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Résumé

À l'échelle nanométrique, les propriétés thermiques et vibratoires sont intimement
liées et dépendent de la forme et de la composition des matériaux. Grâce à la
nanostructuration, les nanocomposites permettent un meilleur contrôle du transport
thermique. Ceci permet notamment d'améliorer les performances des générateurs
thermoélectriques en o�rant de meilleurs isolants, mais aussi une meilleure gestion
de la chaleur dans les composants électroniques. Dans ce travail, les propriétés ther-
miques de quelques nanocomposites sont étudiées en utilisant des calculs à l'échelle
atomiques, par le biais de la modélisation de Dynamique Moléculaire.

Dans un premier temps, l'accent est mis sur des nanocomposites constitués d'une
matrice amorphe et de nano-inclusions cristallines. L'approche développée pour les
amorphes, séparant la partie balistique du transfert thermique qui prend la forme
d'onde plane se propageant dans le matériau et la partie di�usive repartissant lente-
ment l'énergie dans le matériau, est mise à pro�t. La séparation de ces contribu-
tions a montré que si la structuration a�ecte systématiquement la partie balistique,
maîtriser l'impact sur le transport di�usif est plus complexe. Celui-ci peut notam-
ment être réduit par la présence de pores ou d'inclusions plus molles que la matrice,
mais dans des proportions variables.

Une deuxième partie est consacrée à l'étude des nano�ls de silicium, et à l'impact
de l'amorphisation de ceux-ci. Pour cela, le transport d'énergie en fonction de la
fréquence dans des nano�ls avec une âme cristalline et une coque amorphe est étudié.
La coque amorphe provoque l'apparition d'un transport di�usif et une baisse de
transmission aux basses fréquences. Ensuite, la dynamique moléculaire est couplée
aux équations hydrodynamiques du transport de chaleur. Ce couplage est mis à
pro�t pour étudier la distribution radiale du �ux de chaleur en régime établie dans
les nano�ls cylindriques avec une couche amorphe régulière. Cette analyse suggère
que la réduction de la conductivité thermique due à l'ajout de la coque n'est pas
uniquement liée aux changements des propriétés de l'interface, mais plutôt à un e�et
global de la coque amorphe sur le libre parcours moyen.

Finalement, la structuration en cône de la couche amorphe est utilisée pour in-
duire une recti�cation thermique, c'est-à-dire une asymétrie spatiale dans le trans-
port thermique. Cette recti�cation semble être due à la perturbation de la propa-
gation des porteurs de chaleur à basses fréquences.

Mots-clés : Nanocomposite, Nanothermique, Matériaux Amor-

phe, Transport Balistique, Nano�ls, Simulations Atomistiques, Rec-

ti�cation Thermique
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Abstract

At the nanoscale, thermal and vibrational properties are intimately linked and de-
pend on the shape and composition of the material. Thanks to the nanostructura-
tion, nanocomposites allow a better control of the heat transfer. This can be used to
improve the performances of thermoelectric generators through a better insulation,
but also to improve the heat management in microelectronics application. In this
work, the thermal properties of some nanocomposites are studied using atomistic
level simulations, thanks to molecular dynamics.

In a �rst part, the focus is laid on nanocomposites composed of an amorphous
matrix and crystalline nano-inclusions. The approach separating the propagative
and di�usive contribution, developed for amorphous materials, is used. The ballistic
contribution where the heat is propagated by plane waves is systematically impacted
by the nanostructuration. Whereas a�ecting the di�usive contribution, that spreads
the heat slowly at the nanoscale, is more challenging. This can be done, for instance,
through pores or inclusions softer than the matrix but in variable proportions.

A second part is dedicated to the study of silicon nanowires, and the impact
of amorphization. For this, the transport of energy as a function of frequency in
crystalline core amorphous shell nanowire is studied. An amorphous shell causes the
apparition of di�usive transport and the decrease in transmission at low frequencies.
Then, molecular dynamics are coupled to hydrodynamic heat equations to study
the radial distribution of �ux in those nanowires. This analysis suggests that the
reduction of the thermal conductivity upon the addition of shell cannot be linked
solely to modi�ed interface properties, but are rather due to a global e�ect of the
shell on the mean free path of heat carriers.

Finally, it is shown that structuration of the amorphous layer in a conical shape
can be used to obtain thermal recti�cation, that is, a spatial asymmetry in thermal
transport. This recti�cation appears to be caused by the perturbation of transmis-
sion at low frequencies.

Keywords: Nanocomposite, Nanoscale Thermal Transfer, Amor-

phous Materials, Ballistic Transport, Nanowires, Atomistic Simula-

tions, Thermal Recti�cation
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Introduction

Thermal management, has always been crucial and is an increasingly hot topic.
Avoiding freezing or overheating is fundamental for human survival. This objective
has driven the development of the earliest technologies and continues to do so. This
involves the understanding and the mastering of heat transfer. In particular, con-
serving or dissipating heat is a key point of many applications since the last two
centuries with the development of modern technologies. It is in the 19th century
that Joseph Fourier proposed a formal relation between a temperature di�erence and
the transfer of heat [Fourier 1822]. This development was parallel to the apparition
and improvements of heat engines. With the heat engines came the thermody-
namic theory. Interestingly, the second principle of thermodynamics, discovered at
that time, pushed L. Boltzmann to propose a microscopic interpretation of entropy,
together with the fundamental microscopic equations for out-of-equilibrium heat
transfer [Boltzmann 1903]. Since then, the understanding of the composition of the
matter at a microscopic level has evolved, and heat transfer is now described at the
nanoscale, as well as at the atomic and even sub-atomic scales [Zenji et al. 2020].
This improved knowledge of physics at a nanoscale participated greatly in the de-
velopment of microelectronics [Riordan 2004].

The development and miniaturization of microelectronic components, has cre-
ated new needs. Two of them are particularly relevant for this work: a better
management of waste heat and the powering of autonomous devices. As 72 % of
the energy ends up wasted as heat [Forman et al. 2016], energy recovery at any
scale represents an important opportunity. For instance, this heat can be used
to generate the energy necessary to power small devices [Kishore & Priya 2018].
In parallel, through better thermal management, the impact of mass computing
could be reduced, by reducing the need for cooling [Oltmanns et al. 2020]. These
two applications, have in common to require semiconductors with tailored ther-
mal properties. However, a precise knowledge of the heat propagation is also
useful in many other �elds and applications. For instance, the thermal proper-
ties of a material a�ect the mechanical properties through thermo-mechanical cou-
pling [Allen 1991, Chrysochoos & Peyroux 1997]. A popular use of this e�ect is in
shape memory alloys [Lester et al. 2015]. Another example, is crack propagation,
as it is an energy activated process, an e�cient thermal management could help to
prevent brittle failure [Vincent-Dospital et al. 2020].

As the microchips get smaller and smaller, the power density and thus joule
heating are increased [Schelling et al. 2005]. This means that the heat has to be e�-
ciently managed, this happens through a good coupling with heat sinks [Zheng et al. 2021].
For this, a good thermal design at the nanoscale is crucial. To understand the
length and timescale it concerns, it is useful to have in mind the size of transis-
tors. The �rst 5 nm transistors were available to the public in 2020 and the 3 nm

are already in mass production test mid-2021 [Lily 2021]. The timescale is set by
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the processor frequency, that is around 2 to 10 GHz, this results in subnanosecond
cycles. This is not the only link between thermal management and information pro-
cessing. An advanced mastering of thermal transfer at the nanoscale could render
possible the processing of information through heat transport (thermal computing)
[Sklan 2015]. To achieve this, one should not only be able to guide heat but also to
have thermal switches and thermal diodes [Wang & Li 2007, Wehmeyer et al. 2017,
Kasprzak et al. 2020].

A good control of the thermal properties is also required for thermoelectric
generation. It relies on the Seebeck e�ect, linking an electric potential di�erence
and a thermal gradient. In order to use it to generate electricity, semiconductors
with a good electrical conductivity to transport the charges and a low thermal
conductivity to sustain the thermal gradient are needed. These two properties,
with the Seebeck coe�cient and the temperature, are used to measure the perfor-
mance of thermoelectric materials through the �gure of merit [Rowe 2018]. A way
to increase the e�ciency is to take advantage of an appropriate nanostructuration
[Haras & Skotnicki 2018]. These applications give the scope of this work: the study
of thermal transfers in semiconductors. More precisely, the focus will be laid on the
lattice contribution to thermal conductivity at the nanoscale.

With the decrease in the size of the objects, the macroscale models start to be
less and less accurate. In the case of thermal transfer, this means that the Fourier
law does not give an accurate representation anymore. At the nanoscale, the heat
transfer is often described by pseudo-particle (or heat carrier) exchanged between
hot and cold zones. The lattice heat carriers (phonons), are described as vibrations
of the atoms around their equilibrium positions. These vibrations are transmitted
through the atomic network. In this aspect, phonons are very close to sound waves,
but they di�er by one important factor: the frequency. To carry a substantial energy
amount, very high frequencies, and thus low wavelength, are needed. This renders
the phonon much more sensitive to obstacles or collisions with another vibration
than the sound waves. This frequent scattering distributes slowly the heat through
the material. Such a representation gives an accurate prediction for the simple
cases, for crystalline semiconductors for instance. It can even take into account
the role of defects on the thermal conductivity. However, the usual solid mechanics
description, initially developed for crystals [Ashcroft et al. 1976, Kittel 1976], relies
on the periodicity of the material. So, that, it starts to fail when disorder goes
from the exception to the norm. The simplest high disorder materials for which the
model fails are glasses. But the nanostructuration of the material can also disturb
the crystalline lattice enough to render this picture ine�ective and require more
complex models.

Glasses and nanostructured materials not only render the simplest thermal trans-
fer model ine�ective, but they also usually have a reduced thermal conductivity.
These are, thus, materials of choice for the applications of interest. Glasses are
the simplest low thermal conductivity materials, they do not rely on pores nor on
nanostructuration to have a low thermal conductivity. Rather, their low thermal
conductivity stems from the lack of structural periodicity, preventing the ballistic
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3

transport of energy above a few nanometers [Allen & Feldman 1993]. However, this
structural disorder also prevents the circulation of electrons, rendering their use for
electronic applications complicated. Nanocomposites can be used to circumvent this
problem.

Nanostructured materials or nanocomposites cover a wide range of materials with
features of characteristic dimension below the hundred of nanometers. The mod-
ern fabrication methods allow the creation of structures at this scale. The dimen-
sions reached are small enough to change the propagation properties of heat carriers
[Sledzinska et al. 2020]. One popular example are superlattices, where very thin lay-
ers of two di�erent phases are alternated. This pattern alters the thermal transport
in two ways: by introducing interfaces that scatter the heat carriers and by introduc-
ing a periodicity that can change the transport properties [Ravichandran et al. 2014].
Other popular nanostructures also include nanowires or nanotubes that force the
heat �ux in one dimension [Rurali 2010]. However, the simplest nanostructures con-
sist of inclusions of nanometric dimensions in a host matrix. In these nanometerials
the nanoinclusions act as scatterers for the heat carriers, slowing their propagation
and the transport of heat. Interestingly, the nanostructuration tends to impact the
heat transport more than the electrical conductivity. The average distance traveled
by an electron before scattering is much smaller than for phonon. As a result, the
nanostructuration needs to be much smaller to a�ect the electrons than the heat
carriers. This can be used, notably in amorphous crystalline nanocomposites, where
the crystalline structure insures the electrical conductivity and the amorphous ma-
trix provides the thermal insulation.

The nanostructures used for the reduction of thermal conductivity often take
advantage of the resonant frequency of the material to attenuate the transmis-
sion of energy. In this aspect, they are very close to materials designed for
sound attenuation, and principle and design can be transferred from one �eld
to the other [Maldovan 2013]. This is notably the idea behind metamaterials
[Kishore et al. 2021].

There are multiple ways to circumvent the shortcomings of the usual theory
of transport at the nanoscale. One of them is to consider each atom individually.
This allows to get rid of the hypothesis about the short scale periodicity of the
structures. By building a model based on a simple fundamental element, a point
mass interacting with others, it is possible to model the heat transfer in complex
nanostructures. This thesis is based on this principle: using molecular dynamics,
the vibrational and thermal properties of nanocomposites are studied. Such an ap-
proach not only allows to represent explicitly arbitrary microstructures. But it can
also be used to compare, understand and improve continuous theories. The direct
access to the di�erent quantities that MD simulations provide, can also be used to
improve continuum medium heat transfer model [Tong et al. 2019]. For instance,
thermomechanical coupling at the macroscale couples two di�erent quantities, tem-
perature and displacement, at the nanoscale, these quantities are both linked to the
movements of the atoms [Jabbari et al. 2017].

This thesis will start with a brief overview of the theory of thermal transfer at the
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nanoscale, a special attention will be devoted to the distinction between continuum
and discrete method. The length and timescale limitation of the methods will be
discussed. It entails a more detailed description of the molecular dynamics methods
used to describe heat transfer.

In the second chapter, the thermal properties of several bulk nanocomposites
will be studied. The e�ect of the size, sti�ness and interconnection of the nanoin-
clusions will be analyzed. Going through the chapter, the systems go from spherical
scatterers in an amorphous matrix to a percolating crystal mesh embedded in a
crystalline or amorphous matrix.

The third chapter will focus on the thermal transport in composite nanowires.
In a �rst step, the properties of constant diameter core shell nanowires will be
analyzed thanks to wave-packet propagation. This will be the occasion to study,
the role of an interface parallel to the �ux through the analysis of heat �ux radial
distribution in core/shell nanowires. This analysis is led using hydrodynamic heat
transfer equations to give perspective on the obtained pro�les.

Finally, it is shown that an asymmetric amorphous shell can induce thermal
recti�cation in silicon nanowires.

At the end of each chapter, there is a small conclusion and synthesis recalling
the key points mentioned in it. Moreover, to ease the reading of the manuscript the
central results, and argumentation are outlined by black boxes.
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6 Chapter 1. Theoretical Background and Methods
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Before getting to the results obtained in this thesis, the theoretical background
and methods of analysis of the heat transfer are presented. In particular, this chap-
ter focuses on thermal transfer through lattice vibrations. It starts with a short
recall of the equations used to describe thermal transport at the macroscale, then,
the theoretical modeling of thermal transport is introduced. This introduction starts
with thermal transfer in crystals and is then extended to glasses. After this, two
continuous approaches of thermal transfer are presented: Monte-Carlo for phonons
and the hydrodynamic heat equations. This is followed by a presentation of some
atomistic models. Among those, Molecular Dynamics (MD), a method that is used
through-out this monograph, is presented more in depth. At this occasion, the di�er-
ent concepts used to study the thermal and vibrational properties of nanomaterials
are presented.

1.1 Nanoscale Thermal Transport

In this section, the fundamentals of heat transfer are recalled, starting with the
Fourier law and its limits. After this, the concept of phonon is introduced and its
role in thermal conductivity explained.

1.1.1 From Macro to Nanoscale

Before getting to the explanation of the theoretical foundation of the modern un-
derstanding of lattice thermal conductivity, it is useful to recall how heat transfer
is modeled at the macroscale.

Let's start by recalling what heat is, thermodynamically. One of the �rst de�ni-
tion of heat, appears in the �rst principle as de�ned by Joule in 1843: heat is a way
energy can be exchanged, as is work [Joule 1851]. It corresponds to a variation of
the fast degree of freedom, whereas work corresponds to a slow degree of freedom.
Heat is also tightly linked to entropy: a heat transfer induces an entropy increase.
The second principle infers that in an isolated system, the heat has to �ow from the
hot to the cold subsystem [Diu & Guthmann 1989].

The founding relation of the thermal transfer science is the Fourier law. It links
the heat �ux (j) going through a material to the temperature gradient (∇T ) across
the material, using an intrinsic property of the material, the thermal conductivity
(κ):

j = −κ∇T, (1.1)

This relation can be used directly to model heat transfer in the steady state. To get
the evolution as a function of time, it can be combined with the energy conservation

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



1.1. Nanoscale Thermal Transport 7

relation:

(
∂E

∂t
) +∇ · j = 0, (1.2)

with E the energy in the absence of heat source. If the energy variations are due
only to temperature variations, it can be rewritten as:

ρCp(
∂T

∂t
) +∇ · j = 0 (1.3)

with ρ the density of the material and Cp the heat capacity. Combining the equa-
tions (1.1) and (1.3) the usual equation governing the di�usion of heat for constant
κ at the macroscale is obtained:

(
∂T

∂t
) =

κ

ρCp
∇ · (∇T ) (1.4)

This is a typical di�usion equation. It can be solved analytically for simple ini-
tial conditions. Interestingly, the concept of Fourier series was created to solve
this equation. It can also be solved using numerical methods, as �nite or discrete
elements.

However, being a phenomenological equation, established on empirical observa-
tions in 1822, it has its limits. It is an accurate description of thermal transfer in
solids at the macroscale. The main shortcoming of this model is that, it assumes that
the temperature gradient is instantaneously felt across the system. In other terms,
the response time of the system is neglected [Volz 2007]. If this approximation is
reasonable for relatively long timescales, it starts to fail for shorter timescales.

To explain this shortfall and other limitations of this theory, the way heat is
transported at the microscopic level must be considered.

1.1.2 Lattice Thermal Conductivity

As stated in the introduction, the scope of this work is the study of heat conduc-
tion, the radiative and convective heat transfer are thus neglected. Moreover, in
this section, a supplementary hypothesis is made, that is, that atoms do not move
signi�cantly away from their equilibrium position. As a consequence, there are only
two possibilities left to carry heat, through electrons or through mechanical wave
propagation. The thermal conductivity due to the vibration of the atoms is called
lattice thermal conductivity, it is the main contributor to heat transfer in insulators
and in most semi-conductors. In this section, the theoretical modeling of this lattice
thermal conductivity is presented through the concept of phonons.

One Dimensional Atomic Chain The vibrational modes of a periodic discrete
system, such as a crystal lattice, can be quanti�ed. These discrete modes are called
phonons. A quick example can be given for an atomic chain such as the one repre-
sented in �gure 1.1 [Kittel 1976]. In this model, the atoms are point masses linked
by springs with their �rst neighbors.
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8 Chapter 1. Theoretical Background and Methods

n n+ 1n− 1

Figure 1.1: Representation of a 1D atomic chain as point masses linked by springs.

For this simple system, the equation of motion of the atom i can be written as:

m
∂2un
∂t2

= k(un+1 − un) + k(un − un−1), (1.5)

with un the displacement of the atom n, k the spring constant. Solutions for this
equation can be found in the form of a plane wave un = u0 exp (i[ωt− qna]), with a
the interatomic distance at equilibrium, ω the eigenfrequency of the mode and q its
wave vector (reduced to a scalar in the case of the 1D chain). Injecting this solution
in equation (1.5) gives the relation between ω and q:

ω = 2

√
k

m

∣∣∣sin qa
2

∣∣∣ , (1.6)

this relation is called the dispersion relation. To complete the solution, boundary
conditions must be set, here periodic boundary conditions are used to model an
in�nite crystal [Ashcroft et al. 1976]. For N atoms, the atom N is linked with the
atom N−1 on the left and the �rst atom on the right. Using this, one �nds qn = 2πn

Na

with n labeling the mode number. In most applications, N is su�ciently large for
q to be considered continuous. In periodic lattices, q has a maximal value. Indeed,
due to the discreteness of the lattice, multiple wave vectors can describe the same
mode (un = u0 exp {i[ωt− qna]} is the same if q is increased by 2π/a). All possible
vibrational modes can then be de�ned with [Ashcroft et al. 1976]:

− π

a
< q <

π

a
. (1.7)

This space of uniquely de�ned modes is called the Brillouin zone. The group velocity
of phonons can be derived from the dispersion relation with vg = ∂ω

∂q . The modes so
described are called acoustic phonons. If two types of atoms with di�erent masses or
sti�ness constants are introduced, other modes appear. The two di�erent atoms can
now move in phase as described earlier, or out of phase. The out of phase solution,
concerning higher frequencies, gives the optical phonons [Kittel 1976].

Three Dimensional Lattice The concepts given for a one dimensional atomic
chain can be extended to a three-dimensional crystal lattice [Kittel 1976]. This in-
creases the number of degree of freedom to three per atom. There are now 3N modes,
for each mode described earlier: there are three possible branches, one longitudinal
corresponding to a movement parallel to the propagation direction akin to compres-
sion (see �gure 1.2a) and two transverse for the two directions perpendicular to the
propagation akin to shear modes (see �gure 1.2b). q is now a three-dimensional
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1.1. Nanoscale Thermal Transport 9

wave vector. The di�erent directions possible for q correspond to the di�erent lat-
tice directions [Dove 1993]. The notion of Brillouin zone is now extended in each
direction, depending on the periodicity of the lattice in these directions.

a) b)

Figure 1.2: Example of a longitudinal/compression (a) and a transverse/shear (b) modes.

The description of the crystal laid out in this section corresponds to the vision
of lattice dynamics, a fundamental �eld for the understanding of vibrational and
thermal properties at the microscale. It is presented shortly in section 1.7.1.

Phonon Distribution Each quanti�ed vibration, called a phonon is character-
ized in crystals by its wave vector q. The energy carried by each phonon de-
pends on its frequency and is given by ω~, with ~ the Planck constant. The
phonons are indistinguishable quasi-particles, occupying discrete states and not con-
cerned by the Pauli exclusion principle. As such, they obey Bose-Einstein distribu-
tion [Ashcroft et al. 1976]:

fBE =
1

exp ( ω~kbT )− 1
, (1.8)

with kb the Boltzmann constant. This gives pulsation distibution of phonons at
a given temperature T . This distribution function as a function of frequency and
temperature implies that at low temperature the high frequency phonons have a
very low probability of existence, or equivalently, a very low impact on the physical
properties of the system. The temperature below which the quantum nature of
phonons matters is called the Debye temperature ΘD. In other words, below ΘD,
not all the modes are allowed, the high frequency modes are "frozen", that is there
probability of existence are very low as described by the Bose-Enstein distribution
of modes (equation [1.8]) [Ashcroft et al. 1976]. Above this temperature, the Bose-
Einstein distribution starts to be equivalent to the Maxwell-Boltzmann distribution
for indistinguishable classical particles. This distribution is given by:

fMB =
1

exp ω~
kbT

. (1.9)

Up to this point, the phonons have been described as waves, however, within
the wave-particle duality picture, they can also be seen as particles. This particle
picture is useful to describe their contribution to the thermal conductivity.
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10 Chapter 1. Theoretical Background and Methods

1.1.3 Phonon Scattering

In the model introduced in this section, with a perfect lattice and a harmonic poten-
tial (interatomic forces represented by springs) phonons do not interact with each
other, and there is nothing limiting their propagation. As phonons are the lattice
heat carriers, this translates into an in�nite thermal conductivity [Dove 1993]. In
reality, the lifetime of the vibrational modes is limited either through damping (an-
harmonicity of the interaction potential) or through imperfections that break the
lattice periodicity. Using the particle picture, the anharmonicity can be understood
as a collision between phonons. The most commonly described type of collisions,
are the "three phonon processes" where two phonons collides to create a third or
one phonon splits in two. Among those collisions, two types are distinguished, the
elastic collisions that conserve the overall crystal momentum (sum of the wave vec-
tors) and the inelastic collisions or Umklapp processes that do not conserve it. In
all cases, the conservation of energy imposes that:

ω1 + ω2 = ω3 (1.10)

with ω1 and ω2 the frequency of the incident phonons, ω3 the frequency of the
resulting one.

Normal Scattering The elastic collisions are called normal scattering. The con-
servation of wave vector in the case of normal scattering can be written as:

q1 + q2 = q3, (1.11)

with q1 and q2 the wave vectors of the two incident phonons, and q3 the wave vector
of the resulting phonon (see �gure 1.3a). This kind of scattering does not change
the overall direction of the phonon �ow: the resulting phonon direction corresponds
to the sum of the direction of the two incidents phonons. Consequently, it does not
a�ect the overall transport of heat [Kittel 1976].

Umklapp Scattering However, due to the periodicity of the lattice,
phonon/phonon scattering does not necessary conserve the wave vector sum. If
the wave vector of the created phonon exceeds the maximum value allowed (de�ned
in 1D by equation [1.7]), the equation (1.11) becomes:

q1 + q2 = q3 + G, (1.12)

with G a reciprocal lattice vector, corresponding to the inverse of the lattice distance
in the 1D case. These processes change the orientation of the wave vector sum (see
�gure 1.3) and thus slow the propagation of heat, inducing a reduction of the thermal
conductivity [Kittel 1976].
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Figure 1.3: Schematic representation of Normal (a) and Umklapp scattering (b), qi repre-
sents the phonon i through its wave vector. The square in dashed line represents the �rst
Brioullin zone, G is a reciprocal lattice vector represented by the blue arrow.

"Geometrical" Scattering In real crystals, there are defects that breaks the
periodicity of the lattice, this perturbs the propagation of phonons. Di�erent defect
types have a diverse impact on phonons. The �rst kind are point defects, that
is crystalline vacancies or interstitial, impurities or isotopes. These point defects
interact mostly with high frequency phonons, that have a wavelength comparable
to the size of the defect [Tritt 2005]. The second kind are unidimensional defects,
typically dislocations. The dislocations a�ect the transport through the distortion
of the lattice they induce. Again, this perturbs mostly the high frequency phonons
due to the reduced size of the dislocation core [Ziman 1960]. The third types of
defect are surface defects, typically grain boundaries or 2D lattice imperfections
(twins or stacking faults). This kind of defects usually induces a partial re�ection of
the phonons, distributing the energy of the incident phonon between the two side of
the boundary (re�ection and transmission) [Ziman 1960]. The e�ect of interfaces on
the thermal transport is a very active subject [Termentzidis 2017]. The last type of
defects are volume imperfections, typically inclusions of another phase. Their e�ect
depends on their size and composition, these defects are the subject of chapter 2.

So far, it has been shown that the phonons can be seen as particles whose
trajectories are modi�ed by collisions, either with other phonons or defects. This
picture is called the phonon gas model. The evolution of the distribution of particles
and thus heat transfer within this picture can be described using the Boltzmann
Transport Equation (BTE).

1.1.4 Boltzmann Transport Equation

The BTE is an equation describing the evolution of the distribution function of
particles. It was derived originally to describe atomic di�usion in monoatomic gases.
It supposes that in these gases, the collisions between atoms are rare, conserve
momentum and happen instantaneously1.

1Or at least, that the duration of a collision is negligible in front of the relaxation time of the

system [Kittel 1976].

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



12 Chapter 1. Theoretical Background and Methods

It is derived from the Liouville theorem [Pottier 2007] describing the time evo-
lution of a distribution function with an additional collision term. The original
equation for a distribution f(r,v, t) of moving particles with positions r and veloc-
ity v is [Kittel 1976]:

∂f

∂t
+ v∇rf + α∇vf = (

∂f

∂t
)coll. (1.13)

The (∂f∂t )coll is the collision term, it describes the variation of the distribution
due to collisions between particles. v∇rf is the advection term and α∇vf the force
term coming from the Liouville theorem. In the case of a monoatomic gas, f is
the Maxwell-Boltzmann distribution (see equation [1.9]). In this case, the collision
term is derived using the e�ective section of the atoms to estimate the probability
of collision [Diu & Guthmann 1989].

Before going on, it is worth mentioning that, the exact form of equation (1.13),
including every kind of non-linear interactions between coupled particles (and not
only the collisions), is a set of coupled equations, each involving higher order terms
forming the BBGKY hierarchy [Kreuzer 1981]. The form given here is a simpli-
�cation for independent particles, the correlation between pairs of particles being
hidden in the collision term.

In the case of phonons, the equilibrium distribution function is the Bose-Einstein
distribution (see equation [1.8]). And the equation (1.13) is simpli�ed by neglecting
the force term, considering that there is no external �eld acting on the phonons.
The v in the advection term corresponds to the group velocity of acoustic phonons.

The collision term is often estimated thanks to the relaxation time approxima-
tion:

(
∂f

∂t
)coll =

f − f0

τ
(1.14)

with τ the relaxation time and f0 the equilibrium distribution function. The relax-
ation time is a parameter describing the time needed to return to equilibrium once
the system is perturbed. In the case of phonons, τ corresponds to the lifetime of
phonons, that is the average time between two collisions [Kittel 1976].

By using these approximations, the equation (1.13) reduces to:

∂f

∂t
+ v∇rf =

f − f0

τ
, (1.15)

and in the steady state, the �rst term is null. This particular form of the BTE used
for a rare�ed phonon gas is the Peierls-Boltzmann equation [Pottier 2007].

The distribution function and group velocity can be used to compute the heat
�ux due to phonons [Ziman 1960]:

j =
1

3

∑
q

fqωq~vq, (1.16)

with
∑

q a sum over each mode labeled by its wave vector q and fq the proba-
bility density attributed to a particular mode. If the deviation to the equilibrium
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1.1. Nanoscale Thermal Transport 13

distribution is caused by a thermal gradient, equation (1.16) can be transformed
in [Ziman 1960]:

j =
1

3
∇T

∑
q

ωq~
∂fq
∂T

v2
qτq, (1.17)

with τq the relaxation time of the mode q. By dividing the equation (1.17) by ∆T

the kinetic theory results can be recognized:

κ =
1

3

∑
q

Clattv
2
qτq, (1.18)

with Clatt = ω~∂fq∂T the lattice heat capacity [Ashcroft et al. 1976]. The equa-
tion (1.18) is useful to understand the role of time/length scale in the shortcoming
of the Fourier law. For this, the Mean Free Path (MFP) Λ = vqτq is introduced, it
corresponds to the average distance traveled by a phonon before a scattering event.
If this distance is small in front of the system size (as represented in �gure 1.4 b), κ
does not depend on size and geometry and the Fourier law (equation [1.1]) is valid.
If Λ is of the order of the size of the system, the transport is ballistic (as represented
in �gure 1.4 a). In this case, the value of κ depends on the size and geometry of the
system.

a) b)

Λ Λ

Figure 1.4: Schematic representation of ballistic (a) and di�usive transport (b). The blue
region represents the cold and the red the hot thermal bath, each arrow represent the
trajectory of a phonon between scattering events.

The BTE is a very useful tool to model thermal transport. It is widely used to
estimate the thermal conductivity at the nanoscale using a continuous model, some
of those models are presented in section 1.2.

1.1.5 Thermal Transport in Amorphous Material

The development of section 1.1.4 relies on the phonon gas picture. This represen-
tation of lattice thermal conductivity assumes that the lattice vibrations that carry
heat, are moving in a straight line at a given velocity with a given frequency, wave
vector and polarization. The distance traveled by these phonons being limited by
collisions with other phonons or crystal defects [Ashcroft et al. 1976]. This model
was designed for perfect crystals, and is still e�ective for crystals with defects, but
breaks down for disordered systems. Indeed, in disordered systems, like amorphous
materials, phonons with a well de�ned eigenvector are no more eigenmodes of the
system.
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14 Chapter 1. Theoretical Background and Methods

The vibrational modes in amorphous materials have been extensively described
by Tanguy et al. [Tanguy et al. 2002, Tanguy 2015, Beltukov et al. 2016]. Three
types of vibrations were identi�ed: plane waves (propagons), vibrations with a ro-
tational structure (di�usons), and multifractal modes (locons).

The breakdown of the phonon gas model was introduced earlier by Allen and
Feldmann [Allen & Feldman 1993]. They have shown that for disordered solids,
the BTE cannot be applied. In these solids, the mean free path of some plane
waves excitations is of the order of the interatomic distance. Due to the small
propagation length, these excitations do not have a well-de�ned group velocity and
wave vector. Therefore, their contribution to the thermal conductivity can not be
estimated through equation (1.18). However, those vibrations still contribute to
the heat transport. To take those contributions into account, a new model was
developed.

For this, they have introduced an intermediary transport regime be-
tween the localization and the propagation of vibrations: the di�usive
regime [Allen & Feldman 1993, Allen et al. 1999]. They have extended the notion
of phonon as heat carriers and established a distinction between propagative and
non-propagative phonons. For the propagative one, the phonon gas model can be
applied and the equation (1.18) used to estimate their contribution to the lattice
thermal conductivity. In the frequency range of the propagons, a plane wave exci-
tation keeps its structure, and wave fronts show a well de�ned group velocity (see
�gure 1.5a). Allen and Feldman have called the eigenmodes of the dynamical ma-
trix in this frequency range propagons, by analogy with the dynamics of plane wave
excitations in the same frequency range [Feldman et al. 1999].

On the contrary, for the non-propagative phonons, no proper wave vec-
tor/velocity can be de�ned. The non-propagative phonons can be decomposed into
two categories of eigenmodes: the locons and the di�usons. Locons are localized
modes, with a low participation ratio2 as described by Anderson in disordered sys-
tems [Anderson 1958, Faez et al. 2009] (see �gure 1.5c). These vibrations are always
supported by the same sites. As such, they do not contribute to the transportation
of energy through the system [Beltukov et al. 2018].

Di�usons designate the eigenmodes in the frequency range where plane waves are
strongly scattered (see �gure 1.5b for the dynamical evolution of plane waves with
�nite extent in the frequency range of di�usons). They were originally interpreted
as o� diagonal terms in the heat current operators [Allen & Feldman 1993]. In
the frequency range of di�usons, the vibrational energy is neither transported at
�nite velocity, neither localized, but it is spread di�usively. This can be shown
as resulting from the decomposition of the plane waves on random vibrations that
break the front wave [Tanguy et al. 2010]. The resulting di�usion is characterized by
a di�usivity coe�cient Di [Feldman et al. 1993]. The contribution of the vibrations
to the thermal conductivity in this frequency range is written as:

2The participation ratio describes the proportion of atoms participating to a vibrational mode.

The de�nition is given by equation 1.43 in the following of this chapter.
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1.1. Nanoscale Thermal Transport 15

a)

b)

c)

Figure 1.5: Illustrationa of the velocity �elds in the di�erent regimes: propagative (a),
di�usive (b) or localized (c) the blue arrows represent the velocity of the atoms.

aObtained by exciting a slice of Amorphous Silicon (a-Si) at 1 (a), 12 (b) and 19 THz (c) with a

longitudinal force excitation at a given frequency on a �nite temporal window (see section 1.5.3),

the �rst image is obtained 1.7 ps after the excitation, the others 12 ps after it.

κ =
∑
i

ClattDi. (1.19)

These regimes being described, a di�culty arises: how to distinguish them and
compute the di�erent contributions to the thermal conductivity. This di�culty was
circumvented in the seminal paper of Allen and Feldman by considering the con-
tributions of the di�erent regimes using a Matthiessen rule [Feldman et al. 1993].
Multiple authors have simply used a frequency limit to discriminate between prop-
agative and di�usive modes [Beltukov et al. 2013, Larkin & McGaughey 2014]. The
used frequency limit is set by the Io�e-Regel criterion. This criterion relies on the
comparison between the MFP and the wavelength [Feldman et al. 1993]. It re�ects
that for a MFP lower than the wavelength, no group velocity nor wave vector can
be de�ned. However, both propagative and di�usive regimes coexist around this
frequency hence, the di�usons progressively take-over the propagons and there is no
sharp limit. The distinction between locons and di�usons is based on the participa-
tion ratio [Feldman et al. 1993, Beltukov et al. 2016], but also on their contribution
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16 Chapter 1. Theoretical Background and Methods

to energy transport [Beltukov et al. 2018]. In amorphous silicon, most of the heat
transfer appears to be di�usive, one of the latest approximation gives only 30 % of
propagative contributions [Tlili et al. 2019].

Some authors use a di�erent de�nition of di�usons. For instance, Seyf and Henry
have developed a method to distinguish the propagons and di�usons systematically
based on the periodicity of the eigenmode [Seyf & Henry 2016]. However, Tanguy et
al. have already shown that all eigenmodes in amorphous materials can be described
as superposition of plane waves [Tanguy et al. 2002]. The propagative or di�usive
nature of the propagation depends on the number and orientation of these plane
waves.

1.2 Continuous models

In the section, continuous medium models relying on the equation (1.18) are pre-
sented: starting with the direct use of equation (1.18), it continues with a stochastic
approach to solve BTE (the Monte-Carlo method) and concludes with the hydrody-
namic heat equations that uses the BTE to rederive a heat equation taking bound-
aries and relaxation time e�ects into account.

1.2.1 Model Based on Kinetic Theory of Gases

The equation (1.18) is used in many models to predict the thermal conductivity of
solids. These models have been �rst described by Callaway [Callaway 1959], and
Klemens [Klemens 1955]. They contain estimations of the lifetime due to di�erent
scattering processes. These lifetimes are then summed using the Matthiessen rule:

τ−1
T =

∑
i

τ−1
i . (1.20)

This approach is valid if the scattering phenomena are independent of each oth-
ers. For example, Klemens gives an estimation of the lifetime reduction due to the
di�erent scattering sources named in section 1.1.3 depending on the temperature
range [Klemens 1958].

This kind of method have been widely used since the six-
ties [Slack & Galginaitis 1964], and continue to be popular [Yang & Dames 2013].
However, the determination of the coe�cient often requires �tting to experimental
data of the thermal conductivity as a function of the temperature, and the method
thus appears to be mainly phenomenological.

1.2.2 Monte-Carlo Resolution of the Boltzmann Equation

In general, Monte-Carlo methods refer to approaches using a random sampling from
a distribution to compute an approximation of a numerical quantity by averaging
over numerous inputs. In the context of thermal transport, it can be used to compute
an approximate solution of the BTE [Lacroix et al. 2006]. The idea is to create two
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1.2. Continuous models 17

thermal baths, each one sampling phonons from the Bose-Einstein distribution,
and to let the phonons, represented by particles, propagate in the structure (see
�gure 1.6). The phonons' energy, velocity, and direction are chosen to represent
the physical distribution of the phonons in the structure. This depends on the
temperature set for the thermal baths and material being modeled. The system is

Th Tc

Figure 1.6: Schematic view of the starting point of a MC simulation, the phonons (dots)
are generated in the hot (Th) and cold (Th) heat baths and have a velocity distribution
taken from equation (1.8).

discretized in volume elements. These elements have distinct properties depending
on their temperature, and material composition. Then the movement of the phonons
across the material (phonon drift) is simulated iteratively. At each time step, the
position of the phonons are updated, by multiplying their velocity vector by the
time step. During this propagation step, it is checked that the phonons do not
interact with boundaries or interfaces. The eventual collisions result in either a
specular re�ection or a di�usion, depending on the surface properties. After the
phonon drift phase, the phonons have a set probability to be scattered by di�erent
mechanisms (atomic defects, phonon-phonon processes, etc.). The probability of
each scattering mechanism is determined by the temperature and some material
properties of the volume elements. The temperature of each volume element is
determined by the energy of the phonons inside the volume at the given time step.
After a certain number of time steps, a steady state is reached. At this point, the
heat �ux and thermal conductivity can be computed, using the phonons velocity
and energy [Termentzidis 2017].

This method is particularly useful to compute the thermal properties of nanocom-
posites in the steady state. Contrary to the method described in the previous section,
it can be used to model arbitrary complex geometries. The size limitation is given
by the number of time steps needed to reach steady state. This amounts to a few
micrometers. Given that the Bose-Einstein distribution is respected, provided that
the di�erent scattering probabilities are adapted to the conditions, this method is
valid from 0 K up to the melting point [Termentzidis 2017].

1.2.3 Hydrodynamic Heat Transport Equations

The BTE can also be used to obtain a continuous medium equation describing
the heat transport at the microscale. This is the idea behind the hydrodynamic

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



18 Chapter 1. Theoretical Background and Methods

heat equations. For this, equation (1.15) is used to derive the balance equation of
energy [Sendra et al. 2021]:

∂e

∂t
+∇ · j = 0, (1.21)

and of momentum:
∂p

∂t
+∇ ·Π =

∫
~qC(fq)dq, (1.22)

with e =
∫
~ωqfqdq the energy density

∫
dq being the sum over the modes, j =∫

~ωqfqvqdq the heat �ux, p =
∫
~qfqdq the momentum density, Π =

∫
~qvqfqdq

the �ux of crystal momentum and C(fq) the linearized collision operator.
By linking the energy density variation and the heat �ux, equation (1.21) ensures

the energy conservation. By expending the distribution fq around the equilibrium
Bose Einstein distribution and combining equations (1.21) and (1.22) one can ob-
tain [Guyer & Krumhansl 1966b, Guyer & Krumhansl 1966a, Sendra et al. 2021]:

j + κ∇T + τ
∂j

∂t
= l2[∇2j + α∇(∇ · j)], (1.23)

where ` is the non local length, τ the heat �ux relaxation time and α a non local
coe�cient. These parameters depend on the dispersion relations and lifetimes of the
di�erent phonon branches [Sendra et al. 2021]. The non-local length ` characterizes
the distance over which the �ux is a�ected by the boundary, and it can be understood
as a length over which the �ux is self correlated. This depends, in the derivation
this work relies on, on the dispersion relation in the crystal and the relaxation time
Sendra et al.:

`2 =
1

5

〈v3
g,q/vp,qτ

2
q〉

〈vg,q/vp,q〉
(1.24)

where 〈xλ〉 =
∫
~ωλ∂T feqλ dλ/Cv refers to the average over each wavelength weighted

by the contribution of each mode to the thermal capacity, vg is the group velocity,
vp is the phase velocity and τq is the relaxation time of the mode. The heat �ux
relaxation time τ is de�ned by:

τ =
〈v2
g,qτ

2
q〉

〈v2
g,qτq〉

. (1.25)

In the same way, the thermal conductivity is recovered:

κ =
1

3
Cv〈v2

g,qτq〉, (1.26)

which is equivalent to equation (1.18). This description assumes that the material
is isotropic. The relaxation time and velocities are usually extracted from ab initio

simulations.
The �rst two terms of equation (1.23) correspond to the usual Fourier law. The

last term in the left-hand side introduces the thermal inertial e�ect, this term is
important when the timescale is close to the phonon lifetime. The terms in the
right-hand side introduce non-local e�ects that appear when the size of the system
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1.3. Molecular Dynamics (MD) 19

is of the order of the mean free path. This last term is analogous to a viscous term.
This equation has some similarity with the Navier-Stokes equation (NSE). The heat
�ux here corresponds to the �ow velocity in the NSE, the temperature gradient
correspond to the pressure gradient and the non local length to the viscous term.
For these reasons, equation (1.23) is called the phonon hydrodynamic equation.
Moreover, it is to be noted that the NSE can be derived from the BTE applied to
atoms [Diu & Guthmann 1989].

If the original derivation was made for low-temperature applications for speci�c
materials where N-processes dominate like graphene [Guyer & Krumhansl 1966b,
Cepellotti et al. 2015, Lee et al. 2015], it has been shown that it can be generalized
for other materials at room temperature [Beardo et al. 2021a, Alajlouni et al. 2021,
Beardo et al. 2020, Guo et al. 2018].

The equations (1.23) and (1.21) can be solved for complex geometries using the
�nite element method. For this, boundary conditions are needed, the slip (Neumann)
boundary condition for the tangential heat �ux jt is often used:

jt = −C`∇jt · n, (1.27)

with n the normal vector pointing toward the exterior, and C the slip coe�cient.
C is determined as a function of the specular and di�usive phonon-boundary re�ec-
tions [Beardo et al. 2019]. C sets the heat �ux at the boundary.

It is also worth to note that the applicability of the hydrodynamic heat transport
model derived in [Sendra et al. 2021] is limited to small enough Knudsen numbers. A
limit of validity is given by the fact that the e�ect of the boundaries should not over-
lap that is ` < L/2 with L characteristic length. This method, implemented using
�nite elements, has already successfully modeled the thermal relaxation of nanos-
tructured heat sources on Si substrate [Beardo et al. 2021a, Alajlouni et al. 2021] or
thermore�ectance experiments [Beardo et al. 2020]. Alternatively, the method can
be used more phenomenologically to provide an interpretation of mesures obtained
with MD [Melis et al. 2019]. This approach will be used in chapter 3 in conjunction
with molecular dynamics to study the radial heat �ux distribution in nanowires.

