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Nomenclature 

𝛼1 Shape factor  

𝛼2 Degree of wear of the asperity 

𝛽𝑑 Size of a protruding diamond 

Γ Cohesion 

Δ𝑛𝐹,1; Δ𝑛𝐹,2 Fourier Spectrum decays 

∆𝐻𝑠  Coefficient of the exponential fitting for the scratch hardness 

Δ𝑡 Critical time step for 2D mesoscale simulations  

𝛿 Gap diamond tip-workpiece 

𝛿 Gap in the node-to-segment contact algorithm (local contact) 

𝛿𝑚𝑎𝑥 Cut-off gap in the CZM contact law 

𝛿𝑚𝑎𝑥 Maximum gap even reached in the CZM contact law  

𝛿𝑛,  Gap in the normal direction (local contact) 

𝛿𝑟𝑒𝑠 Residual gap in the CZM contact law  

𝛿𝑡 Gap in the tangential direction (local contact) 

Ε𝑓 Frictional work per unit volume of material removed  

Ε𝑟 Energy restored in the impact Mohr-Coulomb contact law 

Ε𝑡 Energy released after the impact in the impact Mohr-Coulomb contact law 

Ε̅𝑛 Energy dissipation rate in the normal direction in the Impact Mohr-

Coulomb contact law 

𝜀 Coefficient for the standard Reynolds equation  

𝜀′ Coefficient for the generalized Reynolds equation  

𝜀𝑟 Residual strain of metals 

𝜁 Damped parameter of the Mohr-Coulomb contact law 

𝜂 Apparent viscosity 

𝜂0 Constant plastic viscosity for the Bingham model  
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𝜂𝑁 Newtonian viscosity  

�̅� Dimensionless apparent viscosity  

𝜃 Attack angle  

𝜃𝑑,  Debris attack angle 

𝜃𝑖 Attack angle during the indentation test 

𝜃𝑠 Scratch attack angle 

𝜗𝑖 Angle measured to the center for the grain contour discretization 

Κ Material constant in the Hall-Patch equation 

𝜅 Parameter of the exponential fitting for the scratch hardness 

�̇� Shear rate 

�̇�∗  Characteristic shear rate 

�̇�𝑖𝑗 Shear rate components in the j-direction in a plane having -i has a normal  

Ν𝑚 Spectrum cut-off parameter  

λ1; λ2 Rate of decay of amplitude modes of the Fourier spectrum  

𝜇 Coefficient of friction  

µ𝑠 Coefficient of friction measured during the scratch test 

μ𝑠
𝑛𝑢𝑚 Numerical friction coefficient during the scratch -s 

�̅�𝑠
𝑛𝑢𝑚 Mean numerical friction coefficient 

𝜌 Density of a fluid  

𝜌𝑑 Density of debris grains 

𝜌𝑚 Density of the metal matrix microstructure 

𝜌𝑤 Density of water 

𝜎0 Material constant in the Hall-Patch equation  

𝜎𝑢 Ultimate strength of metals 

𝜎𝑦 Yield strength of metals 

𝜏  Current tangential stress  

𝜏𝑖𝑗  Shear stress components in the j-direction in a plane having -i has a normal  

𝜏y Yield tangential stress 

𝑣𝑖 ;   Poisson ratio of the indenter 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

 

xv 

 

𝑣𝑚 Poisson ratio of the matrix microstructure 

𝜑 Mohr coulomb friction coefficient 

𝜙 Cone-angle of the rheometer 

𝜒1. 𝜒2 Coefficients of the power law fitting wear rate ws. Fatigue damage rate  

Ω 3D domain  

𝜕Ω Boundary domain  

𝜔 Rotational velocity on the rheometer 

  

𝐴𝑐 Contact Area  

𝐴𝑛 𝐵𝑛 Fourier coefficients 

𝑎𝑖, 𝑎𝑠, 𝑎𝑑 
Half contact width for the case of indentation and scratch test and debris 

scratching 

𝐵 Bingham number 

𝑏 Scalar parameter to define dimensionless domain size 

𝐶 Consistency index 

𝐶𝑙𝑖 Clearance height at the time ith 

𝐶𝑉 Coefficient of variation 

𝐶𝑉𝑡 Target coefficient of variation 

𝐶𝑢 Coefficient of uniformity 

𝐶𝑊𝑅 Clearance wear rate 

𝐷 Body Damage parameter 

𝐷𝑛 Fourier descriptors 

𝐷𝑠𝑎𝑤 Saw diameter 

𝑑𝐷𝑓 Fatigue damage evolution parameter 

𝑑d Equivalent diameter of debris grains 

𝑑𝑖  Diamond tip height at the time ith 

𝑑m Equivalent diameter of matrix grains 

𝑑𝑛𝑜𝑑𝑒𝑠 Minimum distance between nodes of the degradable microstructure mesh 

𝐸∗ Effective Young Modulus 
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𝐸∗2𝐷 2D Effective Young modulus  

𝐸𝑖   Young modulus of the indenter  

𝐸𝑚 Young modulus of the metal matrix microstructure 

𝑒𝑟 Relative error 

𝐹𝑐 Critical load measured experimentally from the scratch test 

𝐹𝑑 Load applied to a debris grain 

𝐹𝑡𝑜𝑜𝑙 Load applied to the machine  

𝐹𝑛,𝑡𝑜𝑜𝑙  𝐹𝑡,𝑡𝑜𝑜𝑙 Normal and tangential components of the load applied to the machine  

𝐹𝑖 Applied normal load for the case of indentation test 

𝐹𝑛 Normal force  

𝐹𝑠 Applied normal load for the case of scratch test 

𝐹𝑠𝑙𝑢𝑟𝑟𝑦 Normal load carried by the debris flow per unit sliding distance 

𝐹𝑠
𝑛𝑢𝑚 2D normal force applied in the numerical scratch test 

𝐹𝑡 Frictional force 

𝐹𝑡
2𝐷 2D tangential force computed from the numerical scratch test 

𝑓𝑛 Contact force in normal direction 

𝑓𝑡 Contact force in tangential direction  

𝑓 Shear strength of the wearing material 

𝐺𝑐,𝐼; 𝐺𝑐,𝐼𝐼 Critical fracture energy in normal and tangential direction, respectively 

𝐻 Material hardness 

𝐻𝐵 HB number 

HV10 Vickers hardness 

𝐻𝑠 Scratch hardness 

𝐻𝑠
∗ Characteristic scratch hardness 

ℎ Gap thickness 

ℎ̅ Dimensionlessgap thickness 

ℎ0 Initial gap thickness 

ℎ𝑏 2D depth of the non-degradable material 

ℎ𝑐,𝑖 Height of clearance computed at the instant ith  
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ℎ𝐷 Cartesian equation of the protruding diamond 

ℎ𝑑 Wear depth caused by a debris grain indentation  

ℎ𝑚 2D depth of the degradable material  

ℎ𝑝,𝑖 Height of protrusion computed at the instant ith 

ℎ𝑝,𝑠 Penetration depth during the scratch test  

ℎ𝑟,𝑠 Residual depth during the scratch test  

ℎ̅𝑟,𝑠 Mean residual depth during the scratch s 

ℎ̅𝑝,𝑠 Mean indentation depth during the scratch s 

ℎ𝑠
𝑛𝑢𝑚 Numerical Indentation during the scratch -s 

ℎ̅𝑠−1
𝑛𝑢𝑚 

Numerical mean indentation depth during the scratch s respect to the 

mean value of the first scracth 

ℎ̅𝑠
𝑛𝑢𝑚 Numerical mean indentation depth during the scratch s 

ℎ𝑇𝐵 Thickness of the third body debris flow  

𝐾𝑎𝑏 Archard coefficient and specific wear rate for abrasive wear 

𝐾𝑎𝑑; Archard coefficient and specific wear rate for adhesive wear 

𝑘0  Numerical contact stiffness used n the CZM contact law 

𝑘𝑛
+; 𝑘𝑛

− 
Normal stiffness during loading (+) and unloading (-) inMohr-Coulomb 

contact law 

𝑘𝑤  Specific wear rate 

𝐼 Inertia number  

𝐿𝐷 Diamond dimension  

𝐿𝑖 Length of the indenter tip 

𝐿𝑠 Length of a scratch  

𝐿𝑥 Length of the 2D domain 

𝐿𝑊𝑅 Lateral wear rate 

𝑙𝑑𝑒 Deactivation length  

𝑀𝑖 Mass of material within the contact zone  

𝑀𝑑 Mass of debris grains in the slurry 

𝑀𝑤 Mass of water in the slurry 
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𝑚 Regularization parameter 

𝑚𝑥 ,𝑚𝑦 Mass flow rate in the x and y-direction, respectively  

N𝑑𝑒𝑏𝑟𝑖𝑠 Number of debris grains in DEM simulations 

NT𝑟𝑎𝑡𝑖𝑜 Ratio between tensile and tangential quantities in the CZM contact law 

𝑛 Flow index 

𝑛𝑖 Number of filling circles/spheres of an irregular particle 

𝑛𝑠 Number of scratch pass 

𝑃 Points discretizing a grain contour  

𝑃𝑟𝑖 Protrusion height at the time ith 

𝑃𝑊𝑅 Protrusion wear rate 

𝑝 Fluid pressure  

𝑝𝑚 Mean contact pressure 

𝑝𝑚𝑎𝑥
2𝐷  Maximum Hertz contact pressure in 2D 

𝑝𝑚𝑎𝑥
3𝐷  Maximum Hertz contact pressure in 3D  

𝑝𝑛 Normal pressure applied in the mesoscopic model  

�̃� Contact pressure in MELODY contact algorithms 

�̃�𝑓 Pressure threshold for fatigue damage,  

�̃�𝑙𝑖𝑚 Ultimate stress in the CZM contact law 

�̃�𝑟𝑒𝑠 Residual cohesion when the bond is broken 

Q𝑒 Ejection flow 

Q𝑟 Recirculation flow 

Q𝑠, 𝑄𝑚
𝑠 , 𝑄𝑤𝑝

𝑠  
Total internal source flow, detached particles from matrix and workpiece, 

respectively 

Q𝑤 Wear flow 

𝑄𝑚
𝑑  Amount of particles detached from the matrix surface 

𝑄𝑚
𝑤 Amount of particles ejected from the matrix surface 

𝑅𝑎 Average roughness parameter 

𝑅𝑑 Equivalent radius of debris grains  

𝑅𝑘𝑢 Kurtosis roughness parameter 
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𝑅𝑖 Radius of the indenter during the indentation test 

𝑅𝑖𝑛𝑠𝑐 Radius of maximum inscribed circle/sphere of an irregual particle  

𝑅𝑞 r.m.s. roughness parameter 

𝑅𝑠 Radius of the indenter during scratch test 

𝑅𝑠𝑘 Skewness roughness parameter 

𝑅𝐹 Roundness factor 

𝑟𝑑
∗ Characteristic radius asperity 

𝑟𝑖 
Radii and average distance of a point of the grain contour with respect to 

the center 

𝑟𝑖,𝑑 Radius of filling circles/spheres of an irregular particle 

𝑆𝐹 Solid fraction 

𝑆𝐹𝑡 Target solid fraction 

𝑠 Sliding distance 

𝑇𝑊𝑅 Tail wear rate 

𝑇 Torque 

𝑡 Time 

�̃� Time in cutting operations 

𝑡𝑐𝑜𝑠𝑡 Time to solve numerically the Reynolds equation 

𝑢𝑖, 𝑣𝑖 , 𝑤𝑖 
Velocity components of the surface –i on the x, y, and z-direction, 

respectively  

𝒗 Vector of the velocity field 

𝒗𝒓 Vector of the relative velocity field 

𝑢1, 𝑢2 x-velocity on the lower and upper wall, respectively 

𝑢𝑑 Velocity of a grain in contact with the matrix surface 

𝑢𝑚 Mean entrainment velocity  

𝑢𝑟 Relative velocity in –x direction 

𝑢𝑡 Tangential velocity 

𝑢𝑡
𝑛𝑢𝑚 Applied velocity in the 2D wear model 

𝑉 Wear volume 
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𝑉𝑎𝑏 Abrasive wear volume 

𝑉𝑎𝑑 Adhesive wear volume  

𝑉𝑜𝑙𝑑, 𝑉𝑜𝑙𝑤 Volume occupied by debris grains and water, respectively 

𝑉𝑑 Volume wear by debris grain per unit sliding distance 

𝑉𝑠𝑙𝑢𝑟𝑟𝑦 Wear volume by the debris flow per unit sliding distance 

𝑣𝑓𝑒𝑒𝑑 Feed rate 

𝑣𝑠 Scratching velocity 

𝑣𝑆
𝑛𝑢𝑚 Numerical scratching velocity  
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Introduction  

Ce sujet prend son origine dans le milieu industriel et en particulier dans la production de 

poudres métalliques utilisées comme matrices pour les outils diamantés.  

Les outils diamantés (DIT) comprennent les outils de carottage, les scies à ruban et circulaires, 

etc. Ils sont utilisés dans plusieurs applications : la coupe de la pierre, le forage et le sciage de 

béton et de béton armé, et la réparation de routes. Les DIT sont composés de segments abrasifs 

fixés sur un support en acier par brasage ou soudage. Les segments sont constitués de 

diamants orientés et dispersés aléatoirement, noyés dans une matrice métallique par un 

processus de frittage. Lors des opérations de découpe, la matrice retient les diamants qui, grâce 

à leur dureté, sont capables de couper la pièce. Des débris du matériau découpé se forment 

inévitablement et, avec l'eau injectée dans l’entrefer pour les éjecter, ils forment un slurry 

(suspension dense). Ce flux de débris est très abrasif pour la matrice métallique et peut l'user. 

Ce processus d'usure est également nécessaire pour renouveler les diamants, mais il doit 

néanmoins être contrôlé : la matrice doit s'user à un rythme compatible avec la rupture du 

diamant pour atteindre un équilibre optimal entre durée de vie et aptitude à la découpe.  

Généralement, les alliages à base de cobalt sont largement utilisés comme matrice pour leur 

haute résistance à l'abrasion et leurs excellentes propriétés de rétention. Le prix élevé et les 

enjeux environnementaux sont les principaux inconvénients du cobalt qui ont poussé les 

producteurs d'outils diamantés à rechercher des alternatives plus adaptées et moins chères 

pour remplacer, totalement ou partiellement, la poudre de cobalt.  

Objectifs 

Sur la base de la demande industrielle et considérant que les mécanismes impliqués dans 

l'usure de la microstructure de la matrice métallique ne sont pas encore bien compris, cette 

thèse vise à analyser et prédire l'usure lors d'un essai de carottage. Dans le cadre scientifique 

plus général, la contribution principale de ce travail consiste en l'élaboration d'une stratégie 

pour étudier l'usure abrasive d'une surface due au passage continu d'un flux de débris. 
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L’accès difficile aux grandeurs locales dans le processus de découpe nécessite une approche 

numérique pour son analyse. Cette approche a l'avantage de décrire des mécanismes non 

observables expérimentalement et de prédire le comportement à l'usure (dans certaines 

conditions bien définies) de nouveaux matériaux. La demande industrielle vise tout d’abord à 

appliquer une telle stratégie sur une matrice métallique de cobalt pur déjà étudiée 

expérimentalement; cela permet de valider la stratégie et de l'utiliser pour approfondir les 

études sur différents matériaux. Une approche multi-échelle est proposée, basée sur deux 

modèles qui représentent deux échelles différentes pour donner des informations 

complémentaires et répondre à différentes questions :  

 Le modèle macroscopique : L'objectif est prédire l’usure à l’échelle du diamant. Ce 

modèle considère une partie d'un segment constituée d'un diamant et de la matrice 

alentour. 

 Modèle mésoscopique : L'objectif est de décrire et de comprendre les phénomènes 

locaux d’usure, tels que la décohésion des grains de la matrice, qui ne sont pas 

observables à l’échelle du modèle macroscopique. Ce modèle considère un élément de 

volume représentatif à l'échelle des débris. Il tiendra compte de la nature des grains de 

débris et de la microstructure polycristalline de la matrice métallique. 

Les deux modèles seront étudiés respectivement dans les parties B et C, tandis que la partie A 

introduit le problème industriel, l’état de la l’art scientifique et les outils conceptuels pour 

atteindre ces objectifs.  

