables and transform methods. Some valuable
contributions are to be credited to [Parker 1982, Nazarenko 2000, Radayev 2001, Liu 2008,
Barsoum 2009, Chaudhuri 2010, Chaudhuri 2012, Wu 2019]. For pre-stressed cracked solid
and using the incremental formalism of Biot [Biot 1965, Biot 1973], the representations in
the crack plane and antiplane of the incremental displacement and stress fields are given
by [GrAciun 1998, Zhou 2020, Guz 2013, Sadowski 2016, Craciun 2018].

Within the framework of finite deformation [Ogden 1997], in the past decades, only a
few works have been focused on the analysis of the fully three-dimensional deforma-
tion and stress fields. This is due to the mathematics problem’s tremendous complex-
ity |Ogden 1997]|, which, in contrast to the planar problem, makes the boundary-value
problem equations very nonlinear and difficult to solve analytically or numerically. A
generalisation from a plane to a pseudo-plane deformation problem, with uniform axial
extension [Rajagopal 1985, Hill 1986]. and non-uniform axial extension was conducted in
[Saccomandi 2005]. Partial and exact solutions to some three-dimensional problems were
done in a series of papers by Hill and his co-authors by exploiting the reciprocal equilibrium
equations for particular hyperelastic potentials [Hill 1973, Hill 1989, Hill 2001]]. Coupling
between antiplane and plane deformation fields in the boundary value problem was shown
to exist for nonlinear hyperelastic potential, which makes it hard to resolve and the un-

coupled governing equations hold only for the linear Neohookean material [Horgan 2003b].

Elastostatic fields near the crack front of a isotropic hyperelastic solid were first anal-
ysed by [Knowles 1974, Knowles 1973|for plane deformation, [Knowles 1983| for plane
stress and [Knowles 1977a] for antiplane deformation hypothesis. Among other researchers,
[Stephenson 1982] is to be credited to have clarified the local structure characteristic na-
ture of the elastostatic fields near the crack tip of a generalised Mooney-Rivlin solid under
plane deformation kinematic condition and mixed boundary conditions at infinity (Mode
I and II). It was shown that the crack opens symmetrically, under Mode IT conditions,
contrary to the predictions of linear theory. In other words, the nonlinear global crack
problem can not admit an antisymmetric solution. A review of this topic is presented by
|Long 2015].

None of the aforementioned works took account of the possible existence of initial stress.
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Hence, there is now a need to include initial stress to the constitutive model behaviour
in concern in this chapter to model the hyperelastic material behaviour and also the ef-
fect of initial stresses. The response of initially-stressed materials has been modelled ex-
ploiting different approaches. One method is based on the modelling of the whole pro-
cess that develops the initial stress by assuming a multiplicative decomposition of the
deformation gradient, from the unstressed free configuration, into two contributions: a
deformation describing the inelastic change of shape induced by the microstructural rear-
rangement of the matter and a deformation accounting for the elastic deformation of the
body [Lee 1969, Rodriguez 1994, Skalak 1996, Du 2018|. Using the incremental deforma-
tion formalism [Biot 1965] where an infinitesimal deformation is superposed to a known
initial finite deformation, the influence of pre-stress in continuum elastostatic fields has
been analyzed for continuum boundary values problems by [Fung 1967, Destrade 2012a,
Zidi 2000a, Zidi 2000b, Zidi 2001] and for singular boundary values problems (crack, in-
clusion, etc) by [Kurashige 1969, Kurashige 1971, Biot 1973, Dhaliwal 1979, Radi 2002,
Dal Corso 2008, Bigoni 2008]. The second approach to modelling initial stresses is the
so-called theory of initially-stressed materials in which the reference configuration is as-
sociated with the stressed one. Here, the strain energy density is assumed to depend
on both the deformation (thanks to the objectivity principle) and on the initial stress
field. In this second approach adopted in this work, the initial stress is a known field
which can be determined from elastic wave speed |[Man 1987, Shams 2011, Shams 2014]
or by equilibrium equation and boundary conditions [Hoger 1986]. Some restrictions have
been developed to ensure reasonable physical response of initially-stressed material: ini-
tial stress compatibility (ISC), initial stress symmetry (ISS) and initial stress reference
independence (ISRI) [Shams 2011, Gower 2015, Gower 2017| (see chapter 2). The effect of
initial stress (and residual stress) on elastostatic fields has been analyzed theoretically for
continuum problems by [Merodio 2013b, Merodio 2016, Ciarletta 2016a, Ciarletta 2016b,
Gower 2015, Gower 2017, Riccobelli 2018, Agosti 2018, Du 2018, Du 2019a, Du 2019b,
Liu 2020a, Mukherjee 2021, Melnikov 2021]. To our knowledge, the singular boundary
value problem associated with initially-stressed hyperelastic cracked solid is not theoreti-
cally analyzed apart from this thesis. However, it is to be noted that the effect of anisotropy
on elastostatic fields near isotropic transverse hyperelastic cracked solid under plane stress

assumption is analyzed in a series of papers |Liu 2020b, Liu 2021a, Liu 2021b|.

The numerical analysis of crack problems has long been based on the theory of linear
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elastic fracture mechanics coupled with the finite elements method (FEM). Neverthe-
less, FEM presents many drawbacks because its ability to detect singularities around the
crack tip is very limited and requires fine mesh. To overcome these difficulties, many
enriched finite element methods, and meshfree methods were introduced. The use of an-
alytical enrichment functions to compute stress intensity factor was performed first by
[Gifford Jr 1978]. [Babuska 1994] presented a method for elliptic boundary value problems
with rough coefficients. In [Babuska 1997|, they introduce a Generalized Finite Element
Method named GFEM. They demonstrated that the use of an enrichment function obtained
from an analytical solution improves the convergence rate of the finite element method.
Later, [Belytschko 1999] and [Moés 1999] introduced the eXtended Finite Element Method,
named XFEM, to treat crack problems numerically without remeshing. The analysis of
standard XFEM |[Stazi 2003] shows a reduction of the error level in spite of the decline
of convergence rate compared to a classical finite element method. This convergence be-
haviour can be explained by the fact that the topological enrichment is applied only to the

first layer of elements in the crack-tip.

Therefore, when the mesh is refined, the size of the zone of influence of the enrichment
becomes negligible compared to the whole domain. To overcome this failure, geometrical
enrichment is adopted by many authors [Stazi 2003, Laborde 2005] ; a fixed zone around
the crack-tip is considered and an enrichment with crack-tip singular function is applied
to all the degrees of freedom inside this zone. The analysis of this XFEM variant method
shows the same behaviour as the classical XFEM regarding error. To affine this strat-
egy [Chahine 2008] used a cut-off function to smooth the passage between enriched zone
and non enriched zones. For mixed formulation enrichment with XFEM, the analysis per-
formed by [Legrain 2008] for curved and straight interface for problems involving material
inclusion and incompressible fracture problem leads to a stable mixed formulation with
improved convergence rate. [Legrain 2008] used a standard XFEM method which disrupts

the linear system conditioning.

Although the analysis of XFEM methods within a linear fracture mechanics frame is very
developed as was mentioned, there are a few works that treat this method for nonlin-
ear fracture mechanics in large deformations |Legrain 2005, Karoui 2014, Sustaric 2014,
Rashetnia 2015, Huynh 2019, Jansari 2019]. For compressible hyperelastic behaviour, the

results of [Karoui 2014] with XFEM cut-off variant are relevant and analogous to linear
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theory predictions for improving of numerical convergence and estimate errors, without
degrading the linear system conditioning or increasing numerical problem size. For incom-
pressible hyperelastic behaviour, [Legrain 2008] shows that the inf-sup condition is satisfied
for the linearized problem. In [K. 2016|, it was shown that this condition remains verified

for large deformation.

In the following the second section is devoted to the global formulation of the crack bound-
ary value problem. The third section shows the existence of an analogy between initially-
stressed and unstressed material subjected to the same boundary conditions. Such analogy
permits the simplification of the asymptotic resolution for both the plane and antiplane
problems in the fourth section. Then the asymptotic expansion of the different mechanical
fields will be discussed in multiple levels through the fifth section. Finally, the before last
section is devoted to the numerical analysis of a plane cracked problem within an initially

hyperelastic material using the XFEM method.

5.2 Formulation of the global crack problem

Let consider a body B composed by an homogeneous incompressible hyperelastic material
body. The undeformed configuration, denoted by By, is supposed to be an infinite cylinder
whose generator is characterized by the vector G. Let (El,ﬁg,ﬁg) be the rectangular
cartesian basis associated to the coordinates (X7, X9, X3). The generator vector of the
studied cylindrical body is supposed to be parallel to the vector Es as it is illustrated in
figure (5.1). Now, let £y denotes the cross section of the material body B in the reference

configuration By, so the latter can be defined as:
By ={X/ (X1,X3) €Q, —o00<X5< +oo}. (5.1)

The cross section 2y in the undeformed configuration is containing a crack whose the
tip is the origin of the cartesian coordinates and the crack faces are described locally
by the cartesian coordinates as (X; = 0, X; — 07) or by the polar coordinates as
(R— 0, 60 = =+m) as it is shown in figure (5.2). In the reference configuration By, the
considered body B is subjected to an initial stress field denoted 7. The presence of a such
internal stress has a significant effect on the intrinsic material response as it has been shown
for the example of arteries [Holzapfel 2000]. As it is illustrated in [Hoger 1986, Hoger 1985],

the initial stress 7, which is not necessarily associated with an elastic deformation, satisfies
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in absence of volumetric density of forces the following equilibrium equation:
Divr = 0. (5.2)

and the boundary condition:

—

T.N =1t on 0By, (5.3)

where Div denotes the divergence operator relative to the cartesian coordinates of the
reference configuration and N is the outward unit normal vector to the boundary of the
region defined by the reference configuration By, whereas the ¢ denotes the imposed force
vector. If ¢ vanishes, the initial stress field is called residual stress: an equilibrated initial

stress field in absence of all external loadings. Consider that the body B is subjected to a

Figure 5.1: Cracked infinite cylinder.

deformation field denoted by % whose the associated displacement field is depending only
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Figure 5.2: The cracked cross section g

on the the planar coordinates. Consequently, the mapping function # can be represented

mathematically as:

y1 = y1(X1, X2)
¥=x(X) =1 w2 =1y2(X1,X0) (5.4)
y3 = X3 + u(X1, X2)

where u(.,.) denotes the antiplane displacement. The deformation ¢ represents a transfor-
mation for a coupled plane deformation with an antiplane shear. Hence the corresponding

deformation gradient tensor field denoted by F' becomes:

yi1 yi2 0
F=|y21 y22 0], (5.5)
Y31 Yysz2 1

with y; ; = g—)yé, i,7 € {1,2,3}. If we consider FP and F“ the deformation gradient

tensors relative respectively to plane and antiplane deformations which can be expressed
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as:
yi1 Y12 0 1 0 0
FP = lys1 o O, F*=|0 1 0 (5.6)
0 0 1 ys1 Y32 1

The deformation gradient tensor F' can be expressed in function of the deformation gradient

tensors FP and F° as the following:
F = FPF® # F*F? (5.7)

Hence the deformation field illustrated in equation (5.4) can be interpreted as a plane de-
formation field superimposed to an antiplane shear deformation. Since the incompressible
constraint holds, the material supports only isochoric transformations, which is equivalent

to:

J =det(F) = y1,1y22 — Y2112 = 1. (5.8)
Now, we can define the left and right Cauchy-Green strain tensors as:

C=F"F, B=FFT, (5.9)

and by using the expression of the deformation gradient tensor in equation (5.5), the prior

two measures of strain can be explicitly expressed as:

[ (y1.1)% + (y2.1)% + (¥3.1)?  v11v12 + Y2.1%22 + Y31Ys2 Y31
C=|yiayiz+y21v22+ys1ys2  (Y12)? + (y2,2)° + (y32)®  vs2| > (5.10)
Y3,1 Y32 1

y%@ + y%Z Y1,1Y2,1 T Y1,2Y22  Y1,1Y31 + Y1,2Y3,2
B = + 2. +y2 + (5.11)
Y1,1Y2,1 T Y1,2Y2,2 Y21 T Y22 Y2,1Y3,1 T Y2,2Y3,2
Y1931 T Y1,2932  Y2,1Y3,1 + Y2,2Y3,2 y§,1 + y%,z +1
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Both the left and right Cauchy strain tensors share the same invariants which can be

expressed as:

L =tr(C) =1+ (y11)* + (Y12)* + (¥2,1)” + (y2,2)% + (y31)* + (93,2)°
= Vi + [Vl + [Vys|?
L = 3((tr(C))* = tr(C?)) = I + (11932 — Y1,293,1)> + (y2.1Y32 — Y2,293,1)°
.[3 = ]..
(5.12)

Now, it is necessary to specify the constitutive model behaviour in concern with this
chapter to model the elastic incompressible material behaviour and also the effect of initial
stresses. The response of initially-stressed materials has been modelled exploiting two main
approaches. The first one associates the residual stress to a non compatible deformation
(initially-strained materials). This approach is based on a multiplicative decomposition of
the deformation gradient, from the unstressed free configuration, into two contributions:
a deformation describing the inelastic change of shape induced by the microstructural
rearrangement of the matter and a deformation accounting for the elastic deformation
of the body [Lee 1969, Rodriguez 1994]. Then using the virtual stress-free state concept
[Johnson 1995, Johnson 1998|, a hyperelastic constitutive law can be developed for initially-
stressed materials. To do this, challenging calculations are needed and rarely yields analytic
explicit hyperelastic models, unless great simplifications are assumed. The second approach
to model initial stresses influence is the so-called theory of initially-stressed materials, in
which the strain energy density is assumed to depend on both the deformation C' (thanks

to objectivity principle) and on the initial stress field 7 , namely:
W =w(C,T) (5.13)

This is an ideal way to overcome the technical difficulty of the first approach and this
issue has been discussed by Hoger and her collaborators in [Johnson 1993, Johnson 1995,
Johnson 1998|. Within this second approach which is adopted in this work, the develop-
ment of a constitutive model of strain energy deformation does not need to distinguish
between initial stress and residual stress [Merodio 2013b] which are known fields deter-
mined from elastic wave speed [Man 1987, Destrade 2013, Shams 2014] or by equilibrium
equation and boundary conditions [Hoger 1986].
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The first Piola-Kirchoff S and the Cauchy stress o tensors can be deduced from the strain

energy density respectively:

ow ow
ZF—pl -

where p is the Lagrange multiplier associated to the incompressibility condition and 1 is
the identity second order tensor. The initial stress field is defined to be the Cauchy stress

tensor in the reference configuration which is equivalent to:
o=, if F=1. (5.15)

The last relation represents the initial stress compatibility condition [Shams 2011, Gower 2015,
Gower 2017] and imposes restrictions on the combination of the strain energy W and the
initial stress 7. Other restrictions are developed to ensure reasonable physical response of
initially-stressed material : initial stress symmetry (ISS) and initial stress reference inde-
pendence (ISRI) [Gower 2015, Gower 2017] (see chapter 2).

As it was discussed in the second chapter that the presence of the initial stress T ren-
ders the material behaviour anisotropic, even if the material has no intrinsic anisotropy.
Thus, the initial stress effect on the constitutive law is analogous to the fibre reinforced
material behaviour. To more investigate this analogy, recall that the initial stress compati-
bility condition implies the initial stress tensor symmetry. Then, using the spectral theory,

T can be presented as:
T=mL1® L1+ 1L ® Ly + 7303 ® L3 (5.16)

where 7; is the eigenvalue associated to the eigenvector L;, (i € {1,2,3}). The eigenvectors

(El, Lo, E3) constructs a direct orthonormal basis i.e

@i+ La®@ Lo+ L3 Ls=1
{ 1Q Ly + Lo ® Lo+ L3 ® L3 ) (5.17)

Li.Lj =6, i,j€{1,2,3}

where 1 denotes the identity tensor in three dimensions whereas 0 is the Kronecker symbol.