1.3 Molecular Dynamics (MD)

The thermal and vibrational properties at the nanoscale are dictated by the micro-
structure. To re�ect this, many methods that consider the atomic structures explic-
itly were developed. One of them is MD, in this section, the basic concepts of this
method are reviewed.

1.3.1 Movement of Particles

Molecular Dynamics is a simulation method in which the movement of each atom
constituting the matter is modeled. It was developed in the �fties at the very begin-
ning of computer simulation [Alder & Wainwright 1959]. The idea is rather simple,
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20 Chapter 1. Theoretical Background and Methods

the movement of each atom is derived from the newtonian equation of motion. The
forces acting on each atom are computed from an interatomic potential:

mi
d2ri
dt2

= −∂U
∂ri

, (1.28)

where ri is the position of the atom i, mi its mass, and U the interaction potential.
This equation is then solved by a stepwise integration scheme, giving the evolution
of the position and the velocity of each atom. The most commonly used integration
scheme is the Verlet velocity scheme [Swope et al. 1982]:

ri(t+ ∆t) = ri(t) + vi(t)∆t+
1

2
ai(t)∆t

2 (1.29)

with t the time, ∆t the integration timestep, ai = d2ri
dt2

the acceleration, the velocity
vi(t) is computed with:

vi(t+ ∆t) = vi(t) +
ai(t) + ai(t+ ∆t)

2
∆t. (1.30)

This integration scheme has the advantage of being simple, stable, and time re-
versible [Frenkel & Smit 2001]. The time step used depends on the simulation, but
has to be short enough to insure energy conservation. For the systems studied in
this work, the time step is 1 or 0.5 fs. From this time step, the time and length scale
limitations of MD are easy to understand, 1× 106 times steps are needed to reach
a 1 ns. Thus, on modern monoprocessor computers it takes a few hours to compute
the trajectories of 1× 104 atoms over 1 ns. However, MD simulations are easily par-
allelizable, and thus the simulations can be performed on massive compute-nodes.

Because it uses a classical equation of motion, MD is fully classical and deter-
ministic. There is no quantization of energy states, and the same initial state of the
simulated system, same initial positions and velocities, leads to the same evolution
(if the integration errors are neglected).

To carry out the di�erent MD simulations described in this manuscript, the
open-source software LAMMPS [Plimpton 1995] is used.

1.3.2 Interaction Potential

At the length and time scales of MD the e�ect of gravity is negligible. The only forces
considered are the interatomic forces, computed from the potential U . In classical
MD, the electronic structure of the atoms is not considered. The interactions are
estimated through an interatomic potential that depends solely on the positions
of the atoms relative to each other. The simplest way to design an interaction
potential is to have atoms that attract each other when far apart and repel each
other when too close. This is the idea behind early interatomic potentials such as
the Lennard-Jones potential:

U(rij) = 4ε

((
σ

rij

)−12

−
(
σ

rij

)−6
)
, (1.31)
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1.3. Molecular Dynamics (MD) 21

with rij the distance between atom i and j, ε setting the interaction energy and σ
setting the equilibrium interatomic distance. Equation (1.31) represents the inter-
action between atoms i and j; the force acting on one atom is simply the sum of
all the forces due to atoms surrounding it. While basic, this potential can model
relatively accurately the behavior of solid Argon [Ashcroft et al. 1976]. To reduce
the computational cost, each atom only interacts with the atoms within a cuto�
radius (see �gure 1.7).

Figure 1.7: Schematic representation of the cuto� radius: the force on the red atom results
from the sum of the interaction forces due to every atom within the cuto� radius (in dark
blue). The circle in dotted line represents the interaction range (cut-o� distance) of the
central atoms. The interaction with the other atoms in light blue are ignored.

However, these simple pair potentials are limited to a few practical applications.
For instance, the energetically favored structure is systematically a close-packed
structure. The attraction/repulsion between the atoms organizes them as hard
spheres would. To obtain other crystallographic structures, other interactions have
to be introduced. These interactions are classi�ed by the number of simultaneously
interacting atoms they involve [Stillinger & Weber 1985]:

U(1, . . . , N) =
∑
i

u1(i) +
∑
i,j

u2(i, j) +
∑
i,j,k

u3(i, j, k) + · · ·+ uN (1, . . . , N) (1.32)

with N the total number of atoms, un the part of the potential involving n atoms.
u1 represents the interaction of one atom with an external �eld, u2 a two body
interaction where only the distance between the particle i and j matters, u3 a three
body interaction involving the angle formed by the particles (or any combination of
the three distances). In most cases, there is no external �eld (u1 is null). Also, as
n increases the contributions get smaller, so that usual potentials rarely use terms
above u4. In the case of Si, a commonly used potential is the Stillinger-Weber (inter-
atomic potential) (SW) [Stillinger & Weber 1985], it is based on a two and a three
body terms:

u2(rij) = Aijεij

(
Bij

(
σij
rij

)pij
− 1

)
exp

(
σij

rij − aijσij

)
(1.33)
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22 Chapter 1. Theoretical Background and Methods

u3(rij , rik, θijk) = λijkεijk(cos θijk − cos θ0)2 exp

(
γijσij

rij − aijσij

)
exp

(
γikσij

rik − aikσik

)
(1.34)

with A, B, ε, σ, λ, a, θ0, γ and p a set of parameters �tted to reproduce
the properties of Si, especially the directionality of the covalent bonding. These
parameter are set to insure that the diamond phase is the most stable, and that the
melting point, the frequency of di�erent modes and the elastic properties are in range
with the experimental values. To model amorphous/crystalline nanocomposites, in
this thesis, the parameters described by Vink et al. [Vink et al. 2001] particularly
adapted for crystalline and amorphous Si [France-Lanord et al. 2014a] are used.

For the simulation of SiO2 and the melt-quench procedure of Si the Terso�
potential is also used [Terso� 1988]. The formalism is di�erent, but also includes
two body (distance) and 3 three body (angle) dependencies:

uij = fC(rij)[fR(rij) + bijfA(rij)] (1.35a)

fR(r) = A exp(−λ1r) (1.35b)

fA(r) = B exp(−λ2r) (1.35c)

fC(r) =


1, r < R−D

1

2
− 1

2
sin
(π

2
(r −R)/D

)
, R−D < r < R+D

0, r > R+D

 (1.35d)

bij = (1 + βn + ζij)
−1/2n (1.35e)

ζij =
∑

k(6=i,j)

fC(rik)g(θijk) exp
(
λ3

3(rij − rik)3
)

(1.35f)

g(θ) = 1 +
( c
d

)2
− c2

d2 + (h− cos θ)2
(1.35g)

ηij =
∑

k(6=)i,j

fC(rik) exp
(
λ3

3(rij − rik)3
)
, (1.35h)

with A, B, λ1, λ2, λc, β, n, c, d and h a set of parameter. R and D are cut-
o� radii. For the simulations of this work, the set of parameter of Munetoh et

al. [Munetoh et al. 2007] was used.
The last potential type that is used in this work is the van Beest, Kramer

and van Santen (inter-atomic potential) (BKS) [van Beest et al. 1990]. It does not
include a three body term. However, it considers long-range Coulomb interactions.
Although simple, this potential allows a better modeling of SiO2 during the melt-
quench procedure than the Terso� potential (see section 2.1). This potential is
de�ned as:

U(rij) =
qiqj
rij

+Aij exp(−bijrij)−
cij
r6
ij

, (1.36)

with qi and qj the charges of the atoms, A, b, c other bond parameters. The
particular implementation of Carré et al. was used [Carré et al. 2007].
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1.3. Molecular Dynamics (MD) 23

Di�erent interatomic potential are useful in di�erent conditions, for instance
the Terso� potential describes well the liquid phase of Si and the Stillinger Weber
describes better the melting point.

1.3.3 Boundary Conditions

Despite the limitation in the number of atoms, MD is not limited to the simulation
of nano-objects and can be used for the study of bulk properties. To circumvent
the size limitation, periodic boundary conditions are used. With periodic boundary
conditions, the atoms do not only interact with atoms in the simulation box, but
also with atoms on the other side of the boundary. That is, in �gure 1.8 the atoms
near the boundary at x = L interact with the atoms near the boundary at x = 0.
Everything happens as if the system interacted with an image system, a copy of
itself, located behind the periodic boundary conditions. As a result, in the direction
where periodic boundary conditions are used, the system is "in�nite" but with a
periodicity given by the box size. On the contrary, at �xed boundary condition

Periodic BoundaryFixed Boundary

Simulated Atom Image Atom

x

y

x=0 x=L

Figure 1.8: Schematic representation of boundary conditions in 2D with periodic conditions
in x and �xed boundary conditions in y direction.

the system ends up with free surfaces, because the atoms only interact with atoms
within the simulation domain. As a consequence, in a 3D simulation, if periodic
boundary conditions are set in the three cartesian coordinate directions, there are
no surface e�ects and this approximates a bulk material. If periodic boundaries are
used in two directions thin �lm properties can be simulated, and if it is used in only
in one direction an in�nite nanowire can be modeled.

It is to be noted that the arti�cial periodicity introduced by periodic boundary
conditions has a consequence in terms of maximum wave length allowed. Indeed the
wave-length cannot be larger than the simulation box length. This has repercussions
on the computation of the dynamical structure factor that are discussed in section
1.5.2.
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24 Chapter 1. Theoretical Background and Methods

1.3.4 Microstructure Relaxation

An important step in MD simulations is the structural relaxation. Most applica-
tions require creating or modifying the microstructure of the object simulated. This
implies that the atoms are put in arbitrary positions, without taking into account
whether the position is energetically favorable or not. If the position of the atoms
are not energetically favorable, too close to another atom for instance, this can
create instabilities. If constant energy simulations are performed right away, some
atoms could be submitted to large forces and be ejected out of the simulation box.
To avoid this, once the geometrical construction is done, the position of the atoms
are usually relaxed, with the objective of �nding a local energy minimum. This is
usually done thanks to a Conjugate Gradient (CG) method [Polak & Ribiere 1969].
This is a stepwise optimisation method that uses the force gradient as well as in-
formation from the previous iterations for a quicker convergence. As most iterative
optimisation methods, it can be stuck in a local minimum.

If the minimization procedure is successful, the atoms should be in a local mini-
mum of potential energy and the movement of atoms at the beginning of a simulation
should be due to their initial velocity only.

1.3.5 Energy, Thermostats, and Barostats

With the methods described up to this point, it is possible to set up a simulation
of a nano-object or of bulk material. For this, the geometry (position of the atoms)
must be set, the appropriate interaction potential chosen, and the structure relaxed.
And only then the integration scheme can simulate the evolution of the system at
constant energy. In MD simulations, the energy is expressed as:

E =
∑
i

U(ri) +
∑
i

v2
imi

2
, (1.37)

the �rst term being the potential energy depending on the position and interaction
potential, and the second one the kinetic energy depending on the velocity of the
atoms. During constant energy simulations, energy conservation implies that the
evolution of the system is due to potential energy being transformed in kinetic energy
and vice versa. The global energy of the system is thus set by the initial conditions
(positions and velocities of the atoms). The number of particles and volume of
the simulation cell being �xed at the beginning of the simulation, it reproduces the
microcanonical thermodynamical ensemble [Allen & Tildesley 2017]. This ensemble
is also called NVE, for �xed number of particle N �xed volume V and �xed energy
E. It represents the possible evolutions of an isolated system, without interactions
with the environment.

However, practically, it is useful to be able to simulate a system that interacts
with the environment. In particular, one may want to set the temperature of the
system, this is the role of thermostats. In MD simulations, the instantaneous tem-
perature T of a volume V is de�ned thanks to the mean kinetic energy of the atoms
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1.4. Con�gurations and Structural Characteristics (MD) 25

inside the volume if the average velocity of each atom is zero (otherwise it is given
by the velocity �uctuations [Diu & Guthmann 1989]):

T (V ) =
∑
i∈V

v2
imi

3nkB
, (1.38)

where the sum runs over the n atoms in the volume V . Thus, the temperature
can be controlled through the regulation of the velocity of the atoms. This is the
idea behind the simplest thermostat: the velocity rescaling thermostat. This ther-
mostat works by changing homogeneously the velocities of some atoms at regular
intervals to obtain the chosen temperature. However, this approach is crude and
introducing random velocity changes can have a strong in�uence on the dynamic of
the system. To avoid this, other thermostats have been developed, the most popular
one is the Nosé-Hoover thermostat [Nosé 1986]. This thermostat uses a reformula-
tion of the equations of motion of the atoms to include the coupling to a thermal
bath [Allen & Tildesley 2017]. Such a thermostat allows performing simulations in
the canonical ensemble or NVT (�xed number of atoms, volume and temperature).

Alternatively, for other applications, one may wish to monitor and control
the pressure. This is useful in particular to avoid thermal stresses when the
temperature is modi�ed. In MD, the pressure in a 3D system is computed
through [Frenkel & Smit 2001]:

P =
NkbT

V
+
∑
i∈V

vi · fi
3V

, (1.39)

with fi the forces on atom i. Usually, the control of the pressure is done in simula-
tions where the temperature is also controlled, or NPT simulations (�xed number of
atoms, pressure, and temperature). The control of the pressure is mainly achieved
through the variation of the volume. The modern barostats, similarly to ther-
mostats, work by introducing new terms in the equation of motion. The barostat
used in the simulations of this work is a Nosé-Hoover barostat [Martyna et al. 1994].

1.4 Con�gurations and Structural Characteristics (MD)

This work focuses on solid state nanocomposites, and in particular on nanocompos-
ites with both a crystalline and an amorphous phase. In this section, the elaboration
methods of the amorphous phase is presented before getting to the method used to
assemble the phases. After this, the monitored structural properties and their eval-
uation methods are presented.

1.4.1 Elaboration of Amorphous Samples

Crystalline structures are rather simple to create, one only needs to lay out
the atoms following the wished crystallographic structure. The creation of an
amorphous structure with realistic structural properties is less obvious. There
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26 Chapter 1. Theoretical Background and Methods

are two main approaches: either start with atoms in random positions and
then relax the positions to get a meta-stable structure, or imitate the experi-
mental procedure: melt a crystalline structure and then quench it to obtain a
glass [Ishimaru et al. 1997, Guénolé et al. 2013]. Both methods have their limi-
tations, for instance the random position based method is sensitive to the ini-
tial position, and the melt quench method is sensitive to the quenching param-
eters [Vollmayr et al. 1996, Lee et al. 2006, Fusco et al. 2010]. In this work, the
choice has been made to use melt-quench method, that can been seen as closer to
the real procedure used to obtain amorphous material obtained3. More practically,
this worked is based on earlier works that used the melt-quench approach. In the
following, the melt quench methods used in this work are described.

Amorphous Silicon The amorphous silicon sample used in this work are the
same as in the publication [Tlili et al. 2019]. This was elaborated in the following
manner [Fusco et al. 2010]:

1. A crystalline silicon structure is created

2. The system is heated at 3500 K using a Terso� potential

3. The system is equilibrated at 3500 K

4. The system is quenched at a rate of 1× 1014 K s−1

5. The energy is minimized using the CG method

6. The interaction potential is switched to a SW potential

7. The system is annealed at 100 K for 10 ps

8. The energy is minimized using the CG method

This method combines the realistic micro-structure allowed by using the Terso�
potential for the melt-quench procedure and the mechanical properties adequacy of
the SW potential at lower temperature [Tlili et al. 2019].

Amorphous Silica The amorphous silica con�guration was created using the
procedure described in [Mantisi et al. 2012].

1. A β-Crystoballite crystal is formed

2. The energy is minimized using the CG method with the BKS potential

3. The system is heated up 5200 K in 1 ns at constant volume

4. The system is annealed for 10 ps at this temperature

5. The system is quenched to 300 K with a rate of 5.3× 1012 K s−1

3Although at a much faster quench rate.
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6. The interaction potential is switched to a Terso� potential [Munetoh et al. 2007]

7. The structure is quenched to 10 K at the same rate

8. The energy is minimized using a conjugated gradient method and then a
Hessian-free truncated Newton algorithm to ensure a better convergence

Figure 1.9 shows a small portion of the sample at step 1 and step 8.

b)a)

Figure 1.9: β-Crystoballite sample (a) and resulting Amorphous Silica (a-SiO2) (b), Si
atoms are represented by the large blue spheres and O atoms represented by the smaller
pink spheres.

1.4.2 Nanocomposites

This work does not focus on the properties of amorphous silicon and silica, but on
the properties of nanocomposites involving these materials. The speci�c nanocom-
posites are described in the following chapters. However, the basic procedure to
obtain them is common to all: a speci�c shape is cut in the amorphous structure
and then the crystalline phase is added inside the hole created. To avoid having
overlapping atoms, the hole is either cut slightly larger than the shape of the in-
clusion (of .1Å) or the overlapping atoms are deleted (that is atoms within less
than than 2 Å of each others) The obtained structure is then relaxed using en-
ergy/force relaxation methods, to further relax the structure it is also annealed at
100 K for a few thousand time steps. This method was successfully used in previ-
ous works [France-Lanord et al. 2014a, Termentzidis et al. 2018a, Tlili et al. 2019],
and does not result in unrealistic strains in the structure studied. This point can
be ver�ed using the interfacial energy (see section 3.1.1) or an estimation of the
stress/strain �elds (see appendix B.4).

1.4.3 Structural Properties

At this point, it is useful to describe the di�erent analysis methods used to evaluate
the microstructure of amorphous materials. The di�erent quantities are obtained
thanks to the analysis and visualization software OVITO [Stukowski 2009] in con-
junction with ASE [Larsen et al. 2017].
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Radial Distribution Function The RDF represents the probability to �nd an
atom at a distance r from another [Frenkel & Smit 2001]. In MD simulations, it is
computed as:

g(r) =
3V

4πr2

∑
i∈N

∑
j∈N
〈δ(r + ri − rj)〉. (1.40)
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Figure 1.10: RDF of crystalline (a) and amorphous (b) silicon.

Two examples of RDF are given in �gure 1.10: the RDF of Crystalline Silicon
(c-Si) and a-Si. The RDF of c-Si shows clearly what is expected for a crystal, the
atoms are at a set distance from each others, this distance being de�ned by the
crystalline structure. On the other hand, in the glass some peaks corresponding to
the average distance to �rst/second or third neighbor are visible but are less sharp.
The atoms are not at a set distance from each others, but distributed around them.

Bond Angle Distribution The Bond Angle Distribution (BAD) gives the distri-
bution of the angles formed by each atom with two �rst neighbors. For every atom,
the angle between each pair of �rst neighbors is measured, then from the angles
list a histogram can be constructed. The �rst neighbor distance is chosen thanks
to the RDF. For instance, in the case of a-Si in �gure 1.10 atoms within 3Å of
each other are considered �rst neighbor. This quantity is useful to verify that the
bonding directionality is respected. For instance, for a-Si, the BAD is expected to
be around 108◦ [Fortner & Lannin 1989]. An example of BAD for a-Si is given in
the �gure 1.11. It shows that the distribution is centered around the expected value
and is symmetric around it.

Coordination Analysis The coordination number of an atom corresponds to the
number of atoms that are bonded with it. In other words, it is the number of �rst
neighbors. For crystalline structures, it can be deduced from the lattice geometry.
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Figure 1.11: Bond angle distribution for a-Si.

For instance, for c-Si in the cubic diamond con�guration, it is 4. For amorphous
materials, this number has to be computed explicitly. For each particle, the number
of atoms within bonding distance are counted. Two atoms can be considered bonded
if they are within the maximum distance of the �rst neighbor deduced from the RDF.

The coordination number distribution can be used as a measure of the quality
of a simulated amorphous structure. To analyze it, a histogram, as the one visible
in �gure 1.12, can be plotted. The �gure contains the coordination numbers of the
atoms of the a-Si sample used. For a-Si, the coordination number is supposed to
be 4, close to the value of c-Si. And this is what is obtained for 94 % of the atoms.
There is some over-coordinated atoms and very few under-coordinated atoms, as
expected [Fusco et al. 2010].
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Figure 1.12: Distribution of the coordination numbers for a-Si.

Q-speciation The Q-speciation is a quantity that can be computed for oxide
glasses. It corresponds to the number of binding oxygen atoms per silicon atom
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in the case of SiO2. That is, the number of oxygen atoms bonded with a given Si
atom that are also bonded to another Si atom. The Qn notation gives the number
of bridging oxygen for a Si atom: a Q1 Si atom has only one oxygen atom that
is also bonded with another Si atom, a Q2 has two oxygen atoms bonded with
other Si atoms and so on. For pure SiO2, it is expected that the overwhelming
proportion of atoms are Q4, the bonding of O atoms with Si being much more
energetically favorable than the others [Sen & Youngman 2003]. Practically, it is
computed similarly to the BAD: for every Si atoms, each oxygen atom within
bonding range is considered. Then for each oxygen atom the presence of another Si
atom with bonding distance is checked, if there is one, the Q number of the atom
is increased. This computation is repeated for each Si atom. This is discussed in
appendix A.1.

1.5 Vibrational properties (MD)

Not only is MD useful to study the structure of materials and compare it to ex-
perimental results, but it can also be used to estimate vibrational properties of
structures. This covers a wide range of characteristics: from the eigenfrequency
distribution to the damping characteristics. In this section, the di�erent methods
used to compute the vibrational properties with MD are reviewed.

1.5.1 Vibrational Density of States

The VDOS of a system describes the spectral distribution of its eigenfrequencies.
It is a useful quantity to get an idea of the importance of a particular frequency
range, or the allowed vibrational frequencies in a system. More importantly, it is
also a useful comparison point with experimental results. For instance, the adequacy
between the obtained and experimental VDOS was one of the control point during
the de�nition of the SW potential used for Si in this work [Vink et al. 2001]. There
are multiple methods that can be used to compute the VDOS, one method relying
on a statistical analysis of the movement and two others relying on the dynamical
matrix will be described.

Velocity Autocorrelation Function The VDOS can be evaluated thanks to
the Fourier transform of the mass weighted Velocity Auto-Correlation Function
(VACF) [Dove 1993]:

g(ν) =
N

kbT
F

{∑
i∈N

mi〈|vi(t) · vi(0)|〉

}
, (1.41)

with F {} the Fourier transform, g(ν) the VDOS at frequency ν. This quantity
can be computed for the whole system or only part of it by selecting the particles
over which the sum is performed. As for every quantity computed through a Fourier
transform, the maximum frequency is given by the sampling rate νmax = (2τsamp)

−1

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés
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and the frequency resolution is given by the acquisition time νmin = τacqu
−1. Prac-

tically, before recording the VACF, the system is �rst equilibrated at 50 or 100 K

using a Nosé-Hoover thermostat. The VACF is then computed over 100 ps without
thermostat. Finally, a Fourier transform of the resulting VACF is performed and
then �ltered using a Savitzky-Golay polynomial �lter [Savitzky & Golay 1964].

Dynamical Matrix The DM is a matrix representing the system through its
harmonic interactions, that is, as a point mass linked by spring. Its usage and
de�nition come partially from Lattice Dynamics (see section 1.7.1). The elements
of this matrix are de�ned for any periodical or �nite object as:

Miα,jβ = (
√
mjmi)

−1 ∂U

∂riα∂rjβ
, (1.42)

with i and j indexing atoms, α and β indexing the spatial directions, mi the mass of
atom i, rjβ the position of the jth atom in the direction β, and U the potential energy
of the system. LAMMPS evaluates the DM by computing the force variation on an
atom resulting from a single atomic displacement. The DM reduces the system to a
3N × 3N matrix with N the number of atoms. The eigenvalues of this matrix give
the eigenfrequencies squares of the system, and the eigenvectors give the associated
vibrational modes (scaled by the square root of atomic masses). The handling of
the matrix is facilitated by its sparseness: equation (1.42) reduces to 0 if the atom
i lies outside the cuto� radius of atom j. To compute the VDOS, the eigenvalues of
this matrix have to be estimated. This can be done with di�erent methods.

Direct Diagonalization For the small systems (below 1× 104 atoms) the DM
can easily be diagonalized explicitly. Many methods and approaches exist to do this,
in this manuscript the Implicitly Restarted Arnoldi Method [Lehoucq et al. 1998]
implemented in Sci Py for Python was used. The direct diagonalization gives eigen-
modes together with the frequencies. And thus, by using it, one can easily compute
the Participation Ratio (PR) for each mode. The participation ratio indicates the
proportion of atoms taking part to a vibrational mode. It is computed as:

PR =
1

N

(
∑N

i=1 ‖ri‖2)2∑N
i=1 ‖ri‖4

(1.43)

with ri the displacement of the ith atom for a given mode and N the total number
of atoms. As mentioned before (see section 1.1.5) the participation ratio can be used
to identify the localized mode (that have a low participation ratio) and thus comple-
ments the VDOS that gives the spectral distribution of the eigenmodes regardless
to their contribution to the thermal conducivity.

Kernel Polynomial Method For larger systems, for which the DM
can be obtained but not diagonalized explicitly, the eigenvalues are esti-
mated thanks to the Kernel Polynomial Method (KPM) described by Weiÿe et
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al. [Weiÿe et al. 2006] and implemented for the computation of the VDOS by Bel-
tukov et al. [Beltukov et al. 2016]. The VDOS is approximated by series of Cheby-
chev polynomials. By distinguishing the modes that conserve the volume of the
Voronoi cell around each atom and those who do not, the transverse and longi-
tudinal modes can be distinguished [Beltukov et al. 2015]. The Voronoi cells were
computed thanks to the Voro++ open-source software [Rycroft 2007].
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Figure 1.13: VDOS of a-Si estimated using the di�erent methods.

The di�erent results for the DOS of a-Si are represented in �gure 1.13. The
advantages and drawbacks of the di�erent methods are discussed more in depth in
the section 2.1.

1.5.2 Dynamical Structure Factor

The DSF, similarly to the VDOS, is a representation of the vibrational properties
of the system. The DSF contains information both about the wave vector and the
frequency. It is essentially a spatial and temporal Fourier transform of the atomic
displacements. It is used to characterize the vibrational properties of a system, as
measured by X-ray or by neutrons scattering experiments [Boon & Yip 1991]. It
can be de�ned as:

Sη(q, ω) =
2

NT

∣∣∣∣∣
Nat∑
i

exp(−iq · ri)
∫ τ

0
ui(ri, t) ·mηexp(iωt)dt

∣∣∣∣∣
2

(1.44)

with q the wave vector, ui and ri the displacement and position of the ith atom,
mη the polarization vector (parallel or perpendicular to q), T the temperature and
N the total number of atoms [Beltukov et al. 2013]. The wave vector resolution
is given by 2π/L with L the length of the simulation box in the direction of the
wave vector. The direction of the vector q can be chosen arbitrarily, this allows to
sample the dispersion relations in the di�erent directions of the lattice in the case
of crystals.
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The atomic trajectories used for the computation of S(q, ω) are obtained as fol-
lows: the sample is heated at a �nite temperature (in this work 100 K if not otherwise
mentioned), equilibrated at this temperature for 5× 10−3 ns using a Nosé-Hoover
thermostat and the atomic trajectories are then recorded during a 1× 10−2 ns long
constant energy simulation.
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Figure 1.14: Dynamical structure factor of a-Si for longitudinal wave vector, the white lines
correspond to the �tted dispersion curve.

From the DSF the phononic dispersion curves can be obtained. To do so, the
DSF is �rst convoluted with a typical energy resolution curve of line-width 1.35 meV

(as suggested by Tlili et al. [Tlili et al. 2019]). Then, the dispersion is estimated
from the frequency for which S(q, ω) has the highest value for each wave vector
within the acoustic phonon frequency range. This dispersion is �nally �tted to a
sine function,ν = c1 sin(2πqc2) with c1 and c2 constants (see section 1.1.2), allowing
the analytical derivation of the group velocity:

vg =
∂ν

∂q
= 2πc1c2 cos(arcsin(ν/c1)) (1.45)

The DSF for a-Si and the �tted dispersion relation for longitudinal modes is dis-
played in �gure 1.14.4

Alternatively, the DSF can be used to extract both the dispersion relation and
the lifetime of phonons. To this end, the low frequency region can be �tted with
the DHO model [Beltukov et al. 2016]:

Sη(q, ν) =
A

4π2
(
(ν2 − ν2

η(q)
)2

+ ν2Γ2
η)

(1.46)

with Γη = 1/τη the inverse lifetime, νη(q) the phonon dispersion, A the amplitude,
and η labeling either the longitudinal or transverse polarization. The parameters of
equation (1.46) are �tted to match the DSF obtained with equation (1.44) for every
wave vector. Thus, this model enables the computation of both the lifetime and the

4The result can be compared with what was obtained by Damart et al. [Damart et al. 2015].
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dispersion relation using the DSF only. The �t is performed using a least square
algorithm (Levenberg�Marquardt algorithm) from Scipy [Virtanen et al. 2020]. The
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Figure 1.15: Sη(q, ν) as �tted using equation (1.46) for the longitudinal polarization in
a-Si.

result of the �tting to a DHO model for a longitudinal polarization for a-Si are dis-
played in the left panel of Figure 1.15 for a few wave vectors. The expression (1.46)
seems to �t to the DSF computed via equation (1.44) reasonably well at low frequen-
cies. However, as the frequency increases the DSF is increasingly noisy, degrading
the �t quality.

1.5.3 Wave-Packet Simulations

The vibrational properties of the nanocomposites can also be studied through the
analysis of the propagation of a Wave-Packet (WP). For this, an excitation at a
given frequency is imposed on a small group of atoms, and the resulting energy
propagation is monitored, for this the systems are at very low temperature the
only source of energy being the excitation. This gives a frequency resolved insight
about the propagation of phonons. The method described here is similar to the one
described by Beltukov et al. [Beltukov et al. 2016]. The WP is generated through a
Gaussian windowed sinusoidal force excitation,

f = A sin[2πν(t− 3τ)] exp

[
−(t− 3τ)2

(2τ2)

]
, (1.47)

imposed to the atoms to be excited. The excited slice is generally located in the
center of the nanocomposite, at a symmetry plane so that the propagation is the
same on each side of the excited plane. The amplitude A is chosen to be su�-
ciently low to study only the impact of the geometry and microstructure on the
wave propagation (typically A≈1× 10−4 eVÅ−1). A large amplitude could cause
anharmonic e�ects to appear. The spreading of the Gaussian window τ is chosen
to be su�ciently small to o�er a compromise between spatial extension of the WP
compared to the system length, and the resolution in the frequency space. The

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



1.5. Vibrational properties (MD) 35

used value is 0.36 ps. The spectral resolution can be de�ned as the width of the
Fourier transform of the window, δν ≈ 1/2πτ ≈ 0.4 THz. The WP method is thus
very similar to pump probe experiments, in which an optically excited transducer
induces a mechanical wave, at a frequency of the order of the GHz, in the sample to
study [Bartels et al. 2006, Dilhaire et al. 2011]. In MD the frequency is not limited
by the time resolution of the measurement but by the system size.

a) b) c)

Figure 1.16: Schematic view of a longitudinal (a), transverse (b) or random excitation (c).

Furthermore, contrary to pump probe experiments, MD simulations allow to
choose the polarization of the wave created. If the force is applied perpendicularly
to the slice, it creates a longitudinal wave (see �gure 1.16a). If the force is applied in
the direction parallel to the slice, the wave created is transverse (see �gure 1.16b).
Alternatively, the force can be applied in a random direction, di�erent for each
excited atom, as shown in �gure 1.16c. This random excitation prevents the appari-
tion of a coherent single plane wave and thus keeps only the di�usive5 part of the
motion [Beltukov et al. 2013].

After the excitation, the atomic kinetic energy as a function of the position is
recorded every 0.01 ps from the creation of the excitation until the wave reaches the
limits of the nanocomposite. This allows studying the spatial and time decay of the
wave-packet.

Mean Free Path The analysis of the decay rate of a longitudinal or transverse
excitation allows computing its MFP. The amplitude of the wave-packet decreases
due geometrical defects (interface/disorder), because of the very temperature the
e�ect of anharmonicity can be neglected. To do so, the envelope of the wave-packet
is computed �rst. The envelope is de�ned as the maximum amplitude of the wave-
packet as a function of the distance from the excitation source (see �gure 1.17).
Then, the MFP is estimated from the exponential decay rate of the wave-packet
envelope [Beltukov et al. 2018]. This is very similar to the estimation of an optical
MFP with the Beer-Lambert law.

In some occurrences, like at high frequencies in amorphous materials, the ex-
ponential decay can be ill-de�ned. In these cases, the penetration length is used
instead of the MFP. The penetration length is de�ned as the distance to the ex-
citation for which the energy has been divided by exp (1) [Beltukov et al. 2018].
As a consequence, it corresponds to the MFP in the case of a perfect exponential

5Di�usive meaning here akin to a di�uson 1.1.5, as opposed to ballistic, here that propagates

as a plane wave.
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Figure 1.17: The envelope is de�ned as the maximal amplitude of the wave at a given
position (black solid line), the energy distribution for some time steps is represented with
di�erent colors. Here, the reference position (0) is the position where the excitation is made,
and the initial time corresponds to the 0 in equation (1.47).

attenuation, that is for ballistic propagation6.

Di�usivity The energy di�usivity is used to estimate the contribution of the non
propagating modes (see section 1.1.5) to the thermal conductivity. It is computed
thanks to the wave-packet with a random excitation direction [Beltukov et al. 2013].
It is derived from the average square distance to the di�usion front:

R2(t) =
1

Etot

N∑
i=0

x2
iEi, (1.48)

with N the number of slices, i the slice index, xi the distance to the excitation, Ei
the kinetic energy of the ith slice. The di�usivity is linked to the time dependence
of R2 by the equation of one-dimensional di�usion,

R2(t) = 2D(ν)t (1.49)

D(ν) is then computed through a least square �t. This can be done for the di�erent
excitation frequencies, but it is ill-de�ned in the purely propagative regime (when
the heat carriers travel through the system rather than spread).

1.6 Thermal Conductivity Estimation (MD)

There are numerous methods, that can be used to compute the thermal conduc-
tivity using MD. In the following section, the focus is on the non equilibrium

6The ballistic regime being de�ned as the regime where the phonon or propagons dominate heat

transport, as a opposed to di�usive dominated by di�usons

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



1.6. Thermal Conductivity Estimation (MD) 37

0 1 2 3 4 5 6 7

Time (ps)

2

4

6

8

R
2
(n
m

2
)

Figure 1.18: Average square distance to the di�usion front as computed with equation (1.48)
for a-Si after a random force excitation at 10 THz, the dotted line corresponds to the �t
used to compute the di�usivity.

molecular dynamics (NEMD), the equilibrium molecular dynamics (EMD), the ap-
proach to equilibrium molecular dynamics (AEMD) and the reconstitution of the
thermal conductivity through the kinetic theory. The �rst two are quite popu-
lar in the literature, but alternatives exist, such as the Einstein relation based
method [K�nac � et al. 2012]. Before starting the description of the methods, it
is worth mentioning that because MD is a fully classical simulation, all vibra-
tional modes are accessible at all temperature (no quantization of energy). Thus,
the phonon distribution does not follow the Bose Einstein distribution (see equa-
tion [1.8]), but rather the Maxwell Boltzmann distribution (see equation [1.9]). As
a consequence, the methods that do not correct for the contribution of the di�er-
ent frequencies as a function of the temperature, are valid only above the Debye
temperature ΘD where all mode are populated (see section 1.1.2).

1.6.1 Non Equilibrium Molecular Dynamics

The Non Equilibrium Molecular Dynamics (NEMD) method relies on the creation
of a temperature gradient across the system. The (e�ective) thermal conductivity
of the system is then estimated thanks to the Fourier law using the relation:

κ =
J∆x

S∆T
(1.50)

where J is the thermal �ux going from one thermostat to the other, S the
cross-section, ∆T

∆x the thermal gradient. Di�erent thermostat layouts are possi-
ble [Schelling et al. 2002a], here the focus is on the one described in �gure 1.19.
In this layout, �xed boundary conditions are used in the direction of the thermal
gradient, and the position of the atoms near the extremity are �xed to avoid free
surface e�ects.

The �ux is computed directly from the energy exchange rate at each thermo-
stat. The computation of the �ux in this way avoids the di�culty of determin-
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Fixed atoms

Th Tc
L

Figure 1.19: Schematic representation of a NEMD simulation, with the hot and cold ther-
mostat represented in red and blue respectively, the region where the atoms are �xed atoms
are represented in black.

ing a per atom �ux described in section 1.6.2. The temperature gradient is es-
timated directly from ∆T

∆x = (Th − Tc)/L with L being the distance between the
thermostats (see �gure 1.19). Other possibilities for the computation of the �ux
exists [Jund & Jullien 1999, Müller-Plathe 1997], and other possibilities for the es-
timation of the thermal gradient are discussed by Li et al. [Li et al. 2019].

Globally, the NEMD method is a conceptually simple way to compute the ef-
fective thermal conductivity of a nanocomposite. This method allows comput-
ing the thermal conductivity in a given orientation, with a given �ux direction.
Thus, with this method, an eventual thermal recti�cation can be measured (see
chapter 3). However, due to ballistic transport, the results may depend on the
length [Schelling et al. 2002b].

1.6.2 Equilibrium Molecular Dynamics

The EMD relies on the �uctuation dissipation theorem, linking the decay of the
�uctuation of an internal variable to its response function. Here, the �ux auto-
correlation integral is linked to the thermal conductivity using the Green-Kubo
formula [Kubo 1957]:

καβ =
1

V kBT 2

∫ ∞
0
〈Jα(0)Jβ(t)〉dt (1.51)

with α and β indexing the Cartesian coordinates, V the volume of the system and
Jβ(t) the thermal �ux in the direction β at a time t. A discretized version is de�ned
as [Schelling et al. 2002b]:

καβ =
∆t

V kBT 2

M∑
m=1

(m− p)−1
p∑

n=1

Jα(m+ n)Jβ(m) (1.52)

with ∆t the time step between two successive �ux computations,M the total number
of time steps, and p the number of steps over which the auto-correlation function is
averaged.

The system has to be equilibrated at a set temperature before the computation of
the �ux-�ux correlation. This equilibration is performed thanks to a Nosé-Hoover
thermostat, stabilizing the temperature over a few hundred thousand time steps.
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Figure 1.20: Example of convergence of the thermal conductivity computed through equa-
tion (1.52), the blue curves represent independent runs and the red curve the average
between the runs.

After this equilibration step, the thermostat is removed to ensure that �ux auto-
correlation is sampled from the NVE ensemble. Then, the �ux auto-correlation is
computed over a few million times steps.

This equilibration/computation process is repeated a few times using di�erent
initial velocities to get better statistics. Equation (1.52) gives access to the ther-
mal conductivity tensor directly without performing a di�erent set of simulations.
As it is a statistical measure of the thermal conductivity, it is less sensitive to size
e�ects [Schelling et al. 2002a]. However, this method has few shortfalls: long simu-
lations are necessary to converge on a value [Schelling et al. 2002a], the computation
of the �ux is not trivial for manybody potentials [Surblys et al. 2019] and it is not
possible to compute thermal recti�cation with this method.

Heat Flux in Molecular Dynamics The computation of the thermal conduc-
tivity via the Green Kubo equation (1.52) requires the de�nition of the heat �ux.
In MD the heat �ux in a volume V can be de�ned as [Hardy 1963]:

j =
1

V
(
∑
i

Eivi + ¯̄σi · vi), (1.53)

with Ei the total energy of the atom i, vi the velocity of atom i, and ¯̄σi the atomic
stress7 on atom i. This corresponds, to the energy �ux due to the movement of
atoms (convective term Eivi), and part due to the �uctuation of potential energy.
This last part can be computed using the virial stresses ¯̄σi that is a sum of the
interaction forces between atoms times their distance [Hardy 1963]:

7Note that the so-called "atomic stress" components are computed from the interatomic forces.

They are homogeneous to a volume times "mechanical stresses". The comparison between the

discrete and the continuous expression of the total mechanical energy allows identifying this volume

to the volume of the Voronoi cell around each atom [Alexander 1998]
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¯̄σi = −
∑
k∈Ki

1

Nk

∑
j∈k

rkj ⊗ Fk
j , (1.54)

with Ki the number of interaction involving the atom i, Nk is the number of atoms
involved in the interaction (two for pair interactions), rkj the position of the atoms
j involved in the interaction, Fk

j the force acting on atom i due to the interaction
with atom j for the k body interaction.

However, this method is strictly valid only for pair poten-
tials [Surblys et al. 2019]. Fan et al., later Surblys et al. and Boone et al.

proposed another method of computation [Fan et al. 2015, Surblys et al. 2019,
Boone et al. 2019]:

¯̄σi = −
∑
k∈Ki

1

Nk
(rkj − rk0)⊗ Fk

j , (1.55)

with rk0 the position of the centroid of the atoms involved in the k interaction rk0 =
1
Nk

∑
i∈k rki . This method is appropriate for many body potentials, and starts to be

implemented in LAMMPS. However, a large section of the literature (and this work)
still uses the implementation of equation (1.54). This approximation is reasonable if
the 3 body interactions do not contribute to a large portion of thermal conductivity
as for Si and GaN [Fan et al. 2015, Zhou 2021, Termentzidis et al. 2018a].

1.6.3 Approach to Equilibrium Molecular Dynamics

The approach to equilibrium molecular dynamics is an alternative way to compute
the thermal conductivity using MD [Lampin et al. 2012]. As its name states, it is
based on the monitoring of on the evolution of a system from an out of equilib-
rium state as it relaxes toward the equilibrium to estimate its thermal properties.
Practically, a temperature gradient is set up in a system thanks to a cold and a
hot thermostat, after an equilibration period the thermostats are switched o� and
the system then evolves at constant energy toward equilibrium. The theoretical
evolution is displayed in �gure 1.21, the blue line represents the temperature pro�le
before switching the thermostats o�, the orange and green lines represent the tem-
perature pro�le as the system evolves toward equilibrium. The temperature pro�les
displayed use the Fourier series used to �t to the pro�le obtained in MD. The pa-
rameters needed to reproduce the MD distribution are used to estimate the thermal
properties of the system. In this aspect, this method is very similar to the laser
�ash method used to estimate the di�usivity at the macroscale.

This method has the advantage over the EMD and NEMD that only short sim-
ulation times are needed (hundreds of ps) and that it does not require the compu-
tation of a �ux. Moreover, it can be used to study bulk material in general, inter-
faces [Hahn et al. 2015] and nanowires [Lampin et al. 2013]. As the NEMD method,
the AEMD is sensitive to size e�ect and for crystals large simulation domain are
needed [Zaoui et al. 2016].
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Figure 1.21: Theoretical evolution of the temperature pro�le during an AEMD procedure,
approached via Fourier series.

1.6.4 Thermal Conductivity from the Kinetic Theory

The thermal conductivity of nanocomposites can also be evaluated using their vibra-
tional properties, for this the method developed by Tlili et al. [Tlili et al. 2019] can
be used. The contribution of the propagative and di�usive modes are separated,
as for amorphous material (see section 1.1.5). This method is thus relevant for
amorphous/crystalline nanocomposites. The contribution of the propagative modes
(modes with a de�ned wavevector and MFP) (κP ) is estimated with the following
expression:

κP =
∑
η

∫ νmax

0

mη

3
C(ν, T )v2

η(ν)τη(ν)gη(ν)dν, (1.56)

with C(ν, T ) the heat capacity8 at the temperature T and frequency ν, vη the
group velocity, τη the phonon lifetime, gη the density of state, and mη the degree
of freedom associated to the polarization η with ml = 1 for longitudinal an mt = 2

for transverse. νmax is the frequency for which there is no propagation anymore,
this corresponds in glasses to the Io�e-Regel frequency (see section 1.1.5). Equa-
tion (1.56) is obtained by substituting the sum of the modes in equation (1.18) by a
sum of the integrals over the frequency below Io�e Regel for each polarization. For
the propagating modes, the phonon gas model can be used and thus this equation
corresponds to equation (1.16)

The phonon lifetime can be estimated thanks to the MFP computed through
wave-packet divided by the group velocity, or alternatively through the �t of the
DSF with the damped harmonic oscillators solution (see equation (1.46), below the
Io�e-Regel frequency.