 

Partie A : État de l'art et mis en œuvre d’une 

stratégie de modélisation 

Etat de l’art 

Les opérations de carottage et de sciage sont souvent effectuées en injectant un fluide 

(généralement de l'eau) pour refroidir le système et éjecter les grains de débris à travers 

l'espace entre les segments. Dans les deux opérations, la direction de coupe constante amène 

à la formation d'un sillage de matrice derrière le diamant et une sorte de cratère devant celui-

ci. Par conséquent, le protocole expérimental le plus basic pour la quantification de l'usure 

consiste en des observations non destructives d'échantillons issus du carottage (plus simple 

que le sciage en termes d'opération de coupe).  
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(a) (b) 

 
(c)  (d) 

Fig. 1 (a) Topographie de surface d'un segment après sciage [1]; (b) exemple de la scie circulaire (c) topographie 

du segment de surface après le carottage [2]; (d)  schéma d'un outil de carottage ; (e) schéma d'un segment 

diamanté (𝐹𝑡𝑜𝑜𝑙= charge appliquée à la machine ; 𝑣𝑡𝑜𝑜𝑙  = vitesse périphérique de l'outil ; 𝑣𝑓𝑒𝑒𝑑= vitesse 

d'alimentation) 

L'interaction diamant-débris-matrice est responsable des mécanismes d'usure de la surface de 

la matrice. Un tel processus dépend de plusieurs aspects tels que : 

 Le type de roche : le marbre, le granit, le béton et le béton armé se comportent 

différemment lors du traitement et génèrent un flux de débris avec des propriétés 

différentes en termes de granulométrie, de forme des grains, de composition minérale, 

de dureté et de propriétés de clivage. 

 Les spécifications du segment : le nombre et la surface du segment (à l'échelle de 

l'outil), la concentration en diamant (nombre et taille des diamants à l'échelle du 

segment), et les propriétés microstructurales de la matrice (à l'échelle de la matrice) 

modifient l’usure. En particulier, à l'échelle du segment, la présence des autres 

diamants influence l'usure autour d'un seul diamant; un diamant proche peut offrir 

une protection et réduire le taux de saillie tandis que, lorsque le même diamant n'est 

pas protégé par un autre, il est totalement exposé à l'usure [3]. Concernant la 

microstructure de la matrice, l'usure dépend fortement de la dureté de son matériau. 

 Les paramètres opératoires: vitesse et force appliquée et efficacité de refroidissement 

(c'est-à-dire type de liquide de refroidissement et débit) contrôlent aussi l’usure.  

(e) 
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L'usure causée par l'écoulement des débris est définie comme une usure abrasive et peut se 

produire de différentes manières : labourage, coupe, fissuration [4]–[6]. D'autres mécanismes 

d'usure importants peuvent être l'érosion [7][8] et l'usure par fatigue [5]. Dans les outils 

diamantés, ils peuvent se produire simultanément et à des pourcentages différents dans les 

zones autour du diamant. 

Plusieurs tentatives ont été faites pour corréler l'usure abrasive aux propriétés des particules 

abrasives (forme et taille) [9]–[13]. Cependant, dans tous ces cas, le processus d'usure se 

déroule dans un environnement contrôlé, et les modèles sont strictement liés au test 

expérimental reproduit. Dans la cadre des utiles diamantés, plusieurs études ont été également 

réalisées pour analyser, au moins qualitativement, l'usure de la surface en termes de rétention 

du diamant après le processus de fabrication [14]–[16] et pendant les conditions de travail [17] 

alors que les mécanismes impliqués dans l'usure de la matrice ne sont pas encore bien compris. 

Démarche numérique  

Pour aller plus loin dans l'étude de l'usure par abrasion dans le contexte des outils diamanté, 

l'approche utilisée est basée sur le concept de circuit tribologique [18] : la matrice métallique 

et la pièce à découper représentent les premiers corps du système tribologique, tandis que les 

débris de la pièce sont le troisième corps. Etant donné que des débris sont produits en continu 

pendant le procédé de coupe, tandis que les grains de matrice métallique sont expulsés 

rapidement du système, on fera l’hypothèse que l'usure est causée par les débris et non par les 

grains de matrice eux-mêmes. 

Le modèle macroscopique représente une géométrie 3D réaliste avec un coût de calcul 

raisonnable. Le modèle construit à l'échelle des diamants offre des résultats à la même échelle 

que l'application industrielle et donne des connaissances qualitatives et quantitatives sur la 

résistance à l'usure de la matrice, traitant le slurry comme un continuum décrit par sa loi 

rhéologique.  

Cependant, il est impossible d'extraire des informations sur les propriétés d'écoulement du 

troisième corps à partir de l’application industrielle. Les interactions tribologiques impliquées 

sont complexes et imposent une stratégie de modélisation basée sur un couplage expérimental 

/ numérique. La viscosité de la suspension influe sur les propriétés d'écoulement, qui sont les 

principales causes du processus d'usure, et pour cette raison, des tests rhéologiques sont 

effectués sur un troisième corps modèle, hors du contact industriel. 

Les propriétés mécaniques de la matrice offrent une résistance au processus d'usure. 

Cependant, le test de carottage ne peut pas séparer les différents phénomènes en jeu lors du 

processus d'usure. Par conséquent, des données supplémentaires sur la résistance à l'abrasion 

de la microstructure métallique sont obtenues par un scratch test à passes multiples. De cette 
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façon, le modèle macroscopique est basé sur un setup expérimental indépendant du test du 

carottage (Fig. 2).  

Pour autant, ce modèle macroscopique ne décrit pas la complexité de la dégradation locale de 

la matrice, et se retrouve dans l’incapacité de rendre compte des mécanismes 

micromécaniques impliqués, et l'hétérogénéité et la discontinuité du troisième corps. Pour 

cela, un modèle complémentaire est nécessaire : le modèle mésoscopique.  

Ce modèle mésoscopique est intégré dans le code open-source MELODY2D [19], [20], qui 

couple la méthode Eléments Discrets, généralement utilisée pour étudier l'usure au niveau 

locale [21]–[23], à la technique Meshfree, qui est une alternative récente aux Eléments Finis  

[24] pour gérer une géométrie complexe et des corps déformables. De cette manière, les 

relations contraintes-déformations sont implémentées à l'échelle du grain et les contacts entre 

les grains sont contrôlés par des lois de contact. Le code est actuellement limité aux problèmes 

de déformation plane 2D. Dans cette approche, chaque grain peut être un corps rigide ou 

déformable. La microstructure dégradable et les propriétés des grains de débris sont générées 

en contrôlant leur forme réelle et leur distribution de taille, surmontant ainsi la limitation des 

approches discrètes traditionnelles. 

 
Fig. 2 Stratégie utilisée pour l'analyse de l'usure (les lignes en tirets sont les perspectives de la stratégie) 

Les simulations à la méso-échelle font intervenir un grand nombre de grains et de corps 

déformables, ce qui exige un temps de calcul considérable et la détermination de plusieurs 

paramètres qui nécessitent une calibration préalable. Une façon simple de la faire consiste à 

effectuer des simulations numériques du µ-scratch test, où la microstructure est abrasée par 
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une pointe sphérique. Dans les deux cas (le µ-scratch test numérique et le modèle à méso-

échelle ou les débris abradent la matrice), la matrice est générée en contrôlant la distribution 

de la taille des grains et en considérant la même loi de contact. Cette procédure permet la 

comparaison directe entre les résultats expérimentaux et numériques, ce qui permet de définir 

les principaux paramètres de la loi de contact inter-granulaire cohésive utilisée.  

 

Partie B: Wear prediction at the macroscopic 

scale 

La partie B décrit en détail le modèle macroscopique, dont la démarche a été introduite dans 

la partie A.  

Données expérimentales préliminaires et modélisation de 

l'écoulement du troisième corps 

Ce modèle utilise des informations complémentaires qui ne sont pas accessibles par le 

carottage et qui sont obtenues en réalisant : 

 Un test rhéologique : effectué sur trois suspensions à différentes fractions solides 

(préparées en mélangeant les débris avec de l'eau). Celles-ci ont un comportement 

viscoplastique qui devient de plus en plus non newtonien à mesure que la fraction 

solide augmente et leur rhéologie est bien représentée par le modèle de Hersley 

Bulkley (HB) : 

𝜏 = 𝜏y +  𝐶|𝛾|̇
𝑛 (1) 

Où  𝜏y est la contrainte à laquelle le fluide commence à s'écouler, 𝐶 est l'indice de 

consistance qui est une simple constante de proportionnalité, et 𝑛 est l'indice 

d'écoulement, qui caractérise un régime rhéofluidifiant (𝑛 < 1 ) ou rhéoépaississant 

(𝑛 > 1). Les trois cas étudiés montrent un régime rhéofluidifiant. 

  Une étude multi-échelle pour définir l'équation d'usure. Cette étude part de 

l’hypothèse d’une dureté équivalente entre le scratch test à passages multiples et le 

passage continu de débris sur la surface. Pendant ce test, un pénétrateur à pointe 

sphérique est déplacé dans la direction horizontale sous une charge verticale et une 

vitesse horizontale constante, et il parcourt un nombre de passes 𝑛𝑠 = 10.  La dureté 

caractéristique 𝐻𝑠
∗ est calculée en effectuant une régression exponentielle des données 
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expérimentales et elle est définie comme la valeur atteinte après un grand nombre de 

passages. Cette définition pourrait être améliorée en effectuant un nombre de passages 

𝑛𝑠 > 10. 

L’information rhéologique est implémentée dans le model pour résoudre l’équation de 

Reynolds généralisée [25], qui introduit les effets non-newtoniens par rapport à l'équation 

classique de Reynolds [26]. L'influence de la rhéologie non-newtonienne est discutée en termes 

de propriétés d'écoulement : en augmentant la concentration en solides du slurry (de SF = 28% 

à SF = 32%), le fluide devient plus visqueux et montre une augmentation du champ de 

pression.  

Modélisation de l'usure abrasive 

L'équation d'usure est écrite selon un formalisme d’Archard [27], incluant les complexités 

observées à l'échelle locale pour fournir une description qualitative et quantitative de l'usure 

à l'échelle du diamant. L'usure est mesurée en termes de profondeur de matière enlevée dans 

le temps et est égale au produit de la pression de contact calculée à partir de l'équation de 

Reynolds (𝑝 = 𝑝(𝑥, 𝑦)) , du module de la vitesse de glissement relative ‖𝒗𝒓‖ et d’un taux 

d’usure spécifique 𝑘𝑤 : 

𝑑ℎ

𝑑𝑡
= 𝑘𝑤  ∙ 𝑝 ∙ ‖𝒗𝒓‖ (2) 

L'une des principales hypothèses sur lesquelles repose l'équation de Reynolds est la condition 

de non-glissement, c'est-à-dire qu'au niveau de la surface de contact, la suspension (du point 

de vue de la mécanique des milieux continus) a la même vitesse que la surface de contact. En 

revanche, localement, un débris dont le centre suit le champ de vitesse continu, n’adhère pas 

à la matrice avec laquelle il est en contact, mais glisse sur celle-ci. Pour tenir compte de l'effet 

du glissement relatif entre la surface métallique et le flux de débris, la vitesse relative ‖𝒗𝒓‖ est 

alors calculée comme la différence entre la vitesse au centre d'un grain en contact avec la 

surface et la vitesse de la surface elle-même, comme schématisé à la Fig. 3 pour la composante 

𝑢 de la vitesse dans la direction 𝑥.  
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Fig. 3 Définition de la vitesse relative 𝑢𝑟  selon la direction 𝑥 entre les débris et la surface de contact. La surface a 

une vitesse de glissement 𝑢2 et le grain de débris se déplace à la vitesse  𝑢𝑑 

La nouvelle définition de vitesse d’usure spécifique 𝑘𝑤 dérive des observations à l'échelle de 

l'aspérité et introduit le rôle de la forme des débris dans le processus d'usure. Considérant le 

flux de débris en contact avec la surface métallique (Fig. 4 (a)) , un grain caractéristique est 

défini par le rayon 𝑅𝑑  égal au rayon moyen des grains de la population testée (Fig. 4.(b)) et par 

le rayon 𝑟𝑑
∗ de l'aspérité caractéristique (Fig. 4 (c)). Le taux d'usure spécifique peut être défini 

à l'échelle du contact entre un tel grain et la surface. De cette manière, la vitesse d'usure 

spécifique 𝑘𝑤 varie avec l'angle d'attaque 𝜃𝑑 responsable des mécanismes d'usure, qui dépend 

du champ de pression exercé par le flux de débris à proximité du diamant. Ensuite, en 

supposant que le processus d'usure global est la somme des contributions dues à chaque 

particule, le taux d'usure spécifique est projeté à l'échelle de l'interface. Ici, l'équation d'usure 

(2) est écrite en termes de profondeur de matière enlevée dans temps. La Fig. 4 (c) montre que 

la rugosité d'un grain de débris est comparable à la pointe sphérique d'un indenter. Par 

analogie avec le processus d'usure généré lors du scratch test, on suppose donc que la matrice 

métallique atteint la même dureté que celle présentée au début de la partie B comme dureté 

caractéristique 𝐻𝑠
∗.  

Enfin, l'équation d'usure s'écrit : 

𝑑ℎ

𝑑𝑡
(𝑥, 𝑦) = 𝑘𝑤(𝑥, 𝑦) 𝑝(𝑥, 𝑦)‖𝒗𝒓(𝒙, 𝒚, 𝒉 − 𝑹𝒅)‖ (3) 

Où :  

𝑘𝑤 =
(2𝜃𝑑 −  sin 2𝜃𝑑)

𝜋 ∙ sin2 𝜃𝑑
∙
1

𝐻𝑠
∗ (4) 
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Fig. 4 Stratégie multi-échelles pour écrire l'équation d'usure de contact : (a) échelle du contact slurry-surface ; (b) 

échelle du contact grain de débris-surface et (c) échelle du contact local aspérité des débris-surface (c). La figure 

centrale (b) montre également la définition de l'angularité et du cercle défini par l'aspérité caractéristique 𝑟𝑑
∗  (en 

noir) considérée dans la figure en bas à droite (c) 

Résultats et discussion 

La validation du modèle est réalisée en comparant les résultats numériques avec les résultats 

expérimentaux obtenus par carottage. Comme les diamants sont dispersés et orientés de façon 

aléatoire sur le segment, on choisit un diamant particulier qui n'est pas protégé par les autres 

et qui se trouve donc dans une configuration plus proche de celle de la simulation numérique. 

La configuration initiale est illustrée à la Fig. 5 (a).  

L'usure est mesurée en termes de hauteur de « clearance » et de « protrusion » relatives. La 

première est mesurée « loin » du diamant comme la différence entre la hauteur de « clearance » 

𝐶𝑙𝑖 et la hauteur de la pointe du diamant 𝑑𝑖 à l’instant 𝑖 (Fig. 5) :  

ℎ𝑐,𝑖 = |𝐶𝑙𝑖 − 𝑑𝑖| (5) 

Son évolution dans le temps représente le taux d'usure pour un flux linéaire de débris. La 

hauteur relative de la protrusion est mesurée au niveau du cratère (Fig. 1(a) et Fig. 5 (b)) creusé 

devant le diamant. Il est mesuré de la même manière que la clearance, c'est-à-dire comme la 
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différence entre la hauteur maximale de la protrusion 𝑃𝑟𝑖 et la pointe du diamant 𝑑𝑖 à l’instant 

𝑖 : 

ℎ𝑝,𝑖 = |𝑃𝑟𝑖 − 𝑑𝑖| (6) 

 
(a)  

 
(b) 

Fig. 5 (a) Profil vertical du diamant (bleu) et schématisation de la géométrie utilisée dans le modèle (rouges) avec 

les indications de la géométrie initial du modèle (𝛽𝐷: aspect ratio du diamant; 𝐿𝐷 2⁄ : longueur de la protrusion du 

diamant; 𝐶𝑙0= « clearance » initiale du diamant, 𝑑0=hauteur initiale du diamant, ℎ𝑐,0 = |𝐶𝑙0 − 𝑑0|: hauteur initiale 

de la clearance par rapport à 𝑑0 ; en bas : micrographie d'un diamant noyé dans la matrice ; (b) Définition de la 

vitesse de protrusion PWR et de clearance CWR  (tirée de [28]) en function de l’hauteur de « protrusion » ℎ𝑝,𝑖 et 

de la « cearance » ℎ𝑐,𝑖  dans les instants 𝑖 du temps 𝑡 

De cette façon, la Fig. 6 compare les résultats numériques aux résultats expérimentaux. Le taux 

d'usure est alors mesuré comme la variation de ℎ𝑐 et de  ℎ𝑝 dans le temps 𝑡 ou selon la distance 

de glissement 𝑠. La comparaison montre que le modèle représente bien l'usure autour du 

diamant.  

La validation est également vérifiée qualitativement en comparant les cartes de hauteur 

obtenues numériquement avec les observations microscopiques expérimentales à des points 

de temps 𝑡 particuliers (Fig. 7).  
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Fig. 6 Comparaison entre la hauteur numérique et expérimentale de la protrusion ℎ𝑝 et de la clearance ℎ𝑐. Le 

point expérimental à t=761 s n'est pas fiable car le diamant subit des microfissures qui peuvent modifier la 

référence de la pointe de diamant 𝑑𝑖 dans l'évaluation de la longueur d'usure. La comparaison est donc limitée au 

polishing du diamant (jusqu’à 𝑡 = 367 𝑠). 