Thus, the eigenvectors {EZ, i = 1..3} of the initial stress 7 have a similar roles to the

preferred directions of the fibre reinforced material and then induce anisotropy and gen-
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erate invariants in the constitutive law which contribute to the independent variables in
the functional dependence of W. This issue was discussed in details in chapter 2 with
historically bibliographic references. Now, we assume that the material behaviour is ini-
tially isotropic in the natural configuration. Thus, the strain energy density is an isotropic
functional of C' and 7 and then it depends on the invariants of the tensors couple (C, 1)

. This complete list of invariants is given by the invariants of C"

L = te(C), Ip= %(tr(C)Q —(C?), Ty = det(C), (5.18)
and the invariants of initial stress 7:

T =te(r), If= %(tr(T)Q C (), I = det(r), (5.19)
with the combined invariants of C' and 7:

Ji =tr(CT), Jo=tr(C%*r), J3=tr(CT?), J =tr(C*r?). (5.20)
For an incompressible material, the strain energy density can be rewritten as:

W =W(L, I, 1,15, I3, Ji, Ja, J3, J4) (5.21)

In the absence of the initial stress, the strain energy density W recovers the classical hy-
perelastic potential model where the determination of an explicit expression is a hard task
[Saccomandi 2004]. Since the dependence of material properties on initial stress is not well
understood [Gou 2014] and the experiments data to estimate residual stress are qualitative
(for example from the opening angle method [Sigaeva 2019]) rather than quantitative, it is
not reasonable to choose a very general constitutive law, i.e., a strain energy density that
includes all invariants. Since one of the objectives of this chapter is to give analytical solu-
tion of the boundary value problem, a simple prototype of strain energy characterizing the
hyperelastic behaviour of an initial stressed body based in a simple Neohookean isotropic

energy function with an additional term that introduces initial stress is considered:

W:

RS

(1 =3)+ 30— I7) (5:22)

where p denotes the shear modulus for infinitesimal deformations in absence of the ini-

tial stress. The potential per unit of volume of the undeformed configuration introduced
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in equation (5.22) is a simple potential that describes the influence of the initial stress
on the hyperelastic behavior relative to the reference configuration. This strain energy
density is widely used to illustrate the effect of initial stress on some boundary value
problems. From an experimental viewpoint, a strain energy including one initial stress
invariant is sufficient to model the effect of this residual stress on soft tissue (myocardium)
behaviour [Wang 2014]. More complex forms of strain energy densities are introduced in
[Shams 2011, Merodio 2013b, Shams 2014, Merodio 2016] to illustrate the effect of initial

stress on some boundary value problems.

In the sake of problem’s simplification, the strain energy in equation (5.22) is considered
in the remainder of this chapter. Then, the related invariants can be explicitly expressed

as:

Ji =te(C1) = 7ul(y1,1)” + (Y2,1)* + (3.0)%] + 722[(y1,2)* + (Y2,2)* + (93.2)°]
+2712[Y1,191,2 + Y2,192,2 + Y3,1Y3.2] + 2731931 + 2732932 + T33
T =tr(r) = Ti] + To2 + T33.
(5.23)

where p denotes the shear modulus for infinitesimal deformations in absence of the initial
stress field. The potential per unit of volume of the undeformed configuration introduced
in equation (5.22) is a simple potential that describes the influence of the initial stress field
on the hyperelastic behavior relative to the reference configuration. When the initial stress
field 7 vanishes, the strain energy density illustrated in equation (5.22) is reduced to the

Neohookean potential.

Using equations (5.14,5.22), the first Piola Kirchhoff stress tensor can be defined as:
S=uF+Fr—pF T (5.24)
Consequently, the Cauchy stress tensor can be explicitly presented as:
o=S8SF!' =B+ FrFT —p1 (5.25)
Let consider the potential W expressed as:

W= —3)+—(I2—3)+%(J1 — 1) (5.26)
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with f1 = p1 4+ po. In absence of the initial stress field 7, the strain energy potential W is
reduced to the one of Mooney-Rivlin for incompressible materials. We notice in the case
of pure plane deformation or pure antiplane shear deformation, the first Piola Kirchhoff
stress tensor components are the same for the two potentials W and W. Thus for the
case of pure plane deformation and pure antiplane shear deformation, the solutions of the
boundary value problem relative to the strain energy densities in equation (5.22) and (5.26)

are the same.
Hence, using equations (5.17-5.18) associated to the spectral form of 7, the previous ex-
pression of the strain energy mentioned in equation (5.22) becomes:

w73
2

T2 — T3
W =

(I, —3) + [(Ly.C.Ly) — 1]. (5.27)

by the same way, the Cauchy stress tensor expression can be modified to:
o=(u+7m)B+(n—m)h@h+(n—1)beh—pl (5.28)

with

—

I =FL;, ie{1,2}. (5.29)

Just by examining the strain energy potential and the Cauchy stress expressions, with the
analogy of the anisotropic fibrous materials, the initial stress field 7 is source of anisotropic
behaviour if the initial stress field is not reduced to a spherical tensor, and the eigenvectors
of the initial stress field becomes analogous to fibers directions as it is enlightned in details

in chapter 2 (section 2.5).

To ensure the existence and unicity of the static boundary values problem solution, the
usual mathematical constraint that the strain energy density W must satisfy is the strong
ellipticity condition, which can be expressed in the incompressible case as:

0*W

a®b:mza®b>0,Va,b; a.b=0. (5.30)
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Consequently by considering the expression of the energy potential in equation (5.22), the

strong ellipticity condition implies:
maz (|71, 2], |73]) < p. (5.31)

Using the explicit form of the deformation gradient in equation (5.5) and the first Piola
Kirchhoff stress tensor expression in equation (5.24), the different components of the First

Piola Kirchhoff stress tensor can be expanded as:

St o= (u+T11)y11 + Ti2y12 — PY2.2,

Sz = (1 + To2)y1,2 + T12Y1,1 + PY2,1,

S13 = T13y1,1 + T23y12 + p(¥3,1Y2,2 — Y3.292,1),

So1 = (e + T11)y2,1 + Ti2Y2,2 + PY1,2,

Saz = (B + T22)y2,2 + Ti2y2,1 — PY1,1, (5.32)
Soz = T13y2,1 + Te3y2,2 + p(Y3,2Y1,1 — Y3,191,2),

S31 = (e + T11)y3,1 + Ti2y32 + T13,

Szz = (U + T22)ys2 + T12y31 + T3,

S33 = {1+ T33 + T13Y3,1 + T23Y3,2 — P-

The equilibrium equation in its static form and in absence of volumetric forces becomes:
DivS = 0. (5.33)

where Div denotes the divergence operator related to the coordinates of the reference
configuration By. Considering the explicit form of the First Piola Kirchhoff stress ten-
sor components, and supposing 7 = 7(X7, X2) (plane symmetry) the prior equilibrium

equation is transformed into the three following partial differential equations:

(1 +7Ti0)y1,01 + (1 + T22)y1,22 + 2T12Y1,12 + P2y2,1 — PaY2,2 + P 3[Y31Y2.2 — Y3,2Y2,1]
(e 4+ T11)y2,11 + (10 + ™22)Y2,22 + 2T12Y2,12 + P1Y1,2 — P2Y1,1 + P3[Y3.2y1.1 — Y3,191,2)
(e + 111)y3,11 + (10 + ™22)y3,22 + 2712y3,12 — p,3 = 0.

=0,
=0

)

(5.34)

Since the antiplane displacement field depends only on the planar coordinates, and by

using the third partial differential equation in the system of equations (5.34) related to the
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equilibrium equation, then the Lagrange multiplier can be expressed in the following form:
(X1, X2, X3) = aX3 + q(X3, X2), (5.35)

where « is a constant and ¢(., .) is a function depending on the planar coordinates X; and
Xo. Now if we consider that the crack faces are free of traction then the local boundary

condition near the crack tip is mathematically equivalent to:

S(X1 —+07,Xo=0,X3).E,=0 (5.36)
which can be expressed explicitly as:

Sigo=0 if X; -0, Xo=0, ie{l,2,3}. (5.37)

We notice that in an incompressible initially-stressed hyperelastic material whose the strain
energy is described by the potential in equation (5.22), a pure antiplane deformation can
be supported only if the plane initial stress component of shear vanishes (712 = 0), whereas

the plane deformation holds only if 735 = 0.

If the above boundary conditions hold for every X3, then using the incompressibility con-

dition, the constant « vanishes and we can deduce:
p = p(X1, X2), (5.38)

and consequently the plane and antiplane problems become completely decoupled both
in the levels of equilibrium equations and boundary conditions. In the remainder of this
chapter, the boundary value problem formulation will be simplified using multiple trans-
formations and then an analogy with the same studied deformation for a Neohookean

potential is derived.

Some remarks need now to be presented. First, the assumed transformation is clearly
induced by the boundary conditions at the crack faces and at infinity. It was shown that
this transformation is a superposition of two kinematical deformations: first an anti plane
deformation which we superpose a plane deformation. The question here is : since the
crack faces are traction-free, what is the loading scenario of the boundary conditions at

infinity necessary to induce this transformation ? It is obvious that mixed in-plane mode
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I and/or II loadings superposed to antiplane shear mode loading at infinity lead to this
kinematical deformation. Similar deformation would, in general, be expected to occur due
to an antiplane shear mode III loading at infinity since not all hyperelastic potentials can
sustain antiplane deformation. Consequently, if antiplane kinematical deformation exists,
particles will undergo a plane kinematic deformation for the majority of hyperelastic poten-
tials. Also, the decoupling between the system of second order partial differential equations
function of the unknowns inplane and antiplane transformations is due to the use of Neo-
hookean hyperelastic initially-stressed potential. In fact, [Horgan 2003a] showed, in their
study of the same problem with generalised Neohookean hyperelastic potential (without
residual stress), that this conjecture holds for Neohookean material. One can affirm that

the precedent result holds if and only if the material is Neohookean.

5.3 Analogy with NeoHookean potential

The objective of this section will be devoted to the simplification of the boundary value
problem equations in order to put on spot the analagy of the same studied problem in
the case of a standard Neo-Hookean potential. In the remainder of this section, the initial
stress field 7 is supposed to be constant. Since the initial stress is auto-equilibrated stress
field as it is illustrated through the equation (5.2), and both the Lagrange multiplier, the
two planar components of the mapping function y; and yo and the antiplane displacement
u are functions of the planar coordinates, then the equilibrium equation (5.33) is reduced

to the following three scalar partial differential equations:
Sz’l,l + SZ‘Q’Q =0, 1€ {1, 2, 3}. (5.39)

It is remarkable that only the planar components of the initial stress field are involved in
the partial differential equations related to the equilibrium equation as it is illustrated in
equation (5.34). That’s why we will define the planar restriction of the initial stress field

denoted by 7, and it can be explicited as:

T, = 1 Ti12 (5.40)
T2 T22

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



5.3. Analogy with NeoHookean potential 147

The planar restriction of the initial stress field 7, is a symmetric tensor and hence, using

the spectral theory, the tensor 7, can be expressed in the following spectral form:
=PI+ 7P L e I8, (5.41)
(p)

where the basis defined through the principal vectors (I_;1 ,Egp )) is an orthonormal one,

which is equivalent to:

[ 5.42
L?.L? = 5@', 1,] € {1, 2}. ( )

{ﬂ®ﬂ+£®@_m
and with 17 denotes the planar identity tensor. The new orthonormal basis (L¥, 5, E3)
can be seen as a rotation of the cartesian one by an angle ¢ in the plane (X3, X3) which

implies that the eigenvectors of 7, can be expressed in the cartesian basis as:

(5.43)

¥ = cos(¢)E) + sin(¢)Es,
[72’ = — sin(¢)E1 + COS(¢)E2a

Exploiting the expression of the eigenvectors in the cartesian basis illustrated through
equation (5.43), the spectral form of the tensor 7, in equation (5.41) can be transformed

to:

T = (Tl(p) COS2(¢) + 72(’)) sin2(¢))E1 ® El + (Tl(p) sinQ(qZ)) + 7'2(p) cosQ(¢))Eg ® EQ
AP _ ) R . . o
42 in(20)(E1 ® B2 + By ® ) (5.44)

T

We notice that the expression of 7, is a m-periodic function of ¢. If we can define (Xl, Xg)
as the new planar coordinates associated to the basis (Ep , 1727), they can be expressed in

function of the cartesian coordinates as:

(5.45)

X1 = cos(¢) X1 + sin(¢) Xo,
Xy = —sin(¢) X1 + cos(¢)Xo.
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In the same way, the planar and antiplane components of the vectorial mapping function

can be obtained in the following way:

g1 = g.L% = cos(¢)yr + sin(¢)ye
Go = y.Lh = —sin(d)y1 + cos(¢)ya (5.46)
Y

The latter transformation has an equivalent form in the polar coordinates which can be

described as:

{6:R (5.47)
b=0—¢

where (R, 6) are the polar coordinates associated to the cartesian coordinates (X1, Xs).
The components of the first Piola Kirchoff stress tensor in the equilibrium equations can

be now simplified in the new principal basis (L%, L3, E3), so they can be presented as:

Su = E’l’.S.Eﬁ’ = (p+ Tfp)).%,i — PYs5;

S0 =I5.S.I5 = (u+7")iy 5+ Dihni.

§13 = E?-S-EB = %133)171 + %233?172 +p(@3j@272 - @32@271%

S = IBS.LE = (u+m")iyi + i s

Sop = I5.8.I5 = (u+7")iys — Pil i (5.48)
§23 =Ly.5.E3 = %13172,1 + %23@2,2 "‘p@&ﬁgl,i - @3,11’31,2)’

Sy = FE3.8.0F = (u—I—Tl(p))ng,i + 713,

Ssp = FE3.8.I5 = (,u+7'2(p)),1)37§ + 723,

Ss3 = E5.8.E3 =+ 733 + 71303 1 + 23935 — P-

with

0.
=——, 1€11,2 5.49
= ie{1y (5.49)

and

713 = cos(¢)Ti3 + sin(@) 73,

Tog = —sin(¢)7i3 + cos(¢)Tes3, (5.50)
733 = T33,
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whereas the three partial differential equations relative to the equilibrium equation illumi-

nated in equation (5.39) are transformed to:

~

Sii+8,5=0, iec{1,2,3}. (5.51)

i,

Using the expressions of the different components of the First Piola Kirchhoff stress tensor
components in the new basis (Egp), Egp), Eg) relative to the coordinate system (Xl, X, X3)
as they are illustrated through equation (5.48), the prior equilibrium equations are trans-
formed into explicit differential equations function of the mapping function components

and the initial stress eigenvalues in the following way:

(n+ lep;)?ﬁl,ﬁ + (1 + T%p;)ﬁljg =D ilys —Pslai
(14151 + (415" ) 0055 =Psb1i —P il s (5.52)
(+ )iy 11 + (e 7)y 55 =0,

Using the variable changements as it was mentioned in equations (5.45-5.46), the incom-

pressibility condition in equation (5.8) becomes:

J=911Y5 — Y15Y21 = 1 (5.53)

Exploiting the incompressibility condition illustrated through equation (5.53), and the
previous partial differential equation related to the equilibrium of plane deformation are

transformed to:

Gyl + Tfp))@l,ﬁ + (1 + ngp))ﬁl,gg] + Gy ;[ + Tfp))?ig,ﬁ +(p+ Tz(p))z?g,gg] =p; i€{L,2}
(5.54)
Now, using the following transformation:
X1 =¢1Xx,
X, =X, (5.55)
X3 = X3
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with
(p)
§= (u)ia
o+ 72(1)) (5.56)

pea = ) e+ 77)

the equilibrium equation presented in equation (5.52) is equivalent to:

2 (5.57)

pegldy ;891 + 99 ;802 =p;, i e{1,2},
NquZ’QS =0,

with A denotes the Laplacian operator using the coordinates (X'l, )2'2) which is equivalent
to:

A =. i1 T - 53 (5.58)

and consequently a similar equilibrium equation is finally obtained as the case of isotropic
Neohookean plane-antiplane problem [Arfaoui 2018] with a set of suitable variables change-
ments. This remark does not imply that the material behaviour is isotropic unless the initial

stress field is spheric.

Using the polar coordinates (R,#) associated to the cartesian coordinates (X1, X») and

which can be defined mathematically in relation to the previous polar coordinates (R, é)

(R =Rg(6)
cos(d) = (1/6) 22
90 (5.59)
.= .sin(0) '
sin(f) =¢ 0
9(0) = \/e2cos(B)? + (1/€)? sin(d)2.

then equation (5.57-1) related to the equilibrium equation for the plane deformaton can

be expressed in terms of the polar coordinates like:

{ P = teq(y A0 + Gy 5A02), (5.60)

P = teq(y gAG1 + Gy 5AT:).
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Now, we will focus on the boundary conditions . Using the relation between the azimuthal
angles 6 and 0 through the equation (5.47), the angular crack position becomes charac-
terized by 6 =+m— ¢. Therefore the equations related to the local boundary conditions

become:

A~ ~

cos($)Sip +sin(¢) Sy =0, i€{1,2,3}, if R—0, 0==4n—¢. (5.61)

Now, using the expressions of the first Piola Kirchhoff stress tensor components through
the system of equations (5.48) and the relation between the coordinates (X, Xs) and
(X1, X5) illustrated by equation (5.55), then the above equation (5.61) describing the local

boundary conditions can be explicitly shown as:

( ()
. . +7 . . cos(o) . e 7~
sin(@) (71" 1 + cos(8) " 72— 3 = plsin(0)d — 5( -
()
. ~ +7— ~ . A cos ~ . o ~ ~
sin(¢)(pn + Tl(p))fygj + Cos(d))i'uj ¢ 2 o5 = p[—sin(¢)€7; 5 + é(d)) g, if0=0,0-27
()
. N +750 . N S
sin(¢)(p + Tl(p))gygj + cos(gb)iu : 2 U35 =—To3, ifO0=w,0—2m
(5.62)
The incompressibility condition using the polar coordinates (R, 5) is transformed to:
1. o
J = 2l rbas — V1o =1 (5.63)

The crack faces position can be characterized in the polar coordinates (R, 9~) by {R —

0, 6= @, @ —2m}, where the angle @ is defined as:

cos(w) =— Cosgb) )

sin(w) = £Sin§¢) (5.64)
vy |

~y = \/6% cos?(¢) + £2sin?(9),

Now if we consider the set of equations (5.45,5.47,5.55,5.64), then we get:

9. _ ~\ 9. sin(@) 5. A S
{ 85(1 = Cos(w)gR %) gé, if ?— @. (5.65)
ﬁ:gln(w)aé—l— 7 875’ if 6 =0a0.
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Figure 5.3: Different used transformations

which implies

(5.66)
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Figure 5.3: Different used transformations

Then the previous equations for the local boundary conditions (5.62) can be put in the
polar coordinates (R, ) as:

p =+ (5, R—0, 0=0,0-2n

_ Heq 091 O 0ya2 0y2 S 0~ ~
0 _ Rq[aﬁ 24 +~8R 2], — 0,0 =@, — 2, (5.67)
Badu — B, R—0,0=a,0-2m
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with

g=1 (5.68)

gl
It is remarkable that the obtained set of equilibrium equations and local boundary con-
ditions are quasi-similar to the ones for a standard Neohookean incompressible material
which are studied in (add reference here) considering the same transformation in equation
(5.4) and the same local boundary conditions. The only difference between the boundary
value problem related to the hyperelastic potential (5.22) and the one of classical incom-

pressible Neohookean material is:

e the crack position for the initially-stressed potential in equation (5.22) is character-
ized by 0=0, o— 27, whereas it is characterized by # = +7 for the classical studies

dealing with the standard incompressible Neohookean potential

e the local boundary condition for the antiplane displacement field is homogenous for
the classical NeoHookean potential, whereas it is not for the case of initially-stressed

potential

To simplify the asymptotic resolution of the boundary value problem associated with the
potential (5.22) and the transformation (5.4), a rotation of the polar coordinates can make
the position of local boundary conditions the same for the two boundary values problems.