8Note that C(ν, T )gη is equivalent to Clatt in equations (1.18) and (1.19)
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The di�usive9 contribution to thermal conductivity (κD), of the modes without
a de�ned MFP can be estimated through [Larkin & McGaughey 2013]:

κD =

∫ ∞
νmax

3C(ν, T )g(ν)D(ν)dν, (1.57)

with D the di�usivity computed using equation (1.4)10. This equation is equivalent
to the equation (1.19), the sum being replaced by an integral. The heat capacity,
using the Debye model [Ashcroft et al. 1976], is given as follows:

C(ν, T ) =
Nkb
V

(
2πν~
kbT

)2
exp (2πν~

kbT
)

(exp (2πν~
kbT

)− 1)2
, (1.58)

with kb the Boltzmann constant, ~ the Planck constant, V the volume, and N the
number of atoms. It is worth mentioning that the usual de�nition of the heat
capacity includes the VDOS. Here, the vibrational density of states is separated for
the sake of separation of analytically derived terms and terms estimated with MD.
Thanks to the weighting of the contributions of each frequency as function of the
temperature, this description of the thermal conductivity is valid below the Debye
temperature contrary to the methods previously described in this section. The
method for the estimation of other components of the equations (1.56) and (1.57)
are detailed in the section 1.5.

The total thermal conductivity is simply the sum of the di�usive and propagative
contributions.

Lifetime Estimation and Temperature E�ect The computation of the ther-
mal conductivity through equation (1.56) relies on the estimation of the phonon
lifetime as a function of frequency and polarization. The lifetime is considered to be
limited by two phenomena: interfaces or defect scattering, and the phonon-phonon
scattering. The former is assumed to depend only on the geometry and is estimated
thanks to the MFP computed at 0 K with the wave-packet method and the group
velocity:

τ−1
geom =

vη(ν)

Λη(ν)
, (1.59)

with Λη(ν) the MFP at frequency ν for the polarization η, and vη the group velocity.
The wave-packet propagation simulations taking place at 0 K, the reduction of

lifetime due to anharmonicity is underestimated. To compensate for this, a lifetime
due to phonon-phonon interactions is introduced. This lifetime may be estimated
with the empirical relation described in the Callaway model as a function of tem-
perature and frequency [Callaway 1959].

τ−1
ph−ph = P (2πν)2T exp(−CU/T ), (1.60)

9As in for "di�usons", or modes that have a di�usive behavior at the microscale.
10The di�usivity is sometimes given as an average over v2η(ν)τη(ν), however here it is used to

determine the contribution to thermal conductivity of modes for which Λ or τ is not de�ned
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with P and CU empirical scattering parameters, in this work these parameters are
set to the value given by Yang et al. [Yang & Dames 2013]. There are alternative
expressions for this lifetime reduction due to phonon-phonon processes, such as the
one derived analytically by Klemens [Klemens 1958]. However, those do not seem
to be e�ective at room temperature [Asen-Palmer et al. 1997].

The global lifetime used in equation (1.56) is then estimated using Matthiessen
summation rule:

τ−1 = τ−1
geom + τ−1

ph−ph. (1.61)

1.7 Other Atomically Resolved Models

Classical MD is not the only atomically resolved method allowing the estimation
of thermal conductivity. Many other methods have been developed over the years.
In this section, Lattice Dynamics, Atomic Green Function, and Ab Initio molecular
dynamics are presented shortly.

1.7.1 Lattice Dynamics

One of the earliest methods that considers the atomic structure of materials is
Lattice Dynamics. It was developed to address the limitation of the static lattice
model [Dove 1993]. It uses the model introduced in section 1.1.2: the atoms are
modeled either by mass points or by core-shell structures interacting with each
others. To model bulk material, it is considered that the simulated pattern (usually a
primitive cell of a crystal lattice) is repeated inde�nitely in all directions of space (see
�gure 1.22) creating an in�nite medium. To ease the analysis, the small displacement
approximation is made. For most applications, the interaction potentials between
atoms are considered harmonic. This amounts to study a network of point masses
linked to their nearest neighbors by springs, as introduced in section 1.1.2 and
depicted in �gure 1.22. This is a reasonably accurate description of perfect crystals
at low temperatures. It provides a good description of the dispersion relation of
phonons in the di�erent lattice directions and of the VDOS [Dove 1993]. However,
the harmonic approximation predicts an in�nite thermal conductivity for perfect
crystals. To remedy to this problem, higher order estimations of the interaction
potential can be used. When higher order terms are added, the method is sometimes
called "anharmonic lattice dynamics". The consideration of those terms allows
introducing the phonon-phonon interactions described in section 1.1.2 that limit
the phonon lifetime and thus the thermal conductivity. The added terms are often
limited to the cubic and sometimes quadratic contributions [Ashcroft et al. 1976].

Lattice dynamics, although not directly used in this work, is relevant as some
concepts derived from it, such as the dynamical matrix (see section 1.5.1), are used.
It also provides a useful formalism for the derivation of statistical quantities from
the movement of the particles.
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Figure 1.22: Schematic representation of a 2D lattice, with springs representing the inter-
action between the atoms. The dark blue atoms in the square represent the pattern that is
repeated to simulate the bulk.

1.7.2 Atomic Green Function

The Atomic Green Function (AGF) is a formalism very similar to Lattice Dy-
namics. It models atoms oscillating around an equilibrium position, interacting
through a harmonic interatomic potential. However, contrary to Lattice Dynam-
ics it focuses on the properties of a device of limited dimensions with two thermal
baths (contacts) and not on the properties of bulk material. A simple represen-
tation of an example system is given in �gure 1.23. As indicated by its name,
the methods relies on a Green function formalism used to determine the inter-
actions of the device with the baths and with itself. This allows computing the
transmission rate of phonons through the system and �nally the thermal conductiv-
ity [Zhang et al. 2007, Karamitaheri et al. 2015].

DeviceContact 1 Contact 2

Figure 1.23: Schematic representation of an AGF simulation set up with the device to be
studied and the contacts.

This method is particularly useful to model nanoscale devices at low temper-
ature. At low temperatures, the amplitude of the oscillation is limited, and thus
the anharmonic e�ects are negligible in front interface and boundary e�ects. This
approximation is particularly justi�ed for nanoscale devices. It is notably used to
model the phonon transmission through interfaces [Yang et al. 2018] or the thermal
conductivity of superlattices [Tian et al. 2012].
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1.7.3 ab initio Molecular Dynamics

ab initio Molecular Dynamics is a method in which, similarly to classical MD, the
trajectories of the atoms are estimated through a stepwise integration of the equa-
tion of motion (see section 1.3.1). However, the forces acting on each atom do not
depend simply on the position of the atoms through an interaction potential, but
are estimated directly from the electronic interactions that are explicitly taken into
account. This is done by solving the Schrödinger equation at each time steps using
the appropriate approximations, as using the time independent solution and solve
using a density functionials [Marx & Hutter 2009]. This allows for a better repro-
duction of the interactions between the atoms. As the electronic interactions are
modeled, the electronic and lattice contributions to the thermal conductivity can be
computed [Recoules & Crocombette 2005].

However, ab initio simulations are limited to a few hundred, or thousand
atoms simulated over a few picoseconds because the resolution of the Schrödinger
equation is computationally intensive [Marx & Hutter 2009]. This scale does
not allow for the computation of thermal conductivity with the usual MD
method EMD and NEMD (see section 1.6), at least not without some mod-
i�cations [Carbogno et al. 2017]. However, AEMD simulation are possible as
shown by Martin et al. [Martin et al. 2018, Duong et al. 2020, Duong et al. 2019,
Duong et al. 2021] ab initio computations applied to heat transport mainly fo-
cuses on the derivation of better interaction potentials for MD [Han & Bester 2011,
Zhang et al. 2014], the computation of higher order interaction terms for lattice dy-
namics [Andreoni & Yip 2019] or on the computation of more accurate lifetime and
distribution to solve the BTE [Vermeersch et al. 2015].
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Synthesis of the Chapter

� At the nanoscale the thermal conductivity is not an intrinsic prop-
erty of the material but depends on the microstructure and on the
local dynamics

� The lattice thermal conductivity is linked to the vibrational proper-
ties of the system

� For crystals, it can be modeled by propagating plane waves
(phonons) with the phonon gas model

� In disordered material this phonon gas model breaks down and,
di�usive transport has to be considered

� The thermal conductivity at the nanoscale can be evaluated through
di�erent models

� Some of them rely on the Boltzmann Transport Equation,
solved thanks to a Monte-Carlo approach or used to derive a
continuous equation as the hydrodynamic heat equations

� Some of them rely on the simulation of the interaction between
the atoms, as the Lattice Dynamics, Molecular Dynamics or
the Atomic Green Function approaches

� Molecular Dynamics simulations are based on the step by step in-
tegration of the classical equation of motion for atoms and can be
used to evaluate structural, vibrational or thermal properties

� Four methods allowing the estimation of the thermal conductivity
with MD are described:

� Non Equilibrium Molecular Dynamics relying on the relation
between the heat �ux and a temperature gradient sustained by
thermostats

� Equilibrium Molecular Dynamics where the thermal conductiv-
ity is computed thanks to the decay of the heat �ux autocorre-
lation function

� Approach to Equilibrium Molecular Dynamics where the evo-
lution of a system toward equilibrium is used to estimate the
thermal conductivity

� Lastly the vibrational properties such as the di�usivity and
MFP as a function of the frequency can be used to estimate
the thermal conductivity

An overview of the time and length scale that can be studied with each
method is visible in �gure 1.24. And a more detailed overview is also given
in the table 1.1
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Table 1.1: Summary of the characteristics of the di�erent simulation methods, SS stands
for steady state, κl for lattice thermal conductivity, and κe for electronic contribution.

ab initio MD AGF MC (A)LD
Hydro.

Dyn. Eq.

κl yes yes yes yes yes yes
T Range
(K)

0-∞ >ΘD 0-100 0-∞ 0-ΘM 10-400

Size Limit ≈ 1nm ≈100nm ≈1 nm ≈10µm Bulk µm

Time Limit ≈ 10ps ≈10ns SS ps-SS SS ps-SS

10−15 10−13 10−11 10−9 10−7 10−5 10−3 10−1

Timescale (s)

10−10

10−9

10−8

10

10−6

10−5

10−4

10−3

L
en
gt
hs
ca
le
(m

)

MD

ab initio

Hydro. Dyn. Eq.
MC

AGF

Figure 1.24: Overview of the time and length scales of the application domains of the
di�erent methods described in this chapter.
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Many applications in electronics require materials with tailored mechanical, elec-
tronic or thermal properties. To this end, the appropriate element, alloy, phase, crys-
tallinity, or a combination of them can be chosen. Nanostructuring allows a further
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a) b) c)

Visual Abstract: Overview of the con�gurations studied in this section: free and embedded
nanospheres (a), shape variation of the nanoinclusion (b), decorated dislocation (c).

improvement of performances. A wide variety of nanocomposites exists, one of the
simplest consists of Nanoinclusions (NIs) of a di�erent phase or material embedded
in a host matrix. Crystalline NIs in a crystalline matrix are used for many applica-
tions, such as thermoelectric generation [Kim et al. 2006]. For the same application,
crystalline NIs in an amorphous matrix have also been proposed [Zhu et al. 2007].
This last possibility takes advantage of the low thermal conductivity of the amor-
phous matrix, while retaining some electronic transport properties of the added
crystal.

However, the NIs and the matrix in�uence each others [Murray & Saviot 2004,
Damart et al. 2015], notably their vibrational and thermal properties. A better
understanding of the interactions of nanoinclusions and matrix is crucial to further
improve the performances of these nanocomposites.

For instance, a particle array can act as a low pass �lter, scattering the higher
frequencies [Damart et al. 2015]. Di�erent parameters have di�erent e�ects: the
rigidity contrast impacts the scattering and eventually pins the energy at the inter-
face [Luo et al. 2019]. A higher surface to volume ratio is known to decrease the
e�ective thermal conductivity [Termentzidis et al. 2018a]. Less instinctively, it has
been shown in the same study that, the relative crystalline orientation between the
particles also modi�es the thermal conductivity of the material. The size distribu-
tion of the nanoinclusion has also been proposed to reduce the thermal conductivity
of crystal-crystal nanocomposites [Zhang & Minnich 2015]. Embedded nanosphere
of constants diameter can create a Bragg mirror even if they are not constantly
spaced [Hu et al. 2020]. The resonance e�ect of single nanoinclusion can also de-
crease the transmission of energy [Feng et al. 2017]. Finally, the presence of NIs
can cause an anticipation of the transition from propagative to di�usive regime in
amorphous/crystalline nanocomposites [Tlili et al. 2019].

In this chapter, di�erent bulk nanocomposites will be studied. It is centered
on crystalline NI arrays in an amorphous matrix. It will begin with a study of
GaN nanoparticles vibrational properties and their alteration once embedded in a
matrix. After this, the e�ect of the sti�ness of the inclusion on the vibrational
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properties will be analyzed shortly. Subsequently, the e�ect of shape and eventual
structural percolation on the thermal transport will be explored. Finally, the impact
of decorated dislocations over phonon propagation in In doped GaN will be studied.

2.1 Size E�ects: Free and Embedded GaN Nanospheres

in a-SiO2

The understanding of nanocomposites vibrational and thermal properties starts with
the understanding of the components, here the focus is on Nanoparticles (NPs)1.
Thanks to the evolution of nanofabrication methods, it is possible to control the
sizes, chemical composition and orientation as well as the dispersion character-
istics of these nanometric particles. However, they are rarely used alone, they
are usually integrated into a liquid solution [Qiu et al. 2020] or embedded in a
solid matrix [Daudin 2008]. There are several studies in the last two decades
which show an increasing interest in the topic, notably on the in�uence of em-
bedding NPs in a matrix. For instance, in nano�uids, the viscosity, the electri-
cal conductivity and the density have been found to change with NPs concen-
tration [Nabati Shoghl et al. 2016]. Metallic NPs have been used to increase the
electrical conductivity of polymers [Del Castillo-Castro et al. 2007]. NPs have also
been proposed for speci�c applications, for example in nanoplasmonics metallic NPs
are used for coupling electromagnetic and mechanical waves [Berweger et al. 2011,
Girard et al. 2016].

The vibrational properties of NPs have been �rst computed using the
continuum mechanics solution for the vibrations of an elastic and isotropic
free sphere [Eringen & Suhubi 1975]. This approach was successfully applied
to predict resonant modes in NPs down to 1 nm in diameter for crystalline
NPs [Juvé et al. 2010]. This approximation should theoretically work for amor-
phous NPs as long as characteristic length scales of the vibrational modes are not
smaller than 40 interatomic distances due to speci�c correlations in the local dy-
namics of amorphous systems [Wittmer et al. 2002]. Transpositions of the orig-
inal solution exist for anisotropic materials [Saviot & Murray 2009] or embedded
NPs [Combe et al. 2007, Murray & Saviot 2004]. These models, based on Lamb's
model [Lamb 1881] for the vibrational modes of a sphere, predict resonant fre-
quencies depending on material properties, that scale with the diameter. NPs
vibrational properties have also been studied using atomistic models, like molec-
ular dynamics (MD) simulations, with a successful comparison with the contin-
uum theory in the case of Ge or Ag [Combe et al. 2007, Murray & Saviot 2004].
Some studies have focused on other features of the Vibrational Density of States
(VDOS) of NPs, like spectral spreading and surface e�ects. These e�ects were ob-
served in the case of monoatomic metal and bimetallic alloys [Sauceda et al. 2013,
Calvo & Balbuena 2005]. The case of III-V semiconductors has been studied by
Han and Bester [Han & Bester 2011, Han & Bester 2012], showing similar size ef-

1In this section, the nanometric spheres will be referred to as nanoparticules.
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fects on NPs VDOS. Additionally, II-VI semiconductors NPs have been also
studied with a focus on the temperature, size and composition impact on the
heat capacity and structural properties [Kurban et al. 2016, Kurban 2018]. Fi-
nally, studies showed that the thermal conductivity of single silicon NP represents
only a fraction of the bulk conductivity and increases linearly with the diame-
ter [Li & Zhang 2013, Fang et al. 2006].

In this section, the impact of the size of GaN NPs, and whether they are free or
embedded in an amorphous SiO2 matrix, on their VDOS is at hand. It will start
with the description of the con�gurations. After this, the VDOS and participation
ratio of free and embedded NPs as well as the thermal conductivity of free NPs will
be studied. This is also an occasion to compare the methods for the evaluation of
the VDOS described in chapter 1.

2.1.1 Modeling of the Con�gurations

The GaN nanoincluision studied here are simply nanospheres cut out of a GaN
crystal (wurztite crystal). Their radii R range between 1 and 4 nm. Hereafter, the
di�erent of di�erent radii NPs will be labelled NPR. They contain 369 to 23 000

atoms. Once cut out of the crystal, the free NPs (FNPs) are relaxed in an equilibrium
position using a conjugated gradient method, then equilibrated at 300 K for 20 ps.
Fixed boundary conditions are used for the simulation box to avoid any artifact due
to periodic boundary conditions, such as interactions between neighboring NPs.

The embedded NPs (ENPs) are placed in the center of a cubic simulation box
containing the a-SiO2 matrix with a side length corresponding to twice the NP diam-
eter. The a-SiO2 matrix was cut out of the larger sample obtained using the method
described in section 2.4.1, the veri�cation of its structural properties can be found in
appendix A.1. The box size was chosen to limit the interactions between neighboring
NPs through periodic boundary conditions while limiting the total number of atoms.
The NPs are embedded in a spherical pore with a radius larger than the radius of
the NPs by 0.1Å, to prevent any overlapping between matrix and NPs atoms. The
system is then relaxed thanks to a conjugated gradient method energy minimiza-
tion, and an annealing at 300 K for 20 ps. The resulting con�gurations for a given
diameter are depicted in �gure 2.1. The Terso� interaction potential developed by
Kioseoglou et al. [Kioseoglou et al. 2017] is used to describe the interatomic interac-
tions. It combines interatomic potential developed: for SiO2 [Munetoh et al. 2007],
for GaN [Nord et al. 2003], for oxynitrides [Okeke & Lowther 2009] and for silicon
nitride [de Brito Mota et al. 1998]. This combined interatomic potential allows the
simulations of silica and gallium nitride nanocomposites using the same potential
form and it has been used previously with success [Termentzidis et al. 2018a].

The Partial Radial Distribution Function (PRDF) of the free NPs was examined.
The peaks positions and sharpness do not change relative to the bulk PRDF, even
for the smallest diameter NP studied here, which is an indication of minimal surface
reconstruction and amorphization of the free surface of the NPs (see appendix A.2
for more details).
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a) b)

Figure 2.1: Cross-sectional visualization of the free (a) and embedded (b) NPs in silica
matrix. The Ga atoms are represented in red, N atoms in blue, Si atoms in light gray and
O atoms in dark gray.

2.1.2 Vibrational Density of States of Free Nanoparticles

The vibrational density of states o� free nanoparticles (FNPs) of di�erent sizes (col-
ored plain lines) and for bulk GaN (dashed black line) for comparison are depicted
in �gure 2.2. At �rst glance, one can notice that bulk and NPs VDOS are quite
similar, even for smaller NPs composed of a few hundreds of atoms (see table 2.1).
The two acoustic peaks at 5 and 10 THz appear clearly. They can be linked to the
Van Hove singularities [Van Hove 1953]. As the diameter of the NPs is reduced,
three main e�ects appear: the �rst one is the population of the bandgap by 3 main
modes at 14, 18 and 20 THz. Their intensities increase as the NPs decrease in size.
Their relative importance in the VDOS spectra is con�rmed by the di�erence in
Participation Ratio (PR) for di�erent sizes (see left column of �gures 2.3). As the
radius increases, their PR decreases, indicating that these modes concerns a less
and less important fraction of atoms. These modes are related to surface modes,
and they have been observed for other III-V semiconductors [Han & Bester 2011].
The increase in PR of those modes with the increase in the surface to volume ratio
(see table 2.1) tends to con�rm their localization at the surface. It is also worth
noticing here that the frequencies of these modes do not depend on the size of the
nanoparticles. This means that they cannot be linked to Lamb's modes or other
resonant modes. Note also here, that with the VACF method (�gure 2.2b) the peak
at 14 THz is less sharp.

The second e�ect is a redshift and/or blurring of the �rst acoustic peak for radii
up to 20Å. This shift increases with decreasing NPs radius. This phenomenon
appears more clearly when the VDOS is estimated through KPM (�gure 2.2a) and
with the direct method (�gure 2.3 left panel). This redshift di�ers from what was
previously observed by Combe et al. [Combe et al. 2007] for Ge nanodots modeled
using Stillinger Weber potential. In the latter work a blue shift was mentioned
instead, as it would be expected from the Lamb's theory where the eigenfrequen-
cies of a sphere scale with the inverse of the radius. Nevertheless, there are other
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Figure 2.2: VDOS of GaN free nanoparticles computed from the Dynamical Matrix (DM)
with Kernel Polynomial Method (KPM) (a) and from the Velocity Auto-Correlation Func-
tion (VACF) (b). The colored lines represent the di�erent NPs and the dashed black line
the bulk GaN.

studies that con�rm these results; a mode softening. This softening was linked to
the increased surface-to-volume ratio for metallic NP [Calvo & Balbuena 2005] or
GaP NP [Han & Bester 2011]. Now concerning the blurring e�ect, it can be at-
tributed to the modi�cation of the shape of resonant modes. If the longitudinal
and transverse sound velocities given by Polian et al. [Polian et al. 1996], are used
the fundamental Lamb's modes of a free isotropic sphere, corresponding to the NPs
sizes of the present study, lies between 1 and 5 THz. Below 3 THz the wavelength
of the longitudinal phonons as described by Jiang et al. [Jiang et al. 2017] exceeds
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Figure 2.3: VDOS (red lines) and participation ratio (blue dots) derived from the direct
diagonalization of the DM for the FNPs (right) and ENPs (left).

largely the smallest NP diameter. But, due to elastic heterogeneities, the e�ective
sound velocity decreases, competing with the decrease in the NPs radius, and thus
contributing to enlarge the range of the Lamb's frequencies [Tanguy et al. 2002].

The last diameter-dependent feature of VDOS is the intensity decrease of the
optical peaks. A broadening of optical peaks was already observed and attributed
to changes in the crystalline structure [Han & Bester 2011]. But the crystallinity of
the NPs does not seem to change (see A.2). Moreover, the decrease of optical peaks
intensities compared to acoustic ones appears also in the direct diagonalization.
Thus, this phenomenon is independent of the method used to calculate the VDOS.
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The surface e�ect is the most probable explication of the intensity decrease, as the
ratio of Ga to N is constant for all the NPs.

Last but not least, the optic peaks obtained with this interatomic po-
tential is blue shifted when compared to the one obtained from experimen-
tal results [Nipko et al. 1998] and even more compared to ab initio computa-
tions [Tang et al. 2020, Jiang et al. 2017]. The empirical potential used here shows
a good agreement for the acoustic modes, but is less accurate for the optic modes
(see �gure 2.4).
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Figure 2.4: Comparison of the VDOS of bulk GaN using KPM, direct diagonalization and
VACF along with results from ab initio calculation by Tang et al. [Tang et al. 2020] and
experimental results by Nipko et al. [Nipko et al. 1998].

Brie�y, it appears that as the radii of freestanding GaN nanospheres de-
creases, some acoustic phonons are redshifted, surface modes populate the
bandgap and the intensity of the optic peak decreases.

In the next section, the e�ect of embedding the nanosphere in a silica matrix
will be studied.

2.1.3 Vibrational Density of State of Embedded Nanoparticles

The VDOS of GaN nanospheres embedded in SiO2 (ENPs) are depicted in �gure
2.5. It �rst appears that the frequency shift of acoustic phonons, as well as the
de�ned modes inside the bandgap of bulk GaN at 14, 18 and 20 THz do not appear
for the ENP. These modi�cations can be related to the elimination of the surface
modes [Calvo & Balbuena 2005, Han & Bester 2011].
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Figure 2.5: VDOS of GaN embedded nanoparticles computed with the DM with KPM (a)
and from the VACF (b). The colored lines represent the di�erent NPs, the dashed black
line the GaN bulk and the dotted gray line the SiO2.

The band gap is still populated, but this time in a much more uniform way. This
can be understood as the in�uence of the SiO2 matrix on the modes. Matrix modes
are indeed available at those frequencies, as can be seen in �gure 2.5 where the SiO2

VDOS is represented with a dotted line. Previous works showed that, at the inter-
faces, modes of the di�erent phases combine together [France-Lanord et al. 2014b,
Damart et al. 2015, Luo et al. 2019]. This e�ect could be used to deduce which
mode can be transmitted or re�ected on the inclusion. Additionally, new optical
branches seem to appear towards high frequencies for all embedded nanoparticle di-
ameters, something that was not observed for free nanoparticles. The most probable
explanation for this is the hybridization of the optical modes of the GaN with the
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higher frequencies modes of the SiO2 matrix.
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Figure 2.6: VDOS comparison for every NP diameter between free (in continuous line) and
embedded (in dotted line), from the DM using KPM.

Finally, the only common tendency between free and embedded nanoparticles is
the relative decrease of the optical peaks for small sizes. This e�ect is even more
visible in �gure 2.5 compared to �gure 2.2. It is partially due to the normalization
of the VDOS area (the VDOS is scaled (normalized) so that the integral is one),
but the acoustic peaks seem less impacted. As this e�ect is present for both free
and embedded nanoparticles, it cannot be due to free surface e�ect only. It is
most probably related to the amorphization of the surface or interface. Indeed, the
embedded nanoparticles seem to show more amorphization than the free ones, as
discussed in appendix A.2.

The previous observations on the VDOS of embedded nanoparticles are valid
for the two methodologies VACF and KPM. The KPM shows a sharper de�nition
of modes, and it is thus selected to make a more rigorous comparison between the
VDOS of free and embedded nanoparticles. The comparison between the two in
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�gure 2.6 allows underlining the previously cited di�erences (highlighted in red in
the �gure). First, the di�erence in intensity of the optical peaks between the free
and embedded nanoparticles can be observed; the peaks for the embedded particles
are lower compared to free ones (red arrows). This di�erence is enhanced when
decreasing the size of the NPs. Then the redshift of the transverse acoustic peak for
free nanoparticles appears clearly for radii up to 20Å, while the distinct modes in
the bandgap visible for free nanoparticles disappear for the embedded nanoparticles.
This con�rms the fact, mentioned in the previous paragraph, that these modes are
related to free surface e�ects. Finally, one can observe in the VDOS of embedded
nanoparticles background modes, which are related to the matrix.

In a few words, as the NPs are included in an amorphous matrix the redshift
and distinct surface modes observed earlier disappear and there is a hybridiza-
tion with the modes of the matrix.

2.1.4 Discussion of Method of Evaluation of the Vibrational Den-

sity of States
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Figure 2.7: VDOS for NP10 and NP25 free and embedded, using the di�erent method for
the evaluation of the VDOS.

Before going on, it is worth comparing the three methods used to estimate the
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VDOS of embedded and free NPs namely: direct diagonalization of the dynamical
matrix (DM)2, KPM approximation for DM diagonalization, and VACF. To do so,
the VDOS of NPs with two di�erent sizes are depicted in �gure 2.7 for each method.
The estimations of the VDOS through the DM lead to sharper features in the
VDOS, especially for the smallest diameters nanoparticless (top panels of �gure 2.7).
This can have two origins: the poor statistics of the VACF due to the reduced
number of particles, and/or the anharmonicity mainly due to the agitation of surface
atoms during simulations. In case of embedded nanoparticles, the vibration of the
surrounding matrix is allowed only in the VACF method, and contributes to broaden
the VDOS. For bigger diameters, the similarities between the methods using the
DM and the VACF validate the �xed interface conditions used when computing
the DM. Finally, this shows that the computation of the DM restricted to the NP
atoms only is globally adapted to the computation of VDOS of NPs embedded in
an amorphous matrix.

In general, the three methods converge for NPs with diameters larger than 5 nm.
Nevertheless, for smaller NPs one should be careful about the methodology selection,
as the impact of temperature can only be considered directly with the VACFmethod.
On the other hand, the DM approach detects detailed features that the VACF looses
due to thermal agitation and poor statistics (small number of atoms). The DM is
computable only for small NPs with maximum 1× 104 atoms because larger number
cannot be considered due to CPU limitations related to the direct diagonalization
scheme. In contrast, KPM scheme can overpass the direct method limitations, but
it is also constrained due to matrix size limitation compared to available RAM.

To complete the study, in the next section will focus on the thermal conductivity
as a function of the radii for FNP.

2.1.5 Thermal conductivity of Free Nanoparticles

The thermal conductivity is evaluated using the Equilibrium Molecular Dynam-
ics (EMD) method described in section 1.6. The inclusions are �rst heated at 300 K,
using an initial velocity distribution without overall translational or rotational mo-
mentum. The system is then equilibrated at this temperature for 0.5 ns using a
Nosé-Hoover thermostat. The �ux computed through equation (1.53) is extracted
every 10 fs, and the �ux autocorrelation computed decay over 40 ps, while the aver-
age is done over 5 to 10 ns. To obtain better statistics, the results are averaged over
5 to 10 runs with di�erent seeds for initial velocities. All these simulations were
done at 300 K using a Nosé-Hoover thermostat. The NPs were free to move, never-
theless, very few translation or rotational collective movements have been observed.
The simulations in which they occurred have been excluded in the statistics for the

2LAMMPS evaluates the DM by computing the force modi�cation due to a single atomic dis-

placement. The interactions between the atoms are reduced to their sti�ness, as the energy land-

scape is harmonic. The DM associated with the full system (for FNPs) or only part of it (for

ENPs) can be computed. This last one is computed by the motion of every atom belonging to a

chosen set. The SiO2 atoms are �xed, which is equivalent to having a �xed interface around the

embedded NPs, allowing the computation of VDOS only for the NPs.
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computation of κ. It is assumed that the �ux given by equation (1.53) is correct
and can be used to compute κ through equation (1.52)

The thermal conductivity (κ) of the FNPs of radii 10, 15, 20, 25, 30 and 40Å are
depicted in �gure 2.8 and recorded in table 2.1. In the same table the percentage
of surface atoms, belonging to a spherical shell of 2Å thickness are reported. 2Å is
chosen to encompass every atom appearing visually at the surface.

10 20 30 40

NP Radius (Å)

0.1

0.2

0.3

0.4

κ
(W

m
−

1
K
−

1
)

Figure 2.8: Thermal conductivity of free nanoparticles computed with EMD at 300 K, the
error bars correspond to the standard deviation between the 5 to 10 independent runs. The
blue line is a �t to a cubic scaling law as a guide to the eye.

Table 2.1: Characteristics of the FNP: number of atoms, percentage of surface atom, and
thermal conductivity.

# of atoms % of surface atom κ (W K−1 m−1)
NP10 369 52 0.17 ±.01
NP15 1239 36 0.19±.02
NP20 2952 29 0.20±.01
NP25 5657 24 0.23±.02
NP30 9942 20 0.27±.03
NP40 23580 16 0.37±.02

The κ of FNP, as expected, is only a small fraction of bulk GaN one (≈ 160-
220 W K−1 m−1 [Jezowski et al. 2003]). For the smallest NP studied here, it is three
orders of magnitude less than the bulk value. When increasing the size of NP, the κ
increases non-linearly, in contrast to a previous study for Silicon free NP using the
same method (EMD) with diameters 2 to 12 nm in which a linear size dependence
was reported [Fang et al. 2006].

The previously reported VDOS modi�cations due to the size e�ect can impact
the κ when considering the separate contribution of each phonon frequency. For in-
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stance, modes below 5 THz contribute to 50 % of the thermal conductivity according
to Tang et al. [Tang et al. 2020]. Furthermore, the surface modes in the bandgap
gain intensity upon decreasing the radius of NPs. However, these surface modes do
not penetrate in the NPs, so they do not contribute much to the overall �ux. Size
e�ects are also known to promote phonon mode hybridization that can impact the
thermal conductivity [Nomura et al. 2018]. The few points in �gure 2.8 cannot give
the exact tendency nor the whole picture, but a cubic scaling dependence of κ with
the diameter seems to appear, which might be related to a volume (r3) dependence.
One could question the meaning of thermal conductivity in such small nanobjects,
in the present con�guration it quanti�es how e�ective the energy exchange inside
the particle is. This is an important e�ect that one should consider when e�ec-
tive medium approximation (EMA) models are used to estimate the e�ective κ of
a nanocomposite. Moreover, here the particles are big enough to display a VDOS
similar to the one of bulk, meaning that energy can be propagated by phonons and
�ux be computed in a manner similar to bulk .

In brief, the thermal conductivity of GaN free nanoparticles appears to scale
with the cube of the diameter rather than linearly as predicted for Si nanopar-
ticles.

2.1.6 Conclusion

To conclude, the vibrational density of states of GaN NPs free or embedded in an
SiO2 matrix was studied. Three di�erent phenomena appear for the free nanopar-
ticles: a redshift of the �rst acoustic peak, the appearance of surface modes in the
bandgap and an intensity decrease of the optical modes. As the particles are em-
bedded in a SiO2 matrix, only the latter e�ect persists, and modes induced by the
interface with the matrix increase in intensity as the radius of the nanoparticles
decreases. No speci�c peaks for the Lambs modes characterized by a frequency
inversely proportional to the radius of the inclusions have been observed: they are
indeed hidden in the VDOS spectra, but can be identi�ed easily at low frequencies
with the DM. The lowest frequency modes indeed scale with the inverse of the
radius (see appendix A.3).

Concerning the thermal conductivity of the FNPs: it does not follow the linear
dependence observed for the case of silicon NPs. In III-V semiconducting NPs and
more speci�cally in GaN NPs the thermal conductivity appear to increase in a cubic
power low of nanoparticles diameter. The nonlinear size dependence of the thermal
conductivity underlines that the mean free path limitation to the NPs size is not
the only parameter to consider, otherwise a linear dependence with the size would
be observed. This nonlinearity might be due to surface modes and how these modes
interact with the heat �ux �uctuations in the core of the NP.

Note that collective modes involving the full matrix coupled to the nanopar-
ticle are not taken into account by the DM methods due to the �xed
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boundary condition. It was shown in recent articles that the matrix can
also play a role [Damart et al. 2015], especially from its damping proper-
ties [Tlili et al. 2019], together with the impedance break between the particle and
the matrix [Luo et al. 2019]. Collective modes may appear when nanoparticles are
embedded in a host matrix.

2.2 E�ect of the Orientation of Nanoinclusions

In the introduction of this chapter, it is mentioned that the relative crys-
talline orientation of the nanoinclusion3 can in�uence the thermal conductivity
of nanocomposites. This e�ect has been observed for GaN spherical nanoinclu-
sion in an amorphous silica matrix, where the thermal conductivity is 70 % higher
when the inclusion's crystal lattices are aligned than for an arbitrary orientation
[Termentzidis et al. 2018a].

It is known that the relative crystalline orientation can in�uence the ther-
mal transfer. For instance, the orientation of neighboring grains will impact
the grain boundary resistance of MoS2 thin �lms [Sledzinska et al. 2017]. The
lattice orientation also in�uences the thermal resistance across graphene sheets
[Mohammad Nejad et al. 2019]. In these cases, the orientation will select which
modes can go through the interface. However, in the case of nanoinclusions, there is
a substantial distance between the inclusions, so that the origin of this enhancement
is not well understood.

In this section, the e�ect of the relative orientation of GaN NIs in SiO2 over the
vibrational properties is studied with the goal to understand the origin of the thermal
conductivity enhancement. More precisely, the goal is to identify an eventual direct
transmission of energy between the inclusions.

2.2.1 Modeling of the Con�gurations

The con�gurations used here are similar to the one described in section 2.1. Using
the same amorphous SiO2 sample, two di�erent con�gurations are created, one with
3 inclusions sharing the same orientation (Iso-oriented NIs or I-NIs) and another
where the two external NIs are rotated 60◦ about the x and then y axis (aniso-
oriented NIs A-NIs). The two con�gurations are represented in �gure 2.9.

To reproduce the conditions of the earlier study, the inclusions have a radius of
23Å and their centers are 107Å apart. The overall simulation box is a rectangle
of 400 by 82 by 85Å. This geometry allows having a symmetric box to perform
WP propagation simulations easily. However, the inter inclusion distance is only
respected over the x direction, so that only this direction will be studied. Peri-
odic boundary conditions are used in every direction. The building and relaxation
processes are the same as in section 2.1.

3From now one, the second phase added in the matrix is referred to as nanoinclusions.
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Figure 2.9: Cross-sectional visualization of iso-oriented nanoinclusions (a) and aniso-
oriented nanoinclusions (b) con�gurations. The Ga atoms are represented in red, N atoms
in blue, Si atoms in light gray and O atoms in dark gray.

2.2.2 Vibrational Properties

In the original publication [Termentzidis et al. 2018a], the increase in thermal con-
ductivity is attributed to phonon tunneling. In this section, phonon tunneling is
interpreted as ballistic transport from one inclusion to the next. The possibility
of such a transport can be assessed by studying the Mean Free Path (MFP) in
amorphous silica. If modes with a MFP of the order of the distance between inclu-
sions exist, there may be a direct energy transmission between the inclusions. This
ballistic transmission could be in�uenced by the orientation of the inclusions, the
transport in GaN being anisotropic [Ju et al. 2016]. To identify those modes, the
MFP in bulk amorphous silica is computed through Wave-Packet (WP) propagation
simulations as described in 1.5.3, with a force amplitude of 3.773× 10−4 eVÅ−1.

In �gure 2.10 the MFP computed from the decay rate of the envelope of the
wave-packet are displayed for transverse and longitudinal polarizations. It appears
that the MFP is quickly reduced to 1.5 nm or below. Only the very low frequencies
appear to be able to travel more than a few nanometers. The values of MFP
are consistent with the results of Larkin et al. [Larkin & McGaughey 2014]. It is
noticeable that, among the frequencies studied, only 0.5 THz appears to be able to
carry energy over a distance larger than the distance between two inclusions (82Å).

Another way to study the transmission of energy between the NIs is to focus on
the available modes in the di�erent parts of the nanocomposites. It can be done by
comparing the VDOS of the embedded NPs and of the SiO2 in �gure 2.5. Below
1 THz, a frequency for which heat carriers can travel the separating the inclusions
ballistically, only a few modes are available in the NPs. This means that it is unlikely
that they contribute signi�cantly to the thermal conductivity increase. However,
there is a strong overlap of the acoustic phonons peaks between 5 and 10 THz with
amorphous silica modes, and a small overlap of optical phonons around 25 THz.
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Figure 2.10: MFP in amorphous silica, for the transverse (orange full line), and longitudinal
(blue dashed line) polarizations. The horizontal dotted line represents the distance between
the inclusions.
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Figure 2.11: Heat maps representing the evolution of average atomic kinetic energy (color)
as a function of time (in the vertical axis) and position over x after a 0.5 THz longitudinal
excitation for I-NI (left) and A-NI (right). The position of the inclusions are marked by
dashed lines.

Nevertheless, one can compare the propagation across the nanocomposites at low
frequencies through wave-packet simulations at low frequencies. This could show
energy pathways between the inclusions that are in�uenced by their orientation.
To test this, a wave-packet simulation is carried out with an excitation made in
a central slice of thickness 2Å in the central inclusion. The results are displayed
in �gure 2.11, where the propagation of energy after an excitation at 0.5 THz in
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both con�gurations is represented. A longitudinal excitation is chosen because it
appears to be the best case for the ballistic transmission of energy. The color
scale gives the average kinetic energy as a function of space (x position) and time.
No signi�cant di�erence between the two spatio-temporal representation can be
noted, the transmission through the inclusions is very similar in both cases. There
is no apparent re�ection or localization of energy at the interface of the external
inclusions. This shows that there is no energy transmission that is in�uenced by
the orientation for this mode. The energy in the center corresponds to the part of
the wave-packet that is refracted in another direction by the interface of the matrix
and the central inclusion and travels in the y and z directions through the periodic
boundary conditions.
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Figure 2.12: Dynamical structure factor in the x direction, projected on the longitudinal
polarization for I-NI (left) and A-NI (right).

Up to this point, only the longitudinal low frequencies have been investigated.
This choice is motivated by the higher MFP across the amorphous silica matrix.
However, it does not mean that other modes cannot penetrate through the matrix
and tunnel from one inclusion to the other. A broader spectrum is investigated
in the Dynamical Structure Factor (DSF) displayed in �gure 2.12. In this �gure,
both for iso and anisoriented nano-inclusions, di�erent features of the VDOS can be
identi�ed. First, the propagative modes of silica show up as high intensity modes
for wave vectors below 1Å−1 and below 12 THz, this is visible through the thick
yellow line starting from the bottom-left corner. Then a small depletion is visible
around 12 THz. A horizontal band appears around 23 THz, this corresponds to the
optic peak in the GaN NIs. Finally, high frequency modes of silica appear above
30 THz. However, no clear di�erences appear between the iso or aniso-oriented
nanoinclusion. This lack of di�erence shows that there are little di�erences in the
vibrational properties of the nanocomposites, whether the inclusions are aligned or
not. However, the con�guration presented here is not same as the one of the original
publication [Termentzidis et al. 2018a]: the particles are translated in order to have

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



2.3. Rigidity E�ects: Example of c-Si Inclusions in a-Si Matrix 67

three aligned particle. As a result, the particles do not present the same crystalline
orientation to each others, this might be why no e�ect of orientation could be seen.

The study of the longitudinal modes in the GaN SiO2 nanocomposite did
not show clear di�erences between a con�guration where the inclusions have
an aligned lattice orientation and a con�guration with an arbitrary orientation
of each inclusions. As the longitudinal inclusions have the highest MFP, they
are considered as the most likely to percolate through the structure. This thus
indicates that the increase in the thermal conductivity due to the alignment
of the inclusions cannot directly be linked to the ballistic transport between
the inclusions. The origin of the thermal conductivity variation, is probably
more complex and multifactorial. To go further other relative orientation of the
inclusions could be studied and NEMD simulation performed to insure that the
thermal conductivity enhancement is observable with the structure studied in
this work.

2.3 Rigidity E�ects: Example of c-Si Inclusions in a-Si

Matrix

Having discussed the e�ects of including crystalline nanospheres in an amorphous
matrix in the previous sections, this section will focus on the e�ect of the sti�ness
of the nanoinclusions over the nanocomposites vibrational and thermal properties.

As discussed before, the introduction of nanoinclusions modi�es the properties
of the matrix, a key factor in this modi�cation is the acoustic mismatch between
the phases. This acoustic mismatch promotes scattering at the NI/matrix inter-
face and decreases the thermal conductivity [Juangsa et al. 2017]. Furthermore, it
promotes the pinning of energy (some energy is trapped at the interface), decreas-
ing further the thermal conductivity, as has been shown using continuum mod-
els [Luo et al. 2019].

To study speci�cally the e�ect of the acoustic mismatch, the model system of
crystalline Si NIs in an amorphous Si matrix can be used. Indeed, the sti�ness of sili-
con can easily be tuned in MD using the pre-factor of the three body term in the SW
interatomic potential (λ in equation [1.33]). This possibility has already been used
to study the mechanical [Fusco et al. 2010] and vibrational [Beltukov et al. 2016]
properties of amorphous silicon with di�erent sti�nesses. And the impact of sti�er
inclusions has been studied originally in [Tlili et al. 2019].