 

(a) 

 
(b) 

Fig. 7 Cartes d’usure de la surface de la matrice (a) calculée numériquement et (b) observés expérimentalement au 

microscope optique 
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Conclusions 

Le modèle numérique présentés ici permet d'analyser les propriétés d'écoulement des débris 

et l'usure de la surface de la matrice.  

Les résultats obtenus sur un alliage à base de cobalt sont en bon accord avec l'observation 

expérimentale de la surface du matériau après le processus de carottage. Cette correspondance 

est à la fois qualitative en termes de motifs d'usure sur la surface et quantitative en termes de 

taux d'usure sur la zone de « protrusion » et de « clearance ». Cela prouve qu'à partir d'un 

dispositif expérimental indépendant comprenant un scratch test, un test rhéologique, une 

caractérisation morphologique et des changements d'échelle physiquement valables, il est 

possible de décrire et de prévoir l'usure à l'échelle d'une application industrielle. 

 

Partie C : Description de l'usure à l'échelle 

mésoscopique 

Certains phénomènes importants contrôlant l'usure ne sont pas accessibles à l'échelle du 

diamant et doivent être étudiés à une échelle plus petite. Dans ce but, un modèle numérique 

tenant compte de la nature des grains des débris et de la microstructure polycristalline de la 

matrice métallique doit être envisagé. De cette façon, l'usure de la microstructure peut être 

étudiée de manière appropriée en fonction des cycles de contrainte induits par le passage 

continu des débris et en termes de décohésion intergranulaire et de fracture de la matrice. De 

plus, la nature déformable de la matrice sera prise en compte.  

Comme présenté dans la Partie A, les méthodes d'éléments discrets couplées aux techniques 

meshfree permettent de traiter dans un cadre unique plusieurs grains, à la fois rigides (les grains 

de débris et la pièce) et déformables (la microstructure de la matrice métallique). Le code 

MELODY2D1 [19] est donc utilisé pour répondre à ces besoins. Dans ce contexte, les frontières 

des grains de la matrice métallique sont des points de faiblesse, définissant des chemins 

préférentiels pour l'initialisation et la propagation des fissures. Cette partie vise à décrire et à 

mieux comprendre le processus d'usure à l'échelle méso, c'est-à-dire à l'échelle du contact entre 

la surface de la matrice et le flux de débris. Les simulations sont réalisées en considérant un 

élément de volume représentatif (RVE) extrait d'un segment de diamant, qui rend compte du 

contact entre la matrice et les grains de débris. Le code est actuellement limité à la 2D. Malgré 

cette simplification de la réalité et sachant que le processus d'usure est clairement 3D, le code 

peut surmonter ces limitations par une désactivation artificielle des grains dont les 

                                                           
1
  Multibody ELement-free Open code for DYnamic simulations in 2D 
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déplacements sont suffisamment grands pour les considérer comme éjectés (cutting mode) ou 

déplacés sur les côtés latéraux (ploughing mode). 

Le premier chapitre, décrit les outils numériques utilisés pour la génération des grains et les 

simulations dynamiques ainsi que les lois de contact par lesquelles les corps interagissent. Le 

processus d'usure est ensuite analysé numériquement dans le deuxième chapitre, en termes 

d'endommagement, de détachement et d'éjection des grains, en considérant également les 

effets de la fatigue. Ensuite, une amélioration du modèle est poursuivie dans le troisième 

chapitre. Cette dernière section conduit à la calibration des paramètres de contact entre les 

grains de la matrice en simulant le µ-scratch test et en comparant les résultats avec les résultats 

expérimentaux.  

L'usure de la matrice à l'échelle locale : Modélisation 

Le modèle considère la matrice comme un matériau polycristallin dégradable, où la taille des 

grains et leur distribution sont choisies en fonction des observations expérimentales. Les 

grains de la matrice sont en contact avec les grains des débris, qui sont aussi modélisés avec 

des formes et des tailles réalistes en utilisant le même code (PACKING2D [29]) que pour la 

matrice. La partie dégradable est limitée en haut par un support non dégradable, nécessaire 

pour réduire le coût numérique de la simulation, son épaisseur est choisie de manière à assurer 

la continuité entre les deux parties. La géométrie du modèle est montrée dans la Fig. 8. Une 

pression  normale 𝑝𝑛 et une vitesse tangentielle 𝑢𝑡 sont appliquées à la base inférieure de la 

pièce. La surface supérieure de la base non dégradable est fixée, tandis que des conditions 

limites périodiques sont appliquées latéralement. 

 
Fig. 8 Modèle à méso-échelle  

Les corps rigides (grains de débris et pièces de travail) et les corps déformables (matrice 

dégradable et non dégradable) sont définis comme un ensemble de nœuds placés sur la 

frontière et les lois de contact sont donc les mêmes dans les deux cas. Les corps rigides suivent 
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la formulation classique de la DEM et sont caractérisés par une masse, un centre de masse et 

une inertie de rotation et comportent trois degrés de liberté (2 déplacements et une rotation). 

Les corps déformables, quant à eux, ont besoin d'autres nœuds comprenant plusieurs degrés 

de liberté comme dans la formulation FEM classique. Dans ce modèle, les lois de contact 

suivantes sont utilisées : 

(a) Mohr-Coulomb : pour le contact entre les grains de débris et les grains de la microstructure 

dégradable. 

(b) "Impact Mohr-Coulomb" pour le contact entre les grains de débris et la pièce à usiner et le 

contact entre les grains de débris eux-mêmes. 

(c) "CZM" avec fatigue pour le contact dégradable et non dégradable et le contact entre les 

grains du matériau dégradable. Cet modèle est généralement utilisé pour la fracture des 

matériaux polycristallins [30]–[33], en tenant compte de l'influence de la microstructure. Cette 

loi contrôle le processus d'endommagement et donc d'usure de la matrice métallique, dont les 

grains se détachent en raison de la perte de cohésion. Le paramètre d'endommagement  𝐷 

contrôle ce processus et prend la valeur 𝐷 = 0 si le contact est intact, 𝐷 = 1 s’il est rompu.  La 

loi est représentée dans la Fig. 9 dans la direction tangentielle (indice 𝑡). Les paramètres �̃�𝑙𝑖𝑚 

et 𝛿𝑟𝑒𝑠 sont les paramètres de résistance qui contrôlent la forme de la loi. Si la pression de 

contact 𝑝 ̃atteint la valeur limite �̃�𝑙𝑖𝑚 et donc le gap 𝛿 > 𝛿𝑙𝑖𝑚, la rupture se produit de manière 

monotone ; si la pression du contact dépasse le seuil de fatigue (𝑝 ̃ ≥ �̃�𝑓) et la pression du 

contact 𝑝 ̃ n'atteint pas la valeur limite �̃�𝑙𝑖𝑚, le dommage peut également augmenter en raison 

de la fatigue et il est contrôlé par le paramètre d'évolution de l'endommagement par fatigue 

𝑑𝐷𝑓. 

 
Fig. 9 Loi traction-séparation triangulaire dans la direction tangentielle 
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L'usure des matrices à l'échelle locale : Premiers résultats et 

discussion 

La variable D peut donc augmenter de façon monotone ou par fatigue, en fonction du 

paramètre de résistance à la rupture, défini �̃�𝑙𝑖𝑚 en Fig. 9 (ayant fixé la pression appliqué 𝑝𝑛). 

Si la résistance à la rupture �̃�𝑙𝑖𝑚 est trop faible, l'usure se produit principalement de manière 

monotone. C’est un processus très rapide, les grains de la matrice qui se détachent restent dans 

le système et peuvent eux-mêmes être la cause de l'usure. L'usure étant physiquement un 

processus plutôt lent et progressif, la fatigue doit être prise en compte et l'effet du paramètre 

d'évolution de l'endommagement par fatigue 𝑑𝐷𝑓 sur l'usure est étudié.   

La Fig. 10 montre que la courbe d'usure est caractérisée par trois phases : 

I. Initialisation : la matrice commence à s'endommager mais l'usure est encore 

négligeable 

II. État stationnaire : le taux d'usure est approximativement constant et est fonction de la 

propagation de l'endommagement dans la matrice. 

III. État stationnaire perturbé : les grains de la matrice se détachent lentement en raison de 

la proximité de la partie non dégradable. Cette troisième phase devient de plus en plus 

importante à mesure que le paramètre d'évolution de l'endommagement par fatigue 

𝑑𝐷𝑓 est faible. Cependant, cette troisième phase n'a pas de signification physique 

particulière puisque la partie non dégradable est un artefact numérique pour accélérer 

le calcul. 

 
Fig. 10 Courbes d'usure pour différentes valeurs de 𝑑𝐷𝑓 et zoom sur la phase d'initialisation 
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Ces premiers résultats montrent que le modèle parvient à décrire le processus d'usure à une 

échelle locale. En particulier, l'usure par fatigue joue un rôle essentiel dans l'endommagement 

et le détachement des grains. Cette analyse montre également qu'il existe une grande relation 

entre l'évolution de la topographie de surface, les paramètres de la loi de contact et le processus 

d'usure. Cependant, il n'est toujours pas clair si la rugosité de surface est directement liée aux 

paramètres de la CZM et est donc elle-même une cause d'usure, ou si elle en est une 

conséquence. Ces observations doivent donc être validées en considérant une matrice 

dégradable plus profonde afin de minimiser l'effet de la troisième phase montrée dans la Fig. 

10 même pour des valeurs plus faibles du paramètre 𝑑𝐷𝑓.  

Vers une approche quantitative 

Le paramètre de la loi de contact CZM utilisé dans le chapitre précédent ne correspond à 

aucune mesure effectuée sur la microstructure concernée. La réalisation d'une calibration 

basée sur le modèle mésoscopique est possible mais coûteuse car elle nécessite de réaliser des 

simulations de fatigue, incluant un grand nombre de grains et un long processus d'usure. De 

plus, la comparaison avec l'essai expérimental peut ne pas être aussi évidente.  

L'idée de ce chapitre est de calibrer la résistance ultime �̃�𝑙𝑖𝑚 et la contrainte résiduelle �̃�𝑟𝑒𝑠 de 

la loi CZM, en réalisant un modèle numérique de scratch test multi passages dont les résultats 

peuvent être comparés aux expériences présentées au chapitre B.1. Comme MELODY est 

restreint à une cinématique de déformation plane, l'intention est limitée à la calibration. Malgré 

sa simplicité, le modèle peut cependant décrire des phénomènes micromécaniques tels que les 

déformations irréversibles et les contraintes résiduelles induites par le scratch. La calibration 

est effectuée en comparant les résultats numériques et expérimentaux en termes de coefficient 

de frottement �̅�𝑠 et de profondeur d'indentation du scratch ℎ̅𝑠−1.  

Le modèle est illustré à la Fig. 11.  
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Fig. 11 Modèle de microscratch 2D avec l'indication de l'épaisseur de la matrice ℎ𝑚 et de la base ℎ𝑏, ainsi que de la 

force appliquée 𝐹𝑠
𝑛𝑢𝑚 et de la vitesse 𝑣𝑠

𝑛𝑢𝑚sur l’indeteur.   

Conclusions 

Le cadre décrit dans cette partie C vise à décrire l'usure à l'échelle locale. Les débris et les grains 

de la matrice métallique sont modélisés avec une forme et une taille réalistes à l'aide d'un 

logiciel 2D couplant les techniques de maillage libre et d'éléments discrets (MELODY2D). 

Bien que le code soit limité à 2 dimensions et malgré le grand nombre de paramètres définis 

par l'utilisateur intervenant dans les lois de contact entre corps discrets, il constitue un outil 

utile pour la compréhension de phénomènes non accessibles à l'échelle des applications 

industrielles. Quels que soient les paramètres de contact choisis, le processus d'usure décrit 

par l’outil numérique semble toujours être défini par trois étapes principales : l'initialisation, 

l'état d'équilibre et l'état d'équilibre perturbé. La durée de chacune d'entre elles et la tendance 

plus ou moins linéaire de la seconde phase dépendent des paramètres CZM choisis. 

Pour optimiser le coût de la simulation, les paramètres du CZM peuvent être calibrés sur un 

modèle différent représentant l'usure par abrasion causée par le passage de particules plus 

dures. Ainsi, la calibration réalisée par un µ-scratch test montre que la profondeur d'usure 

dépend principalement des paramètres de résistance de la loi CZM (si la cohésion entre la 

matrice et le pénétrateur est correctement choisie).  
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Conclusions générales 
Ce travail vise à développer une stratégie pour modéliser l'usure de la matrice métallique 

utilisée comme liant dans les outils diamantés pour la coupe de la pierre. Le processus d'usure 

est causé par le flux de débris abrasifs (composé de copeaux de la pièce et de l'eau utilisée pour 

les évacuer) et doit être contrôlé pour optimiser la durée de vie de l'outil. 

En raison de la nature multi-échelle du problème et du grand nombre de variables impliquées, 

une nouvelle approche numérique satisfait la demande industrielle, impliquant deux objectifs 

principaux, réalisés grâce à deux modèles : 

 Un modèle macroscopique permet la prédiction de l'usure de la matrice à l'échelle du 

diamant  

 Un modèle mésoscopique permet la description des mécanismes d'usure locaux à 

l'échelle du flux de débris. 

A terme, le modèle se voudra suffisamment général pour s’adapter à tous types de matériaux 

de la matrice métallique (monophasée, biphasée, triphasée). Dans ce travail, les deux modèles 

sont appliqués à une microstructure de matrice métallique de cobalt (monophasé, 100% 

Cobalt) dont la réponse mécanique est, au moins à l'échelle macroscopique, connue 

qualitativement et quantitativement, permettant la validation d'une telle modélisation. 

Dans le modèle macroscopique, un seul diamant est considéré, qui reste intact pendant tout le 

processus. Ceci n'est pas réellement vérifié dans la littérature puisque l'usure de la matrice est 

également affectée par la taille et la distribution des diamants ; de plus, les diamants peuvent 

subir plusieurs fractures pendant le traitement. Cependant, le choix d'un "diamant isolé" (non 

protégé par les autres) et la prise en compte de la seule première étape du processus de coupe 

(où la matrice subit une usure et où le diamant est encore intact) permettent une comparaison  

quantitative entre le modèle numérique macroscopique et les résultats expérimentaux 

obtenus.  

Pour une bonne optimisation de la microstructure de la matrice, son comportement 

micromécanique à l’usure doit être considéré à l'échelle du contact avec les débris. Le modèle 

mésoscopique décrit ainsi les phénomènes locaux d'endommagement et d'usure à cette 

échelle. Les simulations sont réalisées à l'aide d'un code open source développé au laboratoire 

et en considérant un élément de volume représentatif (RVE) extrait d'un segment de diamant. 

Ici, les grains de débris sont représentés comme des corps rigides dont la forme et la taille sont 

contrôlées, tandis que la matrice est définie de manière réaliste comme un matériau 

polycristallin déformable. L'usure de la microstructure est étudiée en fonction des cycles de 

contraintes induits par le passage continu de débris et de particules. 
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Perspectives 
L'approche multi-échelle proposée nécessite des développements supplémentaires qui 

concernent les deux modèles indépendamment (le modèle macroscopique et le modèle 

mésoscopique) et leur interconnexion. Les développements attendus sont détaillés ci-dessous:  

- Contexte : des améliorations sont nécessaires dans les deux modèles : 

o Les deux expériences (rhéologie et µ-scratch test) sur lesquelles le modèle 

macroscopique est basé pourraient mieux représenter les conditions 

industrielles en adaptant les conditions opératoires.   

o Le modèle mésoscopique dans son état actuel comporte un nombre assez 

important de paramètres qui doivent être choisis par l'utilisateur. Après 

l'analyse de sensibilité réalisée dans cette thèse, l'adaptation du modèle au cas 

particulier de l'étude permettrait de valider l'approche. Pour ce faire, la 

calibration effectuée sur le scratch test permet de définir les paramètres de 

résistance de la loi cohésive, tandis que les paramètres de fatigue doivent être 

choisis correctement sur la base des résultats déjà obtenus au chapitre C. De 

plus, les conditions aux limites appliquées à la matrice modélisée peuvent être 

choisies en considérant le modèle macroscopique.  

- Validation à consolider : le modèle macroscopique est construit en considérant l'usure 

d'une microstructure de matrice de cobalt autour d'un diamant spécifique. Par 

conséquent, le modèle doit être validé en considérant d'autres diamants retenus par la 

même microstructure afin de considérer l'effet de la taille et de l'orientation du diamant 

dans le processus d'usure.  

- Extension : Une fois le modèle macroscopique validé, l'étude doit être étendue à 

d'autres microstructures à matrice métallique. D'autres microstructures peuvent 

également être étudiées numériquement à la méso-échelle.  