Thus we define the new polar coordinates (R, ) as:

{ f: R (5.69)

The different transformations (or variables changes) enlightened in equations (5.47,5.59,5.69)
can be graphically illustrated in figure (5.3). Using equation (5.69), the equilibrium equa-

tions expressed in the new set of the polar coordinates become:

PR = peq(I1, R AG1 + T g AT2),
Pa = fieq(U1,6A01 + U2 A02), (5.70)
Meqﬁu =0.
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with the laplacian operator denoted by A is defined as:

9% 10192

A=—st+="s+=— 5.71
orR? " ROR T R 002 (5.71)
whereas for the boundary conditions they can be expressed as:
_ Meq (09112 992\2 R 0. 6=+
p Rz(ag) +(39)]7 — U, ™
eq (001 0¥ 072 0F D )
o= MRQ[EJ% o0 * o o L 0.0=x%m, (5.72)
beadu =3 R—0,0=x+n

Since the partial differential equation associated to the antiplane displacement field u(.,.)
in terms of equilibrium equation and local boundary condition is linear, then the non-
homogeneity in the local boundary condition can easily treated by expressing the antiplane

solution as:
u = up, + up, (5.73)

where uy, is the homogenous solution and u,, is the particular one. Both w, and u;, satisfy
the equilibrium equation illustrated through the equation (5.70-3), whereas for the local

boundary condition we have:

Heq Ou _ D § —
a ﬁ =0, }E — 0,4%— +m, (5.74)
vale =B, R—0,0=zm

Finally, exploiting the the proposed transformations above, the plane-antiplane deforma-
tion problem within an incompressible initially-stressed hyperelastic material whose the
material behaviour is described through the strain energy illustrated by equation (5.22),
the differential equations for the equilibrium equations and the local boundary conditions

becomes similar to the one of incompressible Neohookean material.

5.4 Asymptotic resolution

5.4.1 Plane deformation

The asymptotic analysis for plane deformations near a crack tip in incompressible isotropic
homogeneous materials was studied by Stephensen in [Stephenson 1982] where a general-

ized Neohookean potential was adopted to characterize the hyperelastic behaviour. Such a
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study was generalized in [Mansouri 2016, K. 2016] to the case of a wedge in an incompress-
ible Neohookean bimaterial composite. These works also have permitted to investigate the
logarithmic singularities which it has shown to appear only in particular cases. Besides, for
a crack problem whose incompressible material behaviour is characterized by Neohookean
potential, the logarithmic singularities vanishes as it was shown in [Mansouri 2016]. Hence,
based on the works of [Stephenson 1982, Mansouri 2016] the analogy between the bound-
ary value problem related to the transformation (5.4) (in particular the plane deformation
when u = 0) with the potential of strain energy illustrated in equation (5.22) and the
boundary value problem related to the same transformation field with the classical Neo-
hookean potential, the asymptotic expansions of the planar vectorial mapping function

components ; and g become:

Ge(R,0) = B™ Up(@) + B™ V(@) + B™ Wi(@) + B™ Zu(0) + o(R™), ke {1,2}

(5.75)
with
( Ue(0) = ay sm(g), ke {1,2}

Vi(f) = Hlaixi(0) — az (9)],

Va(0) = Zlaax1(0) + a1¢1(0)],

Wi(0) = Zlaix2(0) — ax2(6)], (5.76)

Wa(0) = Hlaox2(0) + ar2()], -

Z1(0) = Hlaixs(0) — azps()],

Z(0) = Zlaaxs(0) + a1y3(6)],

a’ = a2 + a3
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where the functions ¢, x;, @€ {1,2,3} can be defined as:

Y1(0) = bysin (%)
x1(0) =by COS(G_Z, _ i ) )
¢2(§) =y sin3(g) 26”’2 sm(g) 4 sin (g) cos(g) — %COSQ(%),
x2(0) =c; sin(%é) 2b22 sm(g)
Y3(0) = dysin*(8) + L (3bres — % + 242 4 6bycy) sin?(9)
—I—bziZ - Sbl cos(g)sm (g) 2;’21 oS (g)sin(g),
\5(8) = B [2sin(0) — sin(20)] + dy cos(29)
A+ e~ B+ e

and the power terms exponents are reduced to:
n
M =3, N € {1,2,3,4}. (5.77)

In the other hand, the asymptotic expansion for the Lagrange multiplier p can be presented

as in the following form:
p(R,0) = R"Py(0) + R2Py(0) + o(R"?) (5.78)

where the functions P; and P, are defined as:

Pi(f) = 2" cos(9),
7] 2 200\ _ (3cy  Sbib ] (5.79)
Py(0) = %[4 2 sin (5) — (%2 + =% 2)sm(@)],
whereas the radial power terms exponents [ can be presented as:
n
ln = 5 M € {1,2}. (5.80)

By inverting the relations in equation (5.46), the components (yi,y2) of the deformation

function can be expressed as:

{m—wwm—mwm (5.81)

Y2 = sin(@)y1 + cos(¢)y

and by consequence, the asymptotic expansions for both the components y; and y» can be

easily obtained.
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5.4.2 Antiplane deformation

For harmonic problem, as it was discussed in |Grisvard 1992|, the asymptotic expansion of

the displacement field u will be in the following mathematical form:

u(R,0) = R™[UH0) + log(R)V{(0)]. (5.82)
=1

Since the partial differential problem associated to the antiplane displacement field u(.,.)
is linear, as it was mentioned above the complete solution for the antiplane displacement
field can be the sum of an homogeneous and particular solution denoted subsequently as
up, and u,. A simple solution that could be proposed as a particular solution can be on

the form:

b Rsin(0). (5.83)

U’p(R7 9) = L
eq

Using the asymptotic form in equation (5.82) and the equilibrium equation (5.70-3), leads

to:

2Va(0) + V2" (0) =0, VieN*
mi V() +V* (0) =0, WvieN, (5.84)
m;Uf (0 =

)+ U (0) = —2m;V2(F), Vie N*,

» 'y

where the indexation stands for the derivation relative to the variable §. Resolving

the prior system of differential equations leads to the following solutions:

V(0) = A; cos(m;0
U&(0) = C; cos(m;0

) + Bisin(m;f), Vi€ N*

(5.85)

Now, exploiting the boundary conditions through the equation (5.74-1) and by separating

the logarithmic, we get:

(5.86)
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Bearing in mind the explicit form of the functions U7 and V;* illustrated through the

equation (5.85), the boundary conditions illustrated in equation (5.92) are equivalent to:

—m;A; sin(m;m) + m;B; cos(m;m) =0, Vie N*
m;A; sin(m;m) + m; B; cos(m;m) =0, Vi e N*
—m;C; sin(m;m) — Bymm sin(my;m) 4+ [m;D; + B;] cos(m;m) — Aymym cos(m;m) = 0,
m;C; sin(m;m) — Bym;m sin(m;m) + [m; D; + B;] cos(m;m) + Aymym cos(m;m) = 0,
(5.87)

Thus a necessary and sufficient condition for the non vanishing of the azimuthal functions

V@ related to the logarithmic terms is:

mi = % Vi € N*. (5.88)
which leads to:

Agp+1 =0, B, =0, VkeN. (5.89)

Using the expression of the power terms m; in the last equation (5.99), then the boundary

conditions related to the U functions leads to:
D2k = Agk = 0, 02k+1 = ng+1 = 0, Vk € N, (5.90)

which implies the vanishing of the functions V,* which is in contrast with the hypothesis
made in the beginning of the asymptotic resolution. Therefore, the logarithmic terms can
not be present in the asymptotic expansion of the antiplane displacement field. Now, by
the same way as it was done above, the asymptotic expansion related to the homogenous

solution wuy, is reduced to:
u(R,0) =) R™U ), (5.91)
i=1
with

. (5.92)

U&(0) = C; cos(m;f) + D; sin(m;0), Vi € N*,
m; = %, Vi € N*.
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Finally, using the linearity of the antiplane problem, the asymptotic expansion for the

antiplane displacement field can be presented as:

ﬁ Rsin(é) + Z Rm2i+1D2i+1 Sin(m2i+1§) + Z RmziCQZ' COS(mgié).

u(R,0) =
Heq i=0 i=1

(5.93)

5.5 Discussion of the asymptotic results

The formulation studied above for an incompressible initially-stressed Neohookean is made
with an only assumption that the initial stress field is constant. If we suppose that the

initial stress tensor is a pressure field which means:

T =ppl (5.94)
Then both the first Piola Kirchhoff and the Cauchy stress tensor can be expressed as:

S = jiegF —pF 1, &= p,B —pl. (5.95)
with

Hegq = [+ Po (5.96)

In other words, in the case of a spherical initial stress field, the mechanical behaviour of
the initially-stressed hyperelastic material described by the potential in equation (5.22) is
equivalent to an incompressible Neohookean hyperelastic material where the shear mod-
ulus is replaced by the equivalent modulus pe,. Since the initial stress field is spheric
then the parameters related to it and introduced in the asymptotic expansion becomes:
¢ = 1 whereas ¢ is undetermined. By consequence the asymptotic expansions, derived
above for the coupled plane-antiplane deformations, becomes reduced to the classical ones
for a hyperelastic incompressible Neohookean material which was studied in many works
[Stephenson 1982, Arfaoui 2018, Mansouri 2016, Grine 2019].

In the remainder of this chapter the initial stress is considered on its general form. Now,

if we consider a superimposed rigid rotation to the mapping vectorial function §, then the
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resulted deformation function * can be expressed as:

J=Qy (5.97)

where Q is an orthogonal tensor (i.e QQT = QT Q = 1) and it can be seen as a deformation
gradient tensor associated to a rigid rotation. Consequently, the derived deformation

gradient tensor associated to y* becomes:
F*=Vgy" =QF (5.98)

whereas the first Piola-Kirchhoff and the Cauchy stress tensor associated to the two defor-

mations functions ¢ and ¢* can be expressed as:
S*=QS, o*=QoQ". (5.99)

Considering the local boundary condition related to the traction-free of crack faces and
illustrated through equation (5.36), then it is clear that the first Piola Kirchhoff stress ten-
sor 8™ associated to the superimposed rigid rotation @, satisfies also the same equilibrium

equations and local boundary conditions since:

(5.100)

DivS* = Div(QS) = QDivS = Q.0 = 0,
S*Ey=QS.E,=Q0=0, ifXo=0, X;—0".

Thus, if (¢, o) are the solution of the boundary value problem (considering the equilibrium
equation and the local boundary conditions) then (7 = Q¥,0* = Qo Q™) are also a solu-

tion.

To analyze the complicated form of the asymptotic expansion associated to the deforma-
tion components, it is convenient to consider a superimposed rigid rotation to the mapping
vectorial function as it was done by Stephensen in [Stephenson 1982] for the isotropic in-
compressible NeoHookean plane problem. In fact, the rigid rotation @ can be interpreted
as a change of the observer to spot on the crack rotation or just a simple modification of the
constant parameters to get a simple appropriate solution without any effective rotation.
Both interpretations can be exploited here to simplify the analysis of the asymptotic form
of the transformation field. In fact, the choice of @Q is purely motivated by the idea of

having deformation components with different orders and by consequence the crack faces

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



Chapter 5. XFEM and asymptotic analysis of the mechanical fields
162 near a crack tip in an initially-stressed hyperelastic body

opening in the deformed configuration can be clearly discussed.

For the boundary value problem treated in this chapter, the considered superimposed

rotation will be in the following form:

Q=Q20h (5.101)
with
U cos(¢p) —sin(¢) 0
Q=% % 0|, Q= [sin(¢) cos(¢) O], (5.102)
0 0 1 0 0 1

where the coefficients a; and ag are arbitrary constants and they are involved in the
asymptotic form of the plane deformation components illustrated in equation (5.76). It
is important to notice that the parameter a cannot vanish because from the beginning
of the asymptotic resolution for the plane problem, the works in the literature dealing
with such problem (mentioned above) have excluded the vanishing of the first term of
the transformation field components. Hence the singularity of the rotation tensor @ is
avoided. Since Q7 is an orthogonal tensor, it can be associated to a rotation of an angle

1, which implies:

cos(v) —sin(yy) 0
Q1= |sin(y)) cos(yp) O (5.103)
0 0 1

and consequently the relation between the rotation angle ¢ and the coefficients (a1, ag) as:

sin(vy) = %, cos(¥) = % (5.104)

Now, exploiting the representation of the rotation tensors Q1 and Q2 in equations (5.99-
5.100), then the resulting tensor of rigid rotation @ defined in equation (5.98) can be

expressed in the following form:

cos(+ ) —sin(® +¢) 0
Q= |sin(vp +¢) cos(p+¢) O (5.105)
0 0 1
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In the case of unstressed Neohookean material, the crack rotation is induced only by the
boundary conditions so far from the crack-tip. Although, in the case of initially-stressed
material studied here, the crack rotation is a result of two factors: the so-far boundary
conditions and the initial stress field itself. Such influence of the initial stress filed can be

divided in two parts:

e an explicit influence through the spectral angle ¢ based on the rotation tensor Qs.

e an implicit influence based on the rotation tensor @i, since the so-far boundary
conditions effect on the crack rotation is related to the strain energy potential which

depends itself on the initial stress field 7.

5.5.1 Discussion of the deformation near the crack front

Now, considering the asymptotic expansion of the boundary value problem solution pre-
sented in the above sections, the deformation components after the rigid motion described

by the tensor @, can be approximated by the following asymptotic expansions:

S Rl 3
sio= R0 - TR0 +oRD),
ys =aR2U(0) + LRx1(0) + LR2xo(0) + (RE), ) (5.106)
ys = agR%U(é) + R[bssin(f) + c3 cos(0)] + sR3 Rzsin(3f) + O(R%).
At the crack faces the components yj, y5 and y3 are reduced to:
vi(RO=m) =R bt 2012 R? + o(R?),
yi(R,0 =m) =aR? +o(R?), (5.107)
yi(R,0=7) = asR? — c3R — d3R? + O(RS)
yi(RO=-7m) =-2R+1% [CQa +2b1bo] R? + o(R2),
ys(R,0=—7) = —aR2 + O(R2) (5.108)
yi(R,0 = —7) = —a3R? — csR + dsR? + o(R?2).

To simplify the analysis of the crack opening shape, we will restrict the analysis in the
first place for the plane deformation. Bearing in mind the plane transformation field

components at the level of the crack faces described above in equations (5.107-5.108) and
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considering the case where by # 0 we deduce:

ba

R, 0 R.0 5 5 5>0 if 6=
YiI(R,0 = +m) = == (y3(R,0 = +m))* + o((y3(R, 0 = +m))?), with{ <0 it o

ys <0 if 0= —7
(5.109)

a3

This description shows that the crack faces are transformed into two arcs of the same
parabola with a vertical tangent at the crack tip. The concavity of the deforemed crack
faces is determined by the sign of the unknown constant by, where it is convex if by < 0
and concave if by > 0 as it is illustrated in figure (5.4-a). In case where bo = 0, we can

deduce

y; >0 if 0=m
ys <0 if 0= —m
(5.110)

yi(R,0 = +7) = +— (y5(R,0 = £7))? + o((y5(R, 0 = £7))?), with {

The mathematical description of the latter approximation, shows that every crack face is
transformed to a parabolic arc. Although the deformed crack faces share the same vertical
tangent at the crack tip, they have different concavity. Consequently, the crack faces are
transformed into a S-shaped curve as it is shown in figure (5.4-c). Finally, if we consider
by = co = 0, the mathematical characterization of the deformed crack faces in the plane of
the cross section €)g is reduced to:

dq

yT(Rae = :l:ﬂ—) = _E

ys >0 if 0=m
ys <0 if 0 =—m
(5.111)

(R0 = 4m) + ol(53 (R0 — £m)),  with {

In this case, the deformed crack faces have a parabolic-like shape as the case for by # 0

but with faster growing form and with a vertical tangent at the crack tip as it is illustrated
through figure (5.4-b).