In this section, an extension of the study of Tlili et al. is made with a wider
variety of systems. Using the wave-packet propagation method, the impact of the
sti�ness of spherical NIs in an amorphous matrix on the vibrational properties of
the nanocomposites will be studied. The qualitative description of the di�erent
phenomena will precede the analysis in terms of MFP and di�usivity.
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2.3.1 Modeling of the Con�gurations

The nanocomposites studied in this section are composed of an amorphous matrix
elaborated using the melt-quench method described in section 2.4.1. The original
sample is a cube of side 17 nm, out of which the cube of side 6 nm used in this
study, is cut out. The nanoinclusions are created by hollowing out a sphere of
radius 2.5 nm of the cube and then �lling it with crystalline Si. The crystal has
the 〈100〉 directions aligned with the Cartesian coordinates axis. These dimensions
correspond to a nanocomposite with a crystalline volume fraction of 30 %, containing
10.7× 103 atoms in total. The same cube without inclusion is also studied as a
reference. Periodic boundary conditions are used in all the directions to simulate
the bulk properties.

Figure 2.13: Single c-Si nanoinclusion (red) in a-Si matrix (blue).

Before relaxing the structure, the interaction potential is set. The idea is to
explore the e�ect of the rigidity contrast between the matrix and the inclusion. For
this, the prefactor of the three body term in the interaction potential λ is modi�ed
(see equation [1.34]), by doing so the bending rigidity is tuned and this a�ects the
sti�ness. Three possibilities are studied, the usual value (λ = 21), a sti�er (λ = 100)
and softer silicon with (λ = 5). To compare the properties of the di�erent phase
the elasitic properties of amorphous silicon, and of the di�erent crystalline phases
are reported in table 2.2. The di�erent modulii can be computed from the three
independent values in the sti�ness tensor for cubic isotropic lattices C11, C12 and
C44, using Voigt indices. For the crystal, they are computed from the stress resulting
from small deformation after relaxing the atomic position to minimize the energy
of cubic samples (equivalent to quasi-static deformation). They depend on the
orientation of the lattice and are here computed with the three axis corresponding
to [100], [010], and [001] [Hopcroft et al. 2010]. This orientation corresponds to the
orientation of the nanoinclusion. The bulk modulus characterizing the compression
resistance is given byK = 1

3(C11+2C12), the shear modulus giving the shear sti�ness
by G = C44, the Poisson ratio characterizing the deformation perpendicular to the
loading direction by ν = 1

(1+C11/C12) and the Young modulus by E = 2(1 + ν)K.
The values for the amorphous sample are those of Fusco et al. [Fusco et al. 2010].
The velocity ratio for transverse vT and longitudinal vL waves is computed thanks to
the usual formula for sound velocity in isotropic solids, that is vT =

√
G/
√
ρ for the
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transverse and vL =
√
K + 3

4G/
√
ρ for the longitudinal. So that, here, the values

will this corresponds to the speed of sound in the 〈100〉 direction, that is, here, in the
propagation direction. As a �rst approximation, the density is considered constant
between the phases so that the ratio of the speed of sound corresponds roughly to
the impedance ratio.

Table 2.2: Elastic properties of the amorphous matrix, and bulk pristine crystalline Si for
di�erent values of λ, the parameter used to modify the sti�ness.

Am. λ=100 (Sti�) λ=5 (Soft) λ=21 (Standard)
K (GPa) 101 101 101 101,3
G (GPa) 34 139 16 56,4
ν 0,35 -0.06 0.46 0.34
E (GPa) 92 263 47 150
vT /v

Am
T 1,00 2,02 0,70 1,29

vL/v
Am
L 1,00 1,27 0,95 1,07

χ = E/EAm 1,00 2.86 0,51 1,64

In table 2.2 it appears that the bulk modulus is not a�ected by the variation
of λ. However, the Poisson ratio and shear modulus are strongly a�ected by this
change. The Poisson ratio (ν) is reduced when increasing λ, at λ=100 the material
is slightly auxetic. The reduction of ν was already documented for amorphous
samples [Fusco et al. 2010]. The shear modulus increase is consistent with a sti�er
angle between the atoms. This results in a strong e�ect of λ on the group velocity
of transverse waves, but less on the longitudinal waves. Choosing, λ = 100 or
λ = 5 indeed results in an impedance mismatch that is much more sensible on the
transverse waves. Moreover, the mismatch is more marked for the sti�er inclusions
(λ = 100). Additionally, the elastic properties with the standard value λ = 21 are
reported in table 2.2, the values obtained correspond to the values reported by
[Cowley 1988]. Interestingly, even at constant λ there is an impedance mismatch
between a-Si and c-Si.

In the nanocomposite, the modi�cation of the parameter λ concerns only the
interaction between the atoms in the nanoinclusion. For the interactions involving
atoms in the inclusion and in the matrix, the regular value of λ = 21 is used.

Once the interaction potentials for the inclusion and for the matrix are set, the
resulting con�guration is relaxed. For this, a conjugated gradient minimization is
performed on the atomic positions to relax the force. After this, the con�guration
is annealed at 100 K during 10 ps (with a simulation time step of 1 fs). Finally,
the system is relaxed again using a CG minimization of the forces to reach local
mechanical equilibrium. The resulting nanocomposite is displayed in �gure 2.13.
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2.3.2 Wave-Packet Propagation

The con�gurations previously described are studied using the wave-packet propaga-
tion method described in section 1.5.3. The medium in which the wave-packet prop-
agates is created by repeating the con�guration obtained previously twelve times in
the x axis direction. After the assembly, a last conjugated gradient energy mini-
mization is performed to ensure that the system lays in a local energy minimum.
To avoid surface e�ects, the simulations are performed using periodic boundary
conditions in all the directions.

The resulting con�guration is displayed in the �gure 2.14. In this �gure, two
image structures are depicted for a better representation of the system being studied
here, a nanocomposite composed of a 3D array of crystalline nanoinclusions.

xz

y

Figure 2.14: Cross-sectional representation of the nanocomposite studied with c-Si nanoin-
clusions (red) in a-Si matrix (blue). Two image systems are represented slightly shaded
out. The excited slice is highlighted in white.

The wave-packet simulations are performed using the method described in sec-
tion 1.5.3. In this particular implementation, a central slice of 2Å is excited. As
represented in the �gure 2.14 the excited slice (in white) lies between two inclusions
in the amorphous matrix. The excitation force amplitude is 3.773× 10−4 eVÅ−1.
And the simulations were performed from 1 to 15 THz with a step of 1 THz. These
simulation are done at 0 K so that energy is mostly scattered by geometrical defects
rather anharmonicity (very low for low temperature and low excitation amplitude).

Propagative, Di�usive and Mixed Regimes Depending on the frequency,
di�erent behaviors appear, �rst at low frequencies the transport is mostly ballistic
(propagative without a lot of energy being scattered), at higher frequency the ve-
locity of the wave-packet becomes ill-de�ned, and the transport is di�usive (that is
the energy appears to be spread by di�usons as discussed in 1.1.5). However, the
transition from one to another is not sharp, and for frequencies between the two
regimes a mixed regime appears. The three di�erent regimes appear more clearly
for longitudinal excitations, this polarization will thus be the center of attention.
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Figure 2.15: Heat maps representing the evolution of average atomic kinetic energy (color)
as a function of time (in the vertical axis) and position over x (bottom axis) after a 1 THz

longitudinal excitation. Only the right side of the studied con�guration is represented,
the other being symmetric (see �gure 2.14). For the nanocomposites, the positions of the
inclusions are marked by dashed lines. The annotations give either the λ (sti�ness) of the
interatomic potential or distinguish the fully amorphous sample.

The di�erent regimes are represented in �gures 2.15 to 2.17. The �rst one,
represents the WP propagation at 1 THz, is the propagative regime. This regime is
characterized by a mechanical wave traveling at constant speed through the con�gu-
ration, with some energy being scattered along the path. This propagative transport
is clearly visible in the top left panel of �gure 2.15 for the fully amorphous sam-
ple, two red stripes corresponding to a wave-packet4 traveling at constant speed
are visible. Some energy is scattered, it is visible in that after the passage of the
wave-packet the background energy is higher due to the energy left behind by the
wave-packet. For the regular interaction λ = 21 the behavior is very similar to the
one of the fully amorphous con�guration. The only notable di�erence is that the
intensity of the WP is decreased at the end (the stripes fade in intensity near the
end). This is the sign that more energy is being scattered than for the amorphous
sample. For the sti�er and softer inclusions the situation is di�erent, the propa-
gation is much more attenuated and most of the energy seems pinned between the

4The two stripes correspond to the two maxima of kinetic energy appearing for a full wavelength.
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72 Chapter 2. Nanoclusters and Nanoinclusions

inclusions. In particular, between the �rst and second inclusions, the WP appear to
be trapped. Especially, for the nanocomposite with the sti�er inclusions (λ = 100)
in the inclusions, the WP seems to be re�ected multiple times between the sec-
ond and third inclusions (around X=6 nm). A similar behavior has been observed
in nanoporous Si thin �lms [de Sousa Oliveira et al. 2020]. These re�ections could
lead to interference. Overall, the dominant transport mechanism seems propagative,
with part of the energy re�ected at the interfaces, in particular when the impedance
mismatch is large.

Finally, it appears in this representation that the WP travels faster in the system
with sti�er inclusions than in the one with the softer inclusions. This is consistent
with the di�erence in group velocity reported in table 2.2. This shows that the
higher group velocity in the matrix is enough to increase the e�ective group velocity
of the whole structure.
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Figure 2.16: Heat maps representing the evolution of average atomic kinetic energy (color)
as a function of time (in the vertical axis) and position over x (bottom axis) after a 10 THz

longitudinal excitation. Only the right side of the studied con�guration is represented,
the other being symmetric (see �gure 2.14). For the nanocomposites, the positions of the
inclusions are marked by dashed lines. The annotations give either the λ (sti�ness) of the
interatomic potential or distinguish the fully amorphous sample.

The second behavior is di�usive, this happens at high frequency when the energy
of the wave-packet does not propagate anymore, but slowly spread through the
sample. This behavior is visible in �gure 2.16 at 10 THz, in which the red stripes
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characterizing the propagative transport have disappeared and the energy slowly
di�use from the center. At this frequency, the attenuation in the amorphous matrix
is strong [Beltukov et al. 2018], so much that the wave-packet cannot propagate
from inclusion to inclusion. If the behaviors are very similar, there is a di�erence
between the amorphous sample and the nanocomposites: for the nanocomposites
the spreading seems to be faster for regular and sti�er inclusions (λ=21 and λ=100),
probably boosted by the inclusions. This faster spreading is visible mostly in that the
central energy peak fades out much more quickly in the presence of these inclusions.
For the softer inclusions, on the contrary, the di�usion appears to be slower, which
is consistent with the material being softer.
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Figure 2.17: Heat map representing the evolution of average atomic kinetic energy (color)
as a function of time (in the vertical axis) and position over x (bottom axis) after a 2 THz

longitudinal excitation. Only the right side of the studied con�guration is represented,
the other being symmetric (see �gure 2.14). For the nanocomposites, the positions of the
inclusions are marked by dashed lines. The annotations give either the λ (sti�ness) of the
interatomic potential or distinguish the fully amorphous sample.

The last regime represented in the �gure 2.17 where ν = 2 THz, is the mixed
regime, for which both behaviors are visible. For this frequency, both phenomena
are visible: there are the stripes characteristic of propagative transport, and a cen-
tral spot slowly spreading characteristic of di�usive transport. For the propagative
part, as in the �gure 2.15, the attenuation of the WP is stronger for the nanocom-
posites and even more in case of large impedance mismatch. At this frequency, some
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energy is trapped between the �rst and second inclusion for both regular and sti�er
inclusions (λ=21 and λ=100). However, no successive re�ections are visible. For
the softer inclusions (λ=5), the energy seems trapped in the �rst inclusion.

Before going on, it must be addressed that even for the amorphous sample,
some energy seems to be trapped after the passage of the WP. This is visible as a
vertical strip around 15 nm. This probably corresponds to a small defect inducing
the pinning of energy locally.

In brief, the qualitative visualization of the WP allows the distinction be-
tween, the propagative regime at very low frequency and the di�usive regimes
at higher frequencies. These regimes correspond to the propagons and di�usons
whose existence was proposed by Allen and Feldman in amorphous systems
[Allen & Feldman 1993]. In between those two regimes, the energy transport
regime is mixed: part of the energy travels ballistically and part of it spreads
di�usively. The inclusions appear to reduce the intensity of the propagative part
of the WP, with a marked e�ect of the inclusion sti�er than the matrix. The
inclusions seem to also a�ect the di�usion of energy, a softer one slowing down
the di�usion while the others accelerate it.

Mean Free Path For the evaluation of the MFP, the decay rate of the envelope
of the wave-packet is estimated from 10 nm away from the excitation to 30 nm away
from the excitation (see section 1.5.3). This choice allows omitting the eventual
di�usive part of the WP that is usually limited to the �rst inclusion. Both positive
and negative x directions are considered (whereas only one is displayed in �gures
2.15 to 2.16), and the average between the two directions is considered. The �nal
values of the MFP in �gure 2.18 corresponds to the MFP computed through the
�t of an exponential decrease up to 12 THz for the longitudinal polarization and up
to 6 THz for the transverse polarization, above these frequencies, the penetration
length method is used [Beltukov et al. 2018].

The longitudinal MFP of the di�erent structures displayed in the left panel con-
�rm what was visible in �gures 2.15 to 2.17: the MFP at low frequency is reduced
by the presence of inclusions, and this e�ect is stronger in the case of impedance
mismatch between matrix and inclusions. The decrease of MFP is stronger for the
softer inclusions. It is also noticeable, that the amorphous sample and the nanocom-
posites with homogeneous inclusions have a small MFP peak around 8 THz. This
peak was already observed for a-Si by Beltukov et al. [Beltukov et al. 2018]. It has
been associated to the decreased number of transverse modes available for coupling
at this frequency. This peak is absent in the case of sti�er or softer inclusions.
For the MFP of the transverse wave-packet, the situation is very similar. At low
frequencies, the sti�er and softer inclusions induce a decrease of MFP. At higher
frequencies, only the softer inclusions induce a MFP decrease.

The frequency limit for the transition between the evaluation of the MFP
with a �t to a Beer-Lambert law and the use of the penetration length is cho-
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Figure 2.18: MFP as function of the frequency for the di�erent con�gurations. The left and
right panel contain respectively the MFP of the longitudinal and transverse polarization.

sen to be the same for all the con�gurations. However, as documented in
the publication [Tlili et al. 2019] and the related work using the �nite element
method [Luo et al. 2019], the inclusions can lower the transition between the prop-
agative and di�usive regime. As a result, the quality of the �t at higher frequencies
(above 5 THz for the longitudinal and above 3 THz for the transverse) is question-
able. This is particularly marked when there is an impedance mismatch between
the matrix and the inclusions.

Moreover, at low frequencies (below 3 THz), the MFP measured for a-Si is lower
than the one obtained by Beltukov et al. [Beltukov et al. 2018]. This di�erence
might be explained by the a-Si sample used, in the previous work the a-Si sample
is used as created and here the a-Si sample is cut out of a bigger sample and then
repeated in the x direction. It creates an arti�cial periodicity, and modi�es the
structure at the junction between two repetitions. This creates "interfaces" that are
likely to reduce the MFP at low frequency when it is of the order of the size of the
unit box that is repeated, in spite of the annealing. A con�rmation of the e�ect of
the size of the repeated simulation box is that for a larger box cut out of the same
amorphous sample, the MFP is higher (see �gure 2.23 in section 2.4).

Brie�y, the inclusions act as scatterers and tend to decrease the mean free
path. This e�ect is stronger for nanocomposites with a marked impedance
mismatch between inclusion and matrix (inclusions sti�er or softer than the
matrix).

Di�usivity The di�usivity is estimated after an excitation where each atom in the
white region in �gure 2.14 is excited in a di�erent randomly distributed direction
with the method described in section 1.5.3.

The di�usivity as a function of the frequency for the di�erent con�gurations is
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Figure 2.19: Di�usivity as a function of the frequency between 1 and 15 THz in the di�erent
con�gurations.

displayed in �gure 2.19. The overall shape of the di�usivity corresponds to one
previously described [Beltukov et al. 2016]. It starts high at low frequency, has
a plateau between 3 and 7 THz, a peak around 8 THz and decreases after that.
However, the inclusions modify the pro�le for λ= 21 or 100 this manifests as a larger
di�usivity at high frequencies and a less marked peak, with a stronger e�ect of the
sti�er inclusion (λ= 100). The peak corresponds to the end of the transverse phonon
dispersion curve and was already observed by Allen and Feldman [Allen et al. 1999].
The softer inclusion, induces a marked decrease in di�usivity at all frequencies, this
is consistent with the slower spreading of energy at high frequencies visible in �gure
2.16. The high values at low frequency appear because the di�usive behavior of the
energy propagation is questionnable, the 1D di�usion law does not any describe the
energy propagation. This can lead to divergence in the value of D, that is why the
graph is truncated at 4 mm2 s−1.

Brie�y, the addition of inclusions does not suppress the main features of
the di�usivity as a function of frequency in a-Si, but makes them slightly fade:
increasing the values at high frequency for homogeneous or sti�er inclusions (λ
= 21 or 100), or decreasing the overall level for softer inclusions (λ = 5).

2.3.3 Conclusion

In this section, the e�ect of the sti�ness of the inclusions in an a-Si/c-Si nanocom-
posite was studied. The propagative, di�usive and mixed regimes have been iden-
ti�ed through a qualitative analysis of the energy propagation after a longitudinal
excitation. When it comes to the analysis of the MFP and di�usivity, it appears
that homogenous and sti�er inclusions induce an overall reduction of the propaga-
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tive transport and an increase in the di�usive transport at high frequencies. It has
been shown, for homogeneous and sti�er inclusions, that overall the thermal con-
ductivity is not a�ected by the sti�ness, the decrease in propagative transport is
compensated by the increase in the di�usive transport [Tlili et al. 2019]. In the case
of the softer inclusions, both the propagative and di�usive transport are reduced,
thus a reduction of the thermal conductivity can be expected. The analysis car-
ried here are discussed more in depth in the publication this work contributed to
[Tlili et al. 2019].

2.4 Shape E�ects: c-Si inclusion in a-Si Matrix

Most of the theoretical studies of nanoinclusions impact on the vibrational and ther-
mal properties assume spherical NIs [Damart et al. 2015, Termentzidis et al. 2018a,
Tlili et al. 2019, Luo et al. 2019, Hu et al. 2020]. However, NIs can take multi-
ple shapes [Hofmeister et al. 2005]. The shape in�uences the properties, for in-
stance, NIs with a high surface to volume ratio increase the electrical conduc-
tivity in polymers [Vasudevan & Fullerton-Shirey 2019]. This ratio similarly in-
creases the heat transport in nano�uids [Jabbari et al. 2017]. Moreover, when
their mass fraction is high enough, the NIs can form a percolating network that
a�ects the transport properties [Miura et al. 2015]. For Si NIs in a SiO2 ma-
trix, the percolation can be controlled and modi�es the properties of the mate-
rial [Nakamura et al. 2015, Nakamura 2018].

A percolating network of NIs is similar to a nanomesh embedded in an amor-
phous matrix. Embedded nanowire meshes are already used in polymers to in-
crease their thermal conductivity [Huang et al. 2017]. More generally, Car et al.
showed that it is possible to obtain single crystalline nanowire meshes (NW-
M) [Car et al. 2014]. These NW-M, in 2D or 3D, are also known to have a low ther-
mal conductivity compared to bulk material [Ma et al. 2016, Verdier et al. 2018c].
Finally, a crystalline/amorphous nanocomposite is comparable to nanocrystalline
materials. For these materials, studies exist about the transmission of phonons,
across a single interface [Kimmer et al. 2007] or across multiple grain bound-
aries [Yang & Minnich 2017]. The grain-size and grain-size distribution also impacts
the transport [Hori et al. 2015].

The purpose of the following section is to explore the e�ect of the gradual inter-
connection of crystalline inclusions on the thermal conductivity and ballistic trans-
port. To this end, several structures are studied, using EMD to compute their
thermal conductivity and wave-packet propagation method to distinguish the prop-
agative and di�usive contributions. After a description of the con�gurations, the
qualitative impact of the inclusions on energy propagation at di�erent frequencies
will be considered, then the vibrational properties of the di�erent con�gurations
will be studied. These properties are used to estimate the thermal conductivity, via
the kinetic theory of gases framework, and �nally this thermal conductivity will be
compared to the results obtained with the EMD methodology. Finally, the impact
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of ballistic transport and nanoinclusions interconnection on the e�ective thermal
conductivity are discussed.

2.4.1 Modeling of the Con�gurations

The nanocomposites studied here are composed of crystalline Si inclusions embedded
in an amorphous Si matrix. The nanoinclusion shapes and interconnections are
varied to study their impact on the e�ective thermal conductivity and on the ballistic
transport. The incluisions are gradually interconnected, from an array of spheres
to a 3D nanowire mesh. The host matrix is an amorphous Si cube of side 11.9 nm

containing 84× 103 atoms cut out of the same sample as in section 2.3. The length
of the box is adapted to get an integer number of crystalline primitive cells and thus
a monocrystal in case of structural percolation of the crystalline phase. Periodic
boundary conditions are used in all directions.

The nanocomposites are formed in the following manner: the NI shape is �rst
hollowed out of the matrix, and then �lled by crystalline Si (c-Si). The added crystal
has the 〈100〉 direction aligned with the x axis.

For the SC con�guration, the central sphere has a radius of 4.6 nm and the
added cones have an opening angle of 40◦. The apex of the cones are 0.3 nm away
from the simulation box edges, and the basis of the cones are prolonged until it
intersects with the central sphere. This results in a neck of 0.6 nm between two
inclusions. For the STC con�guration, the cones have a radius of 1 nm at their
junction with the box boundary and are prolonged with an opening angle of 34◦

until the intersection with the central sphere of radius 3.7 nm. Thus, only the STC
and the NW-M have a continuous crystalline path across their simulation box, this
continuous crystalline path across the structure will be referred to as crystalline
structural percolation. This structural percolation has a minimum diameter of 2 nm

for the STC and of 5 nm for the NW-M. Additionally, a porous sample, with spherical
pores of the same diameter as the spherical inclusion (see table 2.3 �rst column), and
a fully amorphous sample are also studied for the sake of comparison. The porous
con�guration contains 58× 103 atom. In table 2.3, the di�erent NIs are represented
in 3D in the �rst row and in the second row a cross-section at the middle of the
corresponding nanocomposite are depicted.

After the geometrical construction, the di�erent con�gurations are annealed in
the following manner. The atomic positions are relaxed using a conjugated gradient
(CG) method, then the system is annealed at 100 K for 1 ps and �nally a second
conjugated gradient force minimization is performed5.

In this section, a modi�ed Stillinger-Weber potential [Vink et al. 2001] was
used for its more realistic modeling of the interfaces between c-Si and a-

5At this point, it can be mentioned that the relaxation induces small recon�gurations at the

surface of the NIs. This interfacial recon�guration causes a reduction of up to 3 % of the crystalline

fraction and can change slightly the surface to volume ratio of the NIs. To take this into account,

when computing the surface to volume ratio, only the particles recognized as diamond structure

and �rst and second neighbors by a modi�ed common neighbor analysis [Maras et al. 2016] are

considered.
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Table 2.3: Freestanding nanoparticles (�rst row) and a cross-section of nanoinclusions
embedded in an a-Si matrix (in blue) cross-section (second row).

Pore Sphere SC STC NW-M

Si in terms of interfacial energy and of atomic energies inside the two
phases [France-Lanord et al. 2014b] (see section 3.1.1 for a discussion of the in-
terfacial energy).

2.4.2 Ballisticity through Wave-Packet Simulations

To study the properties of the nanocomposites, wave-packet simulations as described
in the section 1.5.3 are performed. The excitation is the one described by the
equation (1.47), similarly to section 2.3 in the center of the con�guration between
the inclusions. The force amplitude chosen is 3.773× 10−4 eVÅ−1.

A qualitative analysis of the time evolution of the kinetic energy distribution can
give physical insights about the impact of nanostructuring on energy propagation.
Figure 2.20 shows the atomic kinetic energy on a cross-section for the di�erent
con�gurations after a 2 THz excitation (corresponding to the mixed regime discussed
earlier). The excitation is made in the middle of the system and propagates in both
the negative and positive x directions. The two directions being symmetric, only
one direction (x positive) is represented. This kind of representation is used here as
it gives a better visualization of the spatial distribution of energy than the heatmaps
of the previous sections. The �rst half of the table corresponds to the longitudinal
polarization. The main observation for most con�gurations, is that most of the
energy travels through the sample as a plane wave. The nanoinclusions do not
strongly a�ect the propagation at this frequency: the wave-packet travels through
the nanocomposites and the a-Si similarly. However, there is still some scattering
visible through the small spots of high energy concentration after the passage of the
wave-packet. These spots are mainly located in a-Si and at the interfaces between
inclusions and matrix. This matches closely what was visible for homogeneous
sti�ness inclusions in section 2.3. For the porous con�guration a plane wave is also
visible, albeit, its intensity is strongly reduced by the time it reaches the end of the
simulation box. But more importantly, most of the energy stays in the center and
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a-Si Pore Sphere SC STC NW-M
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z Longitudinal 2 THz

x
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z Transverse 2 THz

Figure 2.20: Cross-sectional view of a wave-packet going through the di�erent systems
after a longitudinal excitation at 2 THz (�rst part of the table) or a transverse excitation
at the same frequency (second part of the table) every .9 ps. The �rst line represents the
geometry of the cross-sections at the middle of the simulation box, with inclusions in red
and matrix in blue, note that for the porous con�guration a slice is shown, whereas below a
cross-section (with the bottom) is used. The color scale going from 0 (blue) to 3× 10−9 eV

(dark red) gives the atomic kinetic energy.

slowly di�uses through the sample. One can note that no re�ection is visible for
any con�guration, thus the wave propagating in the right does not a�ect the wave
on the left and vice versa.

For the transverse waves at the same frequency (displayed in the second half of
�gure 2.20), the dispersion is more marked. The vertical red lines, characteristic
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of plane waves, can be distinguished in the �rst few images, but disappear before
reaching the simulation box boundary. The waves are quickly scattered, and this
even for bulk a-Si. In the con�gurations containing NIs, the vertical lines materi-
alizing the plane waves are distorted. This distortion of the wave-front is due to
the wave-packet traveling faster in the crystal than in the glass matrix. The porous
con�guration is, again, the con�guration for which the scattering is the strongest.

To sum up about the low frequency wave-packet propagation, one can ob-
serve that the shape of the inclusions has no impact on either the longitudinal
or transverse waves. The longitudinal plane waves preserve their shape for both
interconnected and not interconnected inclusions, and the transverse waves are
di�used quickly. The situation is quite di�erent for the nanoporous amorphous
silicon, for which the plane waves disappear rapidly for both polarizations. This
stresses the fact that an amorphous/crystalline nanocomposite could be "trans-
parent" for low frequency longitudinal waves.

The behavior of the nanocomposites after a high frequency excitation is displayed
in �gure 2.21. The �rst part contains the evolution of a longitudinal wave-packet at
10 THz or two thirds of the maximum frequency for which a group velocity can be
de�ned. It appears that there is no propagation in the amorphous matrix. For all
con�gurations, the energy slowly spreads through the amorphous matrix.

However, on top of this di�usion, a propagative behavior6 limited to the crystal
also appears. This is particularly noticeable in case of structural percolation. In
this case, the wave-packet takes an oval shape and travels through the structural
percolation. In absence of percolation, the propagative part of the wave-packet
is scattered at the �rst crystalline/amorphous interface. Interestingly, no energy
appears to be trapped in the perpendicular branches of the percolating con�guration,
this probably linked to the excitation propagating exactly perpendicular to it.

For the transverse polarization, the selected frequency is 4 THz. As for the
longitudinal polarization, this frequency corresponds approximately to two thirds
of the frequency for which the group velocity becomes ill-de�ned (see �gure 2.23).
The behavior is very similar to the longitudinal polarization: there is ballistic (or
propagative) transport limited to the structural percolation region and a di�usive
transport acting on a slower timescale. This di�usive behavior is visible close to
the left of the images, where the excitation is made. However, in this case, both
the crystalline inclusions and the amorphous matrix participate in di�usive energy
transport. Di�usive energy transport is not restricted to the amorphous phase, but
surprisingly, it spreads as well in the crystalline phase.

6That is energy leaves the excited zone rather than slowly spreading.
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a-Si Pore Sphere SC STC NW-M

x
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x
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z Transverse 4 THz

Figure 2.21: Cross-sectional view of a WP going through the di�erent systems after a
longitudinal excitation at 10 THz (�rst part of the table) or a transverse excitation at
4 THz (second part of the table) every .9 ps. The �rst line represents the geometry of the
cross-sections at the middle of the simulation box, with inclusions in red and matrix in
blue, note that for the porous con�guration a slice is shown, whereas below a cross-section
(with the bottom) is used. The color scale going from 0 (blue) to 3× 10−9 eV (dark red)
gives the atomic kinetic energy.

To sum up, concerning the WP propagation at high frequencies, there is a
clear di�erentiation of the crystalline and amorphous phases. There is no ballis-
tic propagation in the amorphous phase. Ballistic transport through the sample
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is only possible in the crystalline phase through the structural percolation. We
also observe that there is no backscattering nor important deviation of energy
in the perpendicular branches of the interconnected inclusions.

2.4.3 Di�usive and Propagative Contributions to the Thermal Con-

ductivity

As described in section 1.6.4, the thermal conductivity can be estimated through
the information extracted from the wave-packet propagation simulations. First, the
method used for the estimation of the MFPs must be detailed. They are estimated
from the decay rate of the envelope of the wave-packet as a function of the distance
to the excited slice, as described in section 1.5.3. However, due to the presence of the
inclusions, the envelope may contain plateaus and sharp decreases (see �gure 2.22),
thus to get a meaningful value of the exponential decay �t, the portion on which
the least square �t is made has to be chosen appropriately. Moreover, as visible
in �gure 2.22 in the vicinity of the excited slice a di�usive part is visible, this part
is not included in the MFP computation. The propagation taking place in both x
positive and x negative directions, the �nal value of the decay rate is the average
between the two. For the con�gurations without structural percolation, the MFP
is estimated through the penetration length for frequencies above 12 THz for the
longitudinal excitation. For the transverse excitation, the MFP is substituted above
7 THz by the penetration length for all the con�gurations in order to avoid artifacts
caused by a strong scattering.
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Figure 2.22: Representation of the propagation of an 10 THz longitudinal excitation in the
NW-M, with the energy distribution at di�erent time steps (colored lines), the envelope
de�ned as the maximal value of the kinetic energy at a given position (black solid line) and
the exponential �t used to compute the MFP (dashed black line).

First, the di�erent components of the propagative contribution to the thermal
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conductivity (κP ), as de�ned by equation (1.56), are displayed in �gure 2.23. In
the top left panel, the MFPs of the longitudinal WP for the di�erent con�gurations
are given as a function of the frequency. These curves con�rm what was visible
in �gure 2.20: the MFP is high at low frequencies for all con�gurations. Below
5 THz, the MFP of the non-porous con�guration are very similar. Only the pores
decrease the MFP at low frequencies. This con�rms the observations of section
2.3: without strong impedance mismatch, the inclusions do not impact the MFP
at low frequencies. At higher frequencies, the con�gurations without structural
percolation have a low MFP. This contrasts with the con�gurations with structural
percolation, for which the MFP rises between 5 and 10 THz and decreases strongly
after that. The MFP for those con�gurations, around its maximum between 8
and 12 THz, is almost one order of magnitude higher than without percolation.
Moreover, the interconnection degree has an in�uence. The MFP is higher for the
NW-M than for the STC. Moreover, contrary to the results displayed in �gure 2.18,
for a nanocomposite with a similar volume fraction but a smaller inclusion diameter,
the MFP of non-percolating nanocomposite is higher than the amorphous one above
4 THz. However, the di�erence is small, and may be explained by the larger size of
the inclusions of this section. Similarly to what was observed in the previous section
2.3, the porous and fully amorphous con�gurations have a small MFP peak around
8 THz.
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Figure 2.23: From top to bottom: �rst row longitudinal and transverse mean free path,
second longitudinal and transverse group velocity for the studied con�gurations, third row
longitudinal and transverse VDOS of amorphous silicon. Additionally, the group velocity
computed for a fully crystal line sample is displayed with a dotted gray line.
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For the transverse polarization, in the top right panel of �gure 2.23 the behavior
is similar. As for the longitudinal polarization, the MFPs of the con�gurations with
a structural percolation have a maximum. In this case, the maximum lays between
5-6 THz. Without a structural percolation, the MFP decreases as the frequency in-
creases. Again, similarly to the longitudinal polarization, most con�gurations share
a very similar MFP at 1 THz, the only exception being the porous con�guration,
that has a lower MFP.

The group velocities for the longitudinal and transverse polarizations are dis-
played in the second row of �gure 2.23. It is estimated with the method described
in section 1.5.2. All the con�gurations share a very similar group velocity. This is
especially true for the longitudinal polarization at low frequencies (below 5 THz).
At higher frequencies, the group velocities for the amorphous and porous con�gura-
tions are lower than the group velocities of the others. The vg of the con�gurations
containing crystalline inclusions are very similar to the vg of c-Si. For the trans-
verse polarization, there is also a group velocity di�erence, although spanning over
the whole spectrum. For this polarization, the vg of the nanocomposites containing
inclusions lays in between those of c-Si and a-Si. Finally, the transverse polarization
has a null velocity for frequencies higher than 7 THz.

The third row from the top contains the VDOS attributed to the longitudinal
and transverse polarizations for the computation of κP . For this application, the
transverse and longitudinal VDOS used, are the one computed via the KPM method
[Beltukov et al. 2015] on an a-Si sample. This allows for a good approximation in
the 0-12 THz frequency range (see appendix A.4 for more details). On these graphs,
it can be noted that the maxima of VDOS at 10 THz for the longitudinal polarization
and at 5 THz for the transverse also correspond to MFP maxima. Due to the higher
lifetime conjunct with a high VDOS, these modes will contribute signi�cantly to
κP .

The di�erent terms participating to the di�usive contribution to thermal con-
ductivity κD, as de�ned by equation (1.57), are shown in �gure 2.24. The top panel
corresponds to the di�usivity computed with equation (1.49). Two main observa-
tions can be made: �rstly all the con�gurations containing a crystalline phase share
a very similar di�usivity across the whole spectrum, secondly only the porous con-
�guration induces a reduction of di�usivity with respect to the amorphous sample.
Here, the addition of crystalline nanoinclusions increases the di�usivity. The VDOS
computed through the VACF for the di�erent con�gurations are displayed in the
bottom panel of �gure 2.24. All the VDOS are very similar up to 14 THz. At higher
frequencies, the con�gurations containing NIs and the others show di�erences. The
VDOS of a-Si starts to decrease from 14 THz while the others continue to increase.
However, this di�erence has little e�ect on the κD given that the di�usivity is very
low at those frequencies.

The di�erent terms displayed in �gures 2.23 and 2.24 are used to compute κP
and κD through equation [1.18] and [1.19]. The results for temperatures between 10
and 400 K are shown in �gure 2.25. The �rst column contains the transverse (κT )
and longitudinal (κL) propagative contributions. It con�rms that the structural
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Figure 2.24: Di�usivity and VDOS as a function of frequency for the studied con�gurations.
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Figure 2.25: Di�erent contributions to the thermal conductivity, the �rst column contains
the contributions of the longitudinal phonons κL (bottom) and the transverse phonons κT
(top), the second column the di�usive contribution κD (top) and the overall propagative
contribution κP = κL + κT (bottom), the last column contains the sum of the di�erent
contribution κTot = κP + κD.

percolation induces a marked increase in the propagative contribution: the STC
and NW-M have a larger κT and κL. However, for the di�usive contribution in the
top row of the central column, no distinction between the con�gurations containing
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NIs can be made. In this set of con�gurations, only the pores seem to decrease the
di�usive contribution below amorphous values. The propagative contributions, for
both polarizations, increase with the degree of interconnection. When looking at
the propagative contributions as a function of the temperature, it appears that κL
increases at higher temperature than κT . This is linked to the MFP peak at 10 THz

and to C(T, ω) that limits the impact of high frequencies at low temperature. This
important high frequency contribution also results in a maximum of κL around
200 K for the NW-M. This is due to the empirically added phonon-phonon term
(equation [1.60]) that reduces the contribution of high frequency phonons as the
temperature rises. The di�erent contributions (propagative and di�usive) can be
compared in the central panel. The di�usive and propagative contributions for the
non-percolating con�gurations have similar values at 300 K.

The sum of the di�erent contributions, κTot, is displayed in the last column of
�gure 2.25. At all temperatures, the same order of κTot is preserved. This order is,
from the highest to the lowest thermal conductivity, the NW-M, the STC, the SC
and the S at very similar values, the amorphous, and �nally the porous con�guration.
The maximum observed for κL of the NW-M is still visible on the sum and happens
at 244 K. It is due to anharmonic e�ects (see equation [1.60]).

The di�erent contributions to the thermal conductivity at 300 K are also shown
in �gure 2.26. With this representation, it appears clearly that: the structural per-
colation increases κP and does not a�ect κD. As a result, the propagative part
represents up to 75 % of κTot for those nanocomposites. This �gure also shows
that the addition of non-percolating NIs in an amorphous matrix increases more the
di�usive than the propagative transport. For the S and SC con�gurations, the dif-
fusive transport is dominant. Finally, it appears that despite the overestimation of
the thermal conductivity of nanocomposites containing NIs by the kinetic method
compared to the results of EMD, the hierarchy in the di�erent structures is pre-
served. The discrepencies between the methods will be discussed in the following of
the chapter (see section 2.4.5)
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Figure 2.26: Thermal conductivities at 300 K, decomposed through equations (1.56) and
(1.57) and computed with EMD. The proportional contribution to the thermal conductivity
of the propagative mode is also represented in the right part of the �gure (right axis).
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To sum up brie�y on the results obtained with the kinetic theory, it appears
that as predicted previously, the addition of NIs increases κ above bulk a-Si
values [Tlili et al. 2019]. The crystalline NIs increase the overall thermal con-
ductivity. This is particularly visible in the case of structural percolation, where
the MFP peak at high frequencies is concomitant to a VDOS peak, resulting in
a large increase of κP . This increase occurs mainly at high temperatures (see
�gure 2.25) due to the temperature dependent frequency weighting of C(ν, T )

(see equation [1.58]). As high frequencies at high temperatures are also more
impacted by the phonon-phonon term (equation [1.60]), a maximum of κTot(T )

appears for the NW-M. This maximum contrasts with experimental results for
single nanowires of diameter similar to the NW constituting the NW-M. For
these single NWs, no maximum of the thermal conductivity has been observed
as a function of temperature [Li et al. 2003a]. This is a �rst sign that the prop-
agative contribution, the only which can cause the apparition of a maximum
of κ, is overestimated by this implementation of kinetic theory. Moreover, κP
dominates at these temperatures, contrasting with the predictions of Cahill et
al. [Cahill & Pohl 1988].

2.4.4 Global Estimation of the Thermal Conductivity

The thermal conductivity can also be estimated from the Green-Kubo relation (equa-
tion [1.52]). For this, the following process is performed on one inclusion in the
amorphous cube, as represented in the bottom row of table 2.3. They are �rst
heated at 50 K, using a random initial velocity distribution. Subsequently, the tem-
perature is increased from 50 to 600 K at constant pressure in 0.05 ns, that is 1× 105

time steps. Then the system is annealed at 600 K with a Nosé Hoover thermostat
for 0.25 ns (5× 105 time steps) to ensure better temporal stability. This annealing
does not impact the radial distribution function at 300 K, con�rming that there
is no recrystallization. After this, the temperature is decreased to 300 K at con-
stant pressure in 0.05 ps (1× 105 time steps) and then equilibrated at 300 K for
1 ns (2× 107 time steps). The �ux auto-correlation function is �nally measured
during 10 ns (2× 108 time steps) in a constant energy simulation, using a velocity
Verlet integration scheme. For all the simulations, a time step of 0.5 fs is used. For
the computation of the auto-correlation, the �ux is sampled every 10 fs and the
�ux auto-correlation decay is computed over 20 ps. These simulations are repeated
5 times, with a di�erent set of initial velocities for each repetition, to get better
statistics. The �nal value is the mean κ across the simulations, and the uncertainty
range is de�ned by the highest and lowest values of the individual runs.

The κ computed for bulk a-Si through EMD is 1.9 W m−1 K−1 which is close
to previously reported values [Lv & Henry 2016, Larkin & McGaughey 2014]. The
nanoporous a-Si has a sub-amorphous κ due to the additional scattering at the
surface of the pores. When the pores are �lled with crystalline NIs, the κ is increased
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Figure 2.27: Thermal conductivity estimated with EMD for the studied con�gurations,
as a function of their surface to volume ratios. S [Tlili] refers to results of Tlili et al.

[Tlili et al. 2019] with the same crystalline volume fraction and NW-M-8 refers to a cube
constituted by a 2x2x2 grid of the con�guration NW-M.

by a factor 2.5 to 3 compared to the porous κ and a factor 1.2 to 1.5 compared to
a-Si.

The results of the EMD computations are compared to κTot obtained in the
previous section in table 2.4. As visible in �gure 2.26, even if the thermal conduc-
tivity predicted by equations (1.56) and (1.57) are higher, both methods predict
the same hierarchy of κ. The di�erence of prediction between the two methods is
more pronounced for the con�gurations containing NIs and even more if there is a
structural percolation. The last row of the table shows the results for the estimation
via the kinetic theory if τphonon−phonon is neglected. It appears that the reduction
of thermal conductivity induced by this term is marked only for the con�gurations
with a crystalline continuity.

Table 2.4: Thermal conductivity in W m−1 K−1 at 300 K for the di�erent con�gurations,
computed with EMD, or estimated with equations (1.56) and (1.57).

Am Pore S SC STC NW-M

EMD 1.9(2) 0.89(4) 2.3(1) 2.3(2) 2.5(2) 2.7(1)

WP w τph−ph 2.5 1.3 4.0 4.1 7.2 8.9
WP w/o τph−ph 2.6 1.3 4.1 4.2 8.7 14.0

To conclude on the EMD computations, all con�gurations containing crys-
talline nano inclusions have a κ between 2.3 and 2.7 W m−1 K−1 (see table 2.4).
The nanowire mesh is the only con�guration that has a distinctively higher κ
than the nanocomposites with non-percolating spherical inclusions. Its thermal
conductivity is 20 % higher than the one of the nanocomposite with a spherical
inclusion. The values obtained with EMD are notably lower than the values ob-
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tained with equations (1.56) and (1.57), but they both give the same hierarchy
of thermal conductivity of the di�erent con�gurations.

Nakamura et al. obtained experimentally a thermal conductivity between 1.7 and
1.9 W m−1 K−1 for Si nanocrystallite of similar size in a-SiO2 [Nakamura et al. 2015].
The di�erence probably comes from the a-SiO2 having a lower κ than a-Si. More-
over, counter-intuitively, when going from the spherical inclusions to the nanowire
mesh, κ seems to increase with the surface to volume ratio. However, usually, an
increased density of interfaces leads to a reduction of κ [Minnich & Chen 2007].
The increased surface to volume ratio is here a consequence of the gradual inter-
connection of the nanoinclusions: as the shape shifts from a sphere to a NW-M the
surface to volume ratio indeed increases. In the present case, the interconnection
has probably a stronger e�ect on κ than the surface to volume ratio. In addition,
a similar thermal conductivity has been found before for smaller particles having
a higher surface to volume ratio but sharing the same volume fraction than the
nano-spheres [Tlili et al. 2019]. This means that the surface to volume ratio has
little e�ect on crystalline Si nano inclusions in a-Si matrix. This lack of impact
of the surface to volume ratio contrasts with the results obtained for GaN NIs in
SiO2 [Termentzidis et al. 2018a]. The origin of this di�erence may be found in the
impedance mismatch between GaN and SiO2.