- Couplage entièrement numérique : Il s'agit d'un domaine important de développement 

qui peut être réalisé une fois que les deux modèles sont établis et validés. L'approche 

numérique couplée partira du même dispositif expérimental composé du scratch test 

et du test rhéologique. Le premier sera utilisé pour calibrer les paramètres de la loi 

CZM du model mésoscopique, tandis que le second est utile pour définir la rhéologie 

du flux de débris utilisé dans le modèle macroscopique, qui à son tour donne les 

propriétés d'écoulement qui peuvent être mises en œuvre comme conditions limites 

dans le modèle mésoscopique.  
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Abstract 

Diamond-Impregnated Tools (DIT: core drills, wire saws, circular and frame saw blades) are 

widely used to process and size brittle materials. DITs are composed of abrasive diamond 

crystals embedded in a metallic matrix by sintering. During the cutting operations, the matrix 

retains the diamonds, which, due to their hardness, can indent the workpiece. Debris from the 

cut material are formed, defining, together with water used to carry them out, a slurry. This 

slurry flow is highly abrasive for the metal matrix and can wear it. Although this wear process 

is necessary to renew worn diamonds, it must be controlled in terms of wear rate to attain an 

optimum balance between service life and free-cutting ability. While several attempts have 

been made to analyze the wear of the diamonds, the wear process involving the matrix is not 

yet well understood. Because experimental analyses do not bring all the necessary insights on 

this problem, the principal aim here is to build a multiscale numerical strategy to describe the 

abrasive wear accounting for the complex tribological interactions involving matrix, 

diamonds, and debris flow. This strategy is based on two main models: (1) the macroscopic 

model, built at the scale of the diamond and solved by Finite Elements Method (FEM); the 

mesoscopic model (2), built at the scale of the debris grains and solved using a deformable 

discrete elements code to study wear locally, accounting for the discrete nature of the debris 

grains and the polycrystalline deformable microstructure of the metal matrix. In the context of 

the industrial demand, the macroscopic model (1) gives encouraging results in terms of wear 

rate and can be used as a predictive model in the metal matrix selection. The mesoscopic model 

(2) describes the main phenomena controlling wear that are not accessible at a higher scale.  
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General introduction 

 

Introduction  

Diamond Impregnated tools (DIT) include core drills, wire saws, circular and frame saws, 

used in various applications such as extraction, sizing and processing of natural stones, 

drilling and sawing of concrete and reinforced concrete, and road repair.   

DITs are composed of abrasive segments fixed to a steel support by brazing or welding. 

Segments consist of randomly oriented and randomly dispersed diamond crystals embedded 

in a metallic matrix by a sintering process. During the cutting operations, the matrix retains 

the diamonds, which, due to their hardness, are able to indent the work-piece. Debris from the 

cut material will inevitably be formed, defining, together with water used to carry them out, a 

slurry. This debris flow is highly abrasive for the metal matrix and can wear it. This wear 

process is also necessary to renew diamonds, but it must nevertheless be controlled in terms 

of wear rate: the matrix has to wear at a rate compatible with the diamond breakdown to attain 

an optimum balance between service life and free-cutting ability. For these reasons, the wear 

resistance of the matrix has to be adjusted to the wear speed of the diamonds: if the matrix is 

too soft, it wears too fast, and the diamond capacity is not completely used with a premature 

diamond pull-out; if it wears more slowly than diamonds then the slurry cannot be carried out 

correctly, and the segment will continuously lose the ability to cut. 

Generally, cobalt-based alloys are widely used as a matrix for their high abrasive resistance 

and great retention properties. The high and unstable price and the environmental issues are 

the main drawbacks of cobalt that induced producers of diamond-impregnated tools to look 

for more suitable and cheaper alternatives to replace, totally or partially, the cobalt powder. 
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Objectives 

Based on the industrial demand and considering that the mechanisms involved in the wear of 

the metal matrix microstructure are not yet well understood, this thesis aims to analyze and 

predict wear during a drilling test. In a more scientific general framework, the main 

contribution of this work consists of the development of a strategy to study the abrasive wear 

of a surface due to the continuous passage of a debris flow.  

Considering the large number of variables involved, the proposed strategy is to mimic the 

behavior of a diamond segment (or a part of it), by numerical simulations. The numerical 

approach has the advantage of understanding mechanisms that cannot be observed 

experimentally and predicting the wear behavior (under certain well-defined conditions) of 

new materials without going through experimental tests, thereby reducing development costs. 

In this way, the industrial demand is met by applying such a strategy on a pure cobalt metal 

matrix already studied experimentally; this allows to validate the strategy and use it to further 

studies on different materials. 

Considering the multiscale nature of the problem, a multiscale approach is pursued. It is based 

on two different models that look at two different scales : the macroscopic scale (scale of the 

diamond) and the mesoscopic scale (scale of debris grains). The former aims at being a 

predictive model of wear around one diamond, to be challenged by experimental observations 

of worn segments. The second is a descriptive model for the understanding of local 

phenomena such as decohesion of matrix grains.  

The two models are built to give complementary information and answer different questions: 

 Macroscopic model: The aim is to give a qualitative and quantitative description of 

wear at the same scale of the industrial application. This model considers a part of a 

segment consisting of a diamond and the surrounding matrix. A first main objective is 

to find the field properties (i.e., pressure and velocity at the contacting surface matrix-

debris flow) that will allow a prediction of the abrasive wear at the scale of the drilling 

tool.  

 Mesoscopic model: The aim is to describe and understand the wear process at the local 

scale of debris-matrix contact and overcome the limitations imposed by the continuum 

mechanics frameworks of the previous model. This model will consider a 

representative volume element at the scale of the contact between the matrix surface. 

It will account for the nature of the debris grains and the polycrystalline microstructure 

of the metal matrix. In this way, the wear of the microstructure would be appropriately 

studied as a function of the stress cycles induced by the continuous passage of debris 

and in terms of intergranular de-cohesion and fracture of the matrix. 
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Outlines  

The use of different codes for the multiscale strategy development requires the subdivision 

through 3 main parts, each of them composed of detailed chapters.  

Part A introduces the problem of wear of diamond tools, framing it first in a broader context 

on the industrial scale and defining the main characters (diamonds and metal matrix 

microstructures), then contextualizing it in the framework of tribological problems of abrasive 

wear. Herein, the main conceptual and theoretical tools dealing with abrasive wear are 

described. Finally, the multiscale strategy necessary to predict wear at the macroscale and 

comprehend local phenomena at the mesoscale is introduced.  

Part B is devoted to the experimental/numerical strategy for wear prediction at the 

macroscopic scale. Experimental tools are presented to extract local information (non-

accessible at the scale of the industrial application) on matrix and slurry.  The flow of the 

abrasive debris is then computed on the basis of Continuum Mechanics.  It is coupled to the 

local properties of the matrix to predict wear of the matrix surface at the diamond scale. The 

final chapter of this Part deals with the validation of the model, comparing the numerical result 

with the observations performed on drilling tools. 

Part C proposes a mesoscale model to describe and understand local phenomena of wear that 

are non-accessible experimentally. The numerical tool is discussed and a sensitivity analysis 

of the abrasive wear is proposed, focusing on the contact between debris and matrix grains 

and considering their discrete nature. Then, an improvement of the model is proposed based 

on the calibration of the cohesive properties of the matrix microstructure. As a perspective, it 

will allow for shifting from the calibration/sensitivity analysis to the modeling of a specific 

case of study.  

A general conclusion is finally drawn on this work, and some ideas for future development as 

well as links between the described models are proposed. 
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Part A.  

State-of-the-art & strategy 
 This first Part aims to describe the industrial case of study concerning the wear of diamond 

tools and the means useful to analyze it.  

The first section gives an overview of the main industrial aspects related to metal bonded tools' 

production and performance, i.e., the diamond-impregnated tools obtained by metal powder 

(PM) technology. Starting from the scale of the tool, we go towards an ever-smaller scale, 

arriving to define the wear of the microstructure caused by the debris flow of material cut 

during processing. 

Chapter 1 describes diamond tools and their components. Chapter 2 deals with the wear of 

diamond tools contextualized in the general framework of tribological problems dealing with 

abrasive wear. The key features are then summarized in Chapter 3 before introducing the 

multiscale approach and the experimental/numerical tools used in this work. 

The main idea is to give the basis to understand the problem (i.e., the wear of the metal matrix), 

what is known about it until now, and the tools we have to describe it. 
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A.1  

On the history and use of Diamond 

Impregnated Tools 

Nowadays, diamond tools are widely used in manufacturing processes. Even if the origin of 

diamond tools dates back to 300 BC, the first diamond saw blade was manufactured in the 

early 20th century to cut limestone and marble.  

The development of metal powder (PM) technology and the introduction of synthetic 

diamonds instead of natural ones led the diamond tool industry to revolutionize the 

machinery and processing techniques in the stone and construction industries. A classification 

concerning the manufacturing method involved is given in Fig.A-1.  

 
Fig. A-1 Classification of diamond tools [34] 

Bonded Diamond Grits, or Diamond Impregnated Tools (DIT), are used in a wide variety of 

applications. They consist of diamond particles embedded into a metallic or non-metallic 

matrix by different manufacturing processes.  
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This work deals with Metal-bonded Tools, obtained with the PM technology and accounting 

for about two-thirds of the whole bonded diamond grits on the market. They include circular 

and frame saw blades, wire saws, and core drill for cutting natural stones and construction 

materials, as well as core bits for drilling in medium to hard rock  (Fig. A-2). All of them are 

composed of abrasive segments fixed to steel support by brazing or laser welding. The support 

is attached to the machine, gives the right shape to the tool, transmits the kinetic energy from 

the machine axes to the diamonds, and adsorbs the stress generated during machining. 

Segments consist of randomly oriented and dispersed diamond grids embedded in the 

metallic matrix by the aforementioned (PM) techniques [35]–[37]. 

 
(a)  (b)       (c) 

Fig. A-2 (a) Circular saw blade, core-drill and diamond-impregnated segments for sawing and drilling tools; (b) 

circular sawing; (c) frame sawing on the stone [36] 

Diamonds constitute the cutting edges: they are held by the metallic matrix during the cutting 

process and can indent the material to cut it. The diamond-workpiece contact, generated 

during diamond indentation, is responsible for the two-body contact between diamond and 

stone, which can wear diamond own to high mechanical and thermal loads and the hardness 

of the workpiece itself [38]. This contact generates the detachment of particles from the 

workpiece, which can flow within the contact zone and abrade the metallic surface.  

To achieve the required cutting performance and tool life, it is important to properly choose 

the specification of the cutting tool in terms of the matrix (chemical composition and degree 

of alloying, main particle size and size distribution, and contents of impurities) and diamonds 

(shape, size, and thermal stability) [36], [39]. These main properties are controlled by the 

manufacturing process.  

A.1.1 Powder metallurgy fabrication 

The main steps of the powder metallurgy technique are illustrated in Fig. A-3. After the 

metallic powder's granulation to achieve the desired chemical composition, shape, and size 

distribution of grains, the powder is mixed with diamond grits. Diamonds are coated with 

titanium (“Ti-coated”) or chromium (“Cr-coated”) [17], improving diamond distribution on 

the segment and guaranteeing better resistance to wear. Then, the cold pressing is applied as 

a pre-sintering operation before the hot pressing in steel molds. The following hot pressing 
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consists of the simultaneous application of heat and pressure to obtain a product almost free 

from internal porosity. The temperature reached during the hot pressing should be controlled 

to minimize the percentage of diamonds converted into graphene (T< 900 °C)  

A final operation of deburring is necessary to clean and remove edge residual after 

consolidation.  

Once the PM process is completed, segments are finally attached to the core by laser or welding 

operations.  

 
Fig. A-3 Powder Metallurgy process 

A.1.2 Metal matrix microstructure  

The two leading roles of the matrix are to hold diamonds and to wear slowly, preventing 

premature diamond breakdown and protruding new diamond.  

Cobalt and cobalt-based alloys are commonly used to produce matrices for diamond 

impregnated tools for their high abrasive resistance and great retention properties. Unlike 

other materials, fine cobalt powders can be produced by controlling the shape and size of 

grains and the chemical purity such that they can be well-adapted to several cutting 

conditions. 

The mean grain size of the starting powder and the needed temperature of hot pressing have 

a strong influence on the grain size of the matrix microstructure. Finer powders result in 

smaller grain sizes and hence a higher hardness of the binder. Grain size also controls the 

mechanical yield strength of the microstructure and, therefore, the retention capacity. The 
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grain size strengthening is explained in terms of grain boundary strengthening as grain 

boundaries restrict the movement of dislocations. The Hall-Patch relation [40], [41] explains 

this effect: 

𝜎𝑦 = 𝜎0 + Κ𝑑𝑚
−
1
2 (𝐴. 1) 

Where 𝜎𝑦 is the yield strength, 𝑑𝑚 the average diameter of the grains of the microstructure, 

and 𝜎0 and Κ are constants for a given metal.  

Another parameter affecting the matrix performance is the porosity of the microstructure after 

sintering, which should be controlled to avoid premature cracks within the matrix. 

Tab.A-1 describes the main properties of the microstructure for three cobalt alloys 

characterized by different grain sizes [42]. The finer the powder, the lower is the content of 

pores and the higher the performance. The temperature reached during the hot pressing is 

780°C for the CO7106 and CO6101, while it arrives at 960°C for the CO6102.  

The high and unstable price and the environmental issues are the main drawbacks of cobalt 

that induced producers of diamond-impregnated tools to look for more suitable and cheaper 

alternatives to replace, totally or partially, the cobalt powder. 

Tab. A-1 Properties of 100 % Cobalt matrix microstructures (HV10=Vickers hardness; 𝜎𝑦=yield strength; 

𝜎𝑢=ultimate strength; 𝜀𝑟=residual strain)[42] 

Label 
Grain size before 

sintering 

Grain size 

after sintering 
Porosity Hardness 𝜎𝑦 𝜎𝑢 𝜀𝑟 

 [µm] [µm] [%] [HV10] [MPa] [MPa] % 

CO6102 2 2.3 0.18 299 450 700 2 

CO6101 1.5 2 0.20 308 650 825 1 

CO7106 2 2,3 0.13 336 800 950 0.5 

Replacing cobalt with iron does not affect the hardness of the sinters but leads to a considerable 

decrease in the material yield strength [36]. Also, at high fabrication temperature, the iron is 

dangerously reactive with diamonds due to the considerable solubility of carbon in austenite. 

However, moderate iron addition to cobalt improves its ductility. In addition to iron, copper, 

tin, pre-alloyed bronzes, tungsten, and tungsten carbides are used extensively as additives or 

partial substitutes of cobalt with the idea to aid the manufacturing process and to modify the 

matrix wear and retention characteristics [36].  

Tungsten is one of the strongest and most rigid materials with a strong atomic bonding affinity 

for carbon, resulting in a thin film of tungsten carbide at the interface between the tungsten 

and the diamond. It is also used to increase the matrix resistance to wear as the addition of 
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tungsten to the powder mixture increases the material hardness by 30%; while when tungsten 

is added to a mixture of cobalt and iron, the material hardness and yield strength increase to 

40% and 45% respectively [43]. However, it makes the consolidation process more complicated 

since it requires high temperature and pressures, up to 980° and 50 MPa, respectively, to 

produce sintered with low porosity (< 5%). 

Additives as pre-alloyed and premixed bronze powders, elemental copper, and tin usually 

assist the matrix densification but reduce wear resistance, thus rendering the tool more 

suitable for processing less abrasive materials. 

A.1.3 Diamonds 

The main diamonds properties affecting the performance of the cutting process are the size, 

shape, and concentration.  

Nowadays, synthetic diamonds have almost totally replaced the natural ones with an essential 

economic advantage. The major differences between natural and synthetic diamonds are the 

impurity contents and the particle shape. Natural grits are free from metallic inclusions, 

leading to high thermal stability, while the irregular surface topology gives rise to excellent 

bonding characteristics. On the other side, synthetic diamonds can be designed and 

manufactured to satisfy specific application requirements [36]. 

In addition to the previously introduced coating, the size must be controlled. It should be 

chosen as a function of the particular tool application as large diamonds protrude faster from 

the matrix, and allow faster ejection of the debris flow [35]. A 40/50 US mesh (400/297 µ𝑚) is 

generally used in circular sawing, drilling and milling of stone (granite, diorite, gabbro, less 

abrasive sandstone, limestone, dolomite, and marble), concrete and refractory materials, wire 

sawing of stone and construction materials, calibrating of stone slabs [36].  

Finally, the number of diamonds in the segment is measured in terms of concentration: at the 

concentration 100 corresponds to 4.4 carat·cm-3 ([100] = 4.4 carat·cm-3, equal to the 25 % vol.)2. 