Now, in the following the deformed crack shape will be discussed in the case of pure

antiplane deformation. In this case, the asymptotic approximation for the components 3
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and y] at the level of the crack faces become:

n(Bm)=-R _ (5.112)
y3(R,m) = 3220 B Daja (=1)" + 3252 R™ Coy(—1)°

{ yi(R,—7) = —R (5.113)

y3(R, —m) = =22, R™2i+1 Doy q (—1) + Yoy R™2iCo;(—1)!

— : Deformed crack X — : Deformed crack Xs

o+ Y
Xl Xl

(a) case by # 0 (b) case bg = co =0 & da #0

— : Deformed crack Xo

R

6+
X,

N\

(c) case by =0 & ¢co # 0

Figure 5.4: Deformed crack shapes in the case of planar deformation

In fact, we can sort the class of the graphical representation of the deformed crack faces

into two cases. the first class is if the first non-vanishing order related to the antiplane
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X X3
’ - 1 el
2 2
— :3 T3
— 4 X1 — 4 X
(a) Case 1 of non crack-opening (b) Case 2 of non crack-opening
X5t
T2
— . 3
T2
T2
o % X1

(c) Case of crack-opening

Figure 5.5: Deformed crack shapes in the case of antiplane deformation

deformation component is corresponding to the power term mo;,4+1 which is equivalent to:

R, +m)=—-R
yl( ) 7T) i ' ‘ ~ | (5114)
y3(R, £m) = £R™0+1 Do 1(—1)" + o( ™20 +1)
which leads to:
ys(R, £m) = £(—1)"y"2#1 Dy 11 (—y1 (R, £m))"?+1 4 o( R™+1) (5.115)

In this first class two possible situations are possible:
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e if ip = 0 then the geometrical shape of the crack faces is a parabola whose the axis is
aligned with Xj-axis, which eludes the opening of the crack in the X3 direction (see
figure (5.5-c)).

e if iy > 0, then each crack-face is transformed into a different parabolic-arc whose the
axis is aligned with the X3-axis. in such case the crack has the intention to be closed

in the vicinity of the crack-tip (see figure (5.5-c)).

The second class of the deformed crack faces is characterized by a first asymptotic term of

the antiplane component ys3 related to the power term mo;, which is equivalent to:

(R xm) = —R S (5.116)
y3(R, £m) = R™?0Cy;,(—1)" 4+ o( R™%0)

which implies:
y3(R, £7) = (=1)"7"%0 Caiy (—y1 (R, £m)) ™20 + o( R™0) (5.117)

In this case the crack faces are transformed into the same shape which can be a simple
straight line (if 49 = 1) or parabolic-like shape (if i > 1) as it is illustrated in figures
(5.5-a) and (5.5-b).

The transformation studied here and illuminated through equation (5.4), is an an-
tiplane deformation followed by a plane deformation as it was illustrated through equation
(5.7). Hence, in the case of couple plane-antiplane deformation, the deformed crack shape
can be deduced as a combination of plane deformation of the antiplane deformed shape.
We present here some examples for different three-dimensional deformed crack shapes
illustrated in the table of figures (5.1).

Table 5.1: Examples of three-dimensional deformed crack shapes.
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Planar deformed crack | Antiplanar deformed crack | three-dimensional deformed crack
X3
X
X )
Xo
X
\ Xl
X3
X
X )
Xs \
X
\ X,
Xo
X3
X
X
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In the objective to simplify the analysis of the asymptotic results, we will rewrite the
quantities g and v (defined above in equations (5.59-4,5.64-3)) as functions parametrized

by the coefficients ¢ and ¢ and we will define new function fy as the following:

9(&,0:0) = \/g% cos?(0 — ¢) + £2sin?(0 — ¢),
1&e)  =g(& ¢im), (5.118)
fo(€,;0) = cos(0).
Such parametrization of the previous functions will be omitted unless it is necessary. Using
the set of equations (5.47,5.59,5.64,5.69), we can derive:

sin(0)

gmm:gﬁv

(5.119)

Since 0,0 € [—7, 7], exploiting equations (5.118-5.119) we can deduce that the variables 6

and @ have the same sign. Thus, with some trigonometric properties we can deduce:

sin(g) =4/ 1_#S(é)sign(e), Vo el -7 ml,
2 _ (5.120)
cos(g) =4/ 71_c‘275(9), Vo€l -7 7.

Now, we can express the azimuthal function related to the first order of the component y

of the deformation field as:

F(6.6:0) = (g cos’) + €5 () sin(5) = g(6,0:0)

1-— f0(§7¢a 6)

5 sign(6)

(5.121)

Focusing on the functions fy, g and v, we can derive the following properties:

e if we interchange the order of the eigenvalues (Tl(p ), 7'2(p )) as it is illustrated in figure

(5.6), we derive the following mathematical property:

9(&,¢:0)  =g(z.0+75:0),
fo(66:6) = folL, 6+ 5:6), (5.122)
1&d)  =r(he+T).

e if we made a m-rotation around the Xj-axis (crack direction), as it is enlightened in
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figure (5.7), it implies:

%
), (5.123)

Exploiting the prior mathematical properties, the first azimuthal function of the component

y] satisfies:

s

1
fi(6.050) = fi(.0+ 5:0) (5.124)
In the case where ¢ = 0, the vertical deformation to the crack plane y3 (respectively
the aligned deformation to the crack faces yj) is impair (respectively is pair), and hence
the first order of the deformation field represent a deformation solution of the mode-I
type. Focusing on the figure (5.8-a) and bearing in mind the property presented through

equation (5.122), in case where one of the eigenvector of the planar initial stress field 7, is

aligned with crack direction (i.e ¢ = %T, k € Z ), the vertical transformation to the crack
plane y35 reaches its maximum at the level of the crack faces if the eigenvalue associated to
eigenvector orthogonal to the crack faces is greater than the other one (i.e £ < 1if ¢ = 0).
In other words, in this case, the crack opening is maximum of the vertical displacement
near the crack tip. But, in the contrary case where the maximum of the eigenvalues is
related to the eigenvector is parallel to the crack faces direction, the maximum of vertical
deformation to the crack plane is not reached an azimuthal direction different to the crack
faces, and which depends on the initial stress field 7, through the parameters { and ¢ as
it is illustrated in the set of figures (5.8).

To simplify the previous assertainment, let us suppose that the crack is only sub-
jected to an initial stress field orthogonal to the crack faces (¢ = O,Tl(p) = O,Tz(p) # 0).
(p)

If the initial stress field is of tensile nature (7,7 > 0 — £ < 1) (respectively compressive
nature (Tip 0 — ¢ > 1)) then the crack opening increases (respectively decreases)
compared to the unstressed case ({ = 1) as it is illustrated in figures (5.8-a,5.9-a). Such a
result is coherent with what is usually "believed" in the literature about the influence of
the residual stress nature on crack problems. When the residual stress is of compressive
nature, it participates in the closing of the crack or at least limits the influence of the

so-far loading in the crack opening which brakes the crack propagation. Although, if the
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residual stress is of tensile nature, it participates in the increasing of the crack opening
and hence it promotes the crack propagation.

Xo

71

7_2(1))

Figure 5.6: Graphical representation of equation (5.122)

X, Xy

X1

Figure 5.7: Graphical interpretation of equation (5.123): If the cross section in the left

figure is subjected to a rotation around the Xj-axis by an angle 7 it turns to the one
represented in the right figure.
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Figure 5.8: ¢(0) sin2(g): the first asymptotic term of y] function of the azimuthal variable
0

It is remarkable that when the eigenvectors of the initial stress field 7, is not aligned

with the crack faces, the vertical and the horizontal deformations reaches its maximum
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Figure 5.8: ¢(0) sinz(g): the first asymptotic term of yj function of the azimuthal variable
0

in absolute value in one direction near the crack tip different of those of the crack faces
as it is illustrated in figures (5.8-5.9). Focusing on the figures (5.8-5.9), it seems that the

initial stress field creates a sort of perturbation of the deformation field relatively to the
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Figure 5.9: g(H)% sin(g): the first asymptotic term of y5 function of the azimuthal variable
0

deformation field of the unstressed materials: if the initial stress increases the level of the

deformation field in one region it decreases it in another one.
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Figure 5.9: g(@)% sin(g): the first asymptotic term of y3 function of the azimuthal variable
0

If (¢ %”, k € Z), in another words if the eigenvectors of the initial stress field

(»)

Tp is not aligned with the crack direction, then if one eigenvalue 7,7 becomes of com-
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pressie nature and it increases in amplitude then the deformation field of the non-cracked
half plane normal to the corresponding eigenvector Ef (j # i) decreases in amplitude. In

such case this half plane looks like it is pinned (see appendix E).

If ¢ = 0, then if £ — oo, the orthogonal eigenvalue decreases to be of compressive
nature, the half plane normal to the other eigenvector becomes like a pinned one (see
appendix E). Whereas, if £ — 0, the crack opening becomes weaker and weaker compared
to the deformation in the rest of the cross section, which looks like a buckling effect (see

appendix E).

5.5.2 Discussion of the stress field near the crack front

Now, exploiting the asymptotic approximation of the deformation field subjected to the
rigid rotation as it is illustrated in equations (5.101-5.102), and bearing in mind the explicit
form of the first Piola Kirchhoff stress in (5.32) and the relation between it and the Cauchy
stress field in equation (5.25) , then the different Cauchy stress components &;; which can

be presented as:

o1 = Meq[(y1j)2 + (@1,2)2] ez

12 = Meq[?h,i Az,i + Ql,QQQ,éL

o2 = Heq[(iﬁzj) + (sz)Q] - D

013 = peqll110s1 + 13033 T Plls 1025 — U330 1) + %ég Yy,1 + 723801 3
O3 = Meq[@zj U3+ o3 A3f] "‘p[A3,§gL~ - ?33,13)12] + %Qli + 7238Ys 5,
T33 = Meql(U31) + (93.5)%] + 223 Us i+ 27238055 + 1+ 733 — P

(5.125)
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implies the following asymptotic expansions for the Cauchy stress o* components in the

rotated basis used for the analysis:

(

or = “eqb? sin (g) +o(1), VO #0,
ol = “eqbsz +o(Rz), if 6=0,

o8y = ”eqa R™! —,ueqblR 2sm(g)+o(R’%),

oty = “eq’”R 2sin(§) + o(R %>, W8 # 0,

ofy = “eqb1b2+o(1), if 0=

7l = —EIR - sin(g >+o<R 1), Va0,
o3 :f%@a cs — 2aby +b1) +o(1), if =0,

o3y =L Ry B3 [0l cos(§) + ol sin(§)] + aft cos?(§) + aly” + o(1),

2 2 2
\ 033 = “eqa3R Ly R~ [aﬁg) cos(g) + ag ) sm(g)] + ag?ig) cos (%) + sy 3) +o(1).
(5.126)
with
( 23 a o
0451 ) = 5 (teqbs + T238)
23 .
afy) = — gag Heg€ (aPc3 + agbr) + F130”]
gig) = Z;g [6a* + 6a%azc; + azb3]
a%: = — g [ eg€ (60" + 20 (3azer — dbics) + 3azb3) + 8a2bi 7] 5.127)
iy = a3(fegbs + ET23)
aly) = =G (teqes€ + T13)
W39 g
Qo1 ° = Oleqds3
33 . . R
| ofy) = 1618723703 + (403 + 4¢3 — 6ag + 4)pueg€ + 4733 + 8T13c3)-

Discussing merely the form of the stress Cauchy components shows, that unlike the case
of linear elasticity [Seweryn 1996], they have different radial and azimuthal terms. Also
the singular orders depend on the azimuthal direction (see the example of the components
011, 019 and of3). In the case of plane deformations, the component o3, is most singular
component, which means the material element near the crack tip is essentially subjected
to a uniaxial traction loading in the first order in the direction of Xj-axis. Hence such
a fact permits the planar opening of the crack regardless of the amplitude or the nature
of the boundary conditions so at infinity (so far from the crack tip). As in the case
of the deformations components, the initial stress field creates a sort of perturbation

around the unstressed solution for the azimuthal function associated with the different
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Cauchy stress components (see figures (5.10-12)). For plane deformations, in the case
of unstressed Neohookean material, only the shear and normal components o}, and o3,
are singular. Whereas in the case of an initially-stressed material, we have the antiplane
shear component 035 as an extra singular term due to the coupling generated due to the

antiplane initial stress shear components 713 and 793.

In the case of pure antiplane deformation, the antiplane axial stress components
o%s dominates and the most singular radial term is R~!. In other terms, the material
element near the crack tip under an antiplane deformation is subjected to an out-of-plane
tensile loading. Only 03, and o033 are the singular stress components related to the
antiplane deformation. If we focus on the coupled plane-antiplane deformations, only the
stress components 03y , 059 and o34 dominate through the singular radial term R~1. This
implies that the material element in the vicinity of the crack tip is subjected to a triaxial
loading of bi-axial tensile coupled to a plane shear. The triaxial deformation leads to the

singular behaviour for all the shear stress components.

When one of the eigenvectors of the initial stress field 7, is aligned with crack
faces, the most singular term of the plane shear is impair function of the azimuthal planar
coordinate. If & > 1, then the maximum of planar shear component of the stress field
is reached at the crack faces, whereas in the opposite case, the maximum is reached
in azimuthal direction different of those of the crack faces and depends on both the
parameters £ and ¢ as it is illustrated in figure (5.15-a). In addition, if ¢ # %T, keZ,
the singular term associated to the Cauchy stress component o}, is reached in position
different of those of the crack faces and it depends on the spectral parameters (£, ¢) as it
is enlightened in figures (5.11-b-c-d).

5.5.3 Discussion of the strain energy near the crack front

Considering the strain energy expression as it is illustrated in equation (5.22) and tak-
ing into account the asymptotic expansion of the displacement field illuminated through

equations (5.75-5.77), then the asymptotic expansion of the strain energy becomes:

Heq

W:2

(> +a}) R +o(R7). (5.128)
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Figure 5.10: g(@)_% cos(g): the first asymptotic term of o35 (in the case of pure plane
deformation and 723 # 0) function of the azimuthal variable 6

Considering the function g(.,.;.), it is remarkable that the strain energy is maximal (re-

spectively minimal) in the direction relative to the eigenvector related to the maximal (re-
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Figure 5.10: g(@)_% cos(g): the first asymptotic term of o35 (in the case of pure plane
deformation and 723 # 0) function of the azimuthal variable 6

spectively the minimal) eigenvalues of the planar initial stress field 7, as it is highlighted

in figure (5.12). Since the strain energy density is involved in the J-integral calculation
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Figure 5.11: g(0)_% sin(g): the first asymptotic term of o35 (in the case of pure plane

deformation and 713 # 0) function of the azimuthal variable 6

and by consequence it influences the propagation and initiation of cracks.
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Figure 5.11: g(ﬁ)_% sin():

deformation and 713 # 0) function of the azimuthal variable 6

the first asymptotic term of o35 (in the case of pure plane
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Figure 5.12: g(6)~!, ¢ = 0: the first asymptotic term of the Cauchy stress components
039, 053, 033 and the strain energy density W function of the azimuthal variable 0

5.6 Numerical analysis of a cracked initially-stressed material

5.6.1 Strong form of the problem

Figure 5.13: Kinematic and boundary conditions.

To develop the numerical model for a cracked initially-stressed material based on the
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XFEM approach, let us represent the boundary value problem in a brief way. First of
all, to simplify the numerical analysis, we consider a plane problem, where the solid body
is homogeneous incompressible material containing a crack. The reference configuration
is denoted by €2y where the solid body is subjected to an equilibrated initial stress field.
Whereas the deformed configuration will be denoted by €; as it is illustrated through
figure (5.13). Let us consider 4 as 2-dimensional displacement field and p as the Lagrange
multiplier related to the incompressibility condition. Both # and p are the solution of the
studied boundary value problem. The boundary of the of both the reference and deformed
configurations will be partitioned in three parts: the crack faces represented by (T'c,7.),
the boundary region for Neumann condition far from the crack faces (I'r,yr) and the
boundary region for Dirichlet conditions (I'g,v4). The mathematical representation of the
boundary value problem can be divided in three sets of equations: where the first set of

representation is related to the deformed configuration (Euleurian formulation)

dive = 6, in wy,
ofi=1ty;, on vr,

U =1y, on 7,

o.ii=0, on Y\(yrUn),
o=pB+ FrFT —pl,
det(F) = 1.