Furthermore, the κ of a-Si estimated here is consistent with previous re-
sults obtained with a similar method [Lv & Henry 2016] and with experimental
results [Cahill et al. 1994]. Porous a-Si is less studied, nevertheless, the results
can be compared with results obtained on porous c-Si amorphized by irradiation
[Isaiev et al. 2014, Massoud et al. 2020]. The experimental results range between
3 and 1.8 W m−1 K−1, thus higher than the 0.89 W m−1 K−1 obtained here. This
di�erence can have multiple origins, two of which are important: the shape of the
pores and the presence of gas (humid air) in the pores in the experimental set up.
The results for the NW-M can be compared to a similar study of a free standing
nanowire meshes [Verdier et al. 2018c]. They have found a lower thermal conductiv-
ity (0.5 W m−1 K−1) for NWs of similar cross section. However, a direct comparison
is harder to make, the geometry (shape of the cross section and distance between
crossings) being di�erent. Given that the thermal conductivity of porous a-Si and
of the NIs alone are known [Fang et al. 2006], it is tempting predicting κ in the
corresponding nanocomposite; however, a simple sum of the two thermal conductiv-
ities does not predict the correct thermal conductivity. Moreover, even an e�ective
medium approach based on a mixing rule between the NIs and the matrix κ is not
able to predict the correct thermal conductivity. A more complex model, such as the
one presented by Wang et al. [Wang & Pan 2008], may be able to predict the ther-
mal conductivity. However, as the authors point out, the e�ective model approach
often fails to predict the properties at the nanoscale.
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2.4.5 Discussions

Previous analyses of the impact of NIs in amorphous matrices on the vibrational
and thermal properties of nanocomposites via MD have focused on the intrin-
sic properties of spherical NIs and on their role as scatterers [Tlili et al. 2019,
Termentzidis et al. 2018a, Luo et al. 2019]. The in�uence of their shape and even-
tual interconnection are rarely the center of attention, here their role on the e�ective
thermal conductivity and on the ballistic transport are explored.

Thermal conductivity The gradual interconnection/structural percolation be-
tween the NIs increases the e�ective thermal conductivity of the studied nanocom-
posites. This enhancement is due to an increase of the propagative part. The
di�usive part (κD) on the contrary is not a�ected by the shape of the inclusions
nor by the structural percolation. It can, however, be noted that κD is increased by
the introduction of NIs. The only way to decrease the di�usivity below amorphous
values seem to introduce pores as proposed here or softer inclusion as proposed in
section 2.3. Finally, it was shown that the two methods used to evaluate κ conserve
the same hierarchy between the inclusions.

Having estimated thermal conductivity through two methods (the wave-packet
method and the EMD simulation), the respective results can be compared. Firstly,
it appears that the two methods give di�erent results. Equations (1.56) and (1.57) of
the wave-packet method overestimate the thermal conductivity of all con�gurations
compared to the EMD method, and particularly in case of structural percolation
that makes the thermal response very inhomogeneous. It also does not take prop-
erly into account the possible thermal sensitivity of the MFP as the wave-packet are
performed at low temperature. Secondly, in opposite, the EMD simulations might
not capture all the e�ects induced by the NIs. Additional Non Equilibrium Molecu-
lar Dynamics (NEMD) [Schelling et al. 2002a] simulations containing multiple NIs
could be interesting to perform. In the case of structural percolation, the heat �ux
will likely concentrate in the crystalline percolation and the e�ect of this concentra-
tion maybe lost in the �ux auto-correlation over the whole sample that is used to
compute κ with the EMD method.

However, the discrepancies between the values of both models also question the
quantitative accurateness of the computation of κ with the kinetic theory. The ro-
bustness of the method, in particular for nanocomposites, is not established. To
carry out the computations, multiple assumptions are made. These di�erent as-
sumptions will be reviewed later in this section.

Ballistic and Di�usive Transport Concerning ballistic transport, the behav-
ior at high and low frequencies must be distinguished. At low frequencies for the
longitudinal polarization, no distinction can be made between the di�erent nanocom-
posites containing NIs. The WP travels through NIs and matrix alike. At higher
frequencies, the waves are strongly attenuated in the amorphous matrix and ballistic
transport is possible through the structural percolation only.
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At low frequencies, ballistic transport was expected in the amorphous matrix
[Beltukov et al. 2018]. Moreover, at these frequencies there is no impedance mis-
match: the group velocity in a-Si and c-Si are similar (as can be seen when comparing
the vL(ν) between a-Si and c-Si in the central panel of �gure 2.23). The long MFP
at low frequencies for a-Si/c-Si nanocomposite is consistent with results obtained
with �nite elements simulations [Luo et al. 2019]. Moreover, the transmission rate
through a a-Si/c-Si interface is known to be high7 for a single interface and for grain
boundaries in nanocrystalline Si [Yang et al. 2017a, Yang et al. 2018]. The combi-
nation of a high MFP in the matrix, a lack of an impedance mismatch and a good
transmission through the interface results in a reduced impact of the NIs on the
MFP at low frequencies for longitudinal polarization. For the transverse polariza-
tion, still at low frequencies, the MFP is similar for all the con�gurations, excepted
for the porous one. This similarity happens in spite of the acoustic mismatch be-
tween matrix and NI (materialized by the group velocity di�erence visible in �gure
2.23) and the stronger scattering observed in �gure 2.20. The latter indicates that
ballistic transport at those frequencies is dominated by the matrix and that the
inclusions have little e�ect despite the distortion of the wave front. To conclude on
this point, the most e�ective way to decrease the transmission of low frequency WP
relative to bulk a-Si in these nanocomposites is to introduce pores.

While only few di�erences appear between the con�gurations at low frequencies,
at high frequencies strong disparities between the nanocomposites become clear.
At high frequencies the MFP in a-Si is small [Beltukov et al. 2018] and there is an
impedance mismatch between a-Si and c-Si for both polarizations (see central panel
of �gure 2.23). As a result, the WP is strongly attenuated in the matrix but travels
well through the structural percolation at high frequencies. A similar behavior was
observed for NWs with an amorphous shell (see chapter 3). Moreover, di�erences in
MFP between the large inclusions of this section and the smaller inclusions of section
2.3 arise from 4 THz: the MFP is higher when the inclusions are larger. This can be
understood as the e�ect of the high interface density. However, it is also important
to note that the MFP is each time of the same order than the inclusions and that the
di�erence in MFP is of 4 nm at most. This di�erence might thus not be signi�cant.

Interestingly, if the MFP is a�ected by the shape of the inclusions, the di�usivity
is not. All the con�gurations with crystalline inclusions have a very similar di�usiv-
ity. This di�usivity is distinctively higher than the bulk a-Si one (see �gure 2.24).
The increase in di�usivity induced by the nanospheres is more marked for these
10 nm nanospheres than for the 5 nm nanospheres studied in section 2.3. Larger
crystalline inclusions seem to increase the di�usivity, hinting that the di�usivity is
decreased by the interface density. Finally, it appears clearly that the only methods
to reduce the di�usivity are to introduce pores or softer inclusion.

7Above 80 % below 2 THz when computed via Atomic Green Function (AGF)
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To sum up on the ballistic transport properties: nanoinclusions were already
known to a�ect the transmission of phonons, for instance, small spherical NIs
act as a low pass �lter [Damart et al. 2015], and here it has been shown that
if there is a structural percolation in the nanocomposite it can be used to let
high frequency phonons go through the structure. This can happen thanks to
the crystalline continuity at the nanoscale.

Discussion of the Hypotheses Equations (1.57) and (1.56) rely on di�erent
hypotheses. In the following paragraphs, the validity of these hypotheses along
with the possible origins of the discrepancies between κ computed through those
equations and through EMD will be reviewed.

First, both the di�usive and the propagative contributions are considered at
all frequencies. In previous works the di�erent contributions were separated either
based on frequency ranges, or on the periodicity of the modes [DeAngelis et al. 2019].
Here, both contributions are included for all the frequencies considered. This is mo-
tivated by the fact that both a propagative and a di�usive part appear at all the
observed frequencies for those con�gurations, especially in the mixed regime evi-
denced here (see �gures 2.21 and 2.20). This contributes to the overestimation of
the thermal conductivity by the model used here. Indeed, some modes are consid-
ered twice, once as di�usive and once as propagative. This is especially true in the
low frequency range, where both MFP and di�usivity are high. In such a regime,
the relative contributions of expressions (1.56) and (1.57) should be weighted by the
relative amount of initial energy in it.

Secondly, the propagative contribution is also very likely overestimated. This
overestimation already appears for the bulk a-Si for which the propagons are ex-
pected to contribute up to 40 % of κ [Larkin & McGaughey 2014] and the present
model gives 50 %. This overestimation can be attributed to the lack of a cut-o�
frequency for the propagative contribution, as previously discussed. The e�ect is
much more marked for the STC and NW-M nanocomposites, for those, only a
small fraction of the system (restricted to the center of the crystalline part) takes
part to the ballistic transport at high frequencies (see �gure 2.22). The transport
only happens in the structural percolation and not in the whole nanocomposite. A
manifestation of this phenomenon also appears in �gure 2.21, part of the energy
is scattered, and a part of it travels ballistically. The di�usive behavior is visible
through the gradual �attening of the central peak (0-10 nm). The propagative part
appears as a lobe shifting through the sample. This lobe corresponds to the wave-
packet travelling in the structural percolation. Yet, in equation (1.56), it is assumed
that the whole con�guration contributes to κP . This leads to an overestimation of
κP , especially at high frequencies where non-propagating modes are considered in
the VDOS but do not contribute to the ballistic transport. The group velocities
are extracted from the �tting of the dispersion relations by a sine function, by do-
ing so the eventual con�nement e�ects are neglected. This con�nement has been
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predicted for free NW [Zou & Balandin 2001] and observed experimentally recently
[Kargar et al. 2016]. Moreover, in the WP simulations the propagation direction is
aligned with the structural percolation. This alignment decreases the interactions
of the WP with the interfaces and with the branches perpendicular to the propa-
gation at the crossings for the NW-M and STC. This may arti�cially increase the
MFP measured by WP propagation. The boundary scattering is known to be the
main factor limiting the thermal conductivity of NWs, a model has been devel-
oped to take it into account by considering a specularity parameter for re�ection at
the interface [Volz & Chen 1999]. It was even showed recently for argon NW that
this specularity parameter has a stronger e�ect on the thermal conductivity than
the con�nement e�ect [Tretiakov & Hy»orek 2021]. Moreover, due to the geometry,
boundary scattering impact might be even more important, especially in the case of
the NW-M, where back scattering at intersections is expected to play an important
role [Verdier et al. 2018c], whereas no impact of the intersection of the NW is visible
in �gure 2.21.

For comparison purposes, the MFP can also be estimated through the Dy-
namical Structure Factor thanks to the damped harmonic oscillator model (see
appendix A.5). Yet, this method is known to give lower lifetimes than the esti-
mation through WP amplitude decay rate [Beltukov et al. 2018]. Additionally, the
DSF is an averaged quantity computed over the whole unit cells represented in ta-
ble 2.3. Thus, it cannot take into account the longer MFP due to transport in the
structural percolation. As a result, if the MFP computed through the DSF is used
to estimate κP , the hierarchy of κ between the nanocomposites obtained with EMD
is not reproduced. This underlines the necessity to use a spatially resolved method
to compute the thermal conductivity in nanocomposite systems.

Finally, the hypothesis made on the e�ect of temperature are important. Namely,
the MFP and the di�usivity are computed at 0 K, then for κP a phonon-phonon
lifetime term is added to consider the thermal e�ects. This phonon-phonon scatter-
ing parameter is approximated thanks to empirical coe�cients derived for bulk c-Si.
These coe�cients were already successfully used for NWs, albeit NWs with larger
characteristic dimensions than the structures studied here [Yang & Dames 2013].
Alternatively, one may consider the expression derived by Klemens [Klemens 1958]
for Umklapp processes. Moreover, the phonon-phonon scattering in amorphous ma-
terials is negligible. Its e�ect being small in front of the e�ect of disorder. Thus, the
bulk c-Si scattering coe�cients seem to be the best available. Nonetheless, these pa-
rameters might be impacted by interface and size e�ects. The di�usivity can also be
in�uenced by the temperature. To avoid using a temperature correction coe�cients,
the wave-packet propagation simulations could be performed at higher temperature.
However, at higher temperature, the amplitude of the excitation has to be increased
to distinguish the wave-packet from the thermal agitation. This larger amplitude
may induce other bias, as the overestimation of the e�ect of anharmonicity.

All those factors lead to an overestimation of the thermal conductivity com-
puted through the kinetic theory and particularly of the propagative part. In future
work, the estimation of the thermal conductivity using the kinetic theory could be
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improved by including the e�ect of the re�ection at the interface, for instance by
introducing a specularity parameter [Volz & Chen 1999].

In brief, the quantitative estimation of the thermal conductivity via the vi-
brational properties (equations [1.57] and [1.56]) relies on strong assumptions
and could be improved. The main possible improvements are: the weighting of
the di�usive and propagative contributions depending on the frequency, the con-
sideration of di�erent orientations and a more precise consideration temperature
e�ects.

2.4.6 Conclusion

The vibrational and thermal properties of gradually interconnected c-Si nanoinclu-
sions in an a-Si matrix host matrix have been studied, with the goal of gaining a
better understanding of the e�ects of a crystalline continuity at a constant crys-
talline volume fraction. WP simulations revealed that the structural percolation
has a strong impact on the transmission of energy at high frequencies (8-12 THz),
the MFP being increased by an order of magnitude in case of structural percolation.
The interconnection also results in a thermal conductivity increase. This enhance-
ment appears for the two methods used for the estimation of κ: WP propagation
and EMD computations. However, the kinetic theory predicts a twofold increase
of κ between the non-interconnected and the interconnected inclusions, while the
EMD simulations predict a more modest increase of 20 %. More generally, the use
of equations (1.56) and (1.57) seems to overestimate κ, especially its propagative
part κP . This di�erence between the predictions of the two methods has multiple
roots: the contribution of all frequencies to both κD and κP , the overestimation
of the MFP due to the alignment of the wave-packet with the percolation and the
incomplete consideration of temperature e�ects. This leads us to conclude that if
a very strong increase in ballistic transport can be observed at high frequencies for
percolating NIs it does not induce a marked absolute thermal conductivity increase.
This kind of con�gurations could thus be used for applications where a low κ is
needed while keeping the coherent transport of phonons at high frequencies. Such
properties could be useful for information processing or phonons engineering in a
structure.

2.5 From Nanoinclusion to Decorated Dislocation

Sections 2.1, 2.2 and 2.3 focused on the e�ect of NIs, viewed as volume defects, over
the properties of nanocomposites, section 2.4 explored the e�ect of NI shapes and
structural percolation. This section continues with the study of the impact of line
defects on the propagation of heat, with the case of In decorated dislocation in GaN.

Dislocations represent a very common defect in crystalline materials, in par-
ticular in III-V semiconductors. Their role on elasticity and plasticity has been
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widely studied [Hirth et al. 1983]. Their e�ect on the thermal conductivity have
been considered since the early kinetic theory implementations [Klemens 1958,
Carruthers 1961]. They are introduced as a supplementary scattering source, re-
ducing the phonon lifetime. Their role is also considered in more modern imple-
mentations of the kinetic theory [Asen-Palmer et al. 1997]. For instance, phonon
scattering by dislocations is non-negligible in Si and Ge [Asen-Palmer et al. 1997].

GaN nanodevices are used for many applications, such as �eld-e�ect transis-
tor [Huang et al. 2002] or LASER [Grade£ak et al. 2005]. These applications ne-
cessitate a control of the temperature, and in GaN crystal the high dislocation
density strongly decreases the thermal conductivity [Mion et al. 2006]. This im-
pact of the dislocation over the heat transport has already been studied, for bulk
[Termentzidis et al. 2018b] or thin �lms [Zou et al. 2002] for instance.

Dislocations are often considered as line defects, nevertheless, they can also be
used to tailor the properties of the material [Ikuhara 2009]. The strain �eld around
them attracts the impurities, this attraction can create the so-called decorated dis-
locations, which are ultra thin embedded nanowires. Threading edge dislocations
have, for example, been used to create conductive Al nanowires in GaN thin �lms
[Amma et al. 2010]. The screw dislocations are less common in GaN but are also
known to attract In atoms in InXGa1−XN alloys [Horton et al. 2015].

It has been shown that InXGa1−XN alloys can be used for thermoelectric gen-
eration with performances close to SiGe based alloys [Pantha et al. 2008]. It is, in
particular, useful at high temperatures [Surender et al. 2018]. The thermal conduc-
tivity of those alloys have been shown to be a�ected by compositional inhomogenities
[Tong et al. 2013]. Creating more scattering centers in the form of dislocations could
further decrease the thermal conductivity and increase the �gure of merit.

This section o�ers a study of the impact on phonon transport of the presence
of decorated screw dislocations in InXGa1−XN. Two compositions, X = 0.025 and
X = 0.1, are considered in four di�erent con�gurations, to evaluate the anisotropy
and compare the decorated dislocation with random alloys.

2.5.1 Modeling of the Con�gurations

The con�gurations studied in this section are the one created for publication of
Giaremis et al. [Giaremis et al. 2020], a more detailed description can be found
in the paper. Four di�erent GaN wurztite con�gurations are studied, two with 4
screw dislocations with opposite signs, and two with randomly distributed In atoms.
In each case, one con�guration contains 1.25 % (X = 0.025) of In atoms and the
other 5 % (X = 0.1) (see �gure 2.28 a and b). The simulation boxes containing the
dislocations are 5 by 9 by 5 nm rectangular cuboid containing 1.92× 103 atoms. The
dislocations are created using the displacement �eld described by linear elasticity
theory [Hirth et al. 1983]:

ux =
b

2π
arctan

x

y
, (2.1)
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a) b)

c) d)

Figure 2.28: Di�erent InXGa1−XN alloys samples studied: 4 screw dislocations decorated
with In atoms for X=0.025 (a) and X=0.1 (b), alloys with randomly distributed In atoms
for X=0.025 (c) and X=0.1 (d). The Ga atoms are represented in red, the N atoms in blue
and the In atoms in pale yellow.

with b the Burgers vector (displacement magnitude), x and y the cartesian coordi-
nates. b is chosen to correspond to the lattice constant. The Burger vectors of the
dislocations cancel each other by pair, so that periodic boundary conditions can be
used. The resulting dislocation density is of 1× 1011cm−2. Once created, the four
dislocations are decorated with the heavier In atoms. To do so, the Ga atoms in
the core and the neighborhood of the dislocations are substituted by In atoms. A
su�cient number of atoms are replaced to reach 1.5 % or 5 % of In atoms.

The random alloys are modeled as right parallelogrammic prisms (4.5 by 3.9
by 8 nm) containing 11× 103 atoms, in which some Ga atoms are replaced by In
atoms in energetically favorable places [Giaremis et al. 2020] to reach the desired
proportion of In atoms overall (see �gure 2.28 c and d).

The con�gurations described are relaxed to reach mechanical equilibrium. For
this, the atomic positions are relaxed using a conjugated gradient method and then
a Hessian-free truncated Newton algorithm with a force criterion. The interatomic
potential used for this study is a modi�ed Stillinger-Weber (inter-atomic potential)
(SW) [Lei et al. 2009].
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2.5.2 Wave-Packet Propagation

The random alloys and decorated dislocations a�ect the thermal conductivity dif-
ferently depending on the In concentration [Giaremis et al. 2020]. For instance, the
temperature a�ects di�erently the con�gurations depending on the In fraction. The
wave-packet propagation simulations provide a microscopic representation of the
path and obstacle over energy propagation. This microscopic visualization can help
interpret the variation of thermal conductivity in the di�erent cases, by showing
which con�guration hinders the WP propagation.

The WP simulations are performed for di�erent cases. A propagation parallel
to the dislocation line, in which case the simulation box is repeated 15 times in
the z direction (see the two �rst columns of �gure 2.29), and for a propagation
perpendicular to the dislocation line, in which case the con�guration are repeated
18 times in the y direction (see the third and fourth columns of �gure 2.29). The
random alloys are repeated 15 times in the z direction (see the two last columns of
�gure 2.29). This creates con�gurations that are at least 70 nm long to study the
decay rate of the envelope of the wave-packet.

The excitation is performed as described by the equation (1.47) in the center of
the con�guration. The force amplitude chosen is 3.773× 10−2eVÅ−1.

The propagation of the WP in the di�erent con�gurations are depicted in the
�gure 2.29, two frequencies are selected, 3 and 6 THz. They correspond either to
a frequency at which the MFP and propagation are similar in all the con�guration
(3 THz), or very di�erent between them (6 THz) (see �gure 2.30). For the propaga-
tion at 3 THz in the �rst half of the table, for all con�gurations, a bundle of plane
waves (vertical lines) traveling through the con�gurations are visible. These lines
are slightly distorted by the dislocations. For dislocations parallel to the propaga-
tion direction (in the �rst two columns) the perturbation is continuous: the energy
density of the wave front is less intense in and around the dislocation core. How-
ever, if the dislocations are perpendicular to the propagation direction, the wave
front recovers after crossing them.

It can also be noted that the energy tends to be trapped in the dislocation
cores, as it was at interfaces in the previous section of this chapter. This might
be enhanced by the impedance mismatch betwenn InN and GaN. This appears
clearly for the propagation parallel to the dislocation, where red horizontal lines
form after the passage of the WP, showing that energy is trapped in the dislocation.
For propagation perpendicular to the dislocation, this is less apparent, and the
energy seems to be scattered not only by the dislocations but also by the strain
inhomogeneities between them. Indeed, "X" shaped red crosses appear after the
passage of the WP, showing that some energy is trapped in these regions.

The only notable di�erence, induced by the di�erent In content in the random
alloys, is that the scattering seems stronger for larger X values. This could be
expected due to the increased impurity density, that increases the alloy scattering.

At 6 THz, in the second part of the �gure 2.29, the behavior is di�erent. There
is no propagation in the In rich region. Indeed, at this frequency there is no
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Disl. ‖ Disl. ⊥ Random
X = 0.1 X = 0.025 X = 0.1 X = 0.025 X = 0.1 X = 0.025

Longitudinal 3 THz

Longitudinal 6 THz

Figure 2.29: Visualization of the WP in the InXGa1−XN alloys with the di�erent con�gu-
rations (parallel and perpendicular to the dislocation and in random alloys). In the third
row the con�gurations are displayed, with Ga atoms in red, the N atoms in blue and the
In atoms in pale yellow. In each case, the cross-section is chosen to showcase the e�ect
of the dislocation. Only the portion right of the excitation is represented, the other being
symmetric. Each row gives the atomic kinetic energy in the cross-section every 9× 10−4 ns.
The �rst half of the table represents the propagation at 3 THz and the second half of the
table at 6 THz.

acoustic phonon branches in InN [Qian et al. 2004], and some available in GaN
[Jiang et al. 2017]. This has a strong e�ect on the propagation parallel to the dis-
location (two �rst columns of the table), especially for X = 0.1. For X = 0.025

the propagation outside of the dislocations is not disturbed, and there is no energy
propagation in the core of the inclusions (no vibrational modes are available). As a
result, the WP propagates without much scattering. The absence of propagation in
the In rich region also results in the absence of localization in the dislocation core
for propagation perpendicular to the dislocation line. This is especially noticeable
for X = 0.1. For the other con�gurations, the behavior is not very di�erent from
that at 3 THz, with a stronger attenuation of the WP for larger In content.
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Brie�y, the WP propagation at 3 and 6 THz show that the scattering is more
pronounced for X = 0.1. But more importantly, it showed that at 3 THz the
WP propagates in the dislocation core and part of it localized in it. Whereas,
at 6 THz, the WP does not penetrate in the dislocations.

Mean Free Path The MFPs of the di�erent con�gurations as a function of the
frequency are depicted in the �gure 2.30. The six con�gurations are represented
for frequencies from 1 to 10 THz, 10 THz is the maximum frequency of acoustic
phonons. To compute the MFP, the decay rate of the WP intensity from 10 to
30 nm away from the excitation is computed. The result is averaged between the
two directions. Above 7 THz, the �t to an exponential decay fails, the pro�le start to
be more di�usive, for those frequencies the MFP is substituted by the penetration
length 1.5.3. Below 3 THz, the MFP of the longitudinal phonons in the random
alloys (circles) are magnitudes orders larger than the size of the system, rendering
an accurate estimation di�cult.
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Disl. In0.1Ga0.9N ‖
Disl. In0.1Ga0.9N ⊥
Random In0.1Ga0.9N

Disl. In0.025Ga0.975N ‖
Disl. In0.025Ga0.975N ⊥
Random In0.025Ga0.975N

Figure 2.30: MFP in the di�erent con�gurations, random alloys, perpendicular or parallel
to the dislocation line for the InXGa1−XN with X = 0.1 and X = 0.025.

The �rst phenomena that can be noted is that the MFP is higher in similar
con�gurations (parallel, perpendicular or random alloy) for lower In content, this
is consistent with the role of alloy scattering. There is an exception: for the prop-
agation perpendicular to the dislocation line above 5 THz the MFP is higher for
X = 0.1. The smaller core for X = 0.025 might impact more the high frequency
propagation than the larger core for X = 0.1. Comparing the propagation perpen-
dicular or parallel to the dislocation lines, it appears that the MFP is higher when
the dislocations are perpendicular up to 3 THz for the X = 0.025 and up to 6 THz

for the X = 0.1. After this, the tendency is reversed, the MFP is higher parallel to
the dislocations. This transition seems due to the transition between a regime where
energy can locate in the cores to a regime where no modes exist in the dislocation
cores, and they interfere less with the propagation. This transition seems to appear
at higher frequencies for higher Indium content, probably because of the stronger
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scattering reducing the overall MFP.
Interestingly, the MFP for random alloys and for propagation perpendicular to

the dislocation line decreases monotonously, and the MFP parallel to the dislocation
line have a maximum at higher frequencies. There is an interesting link between
the maxima observed here, and the one observed for NW-M in �gure 2.23, defects
parallel to the propagation a�ect strongly the propagation when modes are available
in both phases and much less if it is not the case.

The MFP showed the anisotropy of propagation, depending on the frequency,
the MFP reduction is higher in the parallel or perpendicular direction.

2.5.3 Conclusion

The e�ect of decorated dislocation in a InXGa1−XN alloys was studied. A �rst ob-
servation is that at low frequencies, the decorated dislocation a�ect more the prop-
agation than the random alloys. This is consistent with the long wavelength being
less a�ected by alloying than the shorter wavelength [Upadhyaya & Aksamija 2016].
The dislocations representing either an interface parallel to the �ux (see chapter 3),
or an array of defects as described in the previous sections tend to a�ect more the
low frequencies. Following the same pattern, the dislocations perpendicular to the
propagation direction have a higher e�ect at low frequency relative to the dislo-
cation perpendicular to it. The dislocation acting as large "point" defects when
perpendicular to the propagation.

It is also interesting to compare qualitatively the thermal conductivity reported
in the publication [Giaremis et al. 2020] and the MFP obtained here. First, κ is
higher for lower In content, this is consistent with the higher MFP in most cases.
Secondly, κ is higher in the direction parallel to the dislocation, which is consistent
with the higher MFP at high frequencies. It appears also that the anisotropy is
stronger for the lower In content, this is also consistent with the results in �gure
2.30. However, the variation of κ with the temperature cannot be explained using
the MFP at 0 K.

To conclude, In decorated dislocations in GaN a�ect di�erently the propagation
of phonons depending on the orientation and the frequency. At low frequencies the
dislocations interact strongly with the propagation, whereas at higher frequencies
no modes are available in the In rich dislocation cores. It also appears that the MFP
perpendicular to the dislocation line decreases monotonously, the MFP parallel to
it tend to increase at high frequency. The variations of MFP seem to be consistent
with the variation of thermal conductivity [Giaremis et al. 2020].

A deeper analysis of the MFP of the transverse and longitudinal modes as well as
an analysis of the phonon dispersion would be necessary for a better understanding
of the phenomena at hand. However, this was not done in the frame of this short
analysis.
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At this point, it is interesting to summarize brie�y the observation of this
chapter. First, the vibrational properties of nano-objects used as nanoinclusion
in nanocomposites are a�ected by the matrix. This has been shown through the
example of GaN in SiO2. The main e�ects of the insertion in a matrix are, the
suppression of the surface modes and of the redshift of low frequencies, and the
apparition of matrix modes.

Secondly, a briefer study of the e�ect of the impedance mismatch exempli�ed
the di�usive, propagative and mixed propagation modes. Crystalline NI in an amor-
phous matrix do not seem to impact strongly the propagative regime, unless an
impedance mismatch is introduced. In the other hand, the di�usive transport is
increased by the addition of inclusions unless these inclusions are softer than the
matrix.

Thirdly, the e�ect of shape of the NI was studied. In particular, it was shown
that a structural crystalline percolation can increase the ballistic transport without
inducing a large increase of thermal conductivity. For this study, the propagative
and di�usive contributions to the thermal conductivity were evaluated. If the model
used systematically overestimate the thermal conductivity, it, nevertheless, respects
the hierarchy of the nanocomposites, obtained thanks to EMD simulations. At the
occasion of this study, it also appeared that the MFP can be non-monotonous with
frequency in the case of interface parallel to the propagation. The study of di�usive
transport also showed that the di�usivity is increased by the presence of inclusions
and is not a�ected by their shape.

Finally, a brief study of the e�ect of decorated dislocations on the propagative
transport, showed an interesting dependence to the orientation and the frequen-
cies. This dependence can be linked to the thermal conductivity as function of
the direction. Interesting links between dislocations perpendicular or parallel to
the propagation and percolating or non-percolating NI arrays can be drawn. For
instance, for both con�guration, there is a MFP maximum at high frequencies.

In the next chapter, the focus will shift from bulk nanocomposites to core shell
nanowires.
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Synthesis of the Chapter

� The study of free and embedded GaN nanospheres showed that:

� Free nanospheres vibrational modes are impacted by the diam-
eter reduction

� The insertion in an amorphous matrix attenuates the acoustic
phonon redshift and the importance of surface modes

� Other e�ects as the perturbation of acoustic phonon persist and
blurring of the acoustic peak

� The thermal conductivity does not increase linearly with the
diameter of free nanospheres

� The sti�ness of nanoinclusions a�ects the propagation of energy

� When the inclusions are sti�er than the amorphous matrix the
MFP decreases and the di�usivity increases

� When the inclusions are softer, both di�usivity and MFP are
decreased

� The shape of the nanoinclusions impacts the energy transfer in amor-
phous crystalline nanocomposites

� A structural percolation induces a large enhancement of ballis-
tic transport

� The MFP enhancement induced by the percolation has a mod-
erate impact on the thermal conductivity computed via EMD

� The global di�usive transport is not a�ected by the shape of
nanoinclusions but, interestingly, di�usive transport spreads
from the matrix to the crystalline inclusions

� Decorated dislocations impact the energy propagation

� The higher the concentration of impurities is, the lower the
MFP is

� The frequency and direction a�ected depend on the concentra-
tion
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Visual Abstract: shape of the wave-packet (a) illustration of the NEMD set up (b) resulting
heat �ux radial distribution (c).

This chapter focuses on the vibrational and thermal properties of silicon
nanowires. These structures were �rst discovered in the 60s [Wagner & Ellis 1964],
and have been used for a wide range of applications in the last twenty years
[Ghosh & Giri 2016]. As a one dimensional object, the smallest dimension allow-
ing transport, NWs are particularly interesting; using them one can take advantage
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106 Chapter 3. Core Shell Nanowires and Continuous Modeling

of con�nement [Ponomareva et al. 2007], surface [Lim et al. 2012, Li & Zhang 2018]
and ballistic [Maire et al. 2017] e�ects.

An extensive study of surface e�ects in Si or Ge NWs has been made by Malhotra
et al. [Malhotra & Maldovan 2016]. They have shown that in nanowires, compared
to the bulk, long wavelength phonons contribute less to the thermal conductivity.
A core shell structure adds a supplementary interface, this time parallel to the
heat �ux, which leads to a further decrease in the thermal conductivity. For this
reason, Si-Ge core shell nanowires (CS-NWs) have been the subject of numerous
studies showing that the interface between Si and Ge promotes localization of high-
frequency phonons [Wang et al. 2013]. In these CS-NWs the di�erence of group
velocities between core and shell induces couplings of longitudinal and transverse
modes, giving rise to new structure modes with eventually a con�nement of the
longitudinal components [Chen et al. 2011].

The naturally occurring oxidized shells at the surface of Si NWs [Cui et al. 2001]
can induce similar e�ects. The amorphous shell, changes the properties of the NW
[Guénolé et al. 2013], and is known to drastically reduce the thermal conductivity
of the NWs [Hu et al. 2011, Gao et al. 2014]. Early simulations reported a 100-
fold decrease of κ attributed to reduced phonon lifetime, in Si NWs with diam-
eters below 4 nm [Donadio & Galli 2009]. More recently, simulations have shown
that dispersionless modes at the Si-SiO2 interface might be responsible for the de-
crease of κ [Zushi et al. 2015]. It has been shown for thin �lms that the addition
of an amorphous layer reduces the thermal conductivity, at constant crystalline
content, below what can be modeled with a simple mixing rule [Neogi et al. 2015,
Verdier et al. 2018b]. A periodic modulation of the amorphous shell of a Si CS-NW
has also been shown to reduce the thermal conductivity due to nanoconstrictions
and phonon blocking [Blandre et al. 2015].

In a �rst section, the impact of the amorphous shell on the vibrational properties
of silicon NWs will be studied. After this, a continuum approach, the hydrodynamic
heat equations, will be used to describe the heat �ux in these NWs, the focus will
be on the impact of the amorphous shell on the radial distribution of �ux.

3.1 E�ect of the Free Surfaces and the Amorphous/Crys-

talline Interfaces on Heat Transport in Core Shell

Nanowires

The main focus of the study of silicon core shell nanowires, here, is to analyze
the e�ect of the oxidation/amorphization on vibrational properties. For this, the
properties of a pristine NW are compared to the one of the same NW on which an
amorphous shell is added.
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3.1.1 Modeling of the Con�gurations

The pristine NW studied in this section is a 50 nm long cylindrical NW of diameter
5 nm (see �gure 3.1a). The cylindrical core-shell NW (CL-CS-NWs) is the same
NW to which an amorphous shell of constant thickness is added (see 3.1b). This
amorphous shell can be seen as an approximation for the naturally occurring oxide
shell [France-Lanord et al. 2014b].

a)

b)
z

x
y

Figure 3.1: Geometries studied in this section: pristine NW (a), cross-sectional view of the
CL-CS-NW (b) with crystalline core in red and amorphous shell in blue. A quarter of the
atoms are removed to visualize the core/shell structure.

The pristine NW is created by �lling a 50 nm long cylinder with a radius of 2.5 nm

with c-Si. The growth direction, x, is aligned with the 〈100〉 direction of the crystal
lattice. The exact length is adapted to get an integer number of primitive cells,
here it is 49.95 nm. This insures that NW is monocrystalline through the periodic
boundary condition in x. The cylindrical core shell nanowire is created from the
assembly of a hollow cylinder of amorphous silicon (the shell) and a crystalline
core, with the method proposed by France-Lannord [France-Lanord et al. 2014b]
and similar to the one used in chapter 2 to generate nanocomposites. First, the
cylindrical shell is cut out of the same a-Si bulk block as in the previous chapter
(see 1.4.1). The original sample is a cube with a side length of 17.4 nm repeated 3
times in the x direction to reach the appropriate length before carving out the shell.
The empty shells are then �lled with the same c-Si cylinder than for the pristine
NW. Free boundary conditions are used around the free surface, for this purpose,
the nanowire are embedded in a box of far larger dimensions in the perpendicular
directions (25 nm).

These structures are then relaxed. For this, a conjugated gradient energy min-
imization is performed to reach a local mechanical equilibrium. After that, the
system is annealed at 100 K during 10 ps. Before this annealing, the box size is
increased in the growth direction to prevent thermal stresses leading to buckling.
The NW is then quenched using a conjugated gradient energy minimization. A
second energy minimization is �nally performed, at zero tensile stress inducing a
small creep in the periodic direction (that is, strain evolution at a global constant
stress). This step insures that there are no remaining thermal stresses after the
annealing. To validate that the system is at equilibrium, the fact that the sponta-
neous evolution of the system over 10 ps does not result in atomic kinetic energy
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108 Chapter 3. Core Shell Nanowires and Continuous Modeling

above 10 feV is checked. This minimization eliminates the thermal noise that could
perturb the wave-packet simulations performed at 0 K. A modi�ed SW interatomic
potential [Vink et al. 2001] allowing a more realistic modeling of the interface be-
tween c-Si and a-Si in terms of crystalline/amorphous interfacial energy and regular
atomic energies inside the two phases was used [France-Lanord et al. 2014b].

Interfacial Potential Energy To assess the quality of the structure obtained,
the energy of its di�erent phases and interface are studied. For this, the average
potential energy per atom (〈Ep〉at) as a function of the radius is plotted in �gure
3.2. This quantity is computed for 1Å concentric hollow cylinders in the pristine
NW and CL-CS-NW, by averaging the potential energy of all the atoms in each
hollow cylinders.
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Figure 3.2: Mean potential energy per atom as function of the radius for the pristine NW
(red) and the CL-CS-NW (blue). The dashed line represents the position of the surface or
crystalline/amorphous interface.

The �rst observation is that 〈Ep〉at is constant in the crystalline core; away from
the surface and interface, both structures have a 〈Ep〉at of −3.29 eV. This value is set
by the potential used and is the same as the one reported in a previous publication
[France-Lanord et al. 2014b]. This shows that the amorphous shell does not strain
the core and that the structure is free of defects that would locally increase the
atomic potential energy1. Closer to the interface/surface, 〈Ep〉at starts to increase.
This increase appears for a lower radius for the core shell NW, than for the pristine
one. This shows that the crystalline amorphous interface has a more penetrating
e�ect than the free surface. In the case of the pristine NW, during the relaxation
process, the atoms at the free surface move to minimize the surface energy, without
external in�uence, whereas, in the case of CL-CS-NW the atoms of the shell interact

1The strain/stress values as a function of the radius in a similar structure is studied in the

appendix B.4
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with the atoms in the core. This induces a local reorganization near the interface
and thus a change of potential energy.

The variations of 〈Ep〉at in CL-CS-NW corresponds to typical variation observed
at interfaces. First, 〈Ep〉at increases to reach −3.29 eV, to then decrease to −3.08 eV.
After the interface, the potential energy re-increases due to the proximity of the free
surface. The value reached at the interface, and the plateau in the shell, corre-
spond closely to the values observed for a a-Si/c-Si superlattice and core-shell NW
[France-Lanord et al. 2014a]. In the aforementioned study, they used these values
to compute the interfacial energy and showed that they are reasonably consistent
with experimental results. Eventually, it is worth mentioning that the "bulk" value
of 〈Ep〉at for a-Si is reached in the shell, showing that at least a small layer of the
a-Si shell is not a�ected by the interface nor by the surface.

The pristine and CL-CS-NW created have a potential energy distribution
pro�le compatible with previously reported values. In the following, the e�ect
of the interface and surface and their interactions on the vibrational properties
are studied.

3.1.2 Vibrational Density of States

The Vibrational Density of States (VDOS) gives an overview of the frequency dis-
tribution of the vibrational modes, and thus allows determining which frequencies
are a�ected by interface and surface e�ects. The VDOS of the structure were com-
puted using the Velocity Auto-Correlation Function (VACF), as described in section
1.5.1. To showcase the e�ect of the surface and interface, the system is decomposed
in di�erent layers, this starts with a central cylinder of radius 25Å and continues
with 5Å thick hollow cylinders until the external radius is reached. The resulting
decomposition for the pristine and cylindrical core shell NW are shown in the insets
of �gure 3.3 where the VDOS are depicted. For comparison purposes, the VDOS
of bulk a-Si and c-Si are also depicted. These VDOS were obtained using cubes of
side 10 nm with periodic boundary conditions in all directions. The a-Si box was
obtained by cutting the same a-Si sample used for the shell.

Let's �rst focus on the e�ect of surface, for this, one can take a look at the
partial VDOS of the external layers (red curve for the pristine NW and brown curve
for the CL-CS-NW). When comparing those curves with the VDOS of c-Si Bulk,
two phenomena appear: the lowest frequency peak is red shifted and the highest
frequencies are depopulated. These phenomena have already been observed for Si
Nanoparticle (NP)s of very small dimension, where the surface e�ects are domi-
nant [Meyer & Comtesse 2011]. In the case of the pristine NW, only the outermost
layer (20-25Å) has a VDOS that di�ers from the one of bulk c-Si.

If the surface has the strongest e�ect on the VDOS, the amorphous crystalline
interface also a�ects the VDOS. Let's �rst focus on the outermost crystalline layer of
the core shell nanowire (20-25Å). The partial VDOS corresponding to this region
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Figure 3.3: Vibrational density of state of the di�erent layers (solid lines) of the pristine
NW (left) and the CL-CS-NW (right), the VDOS of bulk c-Si and a-Si are also depicted
in, respectively, dark blue and black full lines.

(dashed red line in �gure 3.3b), hybridizes both a-Si and c-Si VDOS. In the low
frequency region (0-8 THz), it matches the one of a-Si. At larger frequencies, the
features of the c-Si VDOS appear. These features are: the variation around 12 THz

and the peak at 15 THz. This hybridization between a-Si and c-Si VDOS has already
been described in the literature [France-Lanord et al. 2014a]. The interface e�ect
is also visible through a redshift of the low frequencies compared to a-Si in the
innermost layer of the shell (25-30Å). In the high frequency region, above 14 THz,
there is a depletion of modes compared to the bulk a-Si. The interface appears softer
than the bulk a-Si. These observations about the interface were already made for
a-Si/c-Si superlattices, indicating that the free surface has no e�ect on the VDOS
of atomes at the amorphous crystalline interface [France-Lanord et al. 2014a].

To summarize, the surface and interface mostly impact the low frequencies.
A redshift appears at the surface and interface, and in the inner core the VDOS
matches the one of c-Si. The impact on higher frequencies is less marked, there
is a mode depletion at the surface in both cases, and a hybridization between
a-Si and c-Si VDOS at the interface can nevertheless be noted.

3.1.3 Dynamical Structure Factor

To complete the observation made thanks to the VDOS and give a more detailed de-
scription of the modes a�ected by the addition of an amorphous shell, the Dynamical
Structure Factor (DSF) is computed using the method described in section 1.5.2.
As the interest at hand is the transport properties along the NW, only the DSF
corresponding to the wave vector aligned with the growth direction is studied, that
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is: 〈100〉 in the direct space, or ΓX in the reciprocal space. The DSF of the pristine
NW is displayed in the �gure 3.4. In this �gure, the longitudinal and transverse
acoustic branches and the optic branch appear clearly. The background noise is low
and the white lines �tting the dispersion relations seem to match to the DSF. This
is particularly true for the longitudinal acoustic branch. The transverse acoustic
branch is more blurred. It is to be noted that for the longitudinal polarization, a
second branch at low frequencies seems to appear. This branch has already been
observed [Zushi et al. 2014], and can be linked to surface modes.
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Figure 3.4: Dynamical structure factor for the pristine NW, in the ΓX direction, projected
on the longitudinal polarization (left) and transverse polarization (right). The white lines
represent the estimated dispersion relations.