The diamond concentration should be adequately chosen: the higher the abrasiveness of the 

workpiece, the larger the diamond concentration should be.  

  

                                                           
2 1 carat = 0.0002 kg 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

Part A 1. On the history and use of Diamond Impregnated tools 

36 

 

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

Part A  2. Wear of the matrix by abrasive particles 

37 

 

 

A.2  

Wear of the matrix by abrasive particles 

The wear of the matrix is related to the abrasiveness of debris grain detached from the 

workpiece. It is necessary to renew diamonds, but this wear rate must nevertheless be 

controlled: the matrix has to wear at a rate compatible with the diamond particle breakdown 

to attain an optimum balance between service life and free-cutting ability. For these reasons, 

the wear resistance of the matrix has to be adjusted to the wear speed of the diamonds: if the 

matrix is too soft, it wears too fast, and the diamond capacity is not completely used with a 

premature diamond pull-out; if it wears more slowly than diamonds then the slurry cannot be 

carried out correctly, and the segment will continuously lose the ability to cut.  

The binder has a fundamental role in the performance of diamond tools. In particular, metal 

matrices are widely used for their high bond strength, good formability, and long service life 

[15]. The diamond retention capacity of the matrix strongly depends on its mechanical 

properties, i.e., Young’s modulus, yield strength, toughness modulus, and material hardness. 

Fixing all the cutting operations (tool, cutting parameters, diamond specifications),  the wear 

process to which the matrix is subjected during cutting depends not only on the matrix itself 

but also on the type of workpiece, the abrasiveness of the debris grains formed, the liquid used 

to carry them out and the debris ejection.  

Several works have been done to study the holding of diamonds after the manufacturing 

process [14]–[16] and during the working conditions [17]. In contrast, the complexity of the 

processes and the important number of involved variables make it difficult to perform 

laboratory tests and wear modeling. The wear and breakdown of diamonds are documented 

in the literature [3], [44], [45], while the wear of the matrix is not clear.  

To better understand the interactions involved in the wear process and how to model it, section 

A.2.1 introduces the definition of abrasive wear in a larger framework. Section A.2.2 gives the 

fundamental tribological concepts and numerical tools already developed in the literature to 

solve wear problems and how they can be used as starting points for building the strategy 

proposed in Chapter A.3.  Looking into more details at the abrasion process, section A.2.3 deals 

with properties of abrasive particles, while A.2.4 is about the resistance of contacting surface 

(i.e., the metal matrix in this case of study). In the end, section A.2.5 analyzes the effect of 

diamonds on the wear process in the particular case of DIT. 
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A.2.1 Classification of wear 

Wear is not a material property but the response of the system under certain contacting 

conditions [6], [46]. The wear rate can change in a wide range depending on contact conditions 

(i.e., contacting materials, contact pressure and sliding velocity, the shape of abrasives, 

environmental conditions, lubricant properties, etc.) [6], thus makes the wear description and 

prediction a challenging study. Wear can occur in different types, which can also play 

simultaneously:  

i. Adhesive wear; 

ii. Abrasive wear; 

iii. Fatigue wear; 

iv. Corrosive wear. 

Adhesive and abrasive wear are caused by plastic contact. Adhesive wear occurs when two 

solid surfaces slide over each other and there is enough adhesive bonding at the interface. This 

kind of wear is related to strong plastic deformations in the contact region defined by the 

asperity-asperity contact and causing crack initialization and propagation and is generally 

estimated in terms of wear volume 𝑉𝑎𝑑 by the Archard Equation [27]: 

𝑉𝑎𝑑 =
𝐾𝑎𝑑𝐹𝑛
𝐻

𝑠 (𝐴. 2) 

Where 𝐹𝑛 is the applied normal load, 𝑠 is the sliding distance, 𝐻 is the material hardness and 

𝐾𝑎𝑑 is named Archard coefficient, introduced to accommodate several aspects such as the 

probability of wear particle generation, the size of the wear particle to the size of the contact, 

microstructure of the material in the contact zone [46]. The ratio 
𝐾𝑎𝑑

𝐻
 is generally named specific 

wear rate 𝑘𝑤 : 

𝑘𝑤 =
𝐾𝑎𝑑
𝐻

(𝐴. 3) 

and is measured in 𝑚𝑚3𝑁−1𝑚−1. 

Assuming frictional forces proportional to the normal load by the friction coefficient µ (𝐹𝑡 =

𝜇 𝐹𝑛), wear can be defined in terms of frictional work expended per unit volume 𝑉 of material 

removed:  

Ε𝑓 =
𝜇𝐹𝑛𝑠

𝑉
=
𝜇

𝑘𝑤
(𝐴. 4) 
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The energetic approach assumes that the wear volume 𝑉 is proportional to the frictional forces 

too [47]: 

𝑉 ∝ 𝐹𝑡𝑠 

This energetic approach is introduced by Fouvry and co-workers [48], [49] as a more stable 

quantification of the wear response of fretting. However, it is based on the same assumptions 

and parameters of the Archard equation.  

One limitation of Eq. (A.2) is that the specific wear rate needs to be evaluated by specific 

experimental tests and is strictly dependent on the parameters defined.The same wear 

equation -Eq.(A.2)- can be obtained starting from different assumptions for abrasive wear [7], 

which occurs if there is a hard material indenting a surface [50]. The abrasive wear will be 

introduced in section A.2.4.  

The other two wear mechanisms (i.e., the fatigue wear and the corrosive wear) can happen 

both in elastic and plastic contact. The fatigue wear mode consists of removing material by 

cyclic loading due to the continuous passage of abrasive particles causing the plastic flow 

accumulation at the surface [5]. Corrosive wear is mostly due to chemical reactions generally 

activated by frictional deformation [46], [51]. Adhesive, abrasive, and fatigue wear are 

generally defined as mechanical wear since they manifest as ductile, brittle, or fatigue fracture 

on the surface induced by stress and strain [46].  

This work deals with the abrasive and fatigue wear process since debris grains are harder than 

the matrix surface and, even carrying a small load, they can indent the material (abrasive wear) 

under repeated cycles of contact (fatigue wear). As introduced in Chapter A.1, the matrix 

microstructure is a polycrystalline material with well-defined mechanical properties. 

However, it is characterized by grain boundaries and inclusions that are preferential zones for 

stress localization and accumulation, defining the fatigue fracture. 

The remainder of this chapter introduces the conceptual tools for wear modeling and enters 

into more detail on the wear process involved in this study.  

A.2.2 Conceptual tools for abrasive wear 

As introduced before, this work deals with abrasive wear characterized by abrasive particles 

free to slide and roll between two sliding surfaces and defining the “third body” of the 

tribosystem. The third body concept was introduced by Maurice Godet [52] as a transposition 

of the lubrication theory to the dry contact between two solid surfaces. In the lubrication 

theory, it is a fluid, while in dry contact, it consists of a set of solid particles of different shapes 

and sizes. In any case, the third body is an operator working to support the load applied to the 

contact and separating the two first bodies, thereby limiting their direct contact [53]. 
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In this framework, the diamond indentation within the workpiece is the first stage of wear and 

is an example of two-body wear (i.e., diamond-workpiece contact), leading to the wear of the 

workpiece and the chip formation. Then, debris grains circulate between the matrix surface 

and the workpiece defining the third body of the system, able to abrade the metallic surface 

(three-body wear), as illustrated in Fig. A-3. 

 
Fig. A-3 Simplified schema of the contact and the wear 

According to the third body concept, the tribological circuit was first introduced by Berthier 

[18] as a useful tool to establish the mass balance within the contact and to analyze wear. Based 

on this model, as both the metallic surface and the workpiece are degradable materials, 

detached particles from the two surfaces define the internal source flow Q𝑠 of the tribological 

circuit. Then, particles can be ejected from the system characterizing the ejection flow Q𝑒 . 

Defining wear no longer as the loss of mass from one material but as the loss of mass from the 

whole contact [18], the wear flow Q𝑤 is the amount of particles of Q𝑒 that definitely leave the 

system, while the remaining part of Q𝑒 defines the recirculation flow Q𝑟 and is reintroduced 

in the system.  Considering the mass equilibrium of the system, the amount of particles 𝑀 of 

the third body per unit time (𝑑𝑀/𝑑𝑡) should be equal to the difference Q𝑠 − Q𝑤 [22]. The 

adaptation of the tribological circuit to the case of study is illustrated in Fig. A-4.  

 
Fig. A-4 The tribological circuit in the contact matrix-workpiece 

In the optimum cutting conditions, the workpiece wears faster than the metallic surface, such 

that particle detached from the workpiece 𝑄𝑤𝑝
𝑠  are present in a larger quantity than the 

particles detached from the matrix 𝑄𝑚
𝑠 . Also, after the diamond indentation into the workpiece, 
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debris grains from the workpiece are continuously renewed during the cutting process, such 

that each ejected particle is immediately replaced by new particle detachment and by the 

recirculation flow. This means that a steady state is reached fast (𝑄𝑤𝑝
𝑠 = 𝑄𝑤𝑝

𝑤 ) and the total 

mass of the third body inside the contact remains almost constant [22], [23]. This equilibrium 

is also guaranteed to the tail formed behind the diamond giving the right support.  

For these reasons, the wear of the matrix does not depend on the metallic grains themselves 

but is only due to the slurry, which characterizes the third-body of our tribosystem and whose 

grains have strong abrasive power.   

A.2.3 Properties of the abrasive particles  

During the processing of rocks and concretes, the load is almost fully transferred from the 

machine to diamonds to indent the material, guaranteeing a long life to the metallic surface. 

However, grains detached from the workpiece have strong abrasive power because of the 

intrinsic properties of the processed material and the imposed operation conditions. The 

characteristic hardness, shape, and size of debris grains play a key role in the abrasion of the 

surface; while interacting with the water coolant in the process, debris grains form the slurry, 

whose rheological properties are those of a complex fluid. 

Particle hardness 

Rock properties play a key role in the abrasive capacity of debris particles, defining the 

working condition of the tool [54].  

The hardness of rocks depends on the size, shape, and amount of different mineral 

constituents and the bond strength between mineral grains. The 2-body wear is mostly 

controlled by the porosity and the consequent brittleness of the rock, while the content of hard 

minerals is the predominant factor of abrasive wear in 3-body conditions [55].  Silicate 

minerals are generally more abrasive than the others [54]. Marble, granite, concrete, and 

reinforced concrete behave differently during processing [56]; therefore, while the cutting of 

hard rocks (e.g., marble and granite) is controlled by the diamond fracture and pull-out, in soft 

materials as sandstone and porous ceramics, the wear resistance of the matrix is the main 

character responsible for the tool life. This explains why the cutting and wear process is related 

to the nature and fracturing of the workpiece. 

It is worth noting that, whatever is the type of rock processed, it is always harder than the 

matrix surface, otherwise the matrix will be unable to retain diamonds, reducing the life of the 

tool. Particles with hardness lower than that of the surface cause much less wear than harder 

particles [55]; while for particles significantly harder than the surface, the exact value of their 

hardness matters much less [7]. 
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Particle shape and size 

The mineral composition and the cutting conditions affect the size and shape of debris 

particles, defining their abrasive power. 

The particle size effect denotes the increase of the wear rate with the average grain size up to 

a critical value [7], [57], [58] that is often about 100 µm [9]. Several explanations are given in 

the literature to describe this phenomenon. According to the Larsen-Badse theory [59], the 

small grains only have elastic interactions with the surface without any material removal 

contributions. Misra & Finnie [9] defined a hard surface layer responsible for the size effect 

since small particles lead to shallow penetration while large abrasive particles are able to wear 

through that layer.  

Another important aspect to consider is the role of the shape in the particle size effect, as the 

pattern of the deformation caused by the particle depends on its depth of indentation into the 

surface [7], [10].  

The shape of abrasives depends on the properties of the original material (i.e., the mineral 

composition) and how they are carried away (freshly fractured material generates abrasives 

with several cutting edges). This, in turn, affects the wear rate since angular particles cause 

more significant wear than rounded particles [7], [60], [61]. However, it is not easy to identify 

the shape of irregular particles and relate it to wear. A widely used parameter is the roundness 

factor or circularity 𝑅𝐹 defined as the ratio between the actual area of the 2D projection and 

the area of a circle with the same parameter 𝑅𝐹 as the projection. Departing from 𝑅𝐹 = 1, such 

a parameter gives a measure of the deviation of the particle from a sphere.  Abrasive wear rate 

has been easily correlated with the roundness factor. Although it can be computed quickly, it 

does not consider the sharpness of the corners of the particle, giving only a global description 

of the shape.  

Different methods are proposed in the literature to describe the sharpness of a particle [60], 

[62], [63] and correlate it to abrasive wear. A sharp grain is expected to penetrate more into the 

material surface, causing more wear. To explain this phenomenon, Woldman and co-workers 

[63] attempted to extract a local parameter (sharpness) based on a visual inspection and 

correlate it to the specific wear rate 𝑘𝑤 calculated according to the Archard formulation [27]. 

They observed that the wear rate increases with sharpness but that the sharpness parameter is 

not a sufficient indicator as the combination of size and shape might be considered.  

Flow properties of the slurry 

Using water as a coolant facilitates the grains ejection from the system in core drilling 

application, improving the cutting performance. Debris grains together with water form a 

slurry. The slurry can be defined in terms of mass ratio water/debris or solid fraction SF, and 
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it is able to flow within the contact zone, exercising pressure to the matrix surface as a function 

of its rheology and initial clearance. The debris flow rheology depends on the aforementioned 

solid fraction: higher contents of debris grains lead to more viscous slurries and higher contact 

pressure and abrasive power of debris grains. The relation between the solid fraction and the 

viscosity was described quantitatively by [64]. For a viscous slurry, the rotation of grains is 

negligible due to their interlocking and angular shape, causing a slip velocity in contact with 

the matrix surface with a strong influence on the wear rate.  

A.2.4 Matrix resistance to abrasive wear 

The wear of the matrix involves removing the material by plastic deformation caused by the 

continuous passage of debris grains.  

The simplest model to describe abrasive sliding wear is the Archard equation defined as in Eq. 

(A.2) for adhesive wear. One limitation of Eq. (A.2) is that the specific wear rate needs to be 

evaluated by specific experimental tests. Moreover, the wear rate should be inversely 

proportional to hardness H. In other words, the hardness of the material is an indicator of the 

material resistance. As explained in the previous section, wear occurs only if the matrix surface 

is softer than the abrasive particles in contact; however, during the wear process, the surface 

undergoes several plastic deformations that might lead to a strain-hardening, and therefore, 

the material hardness might be different from the bulk hardness [7][5]. The definition of 

material hardness will be discussed in Part B in writing the wear equation. 

Another problem with the Archard model is that all the material displaced is ejected from the 

contact. However, in practice, particles can deform the surface differently as a function of their 

shape and size, leading to removing only part of the material displaced from the groove or 

even removing no material at all [7]. In three-body abrasion, only a small proportion of 

abrasives cause wear, depending on their angle of attack on the surface [4]. Three main 

abrasive wear modes can be observed [4]–[6] (Fig.A-5): 

i. Microploughing: No material is removed from the surface, but it flows down beneath 

the abrasive particles. A plow is formed ahead of the abrading particle, and material is 

continually displaced, forming ridges on the side of the groove. Ploughing can occur 

during the passage of many abrasive particles acting simultaneously or successively.  

ii. Micro-cutting: All the material displaced by abrasive particles is removed and flows 

up the front face of the particle.  

iii. Micro-cracking: Highly concentrated stresses are imposed by abrasive particles. Grains 

are detached from the surface due to crack formation and propagation.  
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The repeated displacing of material by ploughing may lead to the wear and breakdown of the 

material by fatigue. A three-dimensional representation of the wear modes is illustrated in Fig. 

A-5. Another important form of wear caused by hard particles is erosion. Here abrasive 

particles strike the softer surface resulting in plastic deformations, which manifest as small 

craters on the surface [7][8]. 

 
Fig. A-5 Abrasive wear modes [4] 

A specific model for abrasion accounting for the abrasive wear modes was proposed by 

Hokkirgawa and co-workers [65] [6], considering the scratching of an asperity on the surface. 

This model has the same form of the Archard law where the wear volume 𝑉𝑎𝑏 is proportional 

to the normal load 𝐹𝑛, the sliding distance s and inversely proportional to the hardness 𝐻 of 

the material surface. Instead of the coefficient 𝐾𝑎𝑏 two mains parameters (𝛼1 and 𝛼2) need to 

be defined) : 

𝑉𝑎𝑏 = 𝛼1𝛼2
𝐹𝑛𝑠

𝐻
(𝐴. 5) 

𝛼1 is a shape factor of the asperity (experimentally test to 0.1 [6]), and 𝛼2 is the degree of wear 

with values varying from 0.1 to 1 as a function of the mechanical properties and the shear 

strength of the wearing material 𝑓, and the angle of attack 𝜃 of the abrasive particles [6]. The 

critical angle of attack describes the severity of wear and the transition between the micro-

ploughing and the micro-cutting. For high values of attack angle and shear strength 𝑓 (defined 

as the ratio between the shear stress and the shear yield stress of the plastically deforming 

material), the transition from ploughing to cutting occurs passing from the micro-cracking that 

can be seen as an intermediate wear mode between the two formers [66].  