(5.129)

the second set is devoted to Lagrangian formulation (relatively to the reference configura-

tion)

L (5.130)

whereas the last set is dedicated to the equilibrium of the initial stress field defined on the

reference configuration

(5.131)

Divr =0, in Qo,
T.Z\_f:ﬂ), on I
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5.6.2 Variational formulation and discretization of the problem

The variational formulation of the boundary value problem is usually referred to as the
weak formulation or in a more physical interpretation as the virtual work formulation. In
the objective to elaborate the variational formulation, in absence of volumetric forces and
in the scope of static deformations, the internal energy P in the material body can be

modeled through the following integral form:

P=[ WA+Vad) d— / t.adl (5.132)
Qo r

where ¢ denotes the force vector to what the material body is subjected in the refernce

configuration on the boundary I'. The displacement field solution of the boundary value

problem minimizes the stored energy P. The incompressible behavior is equivalent to the

fact that the material supports only isochoric deformation. Such internal constraint can

be represented through the following condition:
Tne(J) =0 (5.133)

where W€ is a sufficiently smooth function. Hence, taking account of the incompressibil-
ity condition, the displacement field 4 minimize the modified potential P* which can be

expressed as:

P = [ wa+va dQO—/

Fadl — / PUC(det(1 + Vi))d% (5.134)
Q0 r Q0

By consequence, if we consider a 2-dimensional vector field ¢ that will be denoted as a
virtual displacement field, then the displacement field @ solution of the boundary value

problem satisfies:

ow ovine -
—(1+ V) : V7 dQo — / D (det(1 + V) : VidQy = / tq.vdl, YU eV,
(5.135)
where V denotes the space of virtual displacement field and it can be defined as:
V= {7eW"2(Q), | 4, =0} (5.136)
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with W~ () denotes the Sobolov space defined on the domain of the reference configu-
ration €2y whereas s; and sy depend on the strain energy and the regularity of the virtual
displacement fields. Similarly, the weak variational formulation of the incompressibility

condition can be presented as:
/Q T (det(1 4+ Vi) ¢ d% =0, Y7eQ (5.137)
0
where Q denotes the space of virtual Lagrange multiplier and it is defined as:
Q= {7 e W (Q)} (5.138)

where s* characterize the regularity of the virtual Lagrange multipliers. We notice that the
Lagrange multiplier p depends on the function W™ choice. For the numerical resolution of
the variational formulation highlighted in equations (5.155,5.156), a linearization procedure
has to be made. Let us defined the increments of displacement field and the Lagrange

multiplier as the following:
0o+0d, p=mpo+dp (5.139)

where the indexation #y and pg denote reference values for the described boundary value
problem solutions. Thus with sufficiently small variations for the @ and p (||0u|] <<
1, |6p| << 1) result of a small variation of the external loading (|||6] << 1 and |||di,] <<
1), the linearization of both the compressible part of first Piola Kirchhoff stress tensor and
the incompressibility potential can be presented as:

ow L oW *wW

a—F(l +u) = 8—F(1 + Vi) + W(l + Vi) : Vou+ o(Vou). (5.140)

T J(1 4 VD)) = U(J(1 4 Vig))+ < D(T"(J(1 + VX)) (@), Vou > +o(Vu).
(5.141)

To ensure the coherence between the expression of the first Piola Kirchhoff stress tensor
in equation (5.24) and the variational formulation in equation (5.155), the function Wine

representing the incompressibility constraint must satisfy:

ey =J - 1. (5.142)
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Hence, the linearization of the weak formulation of the boundary value problem can be

presented in the following equations:

ar(0@,7) + by (0p, ¥) = Ru(7), VeV (5.143)
br(q,6t) = Rp(q), V7€ Q (5.144)

with the linearized form of the bilinear operator a(.,.) and the mixed operator b(.,.) can

be explicitly presented as:

2
ap (68, 7) = / [%(Hwo):wmzw 0 + / polFy T (V8@ T V5 d9.
QO Q0

(5.145)
by (0p, T) = — /Q SpFy TV dQy, (5.146)
0

whereas the residual terms for both the energy balance and the weak formulation of the

incompressibility condition become:

i} ow

Rou(®) = / Fodo — | ZX(Fy): Ve d + / poF T VT dQy,  (5.147)
Q0 0 OF Q0

R, (i) = / g(det(Fy) — 1) d, (5.148)
Qo

bearing in mind

Fy =1+ Vii. (5.149)

5.6.3 Inf-Sup condition

The mixed formulations, based barely on their nomination, are some formulations usually,
at least in mechanics, involving the displacement or the velocity fields and some extra
fields related to some internal constraints. In the scope of mechanics of solids, the mixed
formulation is usually referred to the formulations treating the case of quasi-incompressible
or incompressible materials, where the formulation is a function of the displacement field
and an extra scalar field. The latter scalar field denotes the pressure field in the case of
quasi-incompressible material, whereas it is denoted as the Lagrange multiplier when the
incompressibility constraint is considered. Unlike classical formulation based only on the

displacement field, the convergence of mixed formulation relies not only on the coercivity
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condition (a weak-equivalent condition to ellipticity of the partial differential equation in
the case of static problems) but also on stability criterion. To fulfill these requirements,
Ladyzhenskaya, Brezzi and Babuska in [Ladyzhenskaya 1969, Babuska 1973, Brezzi 1974|
have established the Inf-sup condition which is also referred as the LBB condition in relation
with the names of authors contributing to the development of this condition. In the scope

of linear elasticity, the inf-sup condition can be presented as:

fQ q Divu on
Supgeq Infiev ="

> o >0 (5.150)
198 TS Tl Tl

where ) is a constant independent of the solution u, whereas ||.||v and ||.||g are two norms
associated respectively to the spaces V and Q. This condition was generalized to the case
of mixed problems in hyperelasticity by Le Tallec in |Le Tallec 1982]. If we consider the
function b(u, p) as the weak form of the incompressibility condition, then inf-sup condition

can be formulated as:

dB (= =
< SZ(u.v,q >

Sup Inf. o8 > [y >0 (5.151)
258 TR B0 gllg (lollv
with
b(d,p) =< B(),p > (5.152)

where < .,. > denotes the duality pairing. Since the Inf-Sup condition is difficult to verify
analytically to every formulation, Chapelle and Bathe have proposed in [Chapelle 1993] a
numerical test to check the inf-sup condition based on the analysis of the algebraic discrete
form related to the weak formulation. To perform the stability check, the tangent matrix
has to be evaluated in every iteration. The discrete form of the weak linearized formulation

enlightened through equations (5.163-5.164) can be presented at a chosen iteration n as:

A, BT |U R
" g = (5.153)
B, 0| |P, Ry,
Now, let us define the rigidity matrix K and the mass matrix T defined as:
VIKU = [, Vi : VodQ
. Jo Vil : VTS, (5.154)
QTP = fQ qpdS,
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where (U, V) and (P, Q) are the vectors representing the discrete form of the displacement

variables (#, ¥) and the Lagrange multiplier variables (p, q) respectively.

Considering the following eigenvalue problem:
GX =)MKX (5.155)

then the inf-sup criteria illustrated in equation (5.171) is equivalent to Bqp = minv/A > 0.

5.6.4 Extended finite element method

The development of the modeling tools have played an important role in the characteri-
zation of the materials behaviour with a good accuray. But such advances in the physi-
cal behaviour of complex structures lead to the resolution of complex partial differential
equations related to the considered boundary value problem. That is why the finite ele-
ment method is considered as one of the necessary numerical tools to study mechanical
problems. However, the FEM is facing new difficulties arising from the new challenges
related to the evolution of engineering requirements. In fact, it has been shown that
material or mechanical discontinuities can be the source of singular phenomena. Clas-
sically, a mesh refinement near the region of the singular behaviour source is the usual
solution to treat such cases. When the dynamic character of the mechanical problem is
pointed out, then the region of singular behaviour may change and the mesh refinement
has to be updated which increases the cost of the mechanical problem resolution. In-
troduced by Moes Dolbow and Belytshko in [Moés 2002, Moés 1999] to avoid the mesh
refinement near a crack tip, the eXtended Finite Element Method is considered as a pow-
erful tool to treat singular problems. The XFEM was developed later in [Stolarska 2001a)
based on a technique to represent the crack geometry using level set functions which en-
ables a coupling between the geometrical representation of the crack and the mesh. The
XFEM can incorporate not only analytical functions like the ones issued of asymptotic
analysis for many physical problems, but also accurate numerical solutions as enrich-
ment functions. The enrichment functions characterize the local behaviour related to
the studied singular phenomenon, which enhance the accuracy of the mechanical prob-
lem solution without using mesh-refinement techniques. Since the XFEM was originally
used for crack problems, there is no surprise that there are many works studying the
singular behaviour of the mechanical fields near a crack tip, we can cite [Sukumar 2008,
Sukumar 2000, Areias 2005, Belytschko 2001, Chahine 2008, Duflot 2008, Legrain 2005].
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The use of XFEM is not restricted for crack problems, it was applied for different mechani-
cal problems with different singular natures, like the analysis of dislocation and discontinu-
ity interfaces [Ventura 2005, Belytschko 2007], holes and dislocations [Sukumar 2001], fluid
mechanics and fluid-structure interaction |Chessa 2003a, Gerstenberger 2008, Zilian 2008|.
To have an overview of the different applications of XFEM, we suggest the different surveys
in [Fries 2010, Belytschko 2009, Abdelaziz 2008].

5.6.4.1 Discrete formulation of the XFEM method

Before discussing the XFEM formulation, the finite element approximation of weak
formulation illustrated through equations (5.155,5.157), can be derived by replacing
of the virtual spaces V and Q by finite dimensional subspaces V" and Q" defined on
the geometrical approximation of the domain 2 using meshing elements. Hence the

approximated finite element solutions will be denoted by @" and p".

The concept of XFEM is to exploit the partition of unity with the addition of cho-
sen enrichment functions to better describe and fit the crack influence on the mechanical
fields behaviour. Focusing on cracked problems, the enrichment functions are usually
divided into two sets. The first set contains the heaviside function to point out the
displacement or the Lagrange multiplier jump across the crack faces. Whereas, the second
one is a set of singular functions to better represent the singular stress or strain fields
near the crack tip. The singular enrichment functions can be refined numerical solutions
or some analytical approximations for the two unknowns of the boundary value problem
(i, p). Hence, the approximated solutions (@, p")will be decomposed into two quantities:
one inherited from the classical finite element method exploiting Lagrange shape functions
( denoted by (@/e™, pf®™)) and a second part using a set of enrichment functions (denoted

by (@™, p®")). Such formulation can be mathematically described as:

—h __ —fem —enr —fem fem Senr enr
U =1 + U, U e yrem o g e yenrr,
{ (5.156)

ph — pfem +penr7 pfem c Qfem’ penr c Qenr

with VF¢™ and Qf¢™ are the classical finite element space for the displacement and the

Lagrange multiplier respectively. On the other hand, V¢ and Q®*" are 2 enrichment
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spaces which can be defined as:

Nenr

yerr = = TG HG+ Y > S Frer) (5.157)
€Ty i€Ze j=1
N

Ve = = >t Hid + ) Z sty FP ol (5.158)
€Ty i€Zc j=1

where

dof dof
o {¢“} " and {qﬁf};\fzpl denote the classical Lagrange polynomial shape functions

associated respectively to the finite element approximated solutions @/¢™ and pfe™,

Ty is the set of degrees of freedom enriched by the Heaviside function,

Zc: is the set of degrees of freedom enriched by the crack-tip (or singular) enrichment

functions.

{F}j\[j; " denotes the set of singular enrichment functions.

H denotes the Heaviside function which can be defined as:

1 for (X — X.).N
_ { or ( ) (5.159)

—1 elsewhere

where N denotes the outward normal to the crack faces and Xc denotes the crack

tip position.

Considering the decomposition of the boundary value problem solutions in equation (5.176),
then the resulting XFEM spaces V" and Q" can be expressed as direct sum of the finite

element and the enriched subspaces as:

Vi = ylem g yenr (5.160)
Qy =@/ oQ (5.161)
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Thus the XFEM solutions will be in the following mathematical forms:

Ndof Nenr

= et + > B HS + YD 8 Frer) (5.162)

=1 1€y i€Ze j=1

Ndof Nenr

Z 2o+ S HE Y Z N (5.163)
1€y i€Ze j=1

Moreover, the Heaviside enrichment concerns only the nodes associated to the mesh el-
ements completely cut by the crack. In the classical XFEM approach, only the mesh
elements containing the crack tip are enriched by the set of singular functions. Such choice
reduces the number of nodes affected by the singular enrichment and leads to a poor com-
putational accuracy as it is shown in [Chessa 2003b]. As a remedy for this limitation,
[Béchet 2005] proposed to enrich a fixed area around the crack tip which can be character-
ized by a radius denoted as R®*". The whole strategy of nodes enrichment can be presented

in a simple way via figure (5.14).

5.6.4.2 Levelset method

In the case of XFEM, The geometrical representation of the crack shape is based on the level
set method. To our knowledge, this concept is introduced for the first time in [Osher 1988]
to trail moving interfaces. In the case of cracked domain, [Stolarska 2001b]| proposed the
use of multiple scalar functions to represent the crack geometry. Focusing on the case of

cracked plane body, the crack can be defined using two level set functions ¢ and ¢ as:
(5.164)

To better understand the geometrical representation of the crack in the case of plane
geometry we invite the reader to see figure (5.15). Based on the levelset concept, the

Heaviside function can be simplified to:

H(X) = sign(é(X)). (5.165)
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Figure 5.14: XFEM with fixed enriched area
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Figure 5.15: Level set functions for cracked domain

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



Chapter 5. XFEM and asymptotic analysis of the mechanical fields
194 near a crack tip in an initially-stressed hyperelastic body

5.6.5 Numerical analysis

For the numerical analysis, we consider a non cracked square domain Q = [-0.5 0.5] x
[0.5 0.5]. The geometrical crack shape I'. can be characterized by I'x = {X; €
[-0.5 0], X, = 0}. For the sake of simplification, we have considered a simple uni-

form tangential initial stress field which is equivalent to:
T #0, =0, ¢=0. (5.166)

which implies that the crack faces are traction-free. The boundary conditions are cho-
sen to be as the ones for a simple tensile test in absence of crack (see figure (5.16)).
To avoid any mesh-arising problems, the domain € is uniformly meshed using triangu-

lar elements. For the sake of parametric analysis, multiple finite elements are used and

EENREE RN

<]§\

<

Figure 5.16: Boundary conditions for the boundary value problem used for the numerical
test

different choices for the singular enrichment functions are considered. In analogy with

the different works done in the context of mixed crack problems, a set of three different
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elements formulations are considered: Py/P;, P/ Py and P1+ /Py. The stability of the lat-
ter elements are proved within the scope of finite element method in [Brezzi 2012] and
numerically in the scope of cracked problems using the extended finite element method
within [Nicaise 2011, Amdouni 2012|. The objective here is to test the limit of such finite
elements in the scope of finite transformation and in the presence of an initial stress field.
Let define F* and FP as the sets of crack-tip enrichment functions for the displacement
and the Lagrange multiplier fields. Then, the different discussed choices for the crack-tip

enrichment functions can be presented as:

e case U2P0: we have exploited the second order of the asymptotic expansion for the
displacement field without singular enrichment of the Lagrange multiplier which is
equivalent to: F* = {F}y, F3'}, FP = 0.

e case U2P1: The second order asymptotic expansion for the displacement field and
the first order asymptotic expansion for the Lagrange multiplier are considered which
implies F* = {F}{, F¥'}, FP = {F'}.

e case UTP3: the third order of the asymptotic expansion for the displacement field
and the second order of the asymptotic expansion for the Lagrange multiplier are
considered which justifies the following set of singular enrichment functions sets F* =
{F{, ..., F*}, FP ={F},...,F}}.

where the different crack-tip enrichment functions mentioned above can be expressed as:

FY(R,0) = R2 sin(Z), FY(R,0) = RSIHQ(Z)}, FY(R,0) = R2 sm?’(i),
F{(R,0) = R sin(g), F(R.0) = Rz 3111(320_), F¢(R.0) = R sm2(§) cos(?),
FE(R,0) = RS cos’(5),
(5.167)
and
FYR.0) = R cos(D), Fy(R.0) = Rsin?(D), FU(R.D) = Roost(D). (5.168

For the size of the singular enrichment area, R®™" = 0.1 is considered for the cases UP(Q
and U2P1. Whereas, the radius of this enriched area is reduced to R = 0.05 to ensure

the convergence of the XFEM solution in the case of the most refined mesh considered
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0 0.0104 0.0208
I |

Figure 5.17: XFEM-numerical solution for the displacement field (U7P3-enrichment)

(for the calulation of the reference solutions). In figures (5.17) and (5.18), we present the
numerical solution for the boundary value problem using the XFEm method using the

enrichment functions relative to the UTP3 case.

5.6.6 Stability results

Based on the evolution of the eigenvalue parameter Sgyp in function of the mesh size as it
is presented in figure (5.19-d), we can affirm that in the case of the finite element method
the different elements formulations (Py/ Py, P>/ Py and Pl+ /P1), are stable at least for the
case of our numerical solution. However in the case of extended finite element method,
the stability of the numerical formulation seems to be dependent not only on the degree

of elements interpolation but also the set of employed crack-tip enrichment functions. If
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Figure 5.18: XFEM-numerical solution for the Lagrange multiplier (U7P3-enrichment)

we take the example of the U2P0 enrichment case, it is clear that Bsqp is alternating and
decreasing with the mesh size h for the three interpolation cases (see figure (5.20-d)). Thus
we can conclude, for all the tested elements in the case of U2P0 enrichment situation, the
extended finite element method is completely unstable. Whereas, in the case of Lagrange
multiplier enrichment whether UTP3 or U2P1, the XFEM method is stable and the stability
degree increases with the number of used crack-tip functions as it is illustrated in figures
(5.21-d) and (5.22-d).