This DSF can be compared with the DSF of the core shell nanowire in �gure 3.5.
At �rst glance, the two have a very similar aspect, so much so that the dispersion
relations are unchanged. The di�erences lay mainly in the increased linewidth,
and background noise. The increase linewidth is associated to a reduced MFP.
A decreased MFP was expected in this case. What appears as background noise,
corresponds to the DSF of a-Si [Damart et al. 2015].

These DSFs would be worth further exploitation, notably to give a better
overview of the size e�ects on the distributions. For this, a thorough comparison
with the DSF of bulk Si would be necessary. However, this is not the scope of this
study focusing on the comparison between pristine and core shell NW. Nevertheless,
it can be the second branch observed at low frequencies for a pristine NW disappears
when the amorphous layer is added, con�rming that is linked to the surface.

The main observations are that for the cylindrical core shell nanowire a su-
perposition of modes corresponding to the crystal and the amorphous layer is
visible. The amorphous layer does not seem to perturb the dispersion relation.
Considering the DSF, it appears that two frequency ranges are worth studying,
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Figure 3.5: Dynamical structure factor for the cylindrical core shell nanowire, in the ΓX di-
rection, projected on the longitudinal polarization (left) and transverse polarization (right).
The white lines represent the estimated dispersion relations.

the low frequency range where the surface e�ect matters and higher frequencies
ranges. These higher frequencies are particularly interesting in that no prop-
agation is expected in the amorphous layer (no more propagons: see section
1.1.5).

3.1.4 Wave-Packet Propagation

Wave-packet propagation simulations can give a better understanding of the vibra-
tional properties of the NWs. The wave-packets are induced in the NWs at 0 K by
exciting a central 2Å thick layer with the force excitation described in the section
1.5.3. The force amplitude is of 3.773× 10−4 eVÅ−1. First, a qualitative descrip-
tion of the propagation of wave-packets, through the analysis of the kinetic energy
distribution, and of the local displacement at low frequency is given to �nish with
an analysis of the Mean Free Path (MFP) deduced from these simulations.

Kinetic Energy Propagation Analysis Figure 3.6 gives a cross-sectional view
of the atomic kinetic energy in the NWs. For longitudinal and transverse wave-
packetss, the behavior at low frequencies is represented by 2 THz excitation, the
one at high frequencies by the 12 THz excitation for the longitudinal polarization
and 4 THz for the transverse polarization. 12 THz and 4 THz chosen as represents
for each polarization the same relative position on the dispersion line: 3/4 of the
maximal frequency of the longitudinal branch, it also corresponds to frequencies for
which the propagation in a-Si is very limited [Beltukov et al. 2018].

In the two columns on the left depicting the propagation at 2 THz, it appears
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Longitudinal

2 THz 12 THz
Pristine NW CL-CS-NW Pristine NW CL-CS-NW

Transverse
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Figure 3.6: Cross-sectional view of a wave-packet going through the pristine NW and the
cylindrical core shell NW. The color scale going from 0 (blue) to 3× 10−9 eV (dark red)
gives the atomic kinetic energy. Between each line 0.9 ps has elapsed.
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that the free surface has a strong impact on the propagation. This is true for both
polarizations and both con�guration. For the longitudinal polarization (�rst part
of the table) in the case of the pristine NW, a wave at the surface appears clearly.
The propagation in the inner core of the nanowire appears more damped than the
wave at the surface. In the cylindrical core shell NW case, the wave-packet can
travel in both core and shell and the wave at the surface is less marked than for the
pristine NW. The propagation in the core appears less damped. For the transverse
polarization, the behavior is very similar. Lastly, after the passage of the wave-
packet, some energy appears localized at the free surface and in the amorphous
shell.

This strong e�ect of the free surface at low frequencies, could be expected given
that the wavelength of the wave packet and diameter of the NWs are of the same
order, in particular for the longitudinal polarization. This explains partially why
they are strongly a�ected by the geometry [Malhotra & Maldovan 2016].

At high frequency, the behavior is more homogeneous, a clear propagation is
visible in the center of the NW. Because no propagation is possible in the amorphous
layer at this frequency [Beltukov et al. 2018], no energy propagates either at the free
surface, interface or in the shell. The wave-packet only propagates in the core in the
form of an oval shape. This shape results from the combination of the time-limited
excitation and interface/surface e�ects, as seen for the embedded NW mesh in �gure
2.21. As the wave-packets goes through the NW, some energy is dispersed in the
NW. In the case of CL-CS-NW, a di�usive behavior appears in the vicinity of the
excitation location. There, part of the energy does not propagate but slowly spreads
in the NW. This behavior, expected for amorphous materials (spreading of heat by
di�usons), happens mostly in the amorphous shell but also in the crystalline core.
A di�usive peak (spike of energy slowly di�using from the spot of the excitation
rather than a wave-packet exiting the spot of excitation) was expected in the shell,
as for most frequencies between 2 and 12 THz the di�usive regimes can be observed
after an excitation in a-Si [Beltukov et al. 2016]. But its presence in the crystalline
core was unexpected.

To summarize on wave-packets propagation, at low frequencies, propagation
takes place in the core and shell and is strongly a�ected by the free surface.
The surface participates both in the propagation, and in localization of energy
at low frequency. At higher frequencies, the propagation does not seem a�ected
by surface e�ects and only takes place in the inner part of the crystalline core.

Distribution in the section To complete the analysis of the kinetic energy distri-
bution during wave-packets propagation, a visualization of the mean kinetic energy
as a function of the radius is displayed in �gure 3.7 for the longitudinal excitation.
For this, the energy of atoms in a range of 9 to 16 nm away from where the exci-
tation is made of the NW is averaged for successive coaxial hollow cylinders, this
corresponds to the middle of the picture in the representations in �gure 3.6. The
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decomposition in coaxial hollow cylinders is similar to the one done of the VDOS
(see inset of �gure 3.3) but this time the shells considered have a thickness of ap-
proximately half a lattice length, or 2.71Å. The energy distributions for these shells
are displayed for di�erent time steps with di�erent colors.

With this representation, the e�ect of the free surface is clearly visible. At 2 THz

for the pristine NW, the energy density increases �rst at the free surface and only
then in the center (the blue lines have their maximum values for larger R). This is
a manifestation of the waves at the surface shown in �gure 3.6. The kinetic energy
in the center of the NW at R=0 rises with some delay relative to the surface. After
the wave passage, the energy density stays high at the free surface and to a lesser
degree in the center. This is the signature of energy localization.

In the case of the cylindrical core shell nanowire, the e�ect of the free surface
is lessened by the presence of the amorphous shell. The wave at the surface is still
visible, but is less penetrating. Additionally, the energy peak at R=0 is higher than
for the pristine NW and decreases faster after the passage of the wave-packets. This
shows that the wave-packets is less dispersed. It also appears that a wave travels
through the interface. Finally, as for the pristine NW, energy localization at the
free surface is visible.

At high frequency the pristine and cylindrical core shell nanowires have a very
similar behavior, there is an energy peak in the middle corresponding to the passage
of the wave-packets. Moreover, little to no energy propagates in the outer layer of
the crystalline core and even less when there is an amorphous shell. Finally, little
energy is localized after the passage of the wave-packet, and the energy dispersed
by the wave-packets is evenly distributed.

The representation of the radial distribution of energy as a function of time
showcases what was visible in �gure 3.6. Namely, the free surface and interface
impact the propagation at low frequency and that the shell seems to attenuate
the e�ect of the surface.

Analysis of the Displacement The e�ect of free surface and interface on the
propagation of wave-packets can be understood more in depth thanks to the visu-
alization of the atomic displacements in the cross-section of the NWs displayed in
�gure 3.8. The displacements visualization showcases the phase shift appearing in
the wave front. To allow a better visualization of the phase shift, a snapshot every
0.3 ps is given, that is 3 times more often than for �gure 3.6. With this representa-
tion, it appears clearly that the wave at the surface is slower than the wave in the
crystal for transverse and longitudinal polarizations, the modes at the surface are
slower. This decrease in group velocity of the waves at the surface is consistent with
the redshift observed in �gure 3.3, the apparition of the second branch in �gure 3.5
and was already predicted [Zushi et al. 2014].

In the case of the longitudinal polarization, it appears that the displacement in
the core is maximum when the shell and core wave are phase shifted by π. The
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Figure 3.7: Atomic kinetic energy as a function of the radius averaged on a portion of the
NWs 9 to 16 nm away from the excitation, for di�erent time steps (colors), for the pristine
NW (�rst column), for the cylindrical core shell nanowire (CL-CS-NW second column) at
2 (�rst line) and 12 THz (second line). The vertical black dashed line represents the end of
the crystalline core.

slower propagation of energy in the core visible in �gure 3.7 appears to result from
interaction between the wave in the NW and at the free surface. The pattern of
displacements suggests a superposition of di�erent modes. The amorphous shell
delays the apparition of the phase shift and thus allow a better propagation.

Figure 3.8 allows identifying clearly the phase shift appearing between the
inner core of the NW and the free surface. This phase shift appears to induce an
interaction between the wave-packets in shell and the wave-packets in core, this
interaction seems to perturb the transmission. It also appears that the added
layer of a-Si mitigates this phase shift.

Mean Free Path To further analyze the propagation of the wave-packets, the
MFP was computed from the decay of the envelope of the wave-packets (see section
1.5.3). This was done for the longitudinal and transverse polarizations for frequen-
cies between 1 and 15 THz. The results are displayed in �gure 3.9. For the longitu-
dinal polarization, below 2 THz, the MFP in the pristine NW is larger than in the
cylindrical core shell NW. This corresponds to frequencies where a wave at the sur-
face can be observed. Then they both show a minimum at 3 THz. This minimum
probably corresponds to the point where surface/interface waves stop interacting
with the propagation in the inner part, due to a large velocity di�erence. After 3 THz

the MFP re-increases sharply, until 7 THz, where the MFP of the pristine NW peaks
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Longitudinal 2 THz Transverse 2 THz
Pristine NW CL-CS-NW Pristine NW CL-CS-NW

Figure 3.8: Cross-sectional view of a wave-packets going through the pristine NW and the
cylindrical core shelle NW (CL-CS-NW) with the representation of atomic displacement in
the polarization direction with an excitation at 2 THz. Between each line 0.3 ps has elapsed.

and the one of core shell NW plateaus. Interestingly, 7 THz corresponds roughly to
the end of the transverse acoustic branch (see �gures 3.5 and 3.4), and thus, at this
frequency many modes are available for coupling. This could explain the decrease of
MFP. This phenomenon has already been observed for a-Si [Beltukov et al. 2018].
After this, another peak appears around 11 THz2 and then the MFP steadily de-
creases. In bulk c-Si [Zhou et al. 2015] and a-Si [Beltukov et al. 2018], or for larger
NWs [Xie et al. 2014], such variations have not been observed. A rapid decrease of
the MFP between 0 and 4 THz followed by a plateau was nevertheless predicted for a
NW with square section of similar cross-sectional area [Xiong et al. 2016]. The lack
of a second maximum in the MFP at high frequencies in the previous study might be
due to the temperature e�ect, as here the MFP is computed without temperature,

2One could note that the values obtained here are larger than the nanowire length, however

given that it corresponds to an exponential decay �t one can get a value even if the total length

is smaller than the MFP. Nevertheless, there are limitations, if the exponential decay is too low to

be measured an accurate MFP cannot be extracted, and that is the case at 1 THz.
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Figure 3.9: Mean free path for the longitudinal (left) and transverse polarization (right) for
the pristine NW and the cylindrical core shell NW (CL-CS-NW).

the disorder being the main scattering phenomena. Interstingly the variation of the
MFP observed here are similar to the one observed for the nanocomposites with
structural percolation of section 2.4 in the direction of the crystalline continuity.

The MFP of transverse wave-packets follows a similar trend, it starts at high
values at 1 THz, at 2 THz it decreases to then re-increase until 3-4 THz to then
follow a steady decrease.

Due to the way the MFP is computed, small peaks at high frequencies appear
but cannot correspond to propagation given that no propagating modes are de�ned
at those frequencies (see �gure 3.5). They are artifacts due to the �tting of an
exponential �t on very low energy levels. To avoid these artifacts, the MFP can be
substituted by the attenuation length, as done in chapter 2. However, at this state
of the work this was not done.

Regarding the MFP, the main observations are that two frequency ranges
can be distinguished: the low frequencies where the MFP decreases steadily, and
the high frequencies where the MFP peaks. The decrease observed at low fre-
quency can be linked to surface/interface e�ects, while the high frequency peak
corresponds to the propagation taking place in the center of the NW una�ected
by the free surface or shell.

3.1.5 Conclusion

The free surface has a strong e�ect on the 5Å thick layer beneath it, these e�ects
include a redshift of the VDOS, the apparition of a wave at the surface and a
localization of energy. They are mainly visible at low frequencies because at higher
frequencies the free surface and eventual amorphous shell does not participate in
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the energy propagation, the energy propagation happens only through the center of
the crystalline core. Additionally, the surface e�ect appear to be lessened by the
addition of an amorphous shell. Finally, the MFP spectra is also interesting, rather
than to decrease steadily it has a minimum around 3 THz, and then re-increases.
This non-monotonous behavior appears to be a signature of the switch between
a surface/interface dominated propagation at low frequency and crystalline core
dominated transport at higher frequencies.

In the next section, the study will be extended to NWs of di�erent dimensions.
The results of MD simulations will be compared to the results obtained with a
continuous model to study the heat �ux in these structures.

3.2 Continuous Modeling of Heat Flux

Previously, the focus was laid on the impact of the nanostructuration on thermal
transfer. In particular, the Wave-Packet (WP) simulations have been used to study
the di�erent energy pathways as a function of the frequency. These analyses showed
that the interfaces, whether perpendicular or parallel, a�ect the transport di�erently
depending on the frequency. In this section, the study of the energy pathways will
be taken further with an analysis of the radial distribution of heat �ux in Si NWs.

The reduction of thermal conductivity in NWs, is often linked to size e�ects,
and particularly to boundary scattering [Volz & Chen 1999, N. Raja et al. 2017].
The main factor limiting the thermal conductivity is thought to be the sur-
face scattering [Martin et al. 2009, Malhotra & Maldovan 2016]. More precisely,
di�usive scattering at the interfaces is interpreted as the main resistive pro-
cess [Malhotra & Maldovan 2019]. This interpretation is used to explain the ther-
mal conductivity of ultrathin nanowires, up to a diameter of a few nanome-
ters, for even smaller smaller nanowires a regime change due to the increased
role of long wavelength phonons is thought to take place [Zhou et al. 2017,
Karamitaheri et al. 2014]. This boundary scattering leads to a non-uniform
�ux distribution, that can be observed through MD or Monte-Carlo simula-
tions [Verdier et al. 2018a, Melis et al. 2019].

As mentioned at the beginning of this chapter, the presence of a native ox-
ide or of an amorphous skin on a NW or a thin �lm a�ects the transport in
the crystalline part, decreasing the heat �ux in the crystal [Verdier et al. 2019,
Neogi et al. 2015, Shao et al. 2018]. The main reason for the decrease in ther-
mal conductivity in these amorphous/crystalline nanocomposites is linked to an
increased di�usive scattering at the interface. At the free surface, the specular
re�ections are supposed to be more frequent than at the crystalline amorphous
interface [Malhotra & Maldovan 2019]. However, the e�ect of the addition of an
amorphous shell on the heat �ux parallel to an interface or a surface has not been
extensively studied. Only a study of the temperature pro�le in pristine and CS-NWs
nanowires can be noted [Bejenari et al. 2020].

In this section, the radial �ux distribution in pristine and core/shell Si NWs are
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obtained with MD and then analyzed at the mesoscopic level using the hydrody-
namic heat transport equations (see section 1.2). The results using those equations
have been provided by A. Beardo and F. X. Alvarez. Such connections between
phonon hydrodynamic transport and MD have already been used to study the ther-
mal transport in telescopic Si NW [Melis et al. 2019], and to model second sound in
germanium [Beardo et al. 2021b]. This model might thus overcome the limitation of
the Fuchs-Sondheimer model observed by Verdier et al. [Verdier et al. 2018a]. First,
the NWs of interest in this section will be presented. After this, the radial distribu-
tion of energy during wave-packets propagation will be studied. Then, the steady-
state �ux distribution obtained by Non Equilibrium Molecular Dynamics (NEMD)
simulations will be analyzed using the hydrodynamic heat transfer equations.

3.2.1 Modeling of the Con�gurations

To ease the analysis with the continuum model and avoid strong size e�ects, the
nanowires studied heree are slightly larger than in the previous section: the crys-
talline core has a radius of 37.5 or 50Å, and the eventual amorphous layer has a
thickness of 10 or 20Å (see �gure 3.10). The NWs are 50 nm long. For memory, the
di�erent dimensions, along with crystalline ratios and the discretization parameter
used, are listed in table 3.1. These structures are constructed and relaxed using the
same method as in the see section 3.1.1.

RCry = 37.5 Å

RCry = 50 Å

e = 0 Å e =10 Å e = 20 Å

Figure 3.10: Representation of the di�erent con�gurations, with amorphous atoms in blue
and crystalline atoms in red. A quarter of the atoms are removed to visualize the core/shell
structure.

Table 3.1: Dimensions of the di�erent con�gurations with RCry the crystalline radius, e the
amorphous shell thickness, dr the radial resolution of the �ux and Nc/Nt the proportion of
crystalline atoms .

Rcry (Å) 37.5 50
e (Å) 0 10 20 0 10 20
dr (Å) 2.5 2.5 2.5 2.5 5 5
Nc/Nt (%) 100 62 43 100 69 51
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3.2.2 Balisticity as a Function of the Frequency

The �rst approach, is to repeat the wave-packet propagation simulations performed
in the section 3.1 on these new con�gurations. This allows identifying the di�er-
ent energy pathways as function of the frequency. Here, again, the high and low
frequency regimes will be distinguished, with the examples of 12 and 2 THz. The
example of the nanowires of RCry= 37.5Å and e = 0 or 10Å is taken. This choice
is motivated by the economy of data, the largest nanowire producing larger �les.

2 THz 12 THz
e = 0 Å e = 10 Å e = 0 Å e = 10 Å

Figure 3.11: Cross-sectional view of a wave-packets going through the nanowires of RCry=
37.5Å and e = 0 or 10Å. Only the right side of the NW is represented, the propagation
on the left side being symmetric. The color scale in the bottom row going from 0 (blue)
to 1× 10−9 eV (dark red) gives the atomic kinetic energy. Between each line 1.2 ps has
elapsed.

In �gure 3.11, the distribution of kinetic energy in a cross-section of the NWs
after a longitudinal excitation at 2 and 12 THz are represented. At low frequencies,
in the �rst two columns, the wave-packet starts as a plane wave, but is quickly
dispersed. At these frequencies, the wave-packets travels at di�erent speeds in the
di�erent regions of the NW. This gives rise to interactions between the wave in
the shell and the wave in the core, as discussed in section 3.1. Again, the strong
perturbation is consistent with the wavelength being of the order of the diameter of
the NW. However, it can be noted that more energy is carried by the center of the
NW, than for thinner NWs (see �gure 3.6).

The radial distribution of the kinetic energy, between 90 to 160Å away from the
excitation, is displayed in �gure 3.12. The �rst line represents the propagation at
2 THz. With this representation, a wave appears clearly at the surface. This wave at
the surface has a larger amplitude when there is an amorphous shell. Furthermore,
it is visible that the energy �rst comes in the center and then at R = 20Å, this
lag between the positions is a corresponds to the patterns appearing in the cross-
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sections (see �gure 3.11), they recall interference patterns and are more marked
without amorphous shell.

At 12 THz, the energy propagates di�erently: most of the energy is carried by
the center of the crystalline part, but a scattered di�usive contribution spans the
entire cross-section, including the crystalline part, behind the ballistic central part.
The pro�le of the central part of the wave-packets is similar with or without shell,
as depicted in the bottom panels of �gure 3.12. Little to no energy propagates in
the vicinity of the interface/surface, and even less in the amorphous shell. The
energy concentration peaks in the center of the NW and decreases when going
toward the surface. This shape indicates a strong e�ect of the free surface/interface
that decreases with the distance. The main e�ect of the amorphous shell is the
additional apparition of energy di�usion. This di�usive transport appears as a
slowly expending red patch in the rightmost column of �gure 3.11. This kind of
high-frequency di�usive transport was already observed and discussed in section
3.1.
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Figure 3.12: Atomic kinetic energy as a function of the radius averaged on a portion of
the NWs 90 to 160Å away from the excited layer, for di�erent time steps (colors). For
the nanowires of RCry= 37.5Å and e = 0 (�rst column) or 10Å (second column) at 2 THz

(�rst line) and 12 THz (second line). The values are normed by the maximum reached at
12 THz. The vertical black dashed line represents the end of the crystalline core.

An overview of the behavior at the di�erent frequencies is given in �gure 3.13.
In this �gure, the energy distribution pro�le is given for the timestep at which the
maximal amplitude is reached. This corresponds to the curve of �gure 3.12 at the
time step where the energy is the highest, for each frequency. All the frequencies
share a common tendency, there is little energy transmitted in the vicinity of the
free surface/interface. The only exception is at 14 THz where the maximum is near
the interface. There are other frequency dependent behaviors, namely, the transport
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at the free surface, visible at 2 THz, disappears at 4 THz. This means that surface
waves only appear below this frequency3. Moreover, the maximal amplitude is not
always reached in the center of the NW: for 8 and 10 THz without shell and for
8 THz with a shell, the maximum is around R=20Å. It is worth noting that the
amount of energy injected in the system depends on the frequency used, so that
the quantity of energy at the di�erent frequencies are not directly comparable. At
higher frequencies, more energy is injected, with, at most, an increase proportional
to the frequency.
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Figure 3.13: Atomic kinetic energy as a function of the radius averaged on a portion of the
NWs 90 to 160Å away from the excited layer, for the time step where the maximal intensity
is reached. For the nanowires of RCry= 37.5Å and e = 0 (left panel) or 10Å (right panel).
The vertical black dashed line represents the end of the crystalline core.

Overall, apart from complex patterns that appear at 2 THz, the radial dis-
tribution of energy during wave-packets propagation is not strongly impacted
by the presence of the shell. The main e�ect appears to be the decrease in the
intensity in the center of the nanowire for frequencies below 8 and above 12 THz.
This short study of the system through wave-packets propagation, shows that
even if the free surface seems to transport energy at low frequencies, most of the
energy is carried by the inner parts of the NWs away from the interface or free
surface. However, the realistic reconstruction of the radial �ux distribution from
these simulations is not trivial. To access it more easily, NEMD simulations are
performed.

3Which is consistent with the interpretation of the minimum of mean free path around this

frequency (see �gure 3.9)
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3.2.3 Radial Distribution of Flux: E�ect of the Shell

To study the �ux, NEMD simulations are carried out. The procedure used is the one
described in section 1.6.1. Before setting up the temperature gradient, the NW are
equilibrated at 300 K for 500 ps with an NPT (isothermal-isobaric) thermostats, to
prevent buckling. After this thermalization, the boundary conditions in the growth
direction are switched from periodic to �xed to avoid a direct interaction between
the heat baths. The atoms within 10Å of the extremities are �xed to avoid free
surface e�ects, and the atoms from 20 to 10Å away from those extremities are
thermostated at 320 K on one side and at 280 K on the other. In these thermostats,
a simple velocity rescaling method is used4. The �ux is averaged over the last
1000 ps of a 2000 ps simulation, when the steady state is reached. The steady state
is considered reached when both the temperature pro�le is stabilized and the energy
exchanged at the thermostats increases linearly with time. For better statistics,
these simulations are repeated 5 times for each con�guration, with each time a
di�erent initial velocity distribution. This can give an idea of the uncertainty, an
example is given in appendix B.

RCry

edr

Figure 3.14: Schematic representation of the cross-section with RCry the radius of the
crystalline core (in red) and e the thickness of the amorphous layer (in blue). The dotted
lines represent the discretization for the computation of the �ux as a function of the radius.

The �ux is computed in concentric shells of thickness δr = 2.5 or 5Å (see �gure
3.14) from 10Å away of the thermostated regions. Each studied con�guration is
listed in table 3.1. For the largest con�gurations, a smaller shell thickness is used
to decrease computing time. The �ux is computed through the equation (1.53),
sampled every 0.5 ps and averaged over the steady state. Equation (1.53) involves a
sum over the atoms, so that in the center of the NW there are fewer atoms per shell.
This decreased number of atoms increases the variability of the computed �ux, in
particular, when the concentric shell have a thickness of 2.5Å. For this reason, the
average over two shells is used for radii inferior to 20Å.

The results for the nanowires ofRCry= 37.5Å are reported in �gure 3.15. First, it
appears that with or without shell the �ux is maximum in the center of the NW, stays
high until R = 20Å and decreases as it comes closer to the free surface/interface.

4Using a NH does not a�ect the results (see appendix B)
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This is very similar to what was observed by Verdier et al. [Verdier et al. 2018a].
The overall shape recalls a Poiseuille �ow. Whereas, in the amorphous shell, the
�ux does not depend on R. There, the reduced MFP, renders the non-local e�ects
negligible and di�usive transport is recovered.
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Figure 3.15: Flux in the NW as a function of the radius for RCry= 37.5Å and e = 0 (blue)
or 10Å (orange). The dots report the value obtained with equation (1.53) in the di�erent
layers, and the full lines the �ux obtained with the hydrodynamic heat transport equations
([1.23] and [1.27]). The vertical black dashed line represents surface/interface position.

The heat �ux pro�le of the pristine and core shell NWs are very similar, the only
notable di�erence is the decrease of the �ux in the center of the crystalline core. An
overall reduction of the �ux/thermal conductivity in the crystal due to the addition
of an amorphous layer has already been observed for thin �lms [Verdier et al. 2019].
A �rst explanation for the �ux decrease observed near the surface/interface, can be
looked for in modi�cations of the available vibrational modes in the crystalline core.
For instance, high frequency localized modes could appear in the region where the
�ux is decreased. Alternatively, a softening could be observed, explaining a thermal
conductivity decrease. To test this hypothesis, the partial VDOS in the di�erent
layers of the NWs with or without shell are represented in the �gure 3.16. The
same procedure as in section 3.1.2 is used. As for the nanowires of smaller radius of
section 3.1, only the crystalline layer within 5Å of the surface/interface (red dashed
line) is a�ected. This corresponds to the layer where the structure of the crystal
di�ers the most from bulk c-Si due to the surface re-structuration or in�uence of
the crystalline shell as discussed in section 3.1.1, a more in-depth analysis is given
in appendix B.4. On the contrary, in the inner core, the partial VDOS is very close
to the one of c-Si, and in the shell very close to the one of a-Si. In the end, the
perturbations of the partial VDOS does not extend to the whole region where the
�ux is reduced. As a result, the local �ux variations cannot be explained simply by
modi�cations of the available modes in the NW core.

The heat �ux pro�le obtained can be modeled with the hydrodynamic heat trans-
port equations. As explained in the section 1.2.3, the hydrodynamic heat transport
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Figure 3.16: Partial VDOS of the di�erent layers in the nanowires of RCry= 37.5Å and e
= 0 (left panel) or 10Å (right panel), the VDOS of bulk c-Si and a-Si are also depicted in,
respectively, dark blue and black full lines. The insets give the di�erent colors associated
with the di�erent layers of the NW. In the inset, the black dashed line represents the
interface.

equations are continuous equations derived from the Boltzmann transport equa-
tions. They take into account the usual thermal conductivity, but also a relaxation
time and non local e�ects [Sendra et al. 2021]. Here, to reproduce the heat �ux
pro�le, the same temperature gradient is imposed across the NW, and the di�erent
parameters of the equations (1.23) and (1.27) are �tted to reproduce the results
obtained with NEMD simulations. This is done using the �nite element method,
with the software COMSOL Multiphysics [Beardo et al. 2019]. Note that, as the
steady state is considered reached, equation (1.23) is simpli�ed, and the memory
term vanishes. Consequently, the only non-Fourier term that survives is the Lapla-
cian term associated to shear viscosity e�ects (l2[∇2j)]). To obtain the �ts, each
parameter is adjusted one after the other, κ is set �rst to �t with the central plateau
obtained with MD, then the decrease is adjusted by modifying ` and �nally C is
�tted to correspond to the �ux at the interface. Each �tting is performed using a
least square minimization on the concerned region. The solid lines in �gure 3.15, are
obtained using this method, for the �ux in the crystalline core. In the amorphous
shell, the �ux does not depend on the radius and is modeled by a Fourier law with
κ = 1.5 W m−1 K−1, which is consistent with the value reported for a-Si in chapter
2.

The parameters used to obtain the pro�les in the crystalline part are reported
in the table 3.2. The easiest parameter to interpret is C, it de�nes the �ux at the
interface/free surface. It depends on the specularity of phonon scattering at the
interface [Beardo et al. 2019]. It appears clearly in the �gure 3.15 that the �ux
within the last 2.5Å crystalline layer before the interface is the same whether there
is an amorphous shell or not. This explains why the value of C does not depend
on the presence of the shell. In the other hand, the non local length ` characterizes
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the distance over which the �ux is a�ected by the boundary, it can be understood
as a length over which the �ux is self correlated. This depends on the dispersion
relation in the crystal and the relaxation time [Sendra et al. 2021]. In the present
situation, ` characterizes how deeply the heat �ux in the core is impacted by the
free surface or interface. Again, in �gure 3.15 the �ux starts high in the center and
plateaus until R = 20Å, with or without shell. Thus, neither ` nor C can explain the
heat �ux pro�le modi�cations appearing with the addition of an amorphous shell.
Therefore, the in�uence of the amorphous shell can not be directly related with a
signi�cant modi�cation of boundary scattering within this model. The decrease of
the saturation value is best modeled as a decrease of the e�ective intrinsic thermal
conductivity κ in equation (1.23). Indeed, the values obtained are very low compared
to the one of c-Si (≈150 W m−1 K−1), and of the order of the thermal conductivity
of nanowires of larger diameter. In the following of this section the origin of this
thermal conductivity decrease will be studied.

Table 3.2: Values of the parameters of equation (1.23) used to obtain the �ux pro�le of the
di�erent NWs.

Rcry (Å) e (Å) κ (W m−1 K−1) ` (Å) C

37.5
0 12.5 5 0.3
10 10.7 5 0.3
20 10.7 5 0.3

50
0 14 8 0.3
10 12.3 8 0.3
20 12.3 8 0.3

Impact over the Dispersion Relation A �rst approach to understand the de-
crease of κ is to monitor the dispersion relations with or without shell. The in�uence
of the shell on the parameters of the hydrodynamic heat transport equation could
be explained by a modi�cation of this relation. Indeed, both κ and ` depend on the
group velocity and the relaxation time [Sendra et al. 2021]. The Dynamical Struc-
ture Factor and dispersion relations are displayed respectively in �gure 3.17 and
3.18.

Even before the extraction of the dispersion relations, it appears that the main
features of the DSF, with or without amorphous shell, are very similar. In both cases,
the acoustic branch appears clearly between 0 and 17 THz. The main di�erence
between the two is the background noise, appearing in the DSF when there is an
amorphous shell. This corresponds to a-Si modes as discussed in section 3.15.

The dispersion relations extracted from the DSF, are displayed in �gure 3.15.
For a more meaningful comparison, the dispersion given by the maximal intensity
is �ltered with a polynomial �lter rather than �tted to a sine function as suggested

5Note that the small branch at low frequencies associated to surface modes discussed in sec-

tion3.1 appears here also.

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



128 Chapter 3. Core Shell Nanowires and Continuous Modeling

in section 1.5.2. It appears clearly that the two curves superimpose nicely. So that
the shell does not impact the dispersion relation in the NW for the propagation in
the principal direction, and thus does not impact the group velocity either.
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Figure 3.17: Dynamical structure factor in the ΓX direction, projected on the longitudinal
polarization for the nanowires of RCry= 37.5Å and e = 0 (left) or 10Å (right).
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Figure 3.18: Dispersion extracted from the DSF for the nanowires of RCry= 37.5Å and
e = 0 or 10Å.

Impact over the Mean Free Path The remaining microscopic quantity that can
be linked to the mesoscopic transport parameters is the MFP, or phonon life time.
The phonon lifetime can be extracted from the DSF using the Damped Harmonic
Oscillator (DHO) (see section 1.5.2) and is given by the enlargment of the DSF
around the line of maximum intensity (linewidth). To obtain the MFP, the life time
is simply multiplied by the group velocity. The results are displayed in �gure 3.19.
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The MFP without shell is, overall, larger, in particular above 6 THz. This increase
can be linked to the linewidth increase (and thus MFP decrease) due to the amor-
phous modes visible in �gure 3.17 for the NW with an amorphous shell. Two small
peaks are also visible in the MFP of the pristine NW, around 6 and 10 THz. The
MFPs obtained with this method are notably small compared to the results obtained
for similar NWs using the time domain normal-mode analysis [Zhou & Hu 2016] but
of the same order as the results obtained with wave-packet propagation in �gure 3.9.
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Figure 3.19: MFP as extracted using the DHO from the DSF for the nanowires of RCry=
37.5Å and e = 0 (orange) or 10Å (blue).

This MFP decrease due to the addition of the amorphous shell could partially
explain the decrease in thermal conductivity. If the relaxation time appears in
both the de�nitions of ` and κ (see equations [1.24] and [1.26]) it is not weighted
equivalently in both expressions. And the MFP/relaxation time variations may
a�ect mostly one over the other. Low frequencies are less impacted by the addi-
tion of the shell, probably because the interface is transparent for these frequencies
[Shao et al. 2018, Yang et al. 2018]. As ` is less sensitive to the variation of the
relaxation time at high frequencies than κ, the variation of the MFP as a function
of frequency may explain why κ is a�ected by the shell and not `. However, as
the MFP is measured on the whole NW including the amorphous shell the decrease
might be overestimated.

In this section, it is shown that the heat �ux in a crystalline NW is compa-
rable to a Poiseuille �ow. Its maximum is in the center of the NW and decreases
as it comes closer to the free surface or interface. The �ux at the interface is
similar whether there is an amorphous shell or not. The main e�ect of the shell
is to reduce the saturation value in the center of the NW. Such a �ux pro�le can
be reproduced with the hydrodynamic heat transport equations, the variation
due to the addition of the shell being reproduced by a decrease of the e�ective
κ in the crystalline core. In the amorphous shell, the �ux does not depend on
the radius and can be modeled by a Fourier law. Before pushing the analysis

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI081/these.pdf 
© [P. Desmarchelier], [2021], INSA Lyon, tous droits réservés



130 Chapter 3. Core Shell Nanowires and Continuous Modeling

further, it is interesting to study the e�ect of the variation of the shell thickness
and crystalline core radius.

3.2.4 Modulation of Diameter and Shell Thickness

In this section, size e�ects are explored with a study of the impact of the Rcry and
e. To this end, the larger NW and the two shell thicknesses are considered.

In the �gure 3.20 the �ux for the di�erent Rcry are represented, without shell
(left panel) or with a 10 or 20Å shell (right panel). In both cases, the pro�les are
very similar for the two crystalline radii. The only di�erence is the saturation level
that increases with the crystalline radius. As in �gure 3.15, the �ux decreases in
the vicinity of the interface and has the same value in the amorphous shell for the
two radii.

The �ux distributions for shells of 10 and 20Å are displayed in the right panel
of �gure 3.20 (red and olive dots for R =50Å, blue and gray dots for R = 37.5Å).
The reported values are very similar for both thicknesses. This shows that the shell
thickness does not a�ect the �ux in the crystalline core. The two �rst values, for
radii below 15Å, for the smaller NW with the thick shell (Rcry = 37.5Å and e =
20Å) do not �t this analysis. However, as in the �rst concentric shells, the average
in equation (1.53) is performed over less atoms and thus more statistical variations
can be expected, this di�erence is not considered relevant.
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Figure 3.20: Radial �ux distribution for Rcry=37.5 and 50Å, without shell (left), and with
a shell (right). The orange, blue, and gray represent respectively the value without shell and
with a 10 or 20Å thick shell for Rcry=37.5Å. Likewise, the green, red, and olive represent
respectively the value without a shell and with a 10 or 20Å thick shell for Rcry=50Å.
The dots report the values in the di�erent layers computed with equation (1.53), and the
full lines the distribution modeled by the hydrodynamic heat transport equations (1.23)
and (1.27). The vertical black full and dashed line represent, respectively, surface/interface
position for Rcry=37.5 and 50Å.

The parameters used to reproduce the distributions using the hydrodynamic
heat transport equations are reported in table 3.2. It �rst appears that the same
value is used for the slip coe�cient C in each case. This could be predicted from
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the similarity of the �ux at the interface in the di�erent cases. Then as the radius
increases, κ is increased to reach the higher saturation level in the center of the
NW. Again, this value is slightly reduced upon the addition of a shell. The non
local length ` is also increased when switching from Rcry=37.5 to 50Å. A similar
e�ect has already been found for telescopic NWs [Melis et al. 2019]. Again, it is
worth noting that both κ and ` in equation (1.53) are linked to the MFP. The MFP
increases as the radius increases (see �gure B.4), this can thus explain the variations
of κ and `. It is worth noting that the thickness of the shell does not impact these
values, only the presence or absence of the shell impacts the �ux distribution.

In this section, it appeared that increasing the amorphous shell thickness
does not a�ect the �ux in the crystalline core. In the other end, increasing the
radius of the core increases the �ux in the center of the NW, but does not change
the shape of the radial �ux distribution pro�le.

3.2.5 Discussions

The radial energy distribution of the wave-packet in �gure 3.13 can be compared
with the NEMD results. For instance, little energy is transported ballistically in
the amorphous shell. This is consistent with di�usive transport in amorphous
Si [Tlili et al. 2019]. This di�usive transport explains that the heat �ux in the
amorphous shell can be approximated by a Fourier law.

Secondly, as one gets closer to the interface/surface, there is less energy trans-
mitted. For most of the explored frequencies, the energy maximum is reached in
the center of the NW. This energy distribution can be seen as a qualitative measure
of the �ux at di�erent frequencies. The energy density reported, multiplied by the
group velocity, would give an approximate �ux at each frequency. However, this
approach is too crude for a direct heat �ux estimation, as the frequencies need to
be weighted according to the Bose Einstein distribution and the other propagation
direction/polarization considered. Nevertheless, the radial distribution of energy
in the wave-packets indicate that the individual heat carriers may already favor a
Poiseuille like �ux radial distribution.

The results from the NEMD simulations, con�rms that the intensity of the heat
�ux is low at the interface/surface and in the amorphous shell. Moreover, the overall
�ux is �at beginning from the center of the NW and decreases as it comes closer
to the interface. This decrease appears at a distance of 20Å from free surface or
crystalline/amorphous interface. This is similar to what was found through MD and
Monte-Carlo simulations [Verdier et al. 2018a, Liu et al. 2019b], and with MD and
hydrodynamic heat transport equation [Melis et al. 2019] without shell.

Impact of the Amorphous Shell The lack of impact of the shell thickness over
the �ux pro�le apparently contradicts the results of Shao et al. [Shao et al. 2018]
who reported that the specularity decreased when the thickness increases. However,
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in their de�nition of specularity they included the di�usion in the shell, whereas
here only the interface matters. This also contradicts the interpretation of the
decrease in thermal conductivity in the CS NW as an e�ect of the crystalline amor-
phous interface, decreasing the specularity of boundary scattering compared to the
free surface [Malhotra & Maldovan 2019]. It is also to be noted, that the crys-
talline/amorphous interfaces are not visually rougher than the free surface of the
crystal.

The only parameter of equation (1.23) that is a�ected by the addition of the
amorphous shell is κ. The increase of Rcry increases both ` and κ. As in the NWs
studied, the dispersion relations are not a�ected, neither by Rcry nor by the shell
presence or thickness (see appendix B.3), the variations of those parameters are
probably due to variation of the MFP/relaxation time, as discussed in 3.2.3. How-
ever, a decrease of MFP is not the only hypothesis that could explain a decrease
of κ. By de�nition, the thermal conductivity in equation (1.23) considers that the
behavior is ballistic at the microscale (it is based on the phonon gas picture). How-
ever, �gure 3.11 shows that at high frequency, part of the transport is di�usive in
the core and in the shell. A partially di�usive transport usually corresponds to an
amorphous like thermal conductivity, for which the phonon gas model breaks down
[Allen & Feldman 1993, Larkin & McGaughey 2013, Beltukov et al. 2018]. This
transition contributes to a decrease of κ, since the di�usive part becomes more
important at the expense of the dominant ballistic part, and manifests itself as a
decay of the e�ective κ in equation (1.23).

Since the specularity at the interface does not appear to be modi�ed by the
addition of the shell, the hydrodynamic heat transport equations suggest that the
reduction of thermal conductivity due to the addition of shell cannot be solely
explained by a reduced specularity at a c-Si/a-Si interface than at a free surface.

Limitations and Perspectives The simulations carried out can be compared
to the continuous models within the limit of their validity. As stated in sec-
tion 1.2.3, in the original implementation of hydrodynamic heat transport equa-
tion, ` and κ are estimated from ab initio simulations on the bulk properties
of silicon [Sendra et al. 2021]. This estimation gives a value of a few hundred
of nanometers for `. However, in the present case, the diameter of the NW
(7.5 nm) is below half this value, so that the ab initio derived parameters are
no longer valid [Sendra et al. 2021]. They are replaced by empirical values, to �t
the results obtained with the NEMD method. The resulting curves correspond
well to the NEMD results, not only in the present study, but also in a previous
work [Melis et al. 2019]. Even though the ab initio calculated parameters can not
be used, it is shown here that the phenomena observed in the NEMD simulations can
be captured with equation (1.23). Nevertheless, as the diameter is further decreased,
this analysis appears to reach its limit. For instance, for a radius of 25Å, to �t the
MD pro�les with equation (1.23) both κ and ` have to be increased (see appendix
B.5). Moreover, around this diameter, other authors suspect a change of regime
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inducing an increase in thermal conductivity due to the selection of the modes by
the geometry [Zhou et al. 2017]. Also, it is important to note that, here the surface
are very smooth, so that the results might di�er if roughness is introduced.

One of the observation of the study is that when recreating the pro�les with
equation (1.23) and boundary condition (1.27) the addition of the shell induces a
decrease of the "global" parameter κ and does not a�ect ` and C, that in�uence the
�ux near the interface. This relies on the hypothesis the specularity of the interface
a�ects the �ux locally. However, at the scale considered, it might a�ect the whole
structure. Indeed, the MFP is of the order of the diameter, and the wavelength is
not negligible in front of the diameter so that boundary e�ects might a�ect the �ux
in the whole NW and not just at the interface.

The determination of thermal conductivity with NEMD shows strong size ef-
fects [Schelling et al. 2002b] so that the radial distribution obtained may depend
on the length of the NW. This may a�ect more the pristine NWs than the CS
NWs [Gao et al. 2014]. However, the point of this study is to compare the dis-
tribution of energy upon the addition of an amorphous shell at constant length.
However, an impact is expected as even in NWs of the diameter considered here,
phonon with a large MFP are expected to play an important role on thermal con-
ductivity [Zaoui et al. 2016]. This importance of long MFP phonons can induce size
e�ects.

There is a small discrepancy between the �ux computed with equation (1.53)
and the �ux computed from the energy exchange rate at the thermostat (see ap-
pendix B.2). This discrepancy is lower than the uncertainty due to the statistical
distribution of the results over the repetitions. However, a trend can be noted,
without shell the discrepancy is higher, and it increases for thicker NWs.