Eq. (A.5) well describes the abrasive wear, but it is still related to the experimental test. The 

definition of parameters 𝛼1and 𝛼2 may be not so evident at the scale of the industrial 

application where different wear zones can be defined and all the wear modes described may 

occur simultaneously and in different proportions as a function of the cutting conditions, the 

pressure generated during processing, and the reciprocal position of diamonds. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

Part A  2. Wear of the matrix by abrasive particles 

45 

 

A.2.5 Effect of diamonds 

The diamond protrusion above the matrix is not only a necessary process to optimize the 

cutting condition but is also needed to protect the matrix from direct contact with the 

workpiece by developing the clearance space between them.  

During the cutting operation, the load is fully transferred from the machine to the diamonds 

to cut the workpiece. The various cutting tools (circular sawing, frame sawing and core drill) 

are different in terms of force and velocity applied on the segments as each particular tool 

needs the right combination of normal load and feed velocity to achieve the best cutting ability 

and working conditions.  

Effect of diamonds in circular sawing 

In circular sawing, the blade rotates in a constant direction at high peripheral speed (𝑣𝑡𝑜𝑜𝑙 >

25 𝑚/𝑠) in the upwards or downwards direction: in down cutting, the maximum depth of cut 

ℎ𝑠𝑎𝑤 is reached at the beginning of the contact; while in up cutting, the chip thickness increases 

from zero to the maximum at the end of the contact. The relative orientation of the resultant 

cutting force 𝐹𝑠𝑎𝑤 is different in the two cases, as illustrated in Fig. A-6. 

 
(a) (b) 

Fig. A-6 Kinematic process of circular sawing in (a) down cutting mode and (b) up cutting mode (𝑣𝑡𝑜𝑜𝑙 = 

peripheral speed; 𝑣𝑓𝑒𝑒𝑑 = feed rate, 𝐹𝑛,𝑡𝑜𝑜𝑙 = normal load; 𝐹𝑡,𝑡𝑜𝑜𝑙= tangential load; ℎ𝑠𝑎𝑤 = depth of cut ), inspired by 

[1] 

The cutting mode has a strong influence in terms of the rate of material removal. Whatever the 

process kinematics, it will always lead to the development of a tail of matrix behind each 

diamond acting as a support during cutting, and a sort of crater in front of it, defined by the 

protrusion height of the diamond [67] (Fig. A-7). 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

Part A  2. Wear of the matrix by abrasive particles 

46 

 

 
Fig. A-7 Schematic representation of interactions between the saw and the workpiece during the circular sawing 

operation (inspired by [1]) 

Effect of diamonds in frame sawing 

In frame sawing, the blade is subjected to a reciprocal sawing action at slow sinusoidal speed 

with a maximum of around 2 m/s.  

These conditions make difficult the removal of debris grains and creates severe wear 

conditions for the matrix leading to a premature diamond pull-out since there is no build-up 

of matrix tail and forces act on diamond particles in alternate directions [1], [67] (Fig. A-8) 

 
Fig. A-8 Schematic representation of interactions between the saw and the workpiece during the frame sawing 

operation (inspired by [1]) 

Effect of diamonds in core drill 

In a core drill, the tool is subjected to low and constant peripheral speed (𝑣𝑡𝑜𝑜𝑙 = 1 − 10 𝑚/𝑠) 

and a high normal load that is fully transmitted to diamonds. Cutting is performed with a 

constant direction of rotation. Although the kinematic conditions of chip formation are 

relatively simple compared to those observed in sawing techniques, the wear process of the 

matrix is almost the same as observed in circular sawing (Fig. A-9) 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

Part A  2. Wear of the matrix by abrasive particles 

47 

 

The comparison between surface topographies after sawing and core drill is illustrated in Fig. 

A-9 together with the schematization of the two cutting tools.  

The drilling and sawing operations are always performed while pumping a fluid (usually 

water) to cool the system and eject debris grains through the space between the segments. In 

both cases, the constant cutting direction allows the formation of a matrix tail behind the 

diamond protected by the diamond itself, and the surface is struck by the debris grains 

showing only signs of erosion and no wear by abrasion.  

 

(a) (b) 

 
(c) (d) (e) 

Fig. A-9 (a) Surface topography of a segment after sawing [1]; (b) example of circular sawing); (c) surface segment 

topography after drilling  [2];  (d)  sketch of a drilling machine; (e) sketch  of a particular segment 

Effect of diamond distribution  

The diamond distribution is another important aspect affecting the wear of the matrix. Wright 

and co-workers [3] observed experimentally that protrusion height might change if the 

diamond is shielded or not by other diamonds present on the interface. Diamond 1 in Fig. A-

10 is shielded by two diamonds in front of it. The lateral debris flow of one of them ends at the 

right-hand side of Diamond 1, while the left-hand side is covered by the closer one. This 

evidence results in relatively slow wear of protrusion as the diamond is protected. Diamond 

2 in Fig. A-10 is fully exposed; therefore, the peak of the height of the protrusion is reached 

faster with earlier breakdown than diamond 1.  
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(a) (b) 

Fig. A- 10 (a) Surface of the segment after sawing  44 mm2; (b) height of protrusion vs. cumulative area sawn 

(from [3]) 
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A.3  

Conclusions and development of a strategy 

The wear of the matrix surface described in Chapter A.2 falls within interaction and contact 

problems between surfaces described briefly in Section A.2.2. 

This chapter outlines the key points of the wear of the matrix (Section A.3.1). It also introduces 

an experimental-numerical multiscale strategy (Section A.3.2) starting from what is already 

done in literature in the framework of wear, ruling out the alternatives, and defining an 

innovative and integrated experimental-numerical approach. 

A.3.1 Preliminary conclusions  

The particular diamond-debris-matrix interaction is responsible for the complex wear 

mechanisms of the matrix surface. Such a wear process of the metallic surface depends on 

several aspects as:  

i. rock type: marble, granite, concrete, and reinforced concrete behave differently during 

processing and generate a debris flow with different properties in terms of grain size 

(the wear rate increases with particle size until a critical value is reached, above which 

the wear rate seems to be independent of the grain size); particle shape (freshly 

fractured material generates abrasives with several cutting edges able to wear faster); 

mineral composition and hardness (soft minerals induce slower wear mechanisms, 

e.g., thermal fatigue and oxidation), and cleavage properties (resistance to 

fragmentation)  

ii. Segment specifications: the number and surface of the segment (at the scale of the tool), 

the diamond concentration (number and size of diamonds at the scale of the segment), 

and the matrix microstructural properties (at the scale of the matrix). In particular, at 

the scale of the segment, it was seen experimentally that the presence of the other 

diamonds influences wear around one single diamond; a close diamond may offer 

protection and reduce the rate of the protrusion while, when the same diamond is not 

shielded by another one, it is fully exposed to wear. Regarding the microstructure of 

the matrix, wear strongly depends on its material hardness.   
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iii. Operational parameters: feed rate, peripheral speed, force applied, and cooling 

efficiency (i.e., coolant type and flowrate) [38]. In particular, the processed rock and the 

used coolant exert control on the slurry rheological properties. 

Several studies have been done to analyze, at least qualitatively, the wear of the surface in 

terms of diamond retention after the manufacturing process [14]–[16] and during the working 

conditions [17] while mechanisms involved in the matrix wear are not yet well understood.  

In the abrasive wear framework, Siniawki et al. [68] defined a simple wear law to describe the 

kinetics for the abrasion for different material pairs based on pin-on-disk experiments. Bull 

and Rickerby [69] proposed a model for abrasive wear based on the multi-pass scratch test. 

The scratch test is nowadays widely used to determine the wear resistance of the surfaces [70]–

[72]. Several attempts have been made to correlate the abrasive wear to the properties of the 

abrasive particles (shape and size) [9]–[13]. Woldman et al. [72] proposed a method for 

predicting abrasive wear rate and understanding the wear process of machining components 

operating in sandy conditions. However, in all of these cases, the wear process takes place in 

a controlled environment, and models are strictly related to the reproduced experimental test. 

A.3.2 Development of a strategy 

Despite the differences in terms of the chip formation kinematics, the wear process involved 

in core drill and circular sawing is almost the same (Fig.A-9). In both cases, the diamond 

remains in a quasi-continuous contact with the workpiece material, leading to the 

development of a matrix tail behind each diamond and a sort of crater in front of it. Therefore, 

the most evident experimental protocol for wear observation and quantification consists of 

non-destructive observations obtained from the core drill, which is simpler than the sawing in 

terms of cutting operation. This test is useful for understanding the wear process and is the 

core of the multiscale experimental-numerical strategy proposed hereafter and illustrated in 

Fig. A-11.  This strategy consists of two main models: 

i) The macroscopic model 

ii) The mesoscopic model (based on a calibration at the microscale) 
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Fig. A-11 Main strategy used for the wear analysis (dot lines are the perspectives of the strategy) 

The advantage of running simulations is the possibility to understand mechanisms that cannot 

be observed experimentally and to predict the wear behavior (under certain well-defined 

conditions) of new materials without going through experimental tests, thereby reducing 

development costs. This latter objective can be achieved after the model has been validated 

with known experimental results. 

In the framework of cutting tools, the impossibility of considering all of the aspects involved 

requires a numerical study able to simplify the real phenomena. Zhou and co-workers [73] 

studied the behavior of diamond bits under drilling conditions but without considering the 

damage and failure; Li and co-workers [74] modeled the plastic deformation and residual 

stress close to diamond during the sintering process. More attention to the wear process is 

paid by Suh and co-workers [75], who studied the matrix wear with respect to the diamond 

without considering the debris flow properties on the wear process. At a smaller scale, Xu and 

co-workers [76] proposed a model to describe the failure mechanism at the diamond-matrix 

interface in diamond bits during failure and diamond pull-out. Other models are based on 

mathematical and statistical multiple regressions to analyze the influence of rock properties 

on the matrix wear rate [54]. These models describe aspects of the wear process and cannot 

predict wear at the scale of diamond tools. 

Notice that the multiscale nature of the problem makes it difficult to model all the features 

within an individual numerical model. Therefore, the wear process is analyzed here with two 
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different models looking at two different scales: the macroscopic scale (scale of the diamond) 

and the mesoscopic scale (scale of debris grains). 

The former is a predictive model based on the experimental observation, while the second is a 

descriptive model for the understanding of local phenomena. The two models give 

complementary information. 

A.3.2.1 The macroscopic model for the multiscale wear analysis at the 

scale of diamonds 

The macroscopic model accounts for a realistic macroscopic 3D geometry with a reasonable 

comptutational cost and a good transferability. 

The model built at the scale of the diamonds looks at the same scale as the industrial 

application giving qualitative and quantitative knowledge about the wear resistance of the 

matrix and treating the slurry as a continuum described by its rheological law. 

The continuum approach has been proved to be valid in solid lubrication [77], [78], where 

analogies with fluid mechanics and mass, momentum, and energy conservation are 

guaranteed. Indeed, FEs (Finite Elements) are routinely used to solve numerically 

Hydrodynamic (HD) or Elasto-HydroDynamic (EHD) contact problems [79] using the 

Reynolds equation [26]. The advantage is that the third body's pressure profile can be 

characterized easily as a function of the rheology and the thickness profile, while the wear is 

usually controlled by an Archard-type wear law [27].  

However, the impossibility to extract information on the flow property of the third body from 

such industrial application and the complex tribological interactions involved need to define 

a modeling strategy based on an experimental/numerical coupling. 

The viscosity of the slurry influences the flow properties, which are the leading causes of the 

wear process, and for that reason, rheological tests are performed on the third body flow.  

In most cases, the third body responsible for wearing a contacting material surface is 

characterized by particles detached from the degradable surface itself; therefore, its rheology 

is unknown. However, in this particular case of study, the wear of the metal matrix is caused 

mostly by the debris grains detached from the workpiece and not by the metallic grains 

themselves. This evidence allows us to consider the slurry as an artificial third body, analyze 

its rheology experimentally and independently, and introduce it in the model.   

The mechanical properties of the matrix offer resistance to the wear process. Again, the core-

drill test cannot separate the effects that cause or oppose the wear process and quantify them, 

and it is not easy to place some devices measuring such features.  Therefore, additional data 

about the resistance to abrasion of the metallic microstructure is obtained by a multipass 
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scratch test. The scratch test is widely used to determine the wear resistance [70]–[72]; 

moreover, performing several scratches in the same directions is representative of the 

continuous passage of debris grains.  

Such a model's limitations consist of the impossibility of understanding local phenomena. It 

considerably simplifies the micromechanical mechanisms involved in the degradation of the 

microstructure at the scale of grains and does not consider the heterogeneity and the 

discontinuity of the third body. For this purpose, a complementary model is necessary.  

A.3.2.2 The mesoscopic model for the local wear analysis 

Local wear is often studied by DEM (Discrete Elements Methods) [80]. This approach has been 

used to model the degradation of the first body ([21]–[23]), and the flow of matter at the 

interface between continuous first bodies [81]. However, it is limited in treating both the 

degradable material and the third body as a collection of rigid and spherical grains.  

The current trend consists of coupling discrete methods with finite elements [82] or meshfree 

technique [19], [20] to perform multiscale modeling. 

The key purpose is to borrow from continuous modeling the idea of user-defined stress–

strains relations implemented at the grain scale but retaining the idea of a discrete description 

of the material grains interacting through contact [19]. The classical equations of continuum 

mechanics are solved using a weak formulation as in a typical FEM code, including geometric 

nonlinearities and inertial terms [20]. 

The meshfree technique is a recent alternative to FEM  [24] with the advantage of handling 

complex geometry and deformable bodies involving large plastic deformation where the 

connectivity of the mesh can be difficult to maintain without introducing error into the 

simulation. 

The model discussed here is built using an innovative multibody meshfree technique coupled 

with a Discrete Element Method (DEM) approach [20]. The code is currently limited to 2D 

plane-strain problems. In this approach, each grain can be a rigid or deformable body. The 

displacement field is interpolated on the domain of each of them using a meshfree description 

based on a certain number of field nodes with two degrees of freedom in displacement each. 

The degradable microstructure and debris grains properties are generated by controlling their 

real shape and size distribution, overcoming the limitation of the traditional discrete 

approaches. 
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A.3.2.3 Towards a fully numerical multiscale approach 

Simulations at the mesoscale involve a large number of grains and deformable bodies, 

requiring considerable computation time and the determination of several physical 

parameters.  

The parameters involved in the contact law between grains of the microstructure require a 

preliminary calibration. A simple way to do it consists of running numerical simulations of 

the µ-scratch test, where the microstructure is abraded by a spherical tip. In both cases (i.e., 

numerical scratch test and mesoscale model), the matrix is generated controlling the grain size 

distribution and obeying the same contact law. This procedure allows the direct comparison 

between experimental and numerical results, defining the main strength parameter of the 

cohesive intergranular contact law that can be used for the mesoscale model.  

Then, a challenging problem will be the writing of the wear equation from the mesoscale 

numerical model implementing all the micromechanical features (fatigue wear, roughness, 

damage, …) involved in the wear process.
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Part B.  

Wear prediction at the macroscopic scale 

This part analyzes the problem at the macroscopic scale (i.e., the scale of the diamond) using 

a continuum approach. 

The first chapter introduces the experimental-numerical strategy describing the independent 

experimental set-up and introducing the finite element strategy that is the focus of the 

subsequent chapters.  

Chapter 2 is dedicated to solving the Reynolds equation taking into account the experimental 

rheological results. Chapter 3 describes the wear modeling at the continuum scale and the 

coupling with the Reynolds equation. The wear equation is inspired by an Archard 

formulation and considers the results obtained performing the µ-scratch test, described in 

Chapter 1. Then, in chapter 4, the numerical results of wear are discussed and compared with 

the experimental ones at the diamond scale. 
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B.1  

Experimental-numerical strategy at the 

macroscale and preliminary experimental 

inputs 
As explained in Part A, the wear of the matrix is a complex multiscale problem. Despite the 

difficulty accessing the microstructure scale, the wear can be measured experimentally by a 

core-drill test in terms of the depth of material removed in time (or sliding distance) at the 

diamond scale. This approach gives a qualitative and quantitative description of the 

performance of a microstructure used as the binder of the tool under well-defined operating 

conditions.  

However, these observations are not sufficient for a good understanding of the wear process. 