5.6.7 Convergence results

In this section a convergence study will be performed to the different element formulations
and the enrichment cases. To do that, two error measures are considered for the
displacement field (Ls and H; norms) and one single error measure for the Lagrange

multiplier field (Lg-norm).
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Figure 5.19: numerical results of the FEM model

Element formulation N
P,/P, | /Py | P/P;

Convergence rate

Lo-error convergence rate for o 1.2903 | 1.1534 | 1.0363
Hj-error convergence rate for 4 0.5648 | 0.5517 | 0.5535
Lo-error convergence rate for p 0.5729 | 0.5509 | 0.5659

Table 5.2: Convergence rates in the FEM case

Since it is difficult to have an analytical solution for the complicated nonlinear boundary
value problem, a refined numerical solution will be computed for every enrichment case and

element formulation to be considered as a reference to perform the different error measures.
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Figure 5.20: numerical results of the XFEM model with U2P0 enrichment

FEM formulation .
P,/P | P/Py | P"/P

Convergence rate
Lo-error convergence rate for i 1.3118 | 1.6212 | 1.1849
Hj-error convergence rate for 4 0.4692 | 0.3128 | 0.3414

Lo-error convergence rate for p 0.6812 | 0.6263 | 0.7061

Table 5.3: Convergence rates in the XFEM case with U2P0-enrichment

In the scope of linear incompressible or compressible elasticity, it has been shown
that the XFEM method is stable and leads to an optimal convergence rate
[Nicaise 2011, Amdouni 2012]. If we take the example of single crack-tip enrich-
ment for the displacement field and the Lagrange multiplier then the convergence rate

for the different considered formulations is enhanced and can be presented in table (5.6)
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Figure 5.21: numerical results of the XFEM model with U2P1 enrichment

FEM formulation .
PP, | Po/Py | P"/P;
Convergence rate
Lo-error convergence rate for i 1.5381 | 1.4840 | 1.4715
Hj-error convergence rate for 4 0.7316 | 0.7182 | 0.6209

Lo-error convergence rate for p 0.6242 | 0.6659 | 0.6381

Table 5.4: Convergence rates in the XFEM case with U2P1-enrichment

[Amdouni 2012]: Although, in the scope of finite transformation, the above convergence
rates can not be guaranteed. To our knowledge, the only work which has done a
convergence study for mixed formulation in the scope of finite transformation is [K. 2016]
where a plane crack problem in an incompressible NeoHookean hyperelastic material is

analyzed. To point out the usefulness of the XFEM method, the obtained convergence
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Figure 5.22: numerical results of the XFEM model with U7TP3 enrichment

FEM formulation .
P/P, | P/Py | P;"/P;
Convergence rate
Lo-error convergence rate for o 1.6108 | 1.3117 | 1.2458
Hj-error convergence rate for @ 0.9192 | 0.7996 | 0.6133
Lo-error convergence rate for p 0.9442 | 0.8502 | 0.6455

Table 5.5: Convergence rates in the XFEM case with U7P3-enrichment

rates for the different scenarios can be compared to those using the FEM method (see

figure (5.19) and table (5.2)).

Focusing on figure (5.20) it seem that the formulation P;'/P; gives more accurate
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Formulation N
Convergence rate By/Pr| Po/Py | P/ Py

Lo-error convergence rate for 3 2 2
Hj-error convergence rate for o 1.5 1 1
Lo-error convergence rate for p 1.5 1 1

Table 5.6: Convergence rates in the XFEM case with first order enrichment in the scope
of incompressible linear elasticity

solutions than (P/P;) which confirms in another way the instability of the XFEM
method in the U2P0 enrichment. Hence, even if the convergence rate is slightly better
than the FEM case as it is illustrated in tables (5.1,5.3) at least for the P5/Py considering
the Lo-norm error measure relative to the displacement field, such result is not reliable.
Focusing on the tables (5.4-5.5)it is clear that the convergence rates are enhanced
compared to those using the FEM method. Also, more enriched functions are considered,

slightly better are the convergence rates.
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5.7 Conclusions

This chapter was dedicated to the analysis of the initial stress field influence on the me-
chanical fields near a crack tip through an incompressible hyperelastic material. We have
shown that the asymptotic expansion of the different mechanical fields are functions of the
eigenvectors orientation relative to the crack plane and also a weighting parameter relating
the shear modulus and the eigenvalues of the initial stress field. A comparison between
the initially-stressed and the unstressed materials has been done through the different
asymptotic expansions, and we have shown that the initial stress field can contribute to
the rotation of the crack and it has an influence on the crack opening. Finally, based on
the asymptotic expansion of the displacement field, a set of enrichment shape functions
were chosen to be exploited using the Extended Finite Element Method (XFEM) for the
numerical analysis of this singular problem. A convergence and stability studies have been
done to point out the influence of multiple parameters (different elements formulations and

different chosen enrichment functions) on the stability and the convergence rates.
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CHAPTER 6

The anti-plane shear elasto-static
fields near a crack terminating at an
1Isotropic hyperelastic bi-material

interface
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6.1 Introduction

Nowadays, reinforced rubber, rubber-like materials and structures are in increasing use in
different industrial products and engineering applications. In fact, it is well known that
the junction between rubber or rubber-like elastomeric materials and other materials with
different rigidities is usually used to improve the stiffness of their design. As an example,

the reinforcement of a rubber matrix by transverse fibers has been known to enhance the
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toughness of the composite, to impede eventually crack propagation in the matrix and
stop it on the interface rather than grow it into uncracked matrix. However, such coupling
causes stress concentration due to the material and/or geometric discontinuities which

can affect the product strength.

In this work, a crack terminating at a bi-material interface with arbitrary angles is
taken as a geometrical model. The bi-material is composed by two incompressible
isotropic Neo-Hookean hyperelastic materials. The anti-plane shear is considered due to
its simplicity compared to other types of transformations. Such transformation is not
simple as it may look [Destrade 2012b] and it is still a subject of research in the scope of
non-linear elasticity [Pucci 2015b|. From historical point of view, the theory of continuum
mechanics is used to model the mechanical fields concentration due to cracks presence

with singular elastostatic fileds: strain and stress.

In linear elasticity, the boundary value problem of the two-dimensional multimate-
rial wedges or junctions is governed by partial differential equations with Neumann
and/or Dirichlet boundary conditions.  Its singular nature is well established in
[Grisvard 1992] and was analyzed by three methods: asymptotic expansion, complex
variables and transform methods. It was shown that the general solution of the
linear boundary value problems corresponding is an asymptotic development com-
posed by a linear combination of a power and logarithm types singularities. The
unknowns of this asymptotic expansion are considered as eigenvalues (exponent orders)
and eigenfunctions.  The plane strain or stress formulation was treated theoreti-
cally in |Zak 1963, Bogy 1971a, Bogy 1971b, Cook 1972, Erdogan 1973, Fenner 1976,
Pinsan 1991, Wang 1994, Tzuchiang 1998, Chen 2003, Lin 1997], numerically in
[Lin 1976, Ahmad 1991, Meguid 1985] and experimentally in [Wang 1993, Chen 1996]. It
was shown that oscillatory singularity in the elastostatic fields can occur except for a crack
perpendicular to an interface. The case of an anti-plane shear transformation was analyzed
in [Erdogan 1974, Fenner 1976, Chen 2012, Hu 2013, Wang 1996, Chien-Ching 1990]
and no oscillatory singularity in the elastostatic fields occurs (see reviews in
[Sinclair 2004a, Sinclair 2004b, Paggi 2008] and the associated references).

The plasticity aspect at a crack tip has been given by Rice in [Rice 1966, Rice 1967]

for anti-plane problem and by Hutchinson in [Hutchinson 1968], Rice and Rosengren

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



6.1. Introduction 207

in [Rice 1968| for plane problem. It was shown that the asymptotic development is
made by a power-type singularity. After that, few papers have been dedicated to
solve the crack terminating at bi-material interface problem: in plane strain or stress
by [Chao 1993, Romeo 1994, Delfin 1995, Yu 1997, Banerjee 2004 and in anti-plane
transformation by [Li 1996]. The Linear Elastic Fracture Mechanics (LEFM) and
the Elasto-Plastic Fracture Mechanics (EPFM) approaches described below played a
prominent role in the investigation and comprehension of the crack, defect and singular
problems. However, these approaches are based on the kinematic assumption of small

deformations which is in contradiction with the induced unbounded strain field deduced.

Within the framework of finite deformations, in the past five decades, only few
works have been focused on the analysis of the strain and stress fields around a crack,
notch, defect... This is due to the complexity of the mathematical problem, as it is
illustrated in [Ogden 1997] which makes the boundary-value problem equations highly
nonlinear and very difficult to solve analytically or even numerically. We note that Wong
and Shield in [Wong 1969| carried the first analysis of an infinite Neo-Hookean sheet

containing a finite crack.

In the early 1970s, Knowles and Sternberg in [Knowles 1973, Knowles 1974] analyzed the
asymptotic deformation field near the tip of a mode-I plane strain crack for generalized
Blatz-Ko compressible hyperelastic solids. Their analysis of the crack problem within the
framework of nonlinear elasticity is considered as a fundamental work. Later, Knowles in
|[Knowles 1977a| performed a mode III local crack analysis for generalized Neo-Hookean
incompressible hyperelastic material. This class of hyperelastic potential, depending only
on the deformation’s first invariant, is capable to sustain nonhomogeneous anti-plane shear
transformation as it is demonstrated in [Knowles 1976]. Some necessary and sufficient
mathematical conditions, restricted the hyperelastic potential form, are given by Knowles
in |[Knowles 1976, Knowles 1977b] for incompressible and compressible materials to admit

non-trivial states of anti-plane shear, (see [Horgan 1995a] for a review and more references).

To the best of our knowledge, the first analysis of the interface crack of hyperelas-
tic bi-material junction is studied by Knowles and Sternberg in [Knowles 1983]. In two
fundamental papers of Herrmann [Herrmann 1989, Herrmann 1992|, it was shown the

existence of multiple second order asymptotic forms for elastostatic fields for the compress-
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ible generalised Blatz-Ko hyperelastic bi-material interface crack. Other interesting works
on the topic using analytical asymptotic expansion, numerical and/or experimental in-
vestigations were done by: [Knauss 1970, Ravichandran 1989, Gao 1994, Geubelle 1994a,
Geubelle 1994b, Geubelle 1995, Ru 1997b, Ru 2002, Krishnan 2009, Lengyel 2014] (see
[Gao 2008, Long 2015] for a review and references). The more complicated crack
terminating at bi-material interface problem with arbitrary angles was analyzed in
[Shanyi 1994] and [Ru 1997a] for a crack perpendicular to interface. All the previous
contributions done with different hyperelastic potentials and the plane deformation or

stress hypothesis have shown no oscillatory singular behaviour (except in [Krishnan 2009]).

In this chapter, the second section is dedicated to the problem formulation for an
anti-plane transformation. The third section focuses on the asymptotic solution of
the equilibrium equation for different special geometrical configurations. Finally an
investigation on the presence of logarithmic singularities is made to justify the asymptotic

form used in the third section.

6.2 Formulation of the anti-plane problem

Consider a solid body C' in the form of an infinite cylinder. Let C the region of three-space
occupied by the considered solid body in the initial configuration. C is characterized by
a cross section {2 and a generator vector G as illustrated in figure (6.1). Now, we define
the Cartesian basis (El By | Eg) which is tied to the undeformed configuration of C'
relative to the coordinates (X1, X2, X3). The generator vector G is chosen to be parallel
to Es. The cylinder is composed of two isotropic incompressible hyperelastic materials,
perfectly bonded to each others. A crack is present in the way to split one of the two
material sectors into two different parts. So that we can divide the domain C into three
distinct regions: Cp = {X, (X1, X5) € O, —00 < X3 < +o0}, k € {1,2,3}, where X
denotes the position of each material particle in the undeformed configuration. Let 2 be
the associated cross section to the region Cp with k € {1,2,3}. {Q, k € {1,2,3}} isa
set of wedge angular sectors defined in the cross section (2 as:

0 ={(R,0),uY <6<}

Qo ={(R,0),wr <0 <wY}, 0 <wV —wl <21 with wl < WY

Q3 = AN\ {QU }

(R,©) are the polar coordiantes for every material point in Q. With respect to the

above conditions on wY and w’, these two angles are to typify a feature of a bi-material
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Figure 6.1: Studied body in 3D representation

configuartions as it is described in the figure (6.2). The parts C; and C3 are made of the

same material which is different from the material of the part Cs (figure (6.2)).

Now, the body C is subjected to a prescribed transformation F which can outline
the anti-plane shear transformation near the crack tip. Mathematically, F can be

described as:

1 :X17
7= FveeX) =4 x5 = Xo, (6.1)
x3 = X3+ u(X1, Xo),

where, X; and z; i € {1,2,3} are the components of the vectors X and & in the Cartesian
basis relied respectively to the undeformed configuration and the deformed one. wu(.,.)
represents the anti-plane shear displacement which must be at least twice continuously

differentiable. The gradient of the F transformation, denoted as F', can be written as:

83@,-

[F]’LJ = [Vl_:]l] = 8XJ = Ti5;

on each Cp; 1,7,k €{1,2,3}. (6.2)

Using the form of the anti-plane transformation in equation (6.1) and the definition of the

gradient transformation in (2), the matrix form of F is concluded as:

1 0 O
Fl=|0 1 of. (6.3)
uy1 ug 1
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To describe the state of the deformation related to the transformation JF, one measure of

Xo
s
r
, (1) )
f g
I’ 5T TN X .
f q [€) Material 1
s Crack X1
Material 2
‘ — X A
(C3,93) ( M+ A
Wl
(Ca,22)

Figure 6.2: Bi-material section

strain can be the left Cauchy-Green tensor B that can be expressed as:

1 0 U1
B=F FT'=|0 1 U2 (6.4)
up uz 1+ ]6u|2
|.| denotes the Cartesian norm of a vector, and the notation .7 is used to represent the
transpose operator. The incompressibility condition indicates the preserving of the local

elementary volume during the governed transformation. It is equivalent to:
(6.5)

J =det(F) =1,
where det(.) denotes the determinant operator. The previous condition is automatically
verified in the case of simple anti-plane transformation as it is explicitly formulated in
(1), without adding any additional conditions on the form of the unknown displacement
field. The hyperelastic behaviour of each part of the cylinder C can be elucidated using

an energy potential form W. Using the isotropy of each part of the bi-material composite,
the potential YW depends only on the first two invariants of the left Cauchy-Green tensor.
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Hence, we derive:

W =W(I, L), (6.6)
where
I = tx(B) = 3 + |Vu|?, (6.7)
1 -
I = 5(tr(B)2 —tr(B?%) =3 + |Vul. (6.8)

Here, we consider the Neo-Hookean potential expressed as:
W(IL) = %(II —3), x>0, on each Cp, ke {1,2,3}. (6.9)

w1 is a positive coefficient denoting the shear modulus of each material for infinitesimal
deformations. The above potential is a result of the statistical mechanics using a Gaussian
distribution [Boyce 2000]. Since the domains C; and C3 are composed by the same material,
we have j; = puz # po. The indexations (.(*)) or (.;), unless they are necessary, will be

omitted to lighten the following mathematical expressions. We define also the dimensionless
1—H1

parameter § = T +ﬁ , function of the relative rigidity ratio %, which will play a crucial

>
role in analyzing the singular behaviour as it will be shown later. We remark that this

dimensionless parameter § takes values in | — 1 1[ when the rigidity ratio % belongs to
]0 +oo[. Thus, § takes into account all material combinations. The state of the stress field
can be represented using the first Piola Kirchhoff tensor related to the energy potential
by:

oW

S=oF

—pFT, (6.10)
where p is the Lagrange multiplier field resulting from the incompressibility condition. To
have a better physical interpretation of the stress field, we use the Cauchy stress tensor
developed as:

ow FT

_ T _
o=8S F = 5F

— pl. (6.11)
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1 is the identity second-order tensor. If we consider the Neo-Hookean behaviour we can

expand the formulation of both first Piola-Kirchhoff and Cauchy stress tensors as:

6.12
6.13
6.14
6.15

Saﬁ = O-CY,B = CaB(M _p)v O[,/B S {172})
Sa3 = PU,q,
S30 = 03¢ = HU o,

Sa3 =y —p # o33 = p(1 + |Vul?) — p.