3.2.6 Conclusion

In this section, the radial �ux distribution obtained by a NEMD simulation of
nanowires of diameter of 37.5 and 50Å, pristine or with an amorphous shell, are
computed. For all NWs, the distribution in the crystalline part is similar: it resem-
bles a Poiseuille �uid �ow. The addition of an amorphous shell decreases the heat
�ux in the center of the NW, but the �ow at the boundary of the crystalline part is
not a�ected by the presence of a shell. To go further, this pro�le can be reproduced
with the hydrodynamic heat transport equations (equations [1.23] and [1.27]), for
this the parameters need to be adapted. Doing so, it appears that the addition of
the shell can be reproduced by a decrease in the thermal conductivity used to model
the transport in the crystalline core, such a behavior has already been predicted for
other geometries [Verdier et al. 2019, Shao et al. 2018]. The non Fourier parame-
ters of the equation do not appear to be impacted for the geometries considered.
As a result, within this model, the e�ect of shell is global, rather than localized at
the interface. It is interpreted as a lack of impact of the shell on the specularity
at the interface (as it is taken into account inside the model). The e�ective ther-
mal conductivity decrease may be linked to a partially di�usive heat transport, and
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to a modi�cation of the MFP spectra. A clearer picture may be obtained with a
frequency dependent analysis of the thermal conductivity [Sääskilahti et al. 2015].

In this chapter, the study of vibrational properties of silicon nanowires with a
crystalline diameter of 5 nm showed that the addition of an amorphous shell modi�es
the transport of phonons. The amorphous shell not only impacts the properties
of the free surface, but also the transport in the crystalline core. This impact is
noticeable on the MFP spectrum. If low frequencies seem to be the most impacted
by the addition of an amorphous shell, the whole spectrum is a�ected. Following
on these results, the heat �ux in these NWs can be modeled using a mesoscopic
approach. The model used shows that the addition of the shell does not correspond
to a modi�ed boundary condition but to a reduced e�ective thermal conductivity.
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Synthesis of the Chapter

� The amorphous shell forming at the surface of NWs a�ects the vi-
brational properties

� The low frequencies are more impacted due to a strong inter-
action with the waves at the surface

� At high frequencies the propagation takes place in the center
of the NW and is less a�ected by surface or interface

� The radial heat �ux distribution in Si NWs resembles a Poiseuille
�ow

� Core/Shell NWs and pristine NW share a similar �ux pro�le in the
crystalline core

� Only the maximal �ux is decreased

� The �ux at the free surface and interface are similar

� The shell thickness does not a�ect the pro�le

� In the shell, the �ux is independent of the radius

� The radial distribution of �ux can be reproduced using the hydro-
dynamics heat transport equation with �tted parameters

� The addition of shell corresponds in this model to a decrease
of κ while the non Fourier parameter are constant

� The heat �ux in the shell can be �tted with a Fourier law

� An increase of the diameter corresponds with this model to:

* a slight increase of the non local length

* an increase of the thermal conductivity

� These results indicate that it is necessary to go beyond simple usual
descriptions of the specularity to take properly into account bound-
ary e�ects induced by the shell in core shell NWs
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Visual Abstract: Overview of the con�gurations studied in this section: asymmetrical core
shell nanowire (a), asymmetrical transport (b), reported thermal recti�cation.

Thermal recti�cation describes the dependencies of the heat transport not only
on the temperature di�erence, but also on the direction of the thermal gradient. In
reference to the electronic diode, devices having such a property are called thermal
diodes. A schematic representation of a thermal diode is given in �gure 4.1.

A large panel of methods can be used to induce thermal recti�cation, any it is
possible with kind of heat transport: conductive [Kobayashi et al. 2009], radiative
[Ben-Abdallah & Biehs 2013], convective [Wong et al. 2019]. Thermal diodes can be
designed from the nano to the macroscale [Roberts & Walker 2011a]. If the main
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T1 T2

J12

J21

Figure 4.1: Schematic representation of a thermal diode with J12 as the preferential �ux
direction.

application for thermal recti�cation is thermal management, the control of the heat
�ux direction has other applications, such as thermal computing [Wang & Li 2007,
Sklan 2015, Wehmeyer et al. 2017]. Here the focus is on thermal recti�cation using
heat conduction through the lattice at the nanoscale.

Considering conduction only, thermal recti�cation appears when the e�ec-
tive thermal conductivity depends on the sign of the thermal gradient. Thus,
it relies both on the space and temperature dependence of κ. Terraneo et

al. [Terraneo et al. 2002] have shown that such a dependence was possible using
a monoatomic chain with an anharmonic interaction potential. This model has
then been adjusted for di�erent temperatures [Li et al. 2004]. Peyrard has pro-
posed a simple model to estimate recti�cation using a spatial and temperature de-
pendence of κ, and to optimize the recti�cation as a function of the temperature
gradient [Peyrard 2006]. The di�erent strategies used to get thermal recti�cation
are regrouped in recent review articles [Roberts & Walker 2011a, Liu et al. 2019a,
Wong et al. 2021]. The two main approaches are either to join two materials with
di�erent thermal properties or to take advantage of geometrical e�ects.

Thermal recti�cation can be induced through the junction of two materials.
For this, several con�gurations have been proposed: in metal/insulator junctions,
the recti�cation is due to the direction dependent electron-phonon scattering rate
at the interface [Roberts & Walker 2011a]. An insulator/insulator junction can
induce recti�cation as well, if the thermal conductivity has a di�erent temper-
ature dependence on each side [Kobayashi et al. 2009]. The interface properties
themselves can even induce recti�cation in bulk systems [López-Suárez et al. 2018,
Hahn et al. 2015]. Interface induced recti�cation has also been predicted between
graphene nanoribbons with di�erent carbon isotopes [Pei et al. 2012], or at the in-
terface between a nanotube and a silicon substrate [Zhang et al. 2013]. Finally, a
crystalline Si/amorphous polymer interface has been predicted to cause recti�cation
due to the strong temperature dependence of the vibrational modes of the polymer,
causing the interfacial conductance to depend on the direction of the thermal gra-
dient [Hu et al. 2008].
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At the nanoscale, the geometry of the samples can induce recti�cation as
well. At this scale, size e�ects impact the thermal conductivity and its de-
pendence on the temperature [Li et al. 2003b] and promotes the localization
of phonons [Hu et al. 2018]. These e�ects have been used to induce recti-
�cation in asymmetric nanostructure using suspended graphene and diamond
cones [Wang et al. 2014, Lee & Hwang 2012], silicon thin �lms [Ju & Liang 2012b]
and carbon nanotubes [Wu & Li 2007]. Experimental studies have shown recti�ca-
tion induced by asymmetrically mass loaded nanotubes [Chang et al. 2006], asym-
metric nanoribbons [Wang et al. 2017], and very recently, for silicon thin �lms with
a gradual hole concentration [Kasprzak et al. 2020]. Recti�cation using Si NW is an
already documented subject, telescopic shaped NW [Cartoixà et al. 2015] or saw-
tooth roughness [Roberts & Walker 2011b] have been proposed. Finally, it is worth
mentioning that recti�cation has been predicted for silicon nanocones, a geometry
very close to NWs [Zhang et al. 2016].

In asymmetric geometries, where more mass or mass density is present on
one side, the majority of the existing literature reports an increased heat �ux
toward the direction of decreasing mass or mass density. This mass gradient
is created either by using an asymmetrical shape or by mass loading one side.
This bias direction has been linked to the increased scattering rate in the lighter
(smaller) part [Wang et al. 2017], the dependence of κ on space and tempera-
ture [Dettori et al. 2016], or the Vibrational Density of States (VDOS) mismatch
between the smaller (lighter) and larger (heavier) sides [Yang et al. 2009]. However,
Ju et al. [Ju & Liang 2012a] have predicted a higher heat �ux from the smaller to
the larger cross-section of a Si trapezoid thin �lm, showing that the heat conduction
is not always higher from the heavier regions to the lighter ones. Similarly, Wang et
al. [Wang et al. 2017] have obtained a better �ux from a defected graphene region
to a pristine one than in the opposite direction, and, more recently, Kasprzak et

al. [Kasprzak et al. 2020] have also shown a better heat �ux from the high-porosity
region toward the low-porosity region in a silicon thin �lm.

In this section, the structuration of the amorphous shell of crystalline NWs is
used to induce an asymmetric transport and thus thermal recti�cation.

4.1 Vibrational Properties of Asymmetrical Core Shell

Nanowires

In the previous chapter, the e�ect of the addition of an amorphous shell on a pristine
NW was studied. Here, a similar analysis is made on CS-NWs with a varying shell
thickness, creating an asymmetric structure. This structure is created to induce
direction dependent transport properties, that are not possible in fully symmetric
structures. First, the new geometries are described and their global vibrational
properties described, before analyzing the results of wave-packet propagation to
�nally estimate the di�erent contribution to the thermal conductivity.
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4.1.1 Modeling of the Con�gurations

The asymmetrical core shell NWs are created by increasing the thickness of the
amorphous shell linearly to form conical-shaped NWs. They will be referred to as
conical core shell NWs or CO-CS-NWs (see �gure 4.3). The added amorphous starts
with a null thickness at one extremity to reach 0.9, 1.9, 3.8, or 7.6 nm at the opposite
extremity. This results in an opening angle φ = arctan(RShell−RCoreL ) of 1.1◦, 2.2◦,
4.4◦ or 8.8◦ respectively, with RShell the maximal shell radius, RCore the core radius,
and L the NW length (see �gure 4.2). These NWs are obtained and relaxed with
the same procedure as the CL-CS-NW (see section 3.1.1).

φ
RCore

RShell
L

Figure 4.2: Geometry of the CO-CS-NW, with the length L, opening angle φ, and core and
shell radius. The dashed line represents the crystalline amorphous junction.

Before going on with the study, it must be noted that constant diameter crys-
talline NWs embedded in a conical amorphous shell are not common. Nanowires can
take a conical shape, as the result of the competition between catalyzed axial growth
and uncatalyzed radial growth. In this case, the resulting NW is fully crystalline.
Alternatively, the oxidation could result in the formation of an oxide shell of uniform
thickness. Nevertheless, cylindrical core/conical shell structures have already been
obtained experimentally by Lin et al. in 2004 with a silicon carbide core and an
amorphous silica shell [Lin et al. 2004] and by Huo et al. with TiO2 nanowire cores
and carbon conical shells [Huo et al. 2008]. These elaboration examples show the
possibility of realization of such asymmetric NWs, via chemical vapor deposition.

CO-CS-NW-1.1 CO-CS-NW-2.2

CO-CS-NW-4.4 CO-CS-NW-8.8

Figure 4.3: Visualization of the conical core shell nanowires (CO-CS-NW) with di�erent
opening angles. The crystalline core is colored in red in red and amorphous shell in blue.
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4.1.2 Vibrational Density of States

As for the cylindrical core shell nanowire (CL-CS-NW), let's �rst study the VDOS,
to see the eventual impact of the shell geometry on the frequency distribution of the
modes. For this, the VDOS of the di�erent coaxial hollow cylinder of the crystalline
core of the NW are plotted for di�erent longitudinal sections of the NW (see �gure
4.4). It appears that, the VDOS of the core of the conical core shell nanowire with
φ = 4.4◦ is not a�ected by the position along the growth direction (here represented
by the colors) but only by the proximity to the crystalline/amorphous interface (see
�gure 4.4). The VDOS in the crystalline core is not a�ected by the thickness of the
amorphous layer above it, but only by the proximity to the crystalline/amorphous
interface.
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Figure 4.4: Vibrational density of state for di�erent coaxial hollow cylinder of the crystalline
core (four columns) and for di�erent section along the CO-CS-NW-4.4 (colored lines). The
insets left of each �gure link the column and the considered hollow cylinders. The black
circle in the insets represents the part of the nanowire core considered, the gray the whole
crystalline core, and the amorphous shell is represented by the purple outer circle and is
not to scale. The mixed line represents the crystalline amorphous interface. The inset in
the upper right links the section and the colors of the lines.

The analysis of the VDOS at the di�erent length portion does not indicate
any strong dependence to the thickness of the shell. The VDOS of the di�erent
layers are very similar to the VDOS of the constant shell thickness CS-NW. As
a result, asymmetric behavior can be noted by a simple study of the VDOS.

4.1.3 Wave-Packet Propagation

The VDOS does not indicate a change of vibrational properties of the core as a
function of the position. To showcase eventual direction dependent properties, wave-
packet propagation simulations can be used. For this, the same method as for the
CL-CS-NW is used. A force excitation at particular frequency is made in the center
of the NW at L/2. This allows distinguishing the propagation in the small to large
direction (SL) and in the large to small direction (LS).
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Qualitative Visualization of the WP As for the constant thickness core shell
NW, let's start with a qualitative description of the displacements and kinetic energy
distribution in the conical core shell nanowire with the largest opening angle. The
largest opening angle has been chosen as it ampli�es the di�erence between the
directions. The same frequencies as in chapter 3 are selected for the qualitative
analysis.

2 THz 12 THz

Figure 4.5: Cross-sectional view of wave-packet evolution after a longitudinal excitation in
the CO-CS-NW-8.8. Left column: Atomic displacement in the polarization direction with
an excitation at 2 THz. Middle column: The atomic kinetic energy at 2 THz. Right column:
The atomic kinetic energy at 4 THz.
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For this nanowire, the propagation is asymmetric at low frequencies. This asym-
metry appears in the energy distribution in the central column of �gure 4.5. Con-
trary to what was observed for cylindrical core shell thickness nanowire (CL-CS-
NW), the wave-packet travels without coherence losses in the Small to Large cross
section direction (SL) (the maxima and minima of kinetic energy are visible during
the whole propagation). In the Large to Small cross section (LS) direction the WP
is more dispersed/attenuated, the behavior is similar to what was observed for a
constant shell thickness (see �gure 3.6). The shape and reduced thickness of the
shell induces strong interactions between the waves supported by the shell and by
the core in the converging LS direction, but keep them apart in the diverging SL
direction. This coupling is con�rmed by the analysis of the displacements in the left
column of �gure 4.5: in the SL direction, the wave front travels through the NW
without coherence loss, through core and shell alike. But in the LS direction, the
wave in the shell is phase shifted, with di�erent displacement directions for a given
x. As observed for the CL-CS-NW, this phase shifted surface wave seem to interact
with the wave in the core. This phenomenon is a�ected by the shell thickness: for
a thicker shell, the wave in the core is less a�ected by the free surface (see right
column of �gure 4.5), whereas for thinner shells, either for the CO-CS-NW-8.8 in
the LS direction or for the CL-CS-NW, a clear phase shift occurs at the interface
(see �gure 3.8). A su�ciently thick shell seems to shield the transport in the core
from the e�ect of the free surface.

For the transverse polarization (�gure 4.6), still at low frequency, the e�ect of
the shell thickness is less clear. The phase shift at the interface does not disappear in
the SL direction. However, shell and core seem to interact more in the LS direction
than in the SL direction, with larger displacements at the interface.

At higher frequencies, here represented by 12 THz for the longitudinal polariza-
tion and by 4 THz for the transverse polarization, the behaviors in the SL and in
the LS directions are much more similar. In �gures 4.5 and 4.6 (rightmost columns),
the propagative part1, exiting the excitation zone, takes an ellipsoidal shape limited
to the inner core as was visible in �gure 3.6 for symmetric geometries. The energy
left behind by those propagating waves is dispersed evenly in the core section. The
absence of irregularities on the WP path could explain why the MFP is higher than
at lower frequencies, where the interfaces continuously hinder the propagation.

In the CO-CS-NW-8.8, the WP propagation is direction dependent at low
frequencies. When the amorphous shell is thick enough, the wave at the surface
and the wave in the core stop deforming each other and WP travels without
coherence loss creating a direction dependent transmission2.

1Akin to a regular phonon or a propagon
2Note that direction dependent propagation is di�erent from region dependent that cannot lead

to recti�cation without an additional temperature dependence [Chakraborty et al. 2019]
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2 THz 4 THz

Figure 4.6: Cross-sectional view of wave-packet evolution after a transverse excitation in
the CO-CS-NW-8.8. Left column: Atomic displacement in the polarization direction with
an excitation at 4 THz. Middle column: The atomic kinetic energy at 2 THz. Right column:
The atomic kinetic energy at 4 THz.

Distribution of Kinetic Energy The asymmetry of propagation is �rst studied
through the representation of the kinetic energy distribution as function of the
position along the principal axis for the core and shell in �gure 4.7. After the initial
nonrandom excitation, two parts are visible at all frequencies: a propagative wave
traveling along the NW mainly inside the core of the NW and a slowly broadening
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Figure 4.7: Evolution of the kinetic energy distribution along the wire (sum of atomic kinetic
energy in each of the individual slices �ltered with a polynomial �lter) after a longitudinal
(upper �gure) or transverse (lower �gure) excitation for the CO-CS-NW-8.8. The total
energy is separated in the core and the shell at 2 THz (�rst row of each panel) and 12 THz

for the longitudinal excitation (second row of the upper �gure) and 4 THz for the transverse
one (second row of the lower �gure). The energy is normalized by the maximum value for
the whole NW.

di�usive peak. In �gure 4.7 the propagative part manifests as distinct lobes that
are shifted in the propagation direction at every time step. These features are
particularly visible for the CO-CS-NW-8.8 at 12 THz (�gure 4.7 �rst �gure bottom
row) but are present to some extent in all CO-CS-NW at all frequencies below
15 THz. The di�usive peak is present in both shell and core, as for the CL-CS-
NW. This central peak is mostly visible at 12 THz for the longitudinal excitation,
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and at 4 THz for the transverse excitation, but is nevertheless already present at
2 THz for both polarizations. This di�usive behavior of thin core shell Si NWs was
already observed by Donadio et al. [Donadio & Galli 2009], although this behavior
was thought to be limited to the amorphous layer. As a purely propagative behavior
is expected in c-Si, a di�usive part indicates either an energy transfer from the shell
to the core or an in�uence of the interface on the propagation. The in�uence of
the amorphous shell on the crystalline core vibrational properties has already been
assessed in �gure 3.3. Atoms in the core, within 0.5 nm from the interface have a very
similar VDOS to the one of a-Si, but this limited e�ect is not su�cient to explain
the di�usive transfer inside the whole crystalline core. This must be due to a strong
dynamical e�ect induced by the long-range in�uence of the amorphous/crystalline
interface.

Additionally, there is no important propagation of high-frequency phonons in
the shell and the propagation in the core is not a�ected by the shell thickness at
those frequencies. However, for the di�usive transport, a slight asymmetry is visible
in the di�usive peak in the shell after a transverse excitation at 5 THz (�gure 4.7).

Another mark of the interactions between the shell and the core can be seen in
�gure 4.7: the energy distribution in the core for the CO-CS-NW-8.8 in the Large to
Small (LS) direction after a transverse excitation does not follow a monotonous de-
crease from the excitation origin to the end of the NW. On the contrary, it increases,
con�rming that there is an energy transfer from the shell into the core.
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Figure 4.8: Atomic kinetic energy as a function of the radius in 7-nm-thick slice, 9 nm

away from the excitation source after a longitudinal excitation, for di�erent time steps,
for the CO-CS-NW-8.8 at 2 Thz (upper row) and 12 THz (lower row). The energy values
are normalized by the maximum value for each given frequency. The vertical dashed line
represents the amorphous/crystalline interface.

The visualizations of the atomic kinetic energy can be completed by the visual-
ization of EK as a function of the radius (see �gure 4.8) with this time a distinction
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between the SL and LS directions. For the 2 THz excitation, there is a clear wave
propagation at the free surface, as observed for the pristine and CL-CS-NW in �g-
ure 3.7. However, in this case the wave at the surface is asymmetric, it has a high
amplitude in the LS direction and a low amplitude in the SL direction. This is
most probably due to the convergent and divergent geometries. The asymmetry
is also visible in the core, where the amplitude is higher in the LS direction, this
higher amplitude can be linked to the redirection of energy from the shell to the
core. Likewise, it is noticeable that the energy remains high for a longer while in the
LS direction, indicating a stronger dispersion of the WP. Finally, the radial kinetic
energy distribution of the CL-CS-NW in �gure 3.7 is very similar to the one of the
CO-CS-NW-8.8 in the LS direction. This similarity hints that the proximity of the
surface has a strong in�uence on low-frequency phonons. At 12 THz the di�erences
between the SL and the LS directions disappear; the energy mainly �ows in the core
for both directions.

Moreover, for low frequencies, there is a net energy exchange between the core
and the shell. This is visible through the unbalanced energy ratio between the two
sides of the excitation in �gure 4.9. There is more energy in the shell and less in
the core for the SL part of the NW for all CO-CS-NWs. As the energy is overall
evenly distributed between the SL and LS parts when considering the whole NWs
(see upper panels of �gure 4.9), this distribution is only possible through an energy
transfer between the core and the shell. The shell transfers energy back to the core
in the LS direction, especially in the low-frequency range, con�rming that the wave
in the shell interacts with the wave in the core. The energy distribution for the
shell of the conical core shell nanowire with φ = 1.1◦ seems di�erent from the others
opening angles. This can be explained by the reduced number of atoms in the shell
(see �gure 4.3b) making the energy ratio more sensitive to small variations.

To conclude on the qualitative analysis of the WP propagation in asymmetric
NWs: in the large to small direction the constriction tends to redirect energy
from the shell to the core at low frequency, the strong interaction between the
wave at the surface and propagation in the core is disturbed in the large to small
direction.

Quantitative Analysis of the WP The e�ects of the geometry on the heat
transport can be estimated through the evaluation of the contribution of di�erent
frequencies, as done in section 2.4. The mean free path is a way to quantify the e�ect
of the geometry on the propagation at di�erent frequencies. For example, a higher
MFP in a speci�c direction could result in thermal recti�cation. This is assessed in
�gure 4.10 where the MFP of longitudinal and transverse phonons with frequencies
between 1 and 15 THz in both directions of propagation in the NW (LS and SL) are
depicted for the CO-CS-NWs and the CL-CS-NW for comparison, along with the
VDOS of the con�gurations.

Firstly, it is noticeable that the unusual frequency dependence of the MFPs
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Figure 4.9: Kinetic energy ratio: Sum of atomic kinetic energy in the SL direction (eSL,
right of the excitation) divided by the sum of atomic kinetic energy in the LS direction (eLS ,
left of the excitation), and the mean from the end of the excitation of propagation until the
wave front reaches the boundaries. For the longitudinal (left column) and transverse (right
column) excitation.

observed for the CL-CS-NW in section 3.1 appears for all the CO-CS-NW. In par-
ticular, the MFP peak at high frequencies (11 THz) is visible for all con�gurations.

Then, the transport in the small to large (full lines) and in the large to small
(dashed lines) direction can be compared. For longitudinal phonons, the MFP is
higher in SL than in LS direction at low frequencies (1-3 THz) for conical core shell
nanowires of opening angle 4.4◦ and 8.8◦. The transverse phonons at 1-2 THz have,
similarly, a higher MFP in the SL direction. This characterizes an asymmetric
transport favoring the SL direction. However, this is not the case for all frequency
ranges and all con�gurations. For example, the MFP in the LS direction is higher in
the 3-5 THz frequency range for longitudinal phonons and in the 1-6 THz frequency
range for transverse phonons for CO-CS-NW-1.1. While comparing the directions,
it also appears that the shoulder at 8 THz in the longitudinal MFP tends to fade
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Figure 4.10: Longitudinal (�rst row) and transverse (second row) MFP, di�usivity (third
row), and VDOS (last row) for all studied con�gurations. The solid colored lines represent
the SL direction and the dashed ones the LS direction. The di�erent con�gurations are
identi�ed by their opening angles for the CO-CS-NW and by CL for the constant thickness
CS-NW.

as the opening angle increases. This fading is more pronounced in the SL direction,
con�rming that this plateau is correlated with the amorphous layer thickness, as
was already visible for the pristine and CL-CS-NW in �gure 3.9. If some asymmetry
appears in the MFP, it is not possible to conclude on a global asymmetry in heat
transport from those representations.

As the studied systems are composed of a large amorphous part, it is important
to consider the in�uence of the non-propagative modes to complete the study. These
non-propagating modes are visible in the kinetic energy distribution after a non-
random excitation, but the di�usivity of the di�erent frequencies can be evaluated
in the SL and LS directions with the method described in 1.5.3. The results are
shown in the �gure 4.10 (third row). First, one can observe that the di�usivity in
our systems is comparable to the bulk amorphous silicon di�usivity (see �gure 2.24).
This similarity appears even for the CO-CS-NW-1.1 where the amorphous shell is
very thin, especially in the LS direction. In increasing the overall amorphous fraction
(1.1◦ to 8.8◦ opening angles) of the systems, the di�usivity decreases. Nevertheless,
when comparing the directions for the larger opening angles 4.4◦ and 8.8◦, it appears
that the di�usivity is higher in the SL direction where the amorphous shell becomes
thicker. This higher di�usivity suggests a better di�usive heat transport in the small
to large direction.

Finally, the global VDOS in the last row is worth taking a look at. As the
opening angle increases, the peaks linked to c-Si are smoothed out. This shows the
gradual importance of the amorphous shell as its thickness increases.
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The analysis of the MFP and di�usivity has shown that the MFP of the
di�erent con�gurations are very similar to the MFP of the CL-CS-NW. How-
ever, for the asymmetric structures, di�erences appear between the SL and LS
directions, in particular at low frequency. The di�usivity, keeps a very similar
pro�le for all the con�gurations and decreases with the crystalline fraction. Yet,
these variations with direction are not systematic nor strong enough to conclude
on a strong asymmetry in the overall heat transfer.

4.1.4 Thermal Conductivity Estimation

The analysis of the WP showed the heat transfer in the CS-NW contains a ballistic
and a di�usive component. Using the method described in 1.6.4, the frequency de-
pendence of the thermal conductivity together with the ratio of ballistic to di�usive
contributions to the thermal conductivity can be estimated. In this section, the
computation for the CO-CS-NW-4.4 is detailed.

The di�usivity and MFP of the NW being already computed, the only missing
quantities are the group velocity and the density of state associated to the di�erent
polarizations. These missing quantities are estimated thanks to the Dynamical
Structure Factor (DSF).
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Figure 4.11: Dynamical structure factor for the CO-CS-NW-4.4, in the ΓX direction,
projected on the longitudinal polarization (left) and transverse polarization (right). The
white lines represent the estimated dispersion relations.

The DSF of the CO-CS-NW-4.4 is displayed in �gure 4.11, along with the disper-
sion estimation. It was obtained using the method described in 1.5.2 (that is via the
di�usive and propagative contribution to thermal conductivity estimated via equa-
tions [1.56] and [1.57]). As for the CL-CS-NW (see �gure 3.5) the DSF corresponds
to the superposition of the DSF of c-Si and a-Si. However, lines corresponding to
the dispersion of relation are less marked, the amorphous fraction being higher in
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Figure 4.12: Thermal conductivity of propagative modes κP (in black), and thermal con-
ductivity of the di�usive modes κD (in red) and total thermal conductivity κP + κD (in
blue) for the CS-NW-CO-4.4: as a function of temperature (a) and contribution of the
di�erent frequencies (b) at 300 K in the right panel. The dashed and plain lines represents
respectively the LS and SL directions.

the case of the CO-CS-NW-4.4. The polarization dependent VDOS is estimated,
from the average of the DSF in the di�erent directions of the Brillouin zone.

The di�erent contributions to the thermal conductivity as a function of temper-
ature are represented in �gure 4.12 (left). It appears clearly that the propagative
contribution dominates the heat transport. The di�usive modes account for less
than 20 % of the total thermal conductivity.

The relative contributions to κ as a function of the frequency at 300 K in the
left panel of �gure 4.12, shows that κP is higher than κD for all frequencies. It also
appears that the peak in MFP around 10 THz has a strong e�ect on the thermal
conductivity. However, as seen in section 2.4, this contribution might be overesti-
mated due to the orientation of WP, selecting for the less perturbed direction. Note
that here the correction for temperature is not included.

With the example of the CO-CS-NW-4.4, it has been shown, that the di�u-
sive contribution to the thermal conductivity is 5 times smaller than the prop-
agative one, and that both contributions appear to favor the small to large
direction.

4.1.5 Conclusion

In this section, thanks to WP propagation simulations, it appeared that: the larger
wavelengths seem to be more in�uenced by the geometry of the shell and the prox-
imity of the interface/surface than smaller wavelengths. This can explain why the
WPs are more strongly dispersed in the SL direction than in the LS direction (see
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central column of �gures 4.5 and 4.6). The similarity between the pattern of dis-
placements (left column) for the CO-CS-NW-8.8 in SL direction where the section
is smaller and the one of the CL-CS-NW indicates that the free surface proximity
impacts the propagation in the core through the shell. Moreover, at low frequencies
(around 2 THz) a wave appears at the surface and part of the energy seems to be
con�ned at the free surface during the WP propagation. The perturbation of long
wavelength modes, localization at the free surface and their e�ect on the thermal
conductivity in thin NWs is already well documented [Rurali 2010]. For the WP at
2 THz, a phase shift appears between the center of the core and the core-shell inter-
face, as the wave propagates in the CL-CS-NW and CO-CS-NW-8.8 (see �gures 3.6
and 4.5). However, this phase shift disappears in the SL direction for the CO-
CS-NW-8.8. In the larger section, the wave-packet has an ellipsoidal shape with a
section larger than the core, meaning that the amorphous/crystalline interface does
not perturb the propagation at this frequency in this direction. This implies that
the free surface plays a more important role on the propagation than the interface
in this direction at those frequencies. Whereas at higher frequencies, for instance at
12 THz (see �gures 3.6 and 4.5 right column), ballistic transport happens only in the
inner parts of the core where the interfaces do not a�ect the propagation anymore.

The di�usive transport is also in�uenced by the presence of amor-
phous/crystalline interfaces. Indeed, a di�usivity comparable to the values found
in the purely amorphous samples is measured even when the amount of amorphous
shell is negligible (see �gure 4.10). The presence of the amorphous/crystalline inter-
faces aligned with the direction of propagation is thus su�cient to induce a di�usive
transport in the crystalline core as well. This strong in�uence of the shell on the
di�usive transport has been already suggested here by the presence of a di�usive
part in the core after a nonrandom excitation (see �gure 4.7). However, the di�usive
modes are not dominant on the heat transport. It appears clearly in �gure 4.12 that
the propagative mode's contribution dominates the heat transport in the CO-CS-
NW-4.4.

In summary, a variable thickness of amorphous shell modi�es the behavior
of WP imposed in the center of the NW. At low frequencies, a direction depen-
dency appears in the large to small direction, part of the energy is transferred
from the shell to the core. The conical shell seems to modify the interaction
between the core and the shell, in the small to large direction, the phase shift
observed for CL-CS-NW disappears. However, at higher frequencies, little dif-
ference appear. Finally, the quantitative analysis of the transport properties
obtained from WP appears to indicate a direction dependent transport, with-
out allowing a de�nitive conclusion. For a more de�nitive conclusion studies
including explicitly the temperature e�ects are needed.
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4.2 Thermal Recti�cation in Asymmetrical Core Shell

Nanowires

In the previous section, it has been shown that the thickness variation of the amor-
phous shell in core shell NWs caused a direction dependent propagation of WPs.
However, using those results alone, it is not possible to conclude quantitatively on
an eventual thermal diode e�ect. In this section, the results from Non Equilib-
rium Molecular Dynamics (NEMD) simulations are used to study the directional
dependence of thermal transport in asymmetric core shell nanowires.

Supplementary geometries In this section, two supplementary geometries are
introduced to complete the study. The �rst one is a telescopic-shaped NW with
a 3.5 nm amorphous thick shell covering half of its length, referred to as TE-CS-
NW (left of �gure 4.13). It is introduced to investigate the e�ect of an asymmetric
distribution of amorphous shell without the gradual asymmetry. The shell thick-
ness is chosen to have the same amorphous fraction as the CO-CS-NW-4.4 for the
chosen NW length (50 nm). The second geometry is simply a CO-CS-NW-4.4 that
has been prolonged to reach 100 nm. This geometry was introduced to investigate
eventual size e�ects (right of �gure 4.13). These con�gurations are created using the
same method as the other geometries of the chapter. The di�erent con�gurations
investigated in this section are listed in table 4.1.

CO-CS-NW-4.4-100TE-CS-NW

Figure 4.13: Telescopic core shell nanowire (TE-CS-NW) and conical core shell nanowire
with an opening angle of 4.4◦ and a length of 100 nm CO-CS-NW-4.4-100 crystalline core
in red and amorphous shell in blue.

Table 4.1: E�ective radius, shell radius, length, total number of atoms and fraction of atoms
belonging to crystalline phase for the 3 groups (in total 7 con�gurations) of NWs.

CL-CS
CO-CS

TE-CS
1.1◦ 2.2◦ 4.4◦ 8.8◦

REffect
(nm)

3.5 2.6 2.6 2.8 3.1 3.5 2.5

RShell (nm) 3.5 3.46 4.42 6.3 10.1 10.1 6.0
L (nm) 50 50 50 50 100 50 50
Nt 95029 69617 95342 161353 689023 345766 161340
Nc/Nt 51% 70% 51% 30% 14% 14% 30%
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4.2.1 Estimation of the Recti�cation

The e�ective thermal conductivity of all the samples are evaluated using the NEMD
method. For this, a temperature gradient is imposed across the NW and the thermal
conductivity is then derived from κ = J∆x

SEffect∆T
with J the kinetic energy transfer

rate between the thermostats, SEffect the e�ective section (that is the smallest
section that the �ux crosses), and ∆T

∆x the temperature gradient. As in chapter
3, the position of the atoms within 1 nm of the simulation box edges are �xed
("f" regions in �gure 4.14). Finally, the two thermostats are added next to the
�xed atoms (T1 and T2 in �gure 4.14). The number of atoms in the thermostats

ff

T2

REffect

RShellS
L

T1

JSL

JLS

Figure 4.14: Schematic representation of the NWs, with the thermostats (T1, T2) and �xed
atomic positions (f) on the conical CS con�gurations. Several characteristic elements, such
as the e�ective, core, and shell radii, and the angle of the amorphous shell opening and
large (L) and small (S) extremities of the NW are noted along with the �ux direction JSL
and JLS . REffect is the e�ective radius for the computation of the �ux, it is here also the
smallest radius that the �ux crosses.

on the large side and the small side are kept similar within 1 % by varying their
thicknesses between 0.5 and 5 nm. A simple velocity rescaling is used to maintain
the cold side at 280 K and the hot side at 320 K for a ∆T of 40 K, or 260 K and
340 K respectively, for simulations with a ∆T of 80 K. The time step used is 0.5 fs.
For the 50 np-long-NWs, the stability of the temperature pro�le obtained after the
�rst 1000 ps indicates that a steady state is reached, the �ux is then computed
over the next 1000 ps. For the 100 nm-long-NW these times are doubled. The
�ux is averaged over �ve independent simulations with di�erent initial velocity to
decrease the statistical error (see section C.2 for details on the �ux computation).
The heat �ux is computed twice, switching the hot and cold thermostats to obtain
the heat �ux in both directions. The e�ective section SEffect considered for the
computation of κ, if not otherwise speci�ed, is the limiting cross-section for heat
transport, that is, the smallest section that the �ux crosses, at the end of the
thermostat T1 in �gure 4.14 (the corresponding e�ective radius REffect is reported
in table 4.1). The temperature gradient is de�ned as the temperature di�erence
between the thermostats divided by the distance separating the two thermostats
∆x = L− LT1 − LT2 − 2Lf [Li et al. 2019].
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The thermal recti�cation is computed as:

η =
〈κSL〉 − 〈κLS〉
〈κSL〉

, (4.1)

with 〈κ〉 the mean thermal conductivity over �ve repetitions. κ can be replaced by
J in the previous equation as the thermal gradient is the same excepted for the sign,
provided that the e�ective section is the same. The uncertainty is derived from the
standard deviation σ of the thermal conductivity value:

∆η = η

(
σ(κSL)

〈κSL〉
+
σ(κLS)

〈κLS〉

)
(4.2)

4.2.2 Thermal Transport and Recti�cation in Core Shell Nanowires

This section reports and discuss the e�ect of the asymmetry of amorphous shells
on the overall thermal transports. In �gure 4.15 both the heat �ux or the thermal
conductivity and the recti�cation (green right axis) for di�erent directions, as a
function of the opening angles of the samples, or as a function of the amorphous
fraction. It appears �rst that the �ux and the thermal conductivity in the small to
large direction (red empty circle) is superior to the heat �ux or thermal conductivity
in the large to small direction (blue star). This observation is consistent with the
less disturbed propagation of phonons in the small to large direction. There are two
ways to de�ne recti�cation; using the heat �ux or the thermal conductivity. For a
constant cross-section, the two quantities will give the same recti�cation. Here, as
the studied con�gurations are asymmetric, the heat �ux was chosen because it is
independent of the choice of the cross-section (in �gures 4.15 a and b). Nevertheless,
the results in terms of the e�ective thermal conductivity with two di�erent cross-
sections are also depicted in �gure 4.15c using the smallest cross-section (SEffect),
related to the vision of the nanoconstriction which usually drives the phenomena at
the nanoscale, and in �gure 4.15d using the cross-section next to the hot thermostat
related to the vision of the energy dissipation area for a given system. The pertinence
of the choice between the two cross-sections is discussed later.

In �gures 4.15 a and c, it appears that the asymmetric amorphous shell induces a
thermal recti�cation for the conical core shell nanowires with the two largest opening
angles (4.4◦ and 8.8◦) and for the telescopic core shell nanowire. The recti�cation,
measured on the heat �ux (η= 5%), is of the order of the recti�cation obtained
experimentally for a similar system [Chang et al. 2006]. However, the recti�cation is
lower for an opening angle of 8.8◦ than for an opening angle of 8.8◦, showing that the
relation between the opening angle/amorphous fraction and the recti�cation is not
monotonic. Moreover, these simulations indicate that there is a threshold e�ect for
recti�cation in either opening angle between 2.2◦ and 4.4◦ or in amorphous fraction,
between 50 % and 70 % for the length L = 50 nm (�gure 4.15b). The recti�cation
measured for the conical core shell nanowires with the two smallest opening angle
are not signi�cant. Thus, an important thickness of amorphous shell is necessary to
induce recti�cation. Moreover, as the telescopic geometry induces less recti�cation
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Figure 4.15: Power exchanged (�ux) and recti�cation for all the 50-nm-long NWs as a
function of the opening angle of the amorphous shell (a), of the amorphous fraction (b) or
thermal conductivity and recti�cation as a function of the opening angle computed with
the e�ective section de�ned in table 4.1 (c) or with the section next to the hot thermostat
(d). The di�erent con�gurations are identi�ed by their opening angles for the (Conical
Core Shell nanowire) CO-CS-NW and by TE for "telescopic" or CL (cylindrical). On the
left y axis, κLS or JLS are represented by blue stars and κSL or JSL by red circles. The
recti�cation values on the right y axis are represented by green triangles, with error bars
determined from equation (4.2) and the green dashed line gives the zero recti�cation.

than the conical shell with φ = 4.4◦ with similar amorphous fraction, it follows that
the asymmetry of the amorphous shell plays an important role, but is not the only
factor responsible for the observed recti�cation. Finally, it is interesting to note here
that the preferred direction for the �ux, from small to large cross section, is not the
same as the one obtained for homogeneous samples with conical shape, as shown by
Wang et al. [Wang et al. 2014].

Interestingly, the total heat �ux increases monotonously with the amorphous
fraction (�gure 4.15b). As the crystalline part has a constant diameter, an increas-
ing amorphous fraction means that the section through which the heat �ux can go
through increases. The core diameter being constant, a signi�cant part of the heat
�ux has to go through the amorphous shell. However, the thermal conductivity of
a-Si being roughly two orders of magnitude below the c-Si one, a smaller enhance-
ment was expected. This important di�erence in the total �ux between the conical
core shell nanowires with di�erent opening angles indicates a considerable energy
exchange at the interface between the core and shell.

All the conical core shell nanowires share similar thermal conductivity values.
Once normalized by SEffect (see table 4.1), the disparities in �ux disappear (see
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Figure 4.16: Power exchanged between the thermostat for all the 50-nm-long NWs as a
function of the opening angle of the amorphous shell for every individual runs, the values
within the blue shaded regions are individual runs for the same con�guration. LS marks
the large to small direction, while SL marks the small to large direction.

�gure 4.15c). It is noteworthy that the TE-CS-NW has a much larger thermal con-
ductivity due to the fully crystalline reduced e�ective section; similarly, the thermal
conductivity of CL-CS-NW, having a large e�ective cross-section, is lower. With this
e�ective section de�nition, neither the e�ective cross-section nor the distance be-
tween the thermostats varies. Thus, the recti�cation is independent of the choice of
J or κ. However, as already mentioned before, the thermal recti�cation can change
with another choice for the e�ective cross-section. For instance, in �gure 4.15d, the
estimation of the thermal conductivity using each time the section corresponding to
the hot thermostat (that is the section of the incoming �ux) is chosen. This choice
of e�ective cross-section results in very high η values (90 %). However, this variation
is mainly due to the change of the e�ective section depending on the direction of
the thermal gradient. To compare the direction of propagation, a comparison of the
�ux or of the e�ective thermal conductivity using always the same cross-section is
more meaningful. In all cases, the thermal conductivity estimations are of the same
order as in the previous simulation of Verdier et al. [Verdier et al. 2019].

Figure 4.16 features the heat �ux computed for the individual runs in both SL
and LS directions. This representation of the dispersion of the measures shows that
the heat �ux is systematically higher in the SL direction for the conical core shell
nanowires with the two largest opening angle and more dispersed in the case of the
telescopic core shell nanowire. Moreover, this visualization highlights the disparity
of the measure for the cylindrical core shell nanowire and the two lowest opening
angle: depending on the simulation considered, the recti�cation is either positive or
negative. This con�rms that the recti�cation for these small opening angles is not
signi�cant.
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Summarizing on the interpretation of �gures 4.15 and 4.16, it was shown
that the core shell nanowires with opening angles of 4.4◦ and 8.8◦ induce a �ux
recti�cation of about 5 %. This recti�cation favors the �ux in the small to large
direction over the �ux in the large to small direction. This direction corresponds
to the direction in which the propagation of WP was less impeded. The next
paragraphs focus on the parameters in�uencing the measure of this recti�cation.

Size E�ects At the nanoscale, size e�ect matters, to get an idea of the in�uence
of the size on the recti�cation coe�cient, a core shell nanowire with φ = 4.4◦ with
a doubled length (100 nm) was studied. The results are displayed in table 4.2. For
the long NW two temperature di�erences between the thermostats are tested: one
with the usual ∆T of 40 K and one with a ∆T of 80 K to keep the same temper-
ature gradient, ∆T/L, as for the 50 nm NWs. Due to the computational cost for
the 100 nm NW only two independent runs were performed. First, one can notice
that the recti�cation still appears when the length is doubled and that it can even
increase for the ∆T of 40 K. However, in increasing the ∆T to 80 K, the recti�cation
decreases.

Table 4.2: Size and temperature impact on thermal recti�cation: length of NW, imposed
∆T between the two thermostats, temperature gradient, mean �ux in the two directions,
recti�cation, and number of independent runs for the CO-CS-NW-4.4.

L (nm) ∆T (K) ∆T/L (K nm−1) JSL (µW) JLS (µW) η (%) #run

50 40 0.8 0.158 0.150 5.2 5

100
40 0.4 0.126 0.115 8.4 2
80 0.8 0.246 0.238 3.2 2

These simulations con�rm that the recti�cation observed is not strongly de-
pendent on the length. But also that the temperature di�erence has an e�ect
on the recti�cation coe�cient. In the following, the temperature e�ect is inves-
tigated more in depth.

Temperature e�ect The e�ect of temperature over the recti�cation was inves-
tigated by performing two di�erent sets of simulations for the CO-CS-NW-4.4 one
at 200 K of mean temperature and one with a ∆T of 120 K to test the in�uence of
the temperature gradient. The results reported in this section are given for three
independent simulations for each thermostat set up.