Therefore, a numerical model is built at the same diamond scale and is validated with the 

aforementioned experimental evidence. This model deals with solving a wear equation as a 

function of the local pressure and velocity fields acting on the matrix surface. The influence of 

these flow properties of the slurry explains why the wear processes become more important 

in front of the diamond and in its proximity (where the product between the pressure and the 

velocity is maximum). The simple and efficient way to compute them is the Reynolds equation. 

Complementary information that is not accessible by the core drill is obtained by performing 

a rheological test and a multiscale study that considers the experimental evidence of wear from 

the µ-scratch test and the abrasiveness of debris grains. Therefore the overall experimental set-

up consists of: 

i) the rheological test, performed on debris grains detached from the workpiece and 

that define the third body of the system  

ii) the µ-scratch test, performed on the metal microstructure used as the matrix in 

cutting tools  

iii) the core drill test used to evaluate the performance of cutting tools at the industrial 

scale  

The main experimental-numerical strategy is illustrated in Fig. B-1. The rheological test and 

the µ-scratch test are presented in section B.1.1 and section B.1.2, respectively. The core drill 
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test, already introduced in Part A, will be discussed in detail in section B.4 considering the 

experiments performed by Umicore3.   

 
Fig. B-1 The workflow of the strategy 

B.1.1  Experimental observation of the third body flow 

Debris grains extracted from the machine after the cutting process are mixed with water to 

obtain a slurry representative of the one formed with the coolant during the drilling operation. 

Fig. B-2 shows a micrograph of debris grains of concrete and their particle size distribution. 

Grains are more or less angular, with 90% of the population between 1 µm and 100 µm. The 

size distribution is bimodal with modes of 20 µm and 2 µm respectively, with a median value 

of 10 µm, while the main grain size is 20 µm.  

Starting from this grain population, and considering only grains with grain size less than 100 

µm, three different slurries with different water content are prepared, which correspond to 

three different mass ratios debris/water: 50/50, 50/45, and 50/40; each sample is tested twice. 

                                                           
3 Umicore Specialty Powder France  
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(a) (b) 

Fig. B-2 Debris grains description [42] (a) SEM micrograph of debris particles; (b)grain size distribution 

The debris density is equal to 𝜌𝑑 = 2650 𝑘𝑔 𝑚3⁄ , therefore the amount of debris grains 

corresponding to the mass ratio debris/water is computed as: 

𝑆𝐹 =  
𝑉𝑜𝑙𝑑

𝑉𝑜𝑙𝑑 + 𝑉𝑜𝑙𝑤
 (𝐵. 1) 

Where 𝑉𝑜𝑙𝑑 and 𝑉𝑜𝑙𝑤 are the volume occupied by the debris grains and the water respectively, 

obtained in terms of the ratio between the mass M and the density 𝜌: 

𝑉𝑜𝑙𝑑 =
𝑀𝑑

𝜌𝑑
;  𝑉𝑜𝑙𝑤 =

𝑀𝑤

𝜌𝑤
 

Where index 𝑑 and 𝑤 denote the debris and the water, respectively.  

The debris/water mass ratio and the corresponding solid fraction SF are reported in Tab. B-1. 

Tab. B-1 Concentration of slurries in terms of debris/water concentration (d/w) and volumetric solid fraction (FS) 

 d/w SF (vol. %) 

Slurry 1 40/50 27 

Slurry 2 45/50 30 

Slurry 3 50/40 32 

Then, once the sample is prepared and after shaking to re-suspend particles, the rheological 

test is performed using a flat cone-plate viscometer4, which consists of a flat plate and an 

inverted rotating cone, thermostatically kept at 25 °C. The slurry is placed in the gap between 

the cone and plate, as illustrated in Fig. B-3. 

                                                           

4 RHEONIS Fluid Material Engineering  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



Part B                        1.Experimental-numerical strategy at the 

macroscale and preliminary experimental inputs 

62 

 

The angle of the cone 𝜙 is small, and the rotational velocity ω is constant. In those conditions, 

the shear rate �̇� is uniform at all points in the fluid (�̇� =
𝜔

𝜙
).  

 
Fig. B-3 Cone and plate viscometer 

The test is performed varying the shear rate �̇�  from 0.1 s-1 to 2000 s-1, the shear stress 𝜏 is 

obtained from the measurement of the corresponding torque 𝑇 (𝜏 =
3𝑇

2𝜋𝑅3
, see Fig. B-3) and the 

apparent viscosity is computed as tangential viscosity in terms of : 

𝜂 =
𝜏

�̇�
 (𝐵. 2) 

Fig. B-4 plots the flow curves with the error bars for the three slurries in terms of shear stress 

τ vs. shear rate �̇� and apparent viscosity 𝜂 =
𝜏

�̇�
 vs. shear rate �̇�, respectively. The first important 

evidence is that the viscosity increases with the solid fraction. This increase was attributed to 

the frictional forces between particles and the water occlusion [83].  

 
(a) (b) 

Fig. B-4 (a)Average flow curves in terms of shear stress τ vs. shear rate �̇�; (b) apparent viscosity 𝜂 vs. shear rate �̇�. 

The error bars represent the variation of the two samples 
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A slight thixotropy is observed at the beginning of the test  (�̇� ≤ 1 𝑠−1), that is due to the 

rearrangement of the particles in the volume leading to a slight decrease of shear stress with 

the increase of shear rate since a minimum is reached (equal to 65 Pa for FS = 32 %, 23 Pa for 

FS = 30 % and 15 Pa for FS = 27 %). Then, the increase of the shear stress with the shear rate 

being non-linear and in particular is typical of Bingham pseudoplastic fluids characterized by 

a shear-thinning behavior, i.e., the apparent viscosity (𝜂 =
𝜏

�̇�
) decreases under the increase of 

the shear rate �̇�.  This trend is attributed to the rearrangement of particles that facilitates the 

shearing reducing the resistance to flow. This is also in agreement with cement slurry results 

[84] and Coal-Water Slurry [85]. However, it is more relevant for the slurry with high 

concentration where the interaction between particles became evident. Data set corresponding 

to FS = 27 % and FS = 30 % are close to each other and quite far from FS = 32 %, thus can be 

attributed to a regime transition in terms of solid fraction: from the data-set corresponding to 

FS = 27 % to FS = 30 % there is an increase in terms of apparent viscosity 𝜂 of about 50 %, while 

an increase up to 280 % is observed from the FS = 30 % to FS = 32 %. Three different empirical 

fittings are tested to determine the best model describing experimental data: the Ostwald de 

Waele model, the Herschel-Bulkley model, and the Bingham model. The main parameters of 

the fitting curves, as well as the 𝑅2 parameter, are reported in Tab. B-2 while the fitting curves 

for FS =27 % and FS = 30 % are plotted in Fig. B-5. 

Tab. B-2 Fitting parameters for the Hershel-Bulkley, Ostwald-de Waele and Bingham model and the respective R2 

SF (%) 
Herschel-Bulkley 𝜏 = 𝜏y +  𝐶�̇�𝑛 Ostwald-de Wael 𝜏 = 𝐶�̇�𝑛 Bingham 𝜏 = 𝜏y +  𝜂0�̇� 

𝜏y (Pa) 𝐶 (𝑃𝑎 𝑠𝑛) 𝑛 𝑅2 𝐶 (𝑃𝑎 𝑠𝑛) 𝑛 𝑅2 𝜏y (Pa) 𝜂0(𝑃𝑎 𝑠) 𝑅2 

0.32 61.01 5.26 0.48 0.9988 48.96 0.20 0.9299 82.84 0.11 0.8987 

0.30 19.79 2.09 0.53 0.998 10.81 0.32 0.9725 32.64 0.06 0.933 

0.28 13.23 1.12 0.58 0.9975 6.03 0.36 0.9718 21.33 0.05 0.9477 

For all three samples, the model that best describes the experimental data-set is the Herschel-

Bulkley model: 

𝜏 = 𝜏y +  𝐶|𝛾|̇
𝑛 (𝐵. 3) 

Where 𝜏𝑦 is yield stress, i.e., the stress at which the fluid starts to flow, 𝐶 is the consistency 

index that is a simple constant of proportionality, and 𝑛 is the flow index, which measures the 

degree to which the fluid is shear thinning (𝑛 < 1) or shear thickening (𝑛 > 1). The Herschel-

Bulkley model (HB) includes the Bingham model and the Ostwald-de Wael model as 

particular cases considering 𝑛 = 1 and 𝜏𝑦 = 0 respectively.  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



Part B                        1.Experimental-numerical strategy at the 

macroscale and preliminary experimental inputs 

64 

 

 
(a) (b) 

 
(c) 

Fig. B-5 Flow curves for the three solid fraction (a) FS =27%, (b) FS =30% and (c) FS =32%, fitted by Ostwald-de 

Wael model; Hershel-Buckely model and Bingham model 

The yield stress 𝜏𝑦 in the Herschel-Bulkley and Bingham model is the stress necessary for the 

slurry to flow and below which the behavior is plastic. The yield stress is higher for the more 

concentrated fluid, which means that higher initial energy is necessary before the fluid starts 

to flow.  

B.1.2  Experimental observation of wear: the multi-pass 

scratch test 

In this study, the scratch test is implemented in the strategy as a means to quantify the wear 

resistance of the microstructure, and it is used for the writing of the wear equation, giving 

additional information that is not accessible from the core-drill test. Therefore it is used as an 

experimental tool operating independently from the drilling machine.  

In a general framework, a scratch test is a simple method to determine the wear properties of 

materials and coating. Fig. B-6 compares the indentation and scratch process: by definition, 
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the scratch test can be regarded as a tangential indentation [86] where the indenter is moving 

and therefore is in contact only over its front surface [7]. This is roughly the same wear process 

involved during the cutting operation where a single debris grain can abrade the surface under 

a normal load and move in the tangential direction. 

In the first stage of the test, a conical Rockwell diamond indenter with a spherical tip radius of 

𝑅𝑠 = 100 µ𝑚 penetrates in the metallic surface under a progressive load from 0.020 N to 30 N 

and with a scratch speed 𝑣𝑠 of 10 mm/min for a scratch distance 𝐿𝑠  of 5 mm. The machine 

allows acquiring normal and tangential force (and therefore the friction coefficient µ𝑠) and the 

depth of the scratch. During the actual indentation, the penetration depth ℎ𝑝,𝑠 is measured by 

depth sensors. When the load is released, post-scan observations allow defining the residual 

depth ℎ𝑟,𝑠: the equipment carries out a contact-sensor scan of the surface (in the same direction 

as the scratch) by applying a contact force as low as possible (10 mN), measuring the residual 

depth (always less than the depth of penetration), and giving the elastic return of the material 
ℎ𝑝,𝑠−ℎ𝑟,𝑠

ℎ𝑝,𝑠
. 

 
(a) (b) 

Fig. B-6 Contact model between a hemispherical tip indenter and a sliding surface (a) during static indentation; 

(b) during the dynamic scratch; (F = normal load, v = scratch velocity; R = indenter tip radius; ℎ𝑟 = depth of 

penetration; 𝑎 =half contact width; 𝜃: attack angle; index 𝑖 and 𝑠 stay for indentation and scratch, respectively). 

The onset load for cracking initiation and change in wear regime is defined as the critical load 

𝐹𝑐. The module of critical load, as well as the wear mechanism involved, change with the 

mechanical properties of the material tested. Here a 100% cobalt alloy is tested. The mechanical 

properties are listed in Tab. A-1 and are here reported in Tab. B-3. The same material is used 

as a binder for the core drill test, discussed in Section B.1.3.2.  
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Tab. B-3 Specification of the cobalt metal matrix used in the scratch test and the core-drill test (HV10 Vickers 

Hardness; 𝜎𝑦 = yield strength; 𝜎𝑢 =  ultimate strength; 𝜀𝑟= residual strain) 

Label 
Grain size before 

sintering 

Grain size 

after sintering 
Porosity Hardness 𝜎𝑦 𝜎𝑢 𝜀𝑟 

 
[µm] [µm] [%] [HV10] [MPa] [MPa] % 

CO6102 2 2,3 0,056 299 450 700 2 

The main quantities measured in the test and the optical micrographs of the scratched surface 

are defined in Fig. B-7. The critical load is determined by optical microscopy observations and 

measurements of µ𝑠. For 𝐹𝑠 = 19, cracks start to propagate perpendicular to the direction of 

scratching.  

 

(a) (b) 

Fig. B-7 Fist stage of the scratch test (a) Main quantities measured and definition of critical load 𝐹𝑐.; (b) optical 

micrograph of the first scratch at the beginning (𝐹𝑠= 0 N) and when the critical load is reached (𝐹𝑠= 19 N)  

In the second stage, multiple scratches are performed in the same direction under constant 

normal load 𝐹𝑠 = 10 𝑁 (𝐹𝑠 < 𝐹𝑐) and constant scratch velocity 𝑣𝑠 = 10 𝑚𝑚/𝑚𝑖𝑛. 

For each scratch, measuring the profile of the indentation depth ℎ𝑝,𝑠 and the residual depth 

ℎ𝑟,𝑠, as well as the coefficient of friction µ𝑠, it is possible to compute their respective mean 

values. From the residual depth ℎ𝑟,𝑠 looking at the schematization in Fig. B-6 b., the half contact 

width is defined as: 

𝑎𝑠 = √2𝑅𝑠ℎ𝑟,𝑠 − ℎ𝑟,𝑠
2 (𝐵. 4) 
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An indicator of the severity of the wear process is the attack angle 𝜃𝑠 (Fig. B-6) between the 

front of the indenter and the surface of the material being scratched [87]. Neglecting the ridges 

of material in front of and to the sides of the indenter, assuming that the height of the ridge in 

front of the indenter is the same as the ridge to the sides of the indenter, the contact area is half 

a circle and the attack angle is defined as:  

sin 𝜃𝑠 =
𝑎𝑠
𝑅𝑠
 (𝐵. 5) 

The attack angle is an important indicator of the abrasive wear mechanisms involved during 

scratching, several authors have estimated the transition from the ploughing wear to the 

cutting wear as a function of a critical value of 𝜃𝑠 [65], [70], [87]. 

Another indicator providing a good estimation of the wear resistance under the continuous 

passage of an abrasive particle is the scratch hardness, defined as: 

𝐻𝑠 =
𝐹𝑠

𝜋𝑎𝑠
2

2

(𝐵. 6) 

Performing multi-scratches along the same scratch path and in the same direction provides 

much more information than the single scratch event in terms of damage and repeated 

abrasion. Also, the indentation test, as well as the single scratch test, are performed at high 

load leading to a high-stress abrasion process, while in the multi-scratch test the load is much 

lower, causing less fracture damage and a low-stress abrasion process [56][55], which is more 

similar to what is expected in industrial conditions. For this purpose, the scratch hardness is 

more representative than Vickers's hardness in terms of wear resistance and damage.  

Fig. B-8 plots the mean values of residual depth ℎ𝑟,𝑠, attack angle 𝜃𝑠 and scratch hardness 𝐻𝑠 

as a function of the number of scratches. Notice that both the attack angle 𝜃𝑠 and the scratch 

hardness 𝐻𝑠 are computed from the measured residual depth ℎ𝑟,𝑠 by Eqs. B.4-6. How the mean 

residual depth is estimated will be discussed in section C.3 since it will be used to model the 

scratch test. The behavior under the first scratch may be affected by initial conditions and may 

not represent the real behavior of the surface. During multi-scratches, the degree of 

penetration increases with the number of cycles own to the increase of the measured depth of 

the groove ℎ𝑟,𝑠. For the same reason, an increase in terms of contact width is expected; as the 

load is constant, such behavior provides a decrease in terms of scratch hardness 𝐻𝑠. However, 

whatever the feature is, the behavior is not linear, as early scratches produce a large effect in 

terms of residual depth and scratch width. Then, the higher the number of scratches, the 

smaller the effect of scratching. Hence, the cumulative effect seems less important when 

increasing the number of scratches [88]. An explanation of this trend may be the formation of 

an altered surface layer that characterizes the third body layer of wear particles and is able to 
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resist further surface damage than the original material. This behavior may also be related to 

the plastic deformation process, such as work hardening, which contrasts with the fatigue 

effect due to the multi-passing, or by the mechanical compaction of crushed material at the 

surface [88].  

 
Fig. B-8 Evolution of residual groove ℎ𝑟,𝑠 attack angle 𝜃𝑠 and scratch hardness 𝐻𝑠 with the number of repeats 

scratches 𝑛𝑠 

Ignoring the first pass and considering that the behavior of the metal matrix under the cutting 

process is similar to what may be observed under a higher number of scratches (𝑛 > 10), the 

characteristic scratch hardness is calculated by performing a non-linear regression of the 

experimental data-set. For instance, the exponential law well fits the experimental points 

(𝑅2  =  0.9965), as displayed in Fig. B-9:  

𝐻𝑠 = 𝐻𝑠
∗ + ∆𝐻𝑠𝑒

−𝜅𝑛𝑠 (𝐵. 7) 

Where 𝐻𝑠
∗ = 6.39 𝐺𝑃𝑎 is the characteristic scratch hardness reached after many scratch 

repetitions and will be considered in Chapter C.3.  