(6.12)
(6.13)
(6.14)
(6.15)

¢ denotes the Kronecker delta function. Unlike the case of linear elasticity theory, the axial
component of Cauchy stress tensor o33 can not vanish. The sufficient condition for the

cylinder’s equilibrium using the material coordinates in the undeformed configuration is:
Div(S) =0, (6.16)

where Div(.) is the divergence operator relative to the coordinates of the initial configu-
ration. Using the expanded form of the first Piola Kirchhoff stress temsor illustrated in
equations (6.12-6.15) and the transformation’s gradient in the matrix form (3) added to

the equilibrium equation (6.16), we obtain:

(= pla+Dp3ua=0, ac{l,2}, (6.17)
pAU =p3. (6.18)

A(.) denotes the Laplace differential operator. Here, we have 3 differential equations (6.17-
6.18) governing 2 unknown fields. To have a non-trivial solution, in [Knowles 1976] we
can find the sufficient conditions which must be satisfied by the energy potential. In our
case, using the energy potential in (9), a non trivial solution is guaranteed based on the
results mentioned by Knowles in [Knowles 1976]. Using the displacement’s independence
of X3 and combining the equations (6.17-6.18), we can prove the linearity of the Lagrange
multiplier p relative to the third coordinate Xj:

p(X1, X2, X3) = dX3 + po(X1, X2). (6.19)
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d is an unknown constant. The local boundary conditions when R — 0 is chosen to have

a traction-free crack faces. These conditions are translated mathematically into:
S(X; <0,X, ==0). (X1 <0,X5 =+0)=0. (6.20)

N is the unit outward normal vector defined in the initial configuration. Since the materials
are perfectly bonded, the continuity of the force vector and the displacement field through

the two interfaces between the two considered materials leads to:

[lu(R, w(’))H =0, (6.21)
[|S(R,© =w l>)\]1\7( wWy =0, 1e{U,L}. (6.22)

[|.]] refers to the discontinuity operator. Exploiting the previous equation of boundary
conditions in (6.20), the interface conditions mentioned in equations (6.21-6.22) and the
form of the first Piola Kirchhoff tensor in the equations (6.12-6.15), we can deduce:

d=0, (6.23)
P = p. (6.24)

Finally, the formulation of the anti-plane shear transformation as it is described above,

can be summarized by the following boundary value problem:

Au =0, (6.25)

V(R0 = +1) =0, ke {1,3}, (6.26)
[u(R,© =w®)] =0, 1€{U,L}, (6.27)
luue(R,© =w)|] =0 (6.28)

6.3 Asymptotic solution

In the literature, there are so many studies focusing on the solution of elastostatic prob-
lems using the asymptotic method. The general form proposed in [Kondrat’ev 1967| and
[Costabel 1982], as it is illustrated in [Yosibash 2011], for the equation (6.25) is:

ZZR’”’ log(R))";(©) , my € C, n; €N, (6.29)
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where I and J are two chosen integers. In the case where m; is a complex numbrer,
the singularity can be in the type O(R%exp(i.nilog(R))(log(R))™) (i2 = —1), where &
and 7); denote respectivelly the real and the imaginary part of m;. When m; has non-
null imaginary part, the radial oscillation of the displacement field can be pointed out.
In this case, the stress field seems to have no physical behaviour. Thus to preclude this
non physical solution, we will suppose in the following that all m; are real cofficients.
For the case of cracked configuration, based on many works on such case as the one of
|Grisvard 1992] and |Li 2000, it seems that the logarithmic singularities are absent in the
displacement expansion. In the opposite way, in the linear elastic theory, many works of
Bogy [Bogy 1970, Bogy 1971a, Bogy 1971b| demonstrated the appearance of the logarith-
mic power singularities under some material and geometrical conditions for the case of
homogeneous and bi-material composite. We can use the method established by Dempsey
and Sinclair 1979 [Dempsey 1979] exploited in the scope of linear elasticity to investigate
the presence of logarithmic singularities. Although their concept was used for linear elas-
tic problems, it can be used here since we have a harmonic problem to be solved. Their
idea comes from the fact that the differential operator in the equilibrium equation is lin-
ear and independent of the singularity power coefficient m. Thus, if u(.,.) is a solution
of equations (6.25-6.28), then g—#L must be a solution also. The originality of the study
of Dempsey and Sinclair, is the inspection of the logarithmic singularities based on the
equations of power singularities. In other words, this technique, which will be discussed in
details in the following, makes possible the inquire of the logarithmic singularities without
introducing the logarithmic form in the asymptotic expression of the displacement field.
This lightens the algebraic system to solve leading to the eigenvalues equation and reduces
it by half. Knowing all these advantages of this method, the new asymptotic expansion of

the displacement unknown function u(.,.) can be formulated as:

N
u(R,0) =Y R™1i(O) + tureg(R, O). (6.30)

=1

As presented in [Yosibash 2011], tyeq(.,.) is the regularized part of the displacement field
and N is the number of the effective orders contributing to the singular form of the stress

fields, where 0 < m; < mo < ... < my. Inserting the asymptotic form of the anti-plane
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displacement field in the equilibrium equation, it will be transformed into:

N
u(R,©) =Y R™[Aicos(m;®) + B;sin(m;0)] + o(R™). (6.31)
=1

o(R™N) denotes a negligible function compared to R™Y when R — 0. Then, the outspread

of Cauchy stress tensor asymptotic form becomes:

Oapg = 07 (Oé,,B) € {172}’ (632)

N
o13 = uZmiRmﬁl(Aicos((mi —1)0) + B;sin((m; — 1)0)) + o(R™ 1), (6.33)
=1

N
O93 = ,uZmiRmi*l(—Aism((mi —1)0) + Bjcos((m; — 1)0)) + o(R™ 1), (6.34)

i=1
N N-1 N

033 = NZmi2R2(mi_1)(Ai2+Bi2)+2M Z Z mim; R™ " ~2{(A; A;+B;Bj)cos((m;—m;)0)
i=1 i=1 j=i+1

+ (BiAj — AZBJ)SZTL((WLZ — mJ)G)} + O(RQmN_2). (6.35)

As a result of the displacement field’s continuity and using of equation (6.27), the exponent
parameters are independent of the position of any considered material particle. In other

way, we may write:
m®™ =m,;, Vi, ke{1,2,3}. (6.36)

The traction free conditions and the continuity of both the force vector and the displace-

ment u(.,.) expressed in equations (6.26-6.28) lead to:
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m(—A(l)sin(min) + B(l)cos(min)) = ,ug(—Al(-z)sin(min) + B-(2)cos(min)

7 A 7

~—

9

(6.37)

,ul(—Az(-g)sin(miwL) + B,L.(g)cos(miwL)) = ug(—AEZ)sin(miwL) + BZ»(Q)cos(miwL)),
(6.38)
,ul(—Al(.l)sin(mm) + Bi(l)cos(mm)) =0, (6.39)
pl(A§3)sin(mi7T) + Bi(g)cos(mm)) =0, (6.40)
Agl)cos(min) + Bfl)sin(min) = AZ@)COS(m wY) + BZ@)sm(mle), (6.41)
Agg)cos(miwL) + Bi(3)sin(miwL) = AE )cos(meL) + Bgz)sm(mzwL). (6.42)

The algebraic form of the previous equations can be on the from MV = 0, where M is a
6-by-6 matrix and V' is a column vector by 6 lines regrouping all the unknown constants for
every order. To have a non trivial solution for the harmonic problem taking into account
the conditions (26-28), one sufficient condition governing the singularity power coefficients

m; is:
D =det(M) =0, (6.43)
which can explicitly expressed as:

sin(2m;m) + dsin(2mw?) — dsin(2miw®) — 6%sin(2mi(wt + 7 —wWY)) =0, (6.44)

K1

with § = 1 = Zi;ﬁi is a dimensionless parameter defined in section 2 which is function
K2
of the rigidity ratio Z; It is clear that § is a decreasing function of the relative ratio of

rigidity % Therefore, d can be seen as a relative measure of the rigidity gap between the
two considered materials. The eigenvalues equation governing the singularity exponents
{m;}; for a wide range of geometrical and material configurations is a function of geo-
metrical angles (wY,w”) and the dimensionless material parameter §. In other words, the
parameters {m;}; are the exponents of the radial terms in the displacement asymptotic
expansion. These parameters evaluate how much singular are the asymptotic terms of the
different Cauchy stress tensor components (rate of divergence when R — 0). It is diffuclt
to have analytical solutions for equation (6.44) for every value of §, wY and w’”. That is

why, we will discuss the numerical solutions for three particular geometrical configurations
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as it is shown in figure (6.3):

e wk=0,
o WV =—wh,
oWV —wlh=n

(a) Case wl =0 (b) Case w¥ = —wk (c) Case w¥ —wl =n

Figure 6.3: Different cases to be treated

The singular terms of the Cauchy stress tensor are different from component to another.
For the 013 and o093 (see equations (6.33-6.34)), the singularity source is derived from
the terms R™ 1. Although, the singularity of the o33 is a result of the terms R?™i~2
and R™it™i=2 Then, it is clear that in all cases, o33 is the most singular among the
Cauchy stress temsor components. Thus, we extract from this remark that in the case of
an anti-plane transformation, every material particle locally in the vicinity of the crack

tip is essentially in state of tensile in the Eg direction.

We will focus, in the following analysis for the different cases treated here, on the
behaviour of the different combinations of the m;, eigenvalues equation solutions, relative
to the clearance § of the bi-material composite and the angular variables describing such

a particular configuration.
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m, =f(3)

m,=f(3)

1.4

13f

—&— 116

—— 3 /
—— 2 o

Figure 6.4: Case wl =0: my = f(6) Figure 6.5: Case wl = 0: my = f(6)

m,=f(3) m_+m,-2=f(5)
2 -0.1 :
/
ozl —e— 116 /7
- 7
——3 y
—_—— T2 o

—— 2173

Figure 6.6: Case w’ =0: m3 = f(§)  Figure 6.7: Case w” = 0: my +mg—2 = f(9)

6.3.1 Configuration w’ =0

In this instance where w’ = 0, the bi-material composite can be seen as an assembly of
an homogenous half plane part bonded to a composite half plane. For every value of wV

varying in |0 7|, the eigenvalues equation leading to the singularity orders becomes:

sin(2mm) + dsin(2mw?) — 82sin(2m(r —wY)) =0, -1 <6< 1, ¥ €0 x|
(6.45)
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m1+m3—2:f(6) mz+m3—2:f(6)

—— TI6
—— 3 /
—_— 2 '

—— 2173
—k— 5116

M=
m1m32

-1 -0.5 05 1 1 -0.5 05 1

0 0
5 5

Figure 6.8: Case w’ = 0: m; +mg—2 = f(9) Figure 6.9: Case wl = 0: ma+m3z—2 = f(J)

The existence of one solution to equation (6.45) in |0 1] is assured as it is shown in figure
(6.4). Otherwise, it may have more than one admissible solution (at most 2 solutions in
the gap |0 1[). To have the second singularity order in the interval |0 1], one sufficient
condition needs to be verified: in the upper-half cylinder, the part which is more rigid
has to have the smallest angular sector. In the case where § > 0 (respectively § < 0),
first order coefficient m; (respectively mg) seems to not vary so much near the value
my = 3 (repectively mo = 1) as it is illustrated in figure (6.4) (respectively figure (6.5)).
Though, the first order power’s coefficient m collapses drastically when the first material

becomes more rigid than the second one (p; > p2). We notice here the independence of the

bi-material composition, for the solutions ms = 1 for w¥ = 5 and mg = % for both w¥ = .
and wY = %’r The fact of independence of the material composition for some solutions

of the eigenvalues equation might be not surprising, since Ru in [Ru 1997b| found the
same thing for special cases to some orders for a different geometrical configuration than
ours. Whatever the rigidity or the geometrical distribution of the materials constituting
the cylinder C, taking into account the assumption w’” = 0, the term R™ 272 is always
singular (see figure (6.7)). However, the term R™ %32 contributes to the singularity
of the component o33 in one condition, when the first material is more rigid than the
second one (g1 > pi2) (see figure (6.8)). We notice in this case, that the terms R™3~! (see
figure (6.6)), R*™3~2 and R™31™272 (see figure (6.9)) are non singular for every material

combination.
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As a conclusion for this particular geometrical configuration, to outline the singular
form of the shear components of the Cauchy stress tensor, we need at most the two first
terms of the displacement asymptotic form, and only the first term in the case where the
big part of the upper angular sector is the most rigid. As to the axial component o33, the
singular behaviour can be illustrated using between 2 and 3 first terms of equation (6.31),
and in the case where the first material is softer than the second one (u1 < pg2), only the
two first order are needed.

U_ _, L

6.3.2 Configuration w w

This configuration is characterized by an assembly of two homogeneous equal-angle wedges

. a V-notch and totally fractured one. Assuming w’ = —w” = w, w €]0 7|, we derive as

equation to resolve:
sin(2mm) 4 20sin(2mw) — 6%sin(2m(m —2w)) =0, —1<d<1l,we€]0 n[. (6.46)

We have proved numerically the following results:

my(w,0) = my(m —w,d), (6.47)
ma(w,d) = ma(m — w, —0), (6.48)
ms(w,d) = mg(m — w,9). (6.49)

As it is illustrated in figure (6.10), the solution m; is increasing monotonically with the
clearance variable 4. As the case described before, it is always guaranteed to have one
solution in the gap ]0 1[. To have the second one in this gap, the sector that has an acute
angle has to be the most rigid one as it is presented in figure (6.11). It is remarkable that
when the first material is more rigid than the second one (u1 > p2), for any fixed value of 4§,
my is maximal at w = 7§ (see figure (6.10)). In the other case m; is minimal at w = 7 (see
figure (6.10)). The singularity of the terms {R™i+m2=2 Rmi+ms=21 can be affirmative
whenever 0 < 0 (see figures (6.13) and (6.14)). Whereas, for all material combinations
in this case, the terms R™3 ! R?"3=2 and R™1™2~2 found in the expressions of the

different stress components, become non singular (see figures (6.12) and (6.15)).

As found below, we remark that the solutions my = 1 for w¥ = 5 and m3 = % for the
couple w¥ = 7 and wY = %’r are independent of the material composition for this special

geometrical configuration.
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m,=f(3)

m, =f(3)

Figure 6.10: Case w¥ = —wl: my = f(§)  Figure 6.11: Case w¥ = —wl: mgy = f(9)

m1+m2—2:f(6)

m,=() 0.2

—e— 176 y,
or —— 173 A
—— 2 /
—— 2173
—k— 5176

0.5 1

-1 -0.5

o1 o -

Figure 6.13: Case WV =—wl:mi4+meg—2=

Figure 6.12: Case wY = —w!’: mz = f(6) £(0)

In this configuration, the singular terms of the Cauchy stress tensor oi13 and oo3
can be well pictured using the two first orders of the asymptotic form of diplacement field
u(.). When the big part of the upper-half cylinder becomes the most rigid one, the first
order will be sufficient. For the component o33, to highlight it singular behaviour, the first
three terms in the asymptotic form of the anti-plane displacement are needed at most.

When the second material is more rigid than the first one (uo > u1) we need at most the

first two orders.
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Figure 6.14: Case wV = —wl: mi4+mg—2= Figure 6.15: Case wV = —wl: mo+ms—2=
f(6) f(6)

6.3.3 Configuration w¥ —w’ =7
Here the geometrical state of the domain studied may be divided in two homogenous half-
plane structures: a totaly fractured one bonded to the other structure. The geometrical

L

distribution of the two materials is defined by w¥ —w? =7, WY =w €]0 =, that is why

the eigenvalues equation can be remodeled to:
sin(2mm) 4 dsin(2mw) + dsin(2m(r —w)) =0, —1<d <1, we€]0 7| (6.50)

In this case, we have verified numerically, that the first and the third solutions (m; &
mg3) for equation (6.50) are the same as the previous configuration where w¥ = —w’. Tt
is clear here, that the second order power’s coefficient ms = 1 is independent of § and w
values. The mixed terms which are considered source of singular behaviour are reduced
to only the terms R™ ™32 in the condition where § is strictly negative and R™1+72~2
(see figures (6.13) and (6.14)).