The thermal transport in the NW is mostly propagative, and geometry based
recti�cation relies on the ballisticity of phonons [Wang et al. 2014]. Thus, by de-
creasing the average temperature the recti�cation is expected to increase, due to the
decreased importance of phonon-phonon processes relative to boundary scattering
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[Yang et al. 2008]. To validate this hypothesis, simulations at 200 K are performed.
For them, the equilibration temperature is 200 K and set the hot thermostat at
180 K and the cold one at 220 K. The resulting �ux and recti�cation are displayed
in table 4.3. It appears that the temperature decrease does not increase the thermal
recti�cation, on the contrary, it seems to decrease it. The average �ux does not
seem to be a�ected, meaning that the overall heat transfer is not strongly a�ected
by the temperature decrease. This dependence on temperature seems to indicate
that the recti�cation observed does not simply rely on ballistic e�ect but on more
complex processes, sensitive to temperature.

Table 4.3: Average temperature impact on thermal recti�cation: average temperature,
imposed ∆T between the two thermostats, mean �ux in the two directions, recti�cation,
and number of independent runs for the conical core shell nanowire with an opening angle
of 4.4◦.

T ∆T (K) JSL (µW) JLS (µW) η (%) #run

200 40 0.155 0.153 1.1 3
300 40 0.158 0.150 5.1 5

The temperature di�erence between the thermostats is also a factor in the rec-
ti�cation [Wong et al. 2021]. The recti�cation coe�cient usually increases for large
temperature di�erence. Thus, the recti�cation e�ect was measured for a ∆T of
120 K with a cold thermostat at 240 K and a hot one at 360 K. The results are
displayed in table 4.4, it appears that the recti�cation is smaller with a ∆T of 120 K

than with a ∆T of 40 K. This result con�rms the tendency observed in table 4.2, a
larger temperature di�erence does not increase the recti�cation observed here. Be-
fore going further, simulations were attempted using a smaller ∆T with 10 K, but
the simulation did not converge properly, the individual measures are too dispersed
to be interpreted.

Table 4.4: Impact of the temperature di�erence on thermal recti�cation: imposed ∆T

between the two thermostats, average temperature, mean �ux in the two directions, recti-
�cation, and number of independent runs for the CO-CS-NW-4.4.

∆T (K) T JSL (µW) JLS (µW) η (%) #run

40 300 0.158 0.150 5.1 5
120 300 0.47 0.46 1.1 3

In this paragraph it was shown that the thermal recti�cation is decreased for
lower average temperature down to 200 K and also that it does not increase for
a larger temperature di�erence. More points would be needed to draw de�nitive
tendencies. A more in depth discussion of the e�ect of the thermostats is given
in appendix C.
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4.2.3 Discussion on the Recti�cation Observed

A new strategy of thermal recti�cation is examined here, with an asymmetric
core/shell nanowire and, as driving phenomenon, the interaction between the amor-
phous shell and crystalline core. The recti�cation estimated is of the order of 5 %,
indicating a better heat �ux from the smaller part to the larger one. This �nding con-
trasts with some of the previous systems studied in the literature where the reverse
bias is observed, as shown experimentally in nanoribbons [Wang et al. 2017] or for
mass loaded graphene nanotube [Chang et al. 2006], and predicted for nanohorns
[Yang et al. 2008] as well as for nanocones [Zhang et al. 2016], but in agreement
with others [Ju & Liang 2012a]. Di�erent explanations could be proposed for this
discrepancy; it may be due, for example, to the fact that for devices involving
graphene the MFP is much larger than the studied samples. Phonons generated
on the larger side reach ballistically the other side, while modes generated on the
smaller side tend to be scattered before reaching the other side due to edge ef-
fects [Wang et al. 2012, Wang et al. 2017]. For the Si NWs studied here, most of
the modes have a MFP lower than or comparable to the NWs length (see �gure 4.10).

For the geometries of this chapter, the e�ect of the shell shape and the interface
parallel to the heat �ux on the propagation of the low-frequency phonons and on the
di�usive transport appears to be the main causes of recti�cation. This is con�rmed
by the fact that e�ective medium models fails to predict the observed recti�cation.
An example is the interesting model proposed by Peyrard [Peyrard 2006] based on
the Fourier law, where the �ux is estimated thanks to an iterative method that uses
κ as a function of the temperature and the position from the imposed temperature
gradient. This �ux is then used to update the temperature pro�le. This new tem-
perature pro�le allows updating κ(x, T ) for the next iteration. Here, the thermal
conductivity κ along the nanowire, assuming a common temperature gradient, and
by simple summation of the thermal �uxes, could be approximated as:

κ(x, T ) = κa−Si(T )
Va−Si(x)

Va−Si(x) + Vc−Si(x)
+ κc−Si(T )

Vc−Si(x)

Va−Si(x) + Vc−Si(x)
, (4.3)

with Va−Si(x) and Vc−Si(x) the respective volumes of the amorphous and crystalline
phases as a function of the position and κa−Si(T ) and κc−Si(T ) the thermal conduc-
tivities of the di�erent phases as a function of the temperature [Allen et al. 1999,
Glassbrenner & Slack 1964]. This model, however, fails to predict the recti�cation
observed for the CO-CS-NW-4.4 and 8.8, since it does not induce a sensible di-
rectional dependence at 300 K. However, recti�cation could be expected, but in
the opposite direction, since around above 60 K and thus at 300 K the thermal
conductivity of a-Si increases with temperature while the κ of c-Si decreases with
temperature. This model would, indeed, induce a smaller �ux in the SL direction,
when the small section (composed mainly of c-Si) is at high temperature and the
larger part (where the a-Si dominates) is at lower temperature.

However, with the NEMD simulations, the opposite bias is reported. The same
remark holds for the di�usivity, that should decrease, based on a simple summation
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rule, in the direction where the amorphous fraction increases (SL). This is clearly
not the case here. These two points indicate that existing models, not considering
interfaces, can not explain the thermal recti�cation in the geometries studied. Heat
transport directionality, here, results from the impact of the variable shell thickness
on the behavior of phonon scattering at the crystalline/amorphous interface; thin-
ner shell increases phonon scattering at these interfaces. Thus, the propagation of
phonons depends on the direction (see �gure 4.5).

The thermal recti�cation increases in increasing the distance between the two
thermostats for a constant ∆T of 40 K. This enhancement is surprising and contrasts
with existing studies in which the recti�cation either decreases [Yang et al. 2009] or
is constant when the length is increased [Ju & Liang 2012a]. In the case of rec-
ti�cation due to interfacial e�ect, when the interface between the two materials
is perpendicular to the heat �ux, the recti�cation fades away as the length in-
creases [Yang et al. 2009]. In the CO-CS-NW case, the interface is parallel to the
heat �ux and this induces an opposite impact of the length on the recti�cation. The
larger interfacial area seems to induce a higher recti�cation for the longer asymmet-
ric nanowire.

Increasing the temperature di�erence decreases the recti�cation observed. This
contrasts with the previous systems where recti�cation was based only on geometri-
cal e�ects [Yang et al. 2009, Wu & Li 2008, Wang et al. 2014, Cartoixà et al. 2015].
In the later studies, the recti�cation increases on increasing the temperature dif-
ference. This opposite behavior could be explained by the enhancement of the
phonon-phonon scattering processes compared to the boundary/interface scatter-
ing [Pei et al. 2012, Yang et al. 2008].

The recti�cation does not increase for a lower mean temperature. This is in
agreement with Ju et al. [Ju & Liang 2012a] who have shown that the recti�cation
tends to decrease when the temperature decreases below 500 K for Si nanoribbons.
The e�ect of length and temperature is thus not so trivial, since it may result
from complex processes and there is no quantitative predictive explanation until
now. Further studies and simulations are needed to understand more in depth the
results obtained. In particular, the precise role of the energy drift and the signs
of dependence to the annealing temperature discussed in appendix C could not be
explained.

Finally, it is worth mentioning that the �ux recti�cation obtained here is
lower compared to the results obtained for nanoribbons [Wang et al. 2017] or
nanohorns [Wu & Li 2008], for example. Moreover, the present con�guration could
be improved by texturing the amorphous/crystalline interface with a sawtooth
pattern, which is known to promote recti�cation [Roberts & Walker 2011b], or
by using a cascade of nanowires in pyramidal shape, as proposed by Yang et

al. [Yang et al. 2017b]. As the interfaces and free surfaces are the driving forces for
the recti�cation, their asymmetric roughness and atomic structure could enhance
the observed thermal recti�cation.
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In this chapter, it is shown that an asymmetric shell, with a varying thickness
amorphous layer, can create a direction dependent phonon propagation. In particu-
lar, the ballistic transport at low frequencies is a�ected di�erently by the interfaces
in the two directions, with a stronger scattering in the large to small cross-section
direction. The transport in the amorphous shell, at the core/shell interface, and at
the surface of the shell are also impacted by the geometry of the shell.

This direction dependence of WP propagation appears to result in a thermal
recti�cation favoring the small to large cross-section direction, in contrast to the
majority of the existing literature results. The heat transport in the amorphous
shell seems to be an important factor of the recti�cation, as only the con�gurations
with a large amorphous fraction showed a signi�cant recti�cation. The opening
angle of the asymmetric amorphous shell does not seem to have a linear impact on
the recti�cation; for small opening angles there is almost no recti�cation, while for
angles 4.4◦ and 8.8◦ the heat �ux recti�cation is constant and around 5 %. Finally,
the shape of the shell is also an important factor; the telescopic NWs have a lower
recti�cation than the conical CS-NWs. The conical shape increases the recti�cation,
probably by favoring coupling between the core and the shell.

Synthesis of the Chapter

� An asymmetric shell induces a direction dependent phonon trans-
mission

� A larger shell thickness seems to protect the propagation in the
core

� The asymmetric geometries induces energy transfer between
the core and shell

� This direction dependent transmission seems to results in thermal
recti�cation of 5% (90% if referred to the cross-section at the in-
coming �ux). This kind of recti�cation is decreased at lower tem-
peratures and is sensitive to the temperature gradient between the
thermostats.
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General Conclusion

Along the di�erent chapters, the thermal and vibrational properties of several
nanocomposites and nanostructures have been explored. The focus has been laid
on amorphous crystalline nanocomposites, either 3D or 1D. The e�ect of structura-
tion and interfaces over the thermal properties have been studied using molecular
dynamics both in a traditional way (equilibrium and non-equilibrium molecular
dynamics), and by using the vibrational properties via the wave-packet method.
Thanks to this last method, both the ballistic and di�usive transport have been
studied, using the analysis frame of amorphous material. This distinction allows
for a better understanding of the origin of the variation of the thermal conductivity
due to the structuration. This approach is �nally completed by a comparison to a
continuous model: the hydrodynamic heat equations.

In the �rst chapter, it is shown that the simple models developed to describe the
thermal conductivity at the microscale tend to fail when the periodicity is broken.
More complex models, such as Monte Carlo (MC), Atomic Green Function (AGF),
classical and ab initio molecular dynamics (MD), have been developed for di�erent
applications, depending on the time and length scale as well as the geometry studied.
Among these models, two kinds have been separated, the continuous models using
mesoscopic parameters and the discrete models relying on an atomic level description
of the matter. As this work uses mostly an atomistic approach, a more in-depth
description of MD, used to create and study the nanocomposites, was given. This
includes the methods used for the estimation of the thermal conductivity, but also
for the analysis of structural and vibrational properties.

These methods have �rst been used to study di�erent bulk nanocomposites,
mainly amorphous/crystalline ones, but also, fully crystalline. In a �rst time, GaN
nanoparticles have been studied, in particular the e�ect of the size. The size reduc-
tion induces the emergence of modes in the acoustic/optic bandgap and an overall
spectral broadening, as already predicted [Han & Bester 2011]. When included in an
amorphous silica matrix, the properties of nanopaticles are modi�ed, only the broad-
ening persists and the surface modes disappear. At the same time, it as also been
observed that the thermal conductivity of GaN nanoinclusions does not increase
linearly with the diameter, contrary to Si nanoparticles [Fang et al. 2006]. Such
�ndings may inform the parameters used in e�ective medium models. This study
was also the occasion to build on the original publication [Termentzidis et al. 2018a],
and to investigate the e�ect of the alignment of the crystal lattice of the inclusions
on the ballistic transmission of energy across them. No indication of direct transmis-
sion of energy between the inclusions, nor variations of energy transport due to the
orientation, have been observed. Then, the e�ect of inclusion sti�ness over energy
transmission was studied via wave-packet propagation. Inclusions in an amorphous
matrix reduce the ballistic transmission of energy. However, they also increase the
di�usivity, so that the overall thermal conductivity is increased, con�rming earlier
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results [Tlili et al. 2019]. The only way to reduce the propagative and di�usive con-
tributions is to use inclusions that are softer than the matrix. After this, the e�ect
of the shape of the inclusions over the transmission of energy is explored. Shapes
ranging from sparse nanospheres to a percolating network of nanowiress have been
studied. This has shown that even though a crystalline structural percolation in-
creases greatly the ballistic transmission in a given direction, its impact on the
overall thermal conductivity is comparatively small. In the system studied, with a
crystalline fraction of 30 % most of the heat transfer appears to be di�usive, and the
shape of the nanoinclusions does not impact the di�usivity. These �ndings could
be useful for phonon engineering, or to help to predict the thermal conductivity of
nanocomposites with fractal shaped inclusions [Xu et al. 2018, Luo et al. 2021]. A
last study, focused on the e�ect of decorated dislocations, has shown that the alloy-
ing level a�ects di�erently the propagation as a function of the frequency, depending
on their size and orientation with respect to the heat �ux.

In a third part, similar methods have been used for the analysis of propagation
of energy in core shell NWs, with the goal of understanding the e�ect of the amor-
phous shells on thermal transport. This was done �rst through a comparison of the
vibrational properties of a pristine nanowire and a core/shell nanowire sharing the
same crystalline diameter. It revealed that at low frequencies, propagation at the
surface/in the shell is possible, as predicted by Zushi et al. for pristine nanowire
[Zushi et al. 2014]. Whereas at high frequencies, the propagation is only possible
in the inner core of the nanowire. Then, an e�ort is made to understand the e�ect
of a crystalline amorphous interface more in depth, with the analysis of the radial
�ux distribution. The �ux pro�le obtained by with molecular dynamics simula-
tions is similar to a Poiseuille �ow, as has already been shown by previous studies
[Verdier et al. 2018a, Melis et al. 2019]. This has motivated the comparison with a
modelisation based on the hydrodynamic heat transport equations. Through these
simulations, it is shown that the addition of the shell does not disturb the �ow close
to the interface, but rather decreases the maximal intensity in the center. This
e�ect is interpreted in the framework of the continuous modelling, as a decay of
the e�ective thermal conductivity (con�rmed by a global mean-free path analysis at
the microscopic level), but does not involve any modi�cation of the non-local length
and/or of the slip coe�cient at the boundaries. This analysis points out that the
change of the specularity of phonon re�ection at the interfaces due to the presence of
the amorphous shell may not the leading phenomenon in the reduction of the global
heat �ux due to the addition of the shell. This appears to contradict earlier results
[Malhotra & Maldovan 2019] but indicates simply, that the reduction is rather due
to a global e�ect of the shell on the mean free path of heat carriers.

In the �nal section, the study of the e�ect of the shell is continued by the ex-
ploration of the impact of conical shells of di�erent dimensions. In those conical
core shell nanowires, wave-packet propagation studies showed that at low frequen-
cies a large shell thickness prevents the wave in the shell to deform the wave in the
core in the small to large direction while promoting it in the other direction. Non
equilibrium molecular dynamics simulations then showed that the conical nanowires
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induced a �ux recti�cation of 5 % favoring the small to large direction. This result
shows, that the structuration of the oxide layer can in�uence the transport in the
nanowire, as already suggested [Blandre et al. 2015, Malhotra & Maldovan 2019].
These kinds of structure might be useful, for example, in phononic computing
[Wehmeyer et al. 2017].

This thesis is centered on the impact of the nanostructuration over the ther-
mal properties of nanocomposites (here amorphous/crystalline). It showed that
inclusions and interfaces have an impact that depends on their shape, rigidity, in-
terconnection orientation compared to the heat �ux. The e�ect over the propagative
and di�usive contribution to the thermal conductivity has been studied frequency
wise. This work can thus inform the design of material with precise vibrational
properties, for phonon engineering. Given the right structure, it is possible to tailor
energy pathways, create band-pass �lters or even induce thermal recti�cation. As
suggested before, the thermal transport inhomogeneities could be useful for thermal
management, by creating "heat pipes" at the nanometer level.

One of the main theoretical take out of this thesis is that for nanocom-
posites, it is useful to go beyond the study of thermal resistance of inter-
faces that is already well documented [Landry & McGaughey 2009, Giri et al. 2016,
Hu et al. 2008, Merabia & Termentzidis 2014]. At the nanoscale, the whole struc-
ture has to be considered for an accurate estimation of the thermal properties, the
shape and size impacting the thermal transfer through di�erent forms of collective
dynamics. Here it has been shown that important characteristics of the thermal
transfer can be estimated through wave-packet simulations but also through a com-
parison with a continuous approach. These characteristics, such has the propaga-
tive to di�usive ratio for the �rst one, or non local parameters given by the latter,
might be used to develop a more detailed approach in e�ective medium models
[Wang & Pan 2008].

The wave-packet propagation analysis is one of the central approaches of this
thesis. As it is implemented here, it is a rather simpli�ed way to study the heat trans-
port in a nanocomposite. But it allows both for an estimation of global properties
such as mean free path or di�usivity, and a more local qualitative vision of the energy
pathways and potential hot spots where the energy localizes. Overall, the informa-
tion extracted from the wave-packet do not allow a precise estimation of the thermal
conductivity, but it can predict the global trends and could be used to inform the de-
sign of nanocomposites at a low computational cost. The approach used, exciting a
plane and monitoring the propagation, is quite simple compared to other implemen-
tations, where single modes are excited [de Sousa Oliveira et al. 2020]. However,
such an approach, is justi�ed in amorphous materials and large complex structures
where the exact modes are harder to identify or less relevant for the estimation of
the thermal conductivity. Moreover, the results presented in this chapter are poten-
tially closer to the results of thermore�ectance experiments and allow the sampling
over broad bands. For the estimation of thermal conductivity of fully amorphous
material, the main di�culty is to weight correctly the di�usive and propagative
contributions. For nanocomposites, the issue of anisotropy, and the averaging over
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multiple inclusions quickly arises, preventing an accurate description of thermal con-
ductivity but, again, interestingly, the global trends are recovered. Overall, WP is
a useful tool that can complement the more quantitative estimation of the thermal
conductivity with (non) equilibrium molecular dynamics. With it one can quickly,
not only estimate the spacial and frequency dependent heat transport but also sep-
arate the di�usive and propagative contributions.

A wide spectrum of nanocomposites has been studied, with each a particular
approach and properties to evaluate. However, before generalizing the results to a
broad application �eld, further study using di�erent approaches, theoretical or ex-
perimental could be useful. In particular, a point that might be missing to complete
the analysis, is a frequency resolved thermal conductivity computation. This would
complete nicely most of the studies. Such a method exists [Sääskilahti et al. 2015],
however, implementing them for the large simulation proposed in this work is quite
challenging.

As a more general prospective, some other points are worth studying further.
For instance, the study of the energy pathways in nanocomposites could be im-
proved by considering the propagation in other directions and considering an even-
tual anisotropy of transport. On another point, the same �ux distribution analysis
carried out for nanowires could be extended to more complex shapes. An analysis
of high symmetry, simpler structures such as super lattices, with similar methods
would also be interesting and might complete the understanding of their thermal
properties. Finally, the wave-packet method could be used to study the e�ect of
phonon coherence on thermal transport, in thin �lms or in nanowires.
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Appendix A

Additional Structural and

Vibrational Properties of Bulk

Nanocomposites

In this section, multiple structural and vibrationnal analysis of some of the nanocom-
posites studied in the chapter 2 are given. They are not essential for the demon-
stration, but nevertheless worth mentioning.

A.1 Silica Glass Properties
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Figure A.1: Percentage of Si atoms for each coordination number (left panel) or for each Q
speciation (right panel), for the amorphous silica samples obtained with (blue) or without
(red) using the BKS interatomic potential for the melt quench procedure.

The silica glass sample is obtained through the method described in section 2.4.1.
It involves switching between a BKS interatomic potential [van Beest et al. 1990]
and a Terso� potential [Terso� 1988]. The use of a Terso� potential for the melt
quench procedures leads to an amorphous silica micro-structure with 50 % of coor-
dination defects (Si atoms with a coordination di�erent from 4 see �gure A.1).
Whereas, at the normal pressure range, almost no coordination defects are ex-
pected [Liang et al. 2007], which is what is obtained by using the BKS poten-
tial at high temperature. The structure of can also be checked through the Q
speciation (see 1.4.3), for pure SiO2 the overwhelming speciation should be Q4

[Sen & Youngman 2003] and on the �gure A.1 one can check that it is indeed the
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case for the procedure using the BKS potential, but not the case when the Terso�
is used all along the procedure.

A.2 Partial Radial Distribution Function of GaN
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Figure A.2: RDF for GaN atoms at 300 Kfor FNP (a) and partial RDF of GaN in ENP (b)
compared with the RDF of bulk GaN.

In this section, the Radial Distribution Function (RDF) of the Nanoparticle
(NP)s studied in section 2.1 are analyzed. The RDF of free and embedded1 nanopar-
ticles are represented in �gure A.2. The RDF allows comparing the crystalline struc-
ture of the NPs with decreasing radius and the di�erences with the bulk. The �rst
peak represents the distance to the nearest neighbor, the second one the distance to
the second nearest neighbor and so on. Here, little to no changes to the PRDF going
from bulk to free NPs are visible. A similar analysis made on Si NPs with a Terso�
potential showed reorganization at the surface [Li & Zhang 2013], this discrepancy
may come from the higher temperature (1600K) annealing of their NPs. For the
embedded NPs on the opposite, a peak broadening can be observed. It is visible
from the second nearest neighbor on. This broadening increases with decreasing di-
ameter, which is symptomatic of amorphization at the interface due to the contact
with a-SiO2. These observations con�rm that for the con�gurations of this thesis,
the GaN-SiO2 interface has more impact on the vibrational properties than the free
surface of FNPs.

A.3 Nanoinclusion Low Frequency Scaling

In this section, the evolution of the frequency of the �rst vibrational modes of the
NPs studied in section 2.1 is explored. To showcase that modes whose frequency
depends on the diameter exists, the frequencies of the �rst few modes are plotted as a
function of the inverse of the diameter in �gure A.3. It appears clearly that for both

1Here, partial radial distribution function since the matrix is ignored.
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Figure A.3: Frequencies of the �rst modes computed via direct diagonalization of the
Dynamical Matrix (DM) for free NPs (a) and embedded NPs (b) as a function of the
inverse of the radius.

the free and embedded nanoparticles the frequencies of the �rst modes scales with
the inverse of the radius as expected for Lamb's modes [Eringen & Suhubi 1974].
These modes collective modes do not appear directly in the VDOS in �gures (2.6
and 2.7), being probably drowned in other modes.

A.4 Estimation of the Vibrational Density of States of

Silicon Nanocomposites

In this section, the method of estimation of the longitudinal and transverse VDOS
used in the section 2.4 is discussed.

The VDOS can be estimated thanks to the integral of the DSF over the wave
vectors. This allows a distinction between the di�erent wave vector directions and
polarizations. To consider the anisotropy of c-Si the sum for the di�erent vector
direction of the Brillouin zone (BZ) are considered. The VDOS obtained are then
�ltered using Savitzky-Golay polynomial �lter.

However, a choice has to be made regarding the range of wave vector considered
for the integration. The di�erent possibilities tested are displayed in �gure A.4.
They are compared with the results of the VACF, which will serve as a reference
point. The �rst possibility is to consider the whole DSF computed, that is from 0
up to 2.25Å−1 ("Full DSF" in �gure A.4). Another possibility is to consider the
point at which the estimated group velocity of the phonons is nil ("Nil Vel. DSF"
in the �gure A.4), relying on the fact that near the BZ limit, the velocity is nil.
The last possibility is to consider the theoretical end of the BZ computed for the
lattice parameter used ("Brill. Edge DSF" in �gure A.4). Another comparison
point for the study is the separation of transverse and longitudinal VDOS by the
KPM method [Beltukov et al. 2015] on a fully amorphous sample, given that the
con�gurations are mostly amorphous (70% of a-Si and 30 % of c-Si).

When comparing the di�erent VDOS it appears that the total VDOS computed
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Figure A.4: VDOS computed using di�erent methods, the red and blue lines correspond
respectively to the transverse and longitudinal polarizations, the solid blue and green dashed
lines correspond to the total VDOS computed respectively via the DSF or the VACF. The
�rst panel starting from the left uses the full DSF, the second the DSF limited to the
theoretical wave vector limit of the BZ of c-Si, the third the DSF limited to the wave
vector giving a 0 velocity and the last displays the results using the KPM method for an
amorphous sample.

using DSF does not match with the VACF results, whatever the wave vector limit
used. If all the peaks seem to be present, their relative size does not match, and
they are �attened. This is even more marked when considering the theoretical end
of the BZ (third panel in Figure A.4). The failure to reproduce the VDOS using
the DSF can partially be attributed to the fact that the BZ is not de�ned for the
amorphous Si.

In the other hand, the VDOS of a-Si of computed via the KPM method matches
comparatively well the VDOS of the NW-M con�guration computed via VACF.
Still, in this case some di�erences arise after 12 THz, but given the reduced MFP at
those frequencies, its impact on the computation of κP is negligible.

A.5 Estimation of the Mean Free Path through the Dy-

namical Structure Factor

In this section, the choice of the method of estimation of MFP in the section 2.4 is
discussed.

The DSF can be used to determine both the dispersion relation and the MFP
using the method described in section 1.5.2. The result of the �tting to a Damped
Harmonic Oscillator (DHO) model for a longitudinal polarization for the NW-M
is displayed in the left panel of Figure 1.15 for a few wave vectors. The expres-
sion (1.46) seems to �t to the DSF computed via quation (1.44) reasonably well
at low frequencies. However, as the frequency increases the DSF is increasingly
noisy, degrading the �t quality. The MFP can also be extracted (left panel of �g-
ure 1.15). It then appears that the MFP peak at 10 THz observed with the WP
disappears. The MFP computed with this method steadily decreases. This discrep-
ancy can be attributed to the low frequency limit of validity of this �t discussed
in [Beltukov et al. 2016] or to the fact that this MFP is computed using a quantity
averaged over the whole sample. This spatial average cannot capture the e�ect of
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Figure A.5: Dynamical structure factor as �tted from equation (1.46) (left panel) and
resulting MFP (right panel) for the NW-M con�guration for the longitudinal polarization.

the structural percolation, showcased with the WP method.
The successive �ts of di�erent wave vectors enable the computation of the dis-

persion relations ωη(q). Dispersion relations from which the group velocity can be
computed. However, the method includes more parameter to �t than the method
described in section 1.5.2 and is thus a less robust approach.
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Appendix B

Hydrodynamic Transport in

Nanowires: supplementary

material

This chapter contains the various analysis mentioned in chapter 3.

B.1 E�ect of the Thermostat Used

In this section, the individual results for the radial distribution of �ux using either a
velocity rescaling thermostat or a Nosé-Hoover thermostat are compared for a NW
with RCry= 37.5Å (see �gure B.1). No notable di�erences can be seen, neither of the
two Nosé-Hoover individual runs di�ers notably from the distribution established
by the velocity rescaling examples.

This �gure can also give an idea of the dispersion of the measures.
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Figure B.1: Flux in the NW as a function of the radius of the nanowires with RCry =
37.5Å and e = 10Å, using a velocity rescaling (stars) or a Nosé-Hoover thermostat (dots).
The vertical black dashed line represents surface/interface position.

B.2 Comparison of Flux Computation Method

The comparison of the thermal conductivity obtained with the equation (1.53) and
the method described in chapter 3 is represented in table B.1. It appears that the
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values are comparable in most cases. A small discrepency is nevertheless to be noted
for the pristine NW, equation (1.53) underestimates the thermal conductivity.

Table B.1: Comparison of the thermal conductivity obtained with the equation (1.53 and
the average of the energy exchanged at the thermostats during steady state (see chapter 3).

RCry (Å) e (Å)
JxL

∆T
(W K−1 m−1)

dE/dtL

SEffect∆T
(W K−1 m−1)

37.5
0 8.9 10.7
10 5.7 5.8
20 4.5 4.3

50
0 9.9 11.7
10 6.9 7.5
20 5.3 5.6

B.3 Dynamical Structure Factor and Mean Free Path

for Larger Nanowires

In this section the DSF, MFP and dispersion relations for the nanowires with RCry=
50Å are compared with the results of the RCry= 37.5Å.

First, the DSF is displayed for the pristine NW and the one with a 10Å thick
shell in �gure B.2. The same features as for the smaller NW appear. The background
noise due to the amorphous shell and the second branch appearing for the pristine
NW (see discussion in section 3.1).

0.5 1.0 1.5 2.0

q (Å
−1
)

0

5

10

15

ν
(T

H
z)

No Shell

0.5 1.0 1.5 2.0

q (Å
−1
)

Shell

0.0e+00

5.0e-04

1.0e-03

1.5e-03

2.0e-03

N
or
m
ed

In
te
ns
it
y

Figure B.2: Dynamical structure factor in the ΓX direct 50Å and e = 0 (left) or 10Å
(right).

Secondly, in �gure B.3 the dispersion relations for the di�erent NWs are given.
It appears that all the NWs share the same dispersion relation for the longitudinal
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phonon in growing direction of the NWs. This con�rms that neither the size nor
the presence of an amorphous shell in�uences phase or group velocity in the NWs
studied.
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Figure B.3: Dispersion extracted from the DSF for the nanowires of RCry= 37.5-50Å and
e = 0 or 10Å.

Finally, in �gure B.4 the MFP estimated from the DSF for the di�erent NWs are
given. The decrease of the MFP at high frequencies induced by the shell appears
clearly for the two radii. However, from this picture, it is not possible to conclude
that the increase in thermal conductivity induced by the increase of the crystalline
core radius is linked to a variation of the MFP in this direction.
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Figure B.4: MFP as extracted using the DHO from the DSF for the nanowires of RCry=
37.5-50Å and e = 0 (blue-red) or 10Å (orange-green).
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B.4 Strain and Stresses

This section contains a short analysis of the strain/stress state of the NW stud-
ied in the chapter 4. This stress analysis is another way to analyze the eventual
modi�cation of the properties of the NW upon the addition of a shell.

The computation of strain in MD is possible by computing the displacement
vectors between a reference con�guration and the present con�guration and using
it to compute the strain tensor. This is what is done in OVITO [Stukowski 2009].
Here, to have an estimation of the strain state, the reference con�guration will be
the con�guration before the annealing and relaxation of the construction stresses.
This allows to compare the structure with the equivalent bulk structure (crystalline
or amorphous) and thus to consider the deformation due to interface or surface
e�ect. However, this also means that the thermal strains are also considered.

To understand the decrease of κ upon the addition of shell, it is interesting
to analyze the strain state of the NWs. Equation (1.54) is used to represent the
stress pro�le in the NW in �gure B.5 (left panel). For the pristine NW, the stress
increases slightly, from 0 to 20 MPa between the center and 5Å from the free surface
and increases up to 170 MPa in the last layer. Such free surface stresses have already
been reported for Si NWs [Nasr Esfahani & Jabbari 2020]. These surface stresses
are consistent with the variation of potential energy observed for thinner NWs in
�gure 3.2. For the core shell NWs, the pro�le starts slightly in expansion (positive
stress) and decrease to 0 MPa 5 nm away from the interface. After this, it increases to
50 MPa at the interface. In the amorphous shell, the stress level decreases before re-
increasing at the interface. Again, the pro�le is consistent with the potential energy
pro�le observed in �gure 3.2. This means that the addition of the amorphous shell
does not induce large stresses at the interface, on the contrary, the stress level at the
interface is lower than at the free surface. In the same �gure, it also appears that
the addition of the shell makes the stress state in the NW switch from a relaxed
state to an expended state (positive stress). Positive stresses, or more explicitly
positive strains, are linked to a thermal conductivity decrease [Li et al. 2010].

To con�rm that these stresses are linked with an expansion, the volume vari-
ations with respect to the con�guration as constructed before the relaxation are
represented in the right panel of the �gure B.5. For the pristine NW, there is very
little volume variations. There is only a small expansion, uniform over R. However,
in the case of the core shell NW there are more variations, with a marked volume
increase near the boundary. This strain pro�le can explain the stress pro�le: in the
core/shell NWs there are relaxations at the amorphous/crystalline interface, these
relaxations decrease the stresses and increase the strains. It is important to note
that with the reference chosen (before construction stress relaxation) the strains are
certainly overestimated, in particular at the interface where there is a substantial
recon�guration of the position of the atoms. The di�erence between the pristine and
core/shell NW are very small, below 0.25 %, and cannot justify alone the decrease
in thermal conductivity (20 %) [Li et al. 2012].
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Figure B.5: Trace of the stress tensor obtained with equation (1.54) (left panel) local
variation of the volume estimated from the strain tensor (right panel) as a function of the
radius for the RCry =37.5Å NW, the blue, green and red line represent respectively the
case of e = 0, 1 and 2 nm. The vertical dotted line represents the interface.

B.5 Complementary Results for RCry = 25 Å

In this section, the results for a small diameter, corresponding to the con�guration
studied in section 3.1 are displayed. These results have been excluded of the analysis,
as discussed in section 3.2.5.
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Figure B.6: Atomic kinetic energy as a function of the radius averaged on a portion of the
NWs 90 to 160Å away from the excited layer, for the time step where the maximal intensity
is reached. For the nanowires of RCry= 50Å and e = 0 (left panel) and 10Å (right panel).
The vertical black dashed line represents the end of the crystalline core.

The �rst �gure represents the energy distribution at di�erent frequencies during
WP propagation. The results are very similar than for larger diameters (see �gure
3.13). Two di�erences are notable: the energy level at the surface at 2 THz is
much higher in this case, and for higher frequencies the energy level is maximal in
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the center and decreases monotonously. There is no second maxima as for larger
diameters.

The �ux radial distribution is displayed in �gure B.7. For this case, the �ux does
not appear to plateau in the center, even though the value reached in the center
is similar. Notice that the absence of a plateau is consistent with the monotonous
decrease observed for all frequencies in �gure B.6. However, the other observations
made for the larger diameter still hold, the addition of a shell decreases the value
of the �ux, the thickness of the shell has no in�uence, and the �ux in the shell is
constant.
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Figure B.7: Flux in the NW as a function of the radius for the nanowires with RCry=
25Å and e = 0 (blue), 10 (orange) and 20Å (green). The dots report the value obtained
with equation (1.53) in the di�erent layers, and the full lines the �ux obtained with the
hydrodynamic heat transport equation. The vertical black line represents surface/interface
position.

The parameters of equation (1.23) needed to �t the �ux are displayed in ta-
ble B.2. As discussed in section 3.2.5, it can be hard to make sense of the values
obtained: κ is larger than for RCry= 37.5Å, ` and C decreases. However, the re-
sults might be interpreted as a regime change for ultra-thin NWs as suggested by
[Zhou et al. 2017]. In this interpretation, the increase of κ upon the change of diam-
eter can be linked to reduction of the scattering due to the selection of phonons. The
decrease non-local length is also compatible with a decreased scattering. However,
more studies would be needed to con�rm those observations.

Table B.2: Parameters of equation (1.23) used to model the NW in the di�erent conditions.

Rcry (nm) e (nm) κ (W m−1 K−1) ` (nm) C

25
0 19.0 1.1 0.14
1 14.5 1.1 0.14
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Appendix C

E�ect of Thermostats and Flux

Computation

In this appendix, the e�ects of thermostats shape and �ux computation methods
during the NEMD simulation performed to measure the recti�cation in section 4.2
are explored.

C.1 Thermostat Shape

To ensure that the shape of the thermostated regions does not impact the measure,
supplementary simulations were performed with thermostats placed outside of the
device. For this, the extremities of the CO-CS-NW-4.4 are elongated: the small
extremity is prolonged by a pristine crystalline NW and the large extremity with a
CS-NW of constant shell thickness. The prolongations are 11 nm long, with 1 nm for
the frozen atoms and 10 nm for the thermostated regions. With this geometry, the
thermostats are external and not internal to the device. The resulting con�guration
is represented in �gure C.1. This thermostat placement can be considered more
realistic, in that it is closer to a hypothetical experimental case where the two ends
would be glued to a heater and a heat sink [Chang et al. 2006].

T2T1f f

a)

b)

Figure C.1: CO-CS-NW-4.4 with prolonged extremities, atomic representation (a), and
position of the thermostats and �xed atoms regions (b).

Two independent simulations in each �ux direction are performed for this con-
�guration, the results in therms of exchanged energy and recti�cation are reported
in table C.1. It appears that the recti�cation is not suppressed and seems increased.
The two simulations performed does not allow a meaningful quantitative comparison
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of the recti�cation values. The increase would be consistent with the recti�cation
increase upon the length increase in section 4.2. This increased distance between
the thermostats also explains the �ux decrease.

Table C.1: Impact on thermal recti�cation of the shape of the thermostats: mean �ux in
the two directions, recti�cation, and number of independent runs for the CO-CS-NW-4.4.

Thermostat JSL (µW) JLS (µW) η (%) #run

Internal 0.158 0.150 5.2 5
External 0.140 0.128 9.4 2

C.2 Power Exchanged at each Thermostat

To compute the thermal �ux in each direction, the cumulative energy exchanged by
the thermostats is used, as displayed in the �rst row of �gures C.2a and C.2b. First,
in order to compute a reliable �ux, the transient behavior due to the setting up of
the thermal gradient must be avoided. To this end, the exchange rate is computed
from 1 ns after the setting up of the thermostats, when the temperature pro�le is
stabilized, during the next 1 ns. The slope of the cumulative exchanged energy by
the thermostat during steady state gives the �ux imposed by this thermostat. This
slope is computed thanks to a least-squares �t to a linear function. This power
exchanged is displayed in the second row of �gures C.2 a and b, the symbols (circles
and triangles) representing the average slope over �ve runs, with the error bars
corresponding to the dispersion. For the computation of the recti�cation, the �ux
(or power exchange) in the SL case (solid lines) is compared to the LS case (dashed
lines). For this, the power exchanged at each thermostat is computed (see second
row of �gure C.2). However, in spite of a stable temperature pro�le, the power
exchanged at the cold thermostat (in blue) is higher than at the hot thermostat (in
red), for both the SL and LS cases, represented respectively by circles and triangles
in �gure C.2. This means that more energy is retrieved than added, in spite of
the stable temperature pro�le. This is true for the CL-CS-NW in �gure C.2a and
the CO-CS-NW-4.4 in �gure C.2b. Thus, this di�erence is not directly caused by
the asymmetric shape of the sample. The average between the power exchanged
at the cold and hot thermostats is used to have a single representative value for
both thermostats set up SL and LS (see the third row of �gure C.2). Finally, as in
equation 4.1, this value is compared between the SL and LS direction to compute
the thermal recti�cation. The power exchanged in the SL case is systematically
higher than in the LS case, for the geometries inducing recti�cation like the CO-
CS-NW-4.4 in �gure C.2, indicating that the recti�cation direction is not sensitive
to the choice of the (cold or hot) thermostat where the measurement is made.
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Figure C.2: Energy exchanged by the thermostats, for the CL-CS-NW and the CO-CS-
NW-4.4: The �rst row represents the energy exchanged at each thermostat for �ve runs,
the blue lines represent the energy retrieved by the cold thermostats, and the red lines
the energy injected by the hot thermostats. The dashed lines distinguish the SL from the
LS thermostats set up represented by the continuous line. The second rows represent the
estimation of the energy �ux, computed from 1 to 2 ns, the red symbols represent the hot
thermostats, the blue symbols represent the cold thermostats. In the third row, the black
symbols represent �ux taken as the average between hot and cold thermostat. The inverted
triangles represent the LS case and the circles the SL.

C.3 Temperature Pro�le

This section features the temperature pro�le during a NEMD in the small to large
and large to small directions for a conical core-shell nanowire of opening angle 8.8◦

(�gure C.3). First it appears that the temperature pro�le is very stable during
the simulation. Secondly it is also visible that the pro�le is not linear, showing
that the thermal conductivity is not constant along the nanowire, it varies with X.
Moreover, the fact that both curves are not symmetric (one is concave and the other
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convex) shows that the thermal conductivity is not the same as a function of the
temperature.
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Figure C.3: Temperature pro�le of the CO-CS-NW-4.4 in the large to small (full lines)
and small to large direction (dotted lines). For di�erent time-steps (di�erent colors)

C.3.1 Energy Drift

The visualization of the energy variations can help to understand the di�erence of
power exchanged between the hot and cold thermostats, this is the goal of �gure
C.4 a and b. In these �gures, the di�erence of energy exchanged between the
hot and cold thermostat is displayed along the variation of kinetic, potential and
total energy from the beginning of the simulation (upper panel) or from 1 ns are
represented (lower panel). In the upper part of these �gures, it appears that in both
cases (SL and LS) the di�erence of energy between the thermostats corresponds to
the sum of the potential and kinetic energy variations since the beginning of the
simulation. This means that no energy is lost in the system other than through
the thermostats. The lower part of the �gures, with 1 ns as a reference point for
the computation of the di�erences, showcases the energy variations during the time
span over which the �ux is computed. Doing so, it appears that the kinetic energy
is almost constant, there are still some variations but no global tendency, which
is consistent with the stable temperature pro�le. The energy drift is, after 1 ns,
mostly due to potential energy variations. Additionally, this drift is similar for the
SL and LS con�gurations, meaning that it is not strongly dependent on the heat
�ux direction and thus should not impact the recti�cation measured.

Figures C.4 c and d depict the variation of the kinetic and potential energy as a
function of time in the amorphous shell and in the crystalline core. In these �gures,
it appears that the variations of energy are stronger in the amorphous part, and even
more so after 1 ns. This o�ers an explanation for the energy drift: there are small
structural relaxations happening in the amorphous part, these relaxations release
energy, creating an energy drift.
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Figure C.4: Energy variations in the CO-CS-NW-4.4 con�guration during a NEMD sim-
ulation for the global con�guration for the SL (a) and LS (b) �ux direction. The lower
�gures show the variation in the amorphous and crystalline parts for the SL (a) and LS (b)
�ux direction. The kinetic and potential energy are displayed in red and blue respectively,
while the total energy is displayed in green, the di�erence of the energy removed by the
cold thermostat and added by the hot is displayed with a black dashed line. The energies
are set to zero as the hot and cold thermostat are set up (upper graph) or when energy
exchange begin to be considered to compute the �ux (lower graph).

In an attempt to reduce the energy drift, the procedure was slightly modi�ed
to include a short annealing at 400 K. The idea being that the higher temperature
annealing should relax more the structure and reduce the energy drift. However,
not only did this not sensibly reduce the thermal drift, but it reverted the thermal
recti�cation observed. Indicating that the thermal recti�cation is dependent on the
annealing of the system. Due to the lack of repetition, this result is not robust but
is worth mentioning for eventual future exploration of this system.

In this section, it is shown that the energy exchange rate at the cold thermo-
stat does not match exactly with the energy exchange rate at the hot thermostat.
The di�erence corresponds to a decrease of potential energy in the amorphous
shell. As this di�erence in �ux appears for both CL and CO-CS-NW, and simi-
larly for the two �ux directions after the equilibration time, it is safe to assume
that this energy drift is not the origin of the recti�cation, but can a�ect it.
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