The first term of the anti-plane displacement’s asymptotic form is sufficient to fea-
ture the singular behaviour of the shear components of the Cauchy stress tensor. However,
we need the first between 2 and 3 terms to outline the same thing of the axial component

o33. The third term is only needed when the second material is the most rigid one
U
(42> 1) amd w¥ # .
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6.4 Investigation of the logarithmic singularities

The remark expressed in the presentation of Dempsey and Sinclair work can be reformu-
lated here to be: if u(.,.) is a solution of the differential equations (6.25-6.28), then the
derivative of the solution u with respect to the singularity power’s coefficient m holds as
a solution whatever the order of the derivative operator. So if we choose in the beginning
for the displacement field a singular form type of O(R™), by derivation we can investigate
the presence of the singularities having the form O(R™log(R)). By repeating the same
process, the asymptotic form postulated in equation (6.30), can be exploited to inquiry
the presence of singular forms in the type of O(R™(log(R))™). Since it is demonstrated
in [Grisvard 1992], that the only possible logarithmic singular form for the stress field in
the case of harmonic problem, as in our case, is (R™log(R)). So, our analysis requires the
use of the presented method for once. Remarking the linearity of equations (6.25-6.28)
describing the solution for the material configuration as it is presented above, we can use
the final result as it is mentioned in [Dempsey 1979]: the singular form of the stress field

can include O(R™ilog(R)) in one condition, if m; is a solution of the following system:

{ my=u (6.51)
oM oV _ :
V.t Mz- =0.
These two conditions are equivalent to:

oD 96=3)p

where s denotes the rank of the matrix M. The previous investigations for the re-
search of the m; solution of the eigenvalues equation was carried out using the di-
chothomy method ensuring a scale of accuracy in the order of error = O(107%). In
this stage, to seek the possibility of logarithmic singularities, a Matlab script is used to
automate the whole process. For the matrix rank calculation, the Matlab "rank" function
[Matlab R2012a User Guide 2012| was used. The algorithm used in Matlab is based on the
singular values decompositions SVD which implies the following decomposition for the M

matrix:

M = KYE, (6.53)
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where K and E are 6-by-6 orthogonal matrices, and Y is a positive diagonal matrix. And
so the rank of the matrix M becomes the number of non-null diagonal terms of the matrix
Y. In every case of the three geometrical configurations, for each value of wV or w” and 6,
we seek the solutions of the eigenvalues equation (6.44), followed by the calculation of the
matrix M rank. Then, we need to verify that the solution of equation (6.44) satisfies the
relation (6.52). Consequently, we discovered that the singularity of the stress field can not
be in the form of O(R™log(R)) in the three cases studied above (see the added materials
related to this paper), which justifies the used asymptotic form for the analysis in the third

section.

6.5 Conclusion

In the present chapter, we have examined a particular geometrical configuration for a bi-
material composite in the case of anti-plane shear transformation for a simple potential
(Neo-Hookean). Based on the work of Dempsey and Sinclair in the scope of linear elasticity,
their method is used here in the scope of large deformations to study the presence of
logarithmic singularities. We proove in the case of Neo-hookean cylinder subjected to
anti-plane transformation, that the only asymptotic singular form for the stress field, for
the particular cases treated here, are just power form singularities O(R™). At most, the
first three asymptotic terms are needed to highlight the singular behaviour of the Cauchy
stress field in the vicinity of the crack tip. The power terms of the asymptotic form of the
displacement field depend only on the parameters describing the geometrical distribution

of the two materials and the gap of rigidity between the different sectors.
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General conclusion and outlook

This thesis focuses on the analysis of initially-stressed materials in multiple scopes. Based
on theory of invariants and some results of tensors algebra, this PhD presents in a new
rigorous way some classical theoritical results related to the modeling of initially-stressed
materials. Also a general explicit constitutive relation for initially-stressed linear elastic
materials is established. Moreover, the anisotropy generated by the initial stress presence
is discussed in analogy with the constitutive formulations used to describe fibrous materials
behaviour. Also, a formulation for the plane deformations is performed generalizing the

concept of Airy stress function.

Since the anisotropy is an essential element to study initially-stressed materials, a
part of this PhD is devoted to study the anisotropic influence on some singular and
regular boundary value problems. Indeed, in studying the basic constitutive models of
elasticity with residual stresses, we have pointed out a certain aAlequivalenceaAl of this
theory with the constitutive equations of transverse isotropic or orthotropic materials.
By going deep in such a topic, and focusing on the class of isotropic transverse materials,
we have realized the possibility to exploit some particularities of these materials to
couple various deformation modes in a clever way. This fact suggests using anisotropy

to design some elastic machines which can couple different kinematic or deformation modes.

In general, the global anisotropic material can be seen locally as the junction of
two or more separate isotropic material bodies. Hence, to study the anisotropic effect
on the scope of singular problems, we have considered a cracked hyperelastic bi-material
composite subjected to an antiplane deformation. An asymptotic analysis is performed to
identify the sufficient orders contributing to the singular form of the Cauchy stress static
fields. This study leads to the absence of logarithmic singularities, and to the fact that
the exponent parameters of the singular terms depend on the geometrical configuration of

the rigidity distribution of the bi-material composite.

Since the initial stress field is considered as a predefined parameter, the identification
of such an internal field is an essential task for the characterization of initially-stressed
materials. Two stability estimates are derived: the first one concerns the identification

of all the material parameters for a generalized initially-stressed linear elastic material,
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whereas the second one is dedicated to the residual stress reconstruction in the case of
a relatively simple model. Also, a direct method is used for the identification of the
residual stress and the material parameters using multiple noisy full-field displacement
data. Different techniques of regularization are adopted, and an analysis of the different

parameters influencing the quality of the reconstructed fields is carried out.

Furthermore, a special attention is dedicated to the analysis of the initial stress
field influence on the mechanical fields near a crack tip through an incompressible hypere-
lastic material. We have shown that the asymptotic expansion of the different mechanical
fields are functions of the eigenvectors orientation relative to the crack plane and also a
weighting parameter relating the shear modulus and the eigenvalues of the initial stress
field. A comparison between the initially-stressed and the unstressed materials has been
done through the different asymptotic expansions, and we have shown that the initial
stress field can contribute to the rotation of the crack and it has an influence on the
crack opening. Finally, based on the asymptotic expansion of the displacement field, a
set of enrichment shape functions are chosen to be exploited using the Extended Finite
Element Method (XFEM) method for the numerical analysis of this singular problem. A
convergence and stability studies have been done to point out the influence of different

numerical formulations on the convergence rate and the stability of the numerical results.

This Phd work can be completed by the generalization of the different constitutive
formulations for the initially-stressed and initially-strained hyperelastic materials to take
account of the inner anisotropy and more complex behaviors (plasticity, viscosity ...).
Moreover, for the analysis of singular problems, a non-constant initial stress can be
considered to point out in particular the influence of the residual stress class on the same
boundary value problem. Also, different boundary conditions can be chosen. On the
numerical level, more XFEM formulations can be tested in the objective to enhance the
stability and the converce rate of the numerical solutions. Focusing on the identification
part, the presented approach can be tested and ameliorated for more complex models.

Also, the same work can be adapted for experimental data.
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APPENDIX A
Appendix A: Investigation of the

logarithmic singularities

Based on the approach explained in the section 4, here we present the related materials for
the investigation on the logarithmic singularities. In fact, we show here the derivative of
the eigenvalues equation g—ﬁ(mi) function of § and w, 7 € {1,2,3}, where m; are the first
three solutions for the eigenvalues equation D. It is remarkable from the accompanying
figures (from matlab) that g—ﬁ(mi) can not be null for any value of 4 and w, which confirms
the absence of logarithmic singularities in the asymptotic expansion of the displacement

field. We note also that you can find the 3d matlab figures accompanied to this manuscript.

oD/ dm (m,)

Figure A.1: Case w” = 0: g—D(ml) = f(5,w)

m
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8D/8m(m2)

Figure A.2: Case wl = 0: 42 (my) = f(4,w)

7,
7
//

(

0Dl dm (m,)
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oD/ dm (m,)
KN
o

=20+

Figur

oD/ dm (m,)
= N
2 2

KN
o
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e Ad: Case w¥ = —wl: L (m)) = f(5,w)

Figure A.5: Case w¥ = —wl: 92 (my) = £(5,w)
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Figure A.7: Case w¥ — w! =7 %(ml) = f(6,w)
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oD/ dm (m,)

Figure A.8: Case w¥ —wl =m: 92 (my) = f(5,w)

oD/ dm (m,)

Figure A.9: Case wV — w! =7 %(mg) = f(6,w)
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APPENDIX B

Moment Optimisation

The explicit form of the fifth order polynomial equation in the M2 unknown used in section

5 is given by:
bs M0 + by MP + by MP + by M + by M2 + b = 0, (B.1)
where

bs = —6(it — 1)°[1 + i + (—(1/2)5 — 2)a] 3%,

by =8(3— ){i" + (B - )i*+
— [(3/4)5 +36 — 6% + [(7/8)8% + 38] — 5 + 135,

by = 2(j — 1){B%i® + 3B41° — 104" — 2%+
—3B0% + 340° — 2Bj — 4207 + 28 + 2241 — 4} 3,

by = (163 + 8)° — (1282 + 708 + 40)a* + (23% + 2952 + 12253 + 80) >+
— (8% +263% + 1063 + 80)> + (98% + 4603 + 40)/i — 8 — 8,

b = —4{1+ % — [(1/2)B + 2a}{1/2 + (B + 3) i+
—[(1/2)8? + 36 + 11/2)4% + 21},

bo = (Bjt — 2% + 4 — 2) (B — 204 + 3 — 1)ji.
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APPENDIX C
Relations between imvariants in case
of 2 families of fibers in hyperelastic

material

C.1 I, function of the rest of invariants

Let M 1 and Mg denote the characteristic vectors to the fibers directions in the reference con-
figuration. Hence, if the material body is considered to have a hyperelastic behaviour, then
based on the theory of invariants developed by Boehler and Spencer in |[Boehler 1987b|,

the strain energy W is expressed in terms of the following invariants:

1
I =tr(C), I,= §(112 —tr(C?)), I3 =det(C), (C.1)
I, =M,.C.My, Iy=M,.C*>M,, Is= M.C.Ms, (C.2)
I; =M,.C?* My, Ig= M,.C.My, Iy= M,.C>M,, Iig= M,.M. (C.3)

Ig, Ig and I are usually denoted as semi-invariants because they depend of the vectors
orientation for both M; and Ms. Thus to avoid this problem, the dependence of the energy

potential W of the semi-invariants has to be through the following quantities:

Ig . jgl == IIOI8 == ( C M )(Ml.Mg), j82 = 182 == (MlCMQ)Q (04)
Ig : jgl - Ilgfg ( C M )(Ml.MQ), jgg - 192 - (M10M2>2 (05)
Lo : Lo = I3 = (M,.M,)? (C.6)

Using the spectral theory, the Cauchy-Green strain tensor C' can be put in the following

form:

C = )\%ﬁl ® Uy + )\%ﬁg ® g + )\%773 ® Us (C.7)

Cette these est accessible a I'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI060/these.pdf
© [F. Grine], [2021], INSA Lyon, tous droits réservés



Appendix C. Relations between invariants in case of 2 families of fibers
236 in hyperelastic material

with A; denotes the principal strech relative to the principal vector u;. The vectors

(11, Uiz, U3) constructs an orthonormal basis verifying:

U] ® U] + Uy ® U + Uz @ Uz = 1, (C.8)

where 6;; denotes the Kronecker operator. Using equations (C.9-C.9), the spectral form of

the Cauchy-Green strain tensor becomes:
C =\ — N1 @1 + (A3 — \3)ila @ty + A31 (C.10)

Now exploiting the spectral form of the C in equation (C.10) and the fact that M; and

My are two unit vectors, the above invariants are transformed to:

I = AT+ 23 + )3, (C.11)
Io = N3+ MIA2 4 A3, (C.12)
I3 = M2 (C.13)
L= (A = A)MP + (03 = X)) Mip + A3, (C.14)

= (A1 = Ag) My + (A3 = Ag) M + As, (C.15)
Is = (A] = M) M3y + (A3 — A3) M3, + A3, (C.16)
It = (A = A3) M3y + (X3 — A3) M35 + A3, (C.17)

= (A2 = M) My My + (A2 — A2) Moy Myg + N3(M,.My), (C.18)
Iy = (A} = AN Moy My + (A3 — A Moo Mg + N3(M.My), (C.19)
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whereas for the quantities defined above relative to the semi-invariants, they can be written

as:
Igy = ]\4121]\4221)\2 + 6N+ M M35 + (1 — My — Mio)(1 — M3y — M3)A3
ATEL 4+ A& + A3Es + A3&e + A3s, (C.20)
Isy = M11M21)\4 + M M3 A5 + (1= My — Mp)(1 — M3y — M3))A3
+ 2X2N3E1 + 203026, + 20302, (C.21)
Iy = ]\411]\421)\4 + M M35 + (1 — My — Miy) (1 — M3y — M3,) A3
fl+)\§2+)\§1+/\§3+)\§2+)\§37 (C.22)
—f92 = MP M3 AT + My M35 + (1 — M7y — M) (1 — M3 — M3,) A3
+ 20361 + 20TNEE + 2000363, (C.23)
Lo = M{ M3; + M M3, + (1= M7y, — M%) (1 — Mg, — M3,) + 261 + 26 + 263,
(C.24)
with
&1 = My MioMai Mo, (C.25)
&1 = My Mz Mai Mos, (C.26)
§1 = MiaMiz Moz Mos. (C.27)

Now, using the 4 equations (C.14-C.17), the quantities (M%, M%, M3, M3,) can be de-
duced in function of the principal streches (A1, A2, A3) and the invariants (I, I5, Is, I7).
Exploiting the prior expressions (M3, M%, M2, M3,), then the set of equations
(C.20,C.21,C.24) can be seen as a system of equations whose the unknowns are ({1, &2,&3)
which can be derived from both the invariants (Iy, Is, Is, I7, Is1, Is2, I19) and the principal
streches (A1, A2, Ag). Consequentely, if the resulted equations relying the above quantities

to the different invariants are injected into the equations (C.22-C.23), it implies:

2j91 = 2(M1.M2)Ig = (1 — (Ml.MQ)Q)IQ + (2]8(M1M2) — I4 — IG)II —+ I6I4 — 182 —+ I5 —+ I7.
(C.28)
jgg = Ig2 = I;I5 — (IGI4 - Ig)fg + (I4 + I — QIg(Ml.Mg))Ig. (C29)
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C.2 5 function of the rest of invariants in case of orthogonal
fibers

When the two families of the fibers presented in the reference configuration are orthogonal

i.e

Lo = My.M; =0 (C.30)
which can be transformed to:

M7y M3y + My Mg, + 26 = (1 — My — M) (1 — M3y — M3,). (C.31)

The invaraints (11, Is, I3, I4, I5, I, I7) keep the same expressions as they are mentioned in
the equations (C.11-C.17),. Althought, the quantities defined relaive to the semi-invaraint

Ig become:

Isp = ME M — 2M121M221>\%)\§ + M121M221>\§ + MEMBHN; — 2M122M222)\%)\§
+ MEMENG 4260 (N3N3 — MIAZ2 — 2202 4+ )\ (C.32)
Ig1 = 0. (C.33)

Following the same approach as it is done in the general case in the above section, the
quantities (M2, M%,, M3,, M3,) can be deduced from equations (C.14-C.17). Furthermore,
the variable & can derived from the equation (C.31). Therefore, all the different varaible
relied to the vectors Ml and MQ can be expressed in function of the different invaraints
and by consequence the only non vanishing invariant I relied to the semi-invariant Ig can

be presented in function of the different involved invaraints as:

Igp = I = Isls — L (I + In) + Iz + I5 + I7. (C.34)
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APPENDIX D
Dimension of the space V(R) in

chapter 4

Consider {A(#)} and {B{™} the canonical bases of Sg(R) and S3(R) respectively where

every matrix A can be defined as:

’ S+ Sibu  if i 4 J, . Syt + byt + if M £ 1,
(A6 = ¢ TR . (B = gk 7
OOy ,1f i =7 OmkOnt , if m=n
(D.1)

As illustrated in chapter 4, we can construct a family of matrices that spanned the space

V(R) in the following way:

B(mn) 0 0
M={Ms,ADML ij=16}u{| o BM™ o |, mn=1.3}
0 0 B(mn)

(D.2)

It is clear that the set M contains 27 matrices (27=21+6). We intend to prove that the
family M is linearly independent and hence we can conclude that dim(V(R)) = 27.

Let us define the function F which transforms a symmetric N x N matrix into a
N! vector. In fact the operator F' will regroup all the major diagonals one after one from
the biggest to the smallest one. It is clear that the operator F is bijective. To understand
the definition of this operator let us take 3 x 3-matrix A which can be explicitly presented

as:

air a2 @13
A= |aia axp as; (D.3)

a13 a3 as3
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then we can deduce:

T
JT(A): [an Q22 Aas3 a2 a3 013} (D-4)

Consequently, if we denote by M the matrix defined as the linear operator related to the

restriction of the operator F on the space V(R), then it can be explicitly presented as:
M = [f(El) . f(Ew)} (D.5)

where {E};}27 | are the matrices of the set M. Due to the cumbersome calculations, the
matrix M has been constructed numerically and using the the module numpy.linalg in
Python, we have derived that the rank(M) = 27. Thus, using the bijectivity of F, we can
conclude that dim(V(R)) = 27.
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APPENDIX E
Asymptotic expansion terms on the

limit of ellipticity condition

E.1 Casel: £ -0

if cos(¢) =0
0 o(€), if cos(d) =0,
f)sin®(z) =< .5 ; '
9(6) sin (2) { %4_0(5), if cos(0) #0 .
if cos(¢p) # 0
g o(€), if cos(d) =0,
. A A ) E.2
9(6) sin”(3) { Leos@l [y _ ‘zzzngs(g)'] +0O(€%), if cos(d) #0 (52
E.2 Case2: £ - 400
if sin(¢) =0
50 [ o(e™h), if sin(6) =0,
9(0)5in(3) —{ GOl | o(e-1), i sinff) 40 Y
if cos(¢p) #0
L0 0(5_{)7 if sin() =0,
R R s A RO
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242 condition
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Figure E.1: Limit case when & — 0
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Figure E.2: Limit case when & — 400
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