A better estimation can be obtained by performing a large number of scratches (𝑛 > 10) and is 

an interesting perspective for a deeper understanding of the material behavior under a large 

number of scratch cycles. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



Part B                        1.Experimental-numerical strategy at the 

macroscale and preliminary experimental inputs 

69 

 

 
Fig. B-9 Experimental scratch hardness values and exponential fitting (𝐻𝑠

∗= 6.39 GPa; ∆𝐻𝑠 = 4.906 GPa; 𝜅 = 0.227) 

The micro scratch test is widely used to test hard metals [65], [70], [88]–[90], and this is why it 

is chosen to test cobalt and other alloys used as a metal matrix in DIT. However, the effect of 

the indenter tip radius on the scratch hardness is not yet well understood. Performing a single 

scratch pass test, different studies [91], [92] observed that the scratch hardness increases with 

the reduction of the tip size, keeping the load constant. However, the scratch hardness 𝐻𝑠
∗ 

changes if a multipass test is performed. In this case of study, the scratch hardness is defined 

as the constant value reached after several passes of the indenter and the value obtained is 

smaller than the one after the first scratch. This procedure allows us to consider 𝐻𝑠
∗ as an 

intrinsic property of the material, assuming that the metallic surface reaches a constant 

hardness. In other words, we assume that an indenter with a tip radius equal to the 

characteristic asperity and under different operating conditions will reach the same value 𝐻𝑠
∗ 

after a certain number of passes. This assumption allows for shifting from the scale of the 

experimental test to the industrial application scale. 
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B.2  

Modeling of the third body flow 

The Reynolds equation [26] is widely used in the fluid lubrication theory [93]–[99]. Pioneering 

works have been performed to implement non-Newtonian effects [25], [100], and the slip at 

the bearing surface [101].  

In the following, the 3rd body is considered a non-Newtonian fluid (continuum scale) able to 

flow into a narrow gap (the clearance) between the segment and the workpiece and 

characterized by abrasive properties. Such a fluid is modeled, solving the Generalized 

Reynolds equation [25] numerically in a 3D domain, obtaining the flow properties (pressure 

field and fluid velocity) as a function of the rheology of the slurry and the initial clearance (i.e., 

the initial film thickness). 

The Reynolds equation is first introduced starting from the classical formulation and then is 

applied to this case of study with particular attention to the rheology of the slurry and the 

geometry of the segment surface.  

As the pressure variation is instantaneous compared to the time required to the surface to 

adapt to the new configuration in the wearing condition, the Reynolds equation is solved in a 

stationary case. Results are then implemented in the wear law; this numerical coupling is 

explained in section B.3.2.   
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B.2.1  The Reynolds equation  

The non-Newtonian effects can be introduced in the Reynolds equation in a modified form 

derived from the classical formulation.  

B.2.1.1 The Reynolds equation: classical formulation 

The classical Reynolds equation [26] derives from the Navier-Stokes equations under the 

following simplifying assumptions:  

1. thin film geometry compared to the dimension of the contact  

2. constant pressure across the film thickness  

3. constant density and viscosity across the film thickness 

4. Newtonian fluid  

5. the fluid is considered in an isothermal and stationary regime (transient phenomena 

are negligible) 

6. negligible body force 

7. no-slip boundary conditions  

8. the flow is laminar (low Reynolds number) 

9. inertia and surface forces are negligible with respect to the viscous forces 

Under these assumptions and considering the z-direction as the direction of the gap ℎ (Fig. B.-

1-10) the conservation of momentum equation becomes:  

𝜕𝑝

𝜕𝑥
=
𝜕𝜏𝑧𝑥
𝜕𝑧

 

𝜕𝑝

𝜕𝑦
=
𝜕𝜏𝑧𝑦

𝜕𝑧
(𝐵. 8) 

𝜕𝑝

𝜕𝑧
= 0 

with:

𝜏𝑧𝑥 = 𝜂𝑁  �̇�𝑧𝑥 = 𝜂𝑁  
𝜕𝑢

𝜕𝑧
     and    𝜏𝑧𝑦 = 𝜂𝑁  �̇�𝑧𝑦 = 𝜂𝑁  

𝜕𝑣

𝜕𝑧
(𝐵. 9) 
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Where 𝜂𝑁 is the (Newtonian) viscosity of the fluid, 𝑢 and 𝑣 are the velocity field components 

in the 𝑥 and 𝑦-direction, respectively. 

 
Fig. B-10 Schematic representation of the fluid flow between two moving surfaces 

Looking at Fig. B-10, the no-slip boundary conditions at the lower and upper surface write 

respectively:  

𝑢 = 𝑢1;    𝑣 = 𝑣1;    𝑤 = 𝑤1 (𝐵. 10𝑎) 

𝑢 = 𝑢2;    𝑣 = 𝑣2;    𝑤 = 𝑤2 (𝐵. 10𝑏) 

Moreover, considering 𝑧 = 0 at the lower surface and 𝑧 = ℎ at the upper surface, two 

successive integrations of the momentum equation (Eqs. (B.8)) give the velocity fields along 

the vertical direction (𝑧-direction):  

{
 
 

 
 𝑢(𝑧) =  

1

2𝜂𝑁

𝜕𝑝

𝜕𝑥
𝑧(𝑧 − ℎ) +

ℎ − 𝑧

ℎ
𝑢1 +

𝑧

ℎ
𝑢2

𝑣(𝑧) =  
1

2𝜂𝑁

𝜕𝑝

𝜕𝑥
𝑧(𝑧 − ℎ) +

ℎ − 𝑧

ℎ
𝑣1 +

𝑧

ℎ
𝑣2

(𝐵. 11) 

The no-slip boundary condition means that the velocities with indices 1 and 2 are the velocity 

of the material surface 1 and 2, respectively, as noted in Fig. B-10. 

In a steady-state condition, the mass continuity equation for a compressible flow writes: 

𝜕𝑚𝑥

𝜕𝑥
+
𝜕𝑚𝑦

𝜕𝑦
= 0 (𝐵. 12) 

With: 

𝑚𝑥 = ∫ 𝜌𝑢(𝑧)𝑑𝑧
ℎ

0
 and 𝑚𝑦 = ∫ 𝜌𝑣(𝑧)𝑑𝑧

ℎ

0
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Replacing 𝑢(𝑧) and 𝑣(𝑧) with (Eqs. B.11) (with 𝑣 =  0 on both the lower and upper surfaces, 

one finds the Reynolds equation in a stationary condition that describes the pressure variation 

of a thin viscous layer of fluid between two surfaces as a function of the operating conditions 

and the geometry defined by the film thickness ℎ:  

𝜕

𝜕𝑥
(
𝜌ℎ3

𝜂𝑁

𝜕𝑝

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝜌ℎ3

𝜂𝑁

𝜕𝑝

𝜕𝑦
) = 12𝑢𝑚

𝜕

𝜕𝑥
(𝜌ℎ) (𝐵. 13) 

Where 𝑢𝑚 =
𝑢1+𝑢2

2
. 

The left side terms of Eq. (B.12) are the Poiseuille terms and are related to the Poiseuille flow 

that is pressure-induced, while the right side term is the Couette term and refers to the Couette 

flow driven by drag force acting on the fluid between the two surfaces.   

The Reynolds equation can be written in a more compact form: 

∇ ∙ (ε∇𝑝) =
𝜕(𝜌ℎ)

𝜕𝑥
(𝐵. 14) 

with: 𝜀 =
𝜌ℎ3

12𝑢𝑚𝜂𝑁
 

B.2.1.2 The Generalized Reynolds equation 

The Reynolds equation is dedicated to Newtonian fluids, i.e., fluids obeying Newton’s law 

between the shear stress and the shear rate that is a linear relation. Thus, the viscosity of the 

fluid is independent of the shear rate and can be easily defined as 𝜂𝑁 = 𝜏 �̇�⁄ . However, slurries 

analyzed in Section B.1.2 show a non-Newtonian behavior.  

The generalized Reynolds equation was introduced by Dowson [25] to extend the classical 

formulation to non-Newtonian fluids and consider the effect of the viscosity (and density) 

variation along the gap thickness h. Therefore, assumptions 3. And 4. listed in section B.2.1.1. 

are not required anymore. It is obtained in a similar way integrating the simplified Navier-

Stokes equation (Eqs. (B.8)) and considering the following constitutive relations obtained by 

substituting the apparent viscosity 𝜂 to the Newtonian viscosity 𝜂𝑁 of Eqs. (B. 9): 

𝜏𝑧𝑥 =  𝜂 �̇�𝑧𝑥 = 𝜂
𝜕𝑢

𝜕𝑧
(𝐵. 15𝑎) 

𝜏𝑧𝑦 =  𝜂 �̇�𝑧𝑦 = 𝜂
𝜕𝑣

𝜕𝑧
(𝐵. 15𝑏) 
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Where 𝜂 should be characterized by performing rheological tests. Note that in this case, 𝜂  can 

vary along and across the gap thickness as 𝜂 = 𝜂(𝑝, �̇�) while the Newtonian viscosity 𝜂𝑁 may 

be defined as 𝜂𝑁 = 𝜂𝑁(𝑝) only [102], [103].  

Integrating the momentum equation Eq. (B.8) twice and using the condition of no-slip at the 

wall boundary, the velocity profile along the vertical direction, z-direction, Eq. (B.11), became:   

{
 
 
 

 
 
 
𝑢(𝑧) =  

𝜕𝑝

𝜕𝑥
(∫

𝑧

𝜂

𝑧

0

𝑑𝑧 −
𝜂𝑒
𝜂𝑒
′ ∫

𝑑𝑧

𝜂

𝑧

0

) + 𝜂𝑒(𝑢2 − 𝑢1)∫
𝑑𝑧

𝜂

𝑧

0

+ 𝑢1

𝑣(𝑧) =  
𝜕𝑝

𝜕𝑦
(∫

𝑧

𝜂

𝑧

0

𝑑𝑧 −
𝜂𝑒
𝜂𝑒
′ ∫

𝑑𝑧

𝜂

𝑧

0

)

(𝐵. 16) 

Where: 

1

𝜂𝑒
= ∫

𝑑𝑧

𝜂

ℎ

0

;  
1

𝜂𝑒
′ = ∫

𝑧

𝜂
𝑑𝑧

ℎ

0

;  
1

𝜂𝑒
′′ = ∫

𝑧2

𝜂
𝑑𝑧

ℎ

0

  (𝐵. 17) 

 

The norm of the velocity field is therefore defined: 

‖𝒗‖ = √𝑢2 + 𝑣2 (𝐵. 18) 

The components �̇�𝑧𝑥 and �̇�𝑧𝑦 of the shear rate (�̇� = √�̇�𝑧𝑥
2 + �̇�𝑧𝑦

2) are obtained by deriving 

velocity components along z. Then, the general non –linear equation for non –Newtonian fluid 

writes: 

�̇�2 =
1

𝜂2
{[
𝜕𝑝

𝜕𝑥
(𝑧 −

𝜂𝑒
𝜂𝑒
′ ) + 𝜂𝑒(𝑢2 − 𝑢1)]

2

+ [
𝜕𝑝

𝜕𝑦
(𝑧 −

𝜂𝑒
𝜂𝑒
′ )]

2

} (𝐵. 19) 

Where the surface velocities 𝑢1 and 𝑢2 define the kinematic boundary conditions on the lower 

and upper surface, respectively. 

In the same way as the classical Reynolds equation, replacing the field velocity, Eqs. (B. 16), in 

the continuum equations, Eq. (B.12), gives the final Reynolds equation, which is named as 

Generalized Reynolds equation and is valid whatever the behavior of the fluid across and 

along the film thickness: 

∇ ∙ (𝜀′∇𝑝) −

𝜕 [𝜌ℎ (𝑢2 −
𝜂𝑒
𝜂𝑒
′ (
𝑢2 − 𝑢1
ℎ

))]

𝜕𝑥
= 0 (𝐵. 20)
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Where 𝜀′ = 𝜌 (
1

𝜂𝑒
′′ −

𝜂𝑒

𝜂𝑒
′2). 

If the apparent viscosity  𝜂 = 𝜂𝑁, Eq. (B.20) reduces to the classical Reynolds equation (Eq. 

B.14). 

B.2.2  Implementation of the slurry properties 

The slurry’s properties analyzed experimentally in section B.1.2 are now implemented in the 

generalized Reynolds equation.  

B.2.2.1 An incompressible fluid 

The slurry is assumed as an incompressible fluid; thus, the density does not influence the flow 

properties. Under this assumption, the mass-conservation equation, Eq. (B-12), simplifies in: 

𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
= 0 (𝐵. 21) 

Moreover, the generalized Reynolds equation can be simplified as follow: 

∇ ∙ (𝜀′∇𝑝) −

𝜕 [ℎ (𝑢2 −
𝜂𝑒
𝜂𝑒
′ (
𝑢2 − 𝑢1
ℎ

))]

𝜕𝑥
= 0 (𝐵. 22)

 

Where 𝜀′ = (
1

𝜂𝑒
′′ −

𝜂𝑒

𝜂𝑒
′2) 

B.2.2.2 The viscosity of the slurry  

The three slurries with different solid fraction SF defined in B.1.1 follow shear-thinning 

behavior. However, the non-differentiability in the mathematical formulation of the 

constitutive law in Eq. (B.3) leads to some instabilities and convergence problems in the 

implementation of the Hershel-Bulkley model caused by the change in flow regime for 𝜏 = 𝜏𝑦. 

To solve this issue, several regularization methods are proposed in the literature [98], [104], 

[105]. The common idea is to overcome the discontinuity of the change in the flow regime in 

the yielding point using a single constitutive law holding both the yielded and the unyielded 

region. Using the Papanastasiou regularization [105], Eq. (B.3) becomes: 

𝜏 = 𝐶|𝛾|̇ 𝑛 +
𝜏𝑦(1 − 𝑒

−𝑚|�̇�|)

|�̇�|
∙ �̇� (𝐵. 23) 
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Where 𝑚 is the regularization parameter, which reduces the singularity and makes the shear 

rate non-zero everywhere. If 𝑚 → ∞ the HBP (Hershel-Bulkley Papanastasiou) model reduces 

to Eq. (B.3), and if 𝑚 → 0 the model is reduced to the simple power law.  

The influence of the regularization parameter is plotted in Fig. B-11 for SF = 32 %. 

The verification of the regularization parameter is discussed in  Section B.2.4. The relative error 

𝑒𝑟 =
|𝜏𝐻𝐵𝑃−𝜏𝐻𝐵|

𝜏𝐻𝐵
 becomes smaller and smaller with the increase of 𝑚 and at high values of shear 

rate. For example, when 𝑚 = 2: 𝑒𝑟 ≤ 10
−2 𝑤ℎ𝑒𝑛 �̇� ≥ 2 𝑠−1. 

 
Fig. B-11 Influence of the regularization parameter m on the Herschel-Bulkley fit for the SF = 32 % 

B.2.3  Geometry and slurry thickness equation  

The real shape of diamond crystals ranges from the cube to the octahedron as a function of the 

synthesis conditions [16]. The main geometrical assumption for building the model is to 

consider a portion of a segment with a central diamond retained by the metallic matrix. The 

example shown in this case study refers to a particular diamond observed experimentally, 

illustrated in Fig. B-12 that is respectful of the assumption mentioned above. The angle 𝛽𝐷 in 

Fig. B-12 defines the size of the protruding diamond (𝐿𝐷/2); it can vary depending on the 

initial clearance of the diamond on the surface ℎ𝑐,0 (which also affects the ability to cut) defined 

as the distance between the matrix surface and the diamond tip in the initial configuration. 

The definition of clearance will be reminded in Chapter B.4 to define the wear rate.  

Moreover, a more detailed numerical study (including a sensitivity analysis on the shape, size 

and orientation of the diamond) is an interesting perspective). 
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Fig. B-12 Initial vertical profile of the matrix surface (blue) and schematization of the diamond geometry used in 

the model (red line) with the indication of the initial values of the main geometrical features (𝛽𝐷: diamond aspect 

ratio; 𝐿𝐷 2⁄ :length of the protruding diamond; 𝐶𝑙0=initial clearance, 𝑑0=initial diamond height, ℎ𝑐,0 = |𝐶𝑙0 − 𝑑0|: 

initial height of clearance respect to the diamond tip; micrograph of the diamond embedded by the metal matrix 

(bottom-left) 

The geometrical features are represented in Fig. B-13. The domain is a 3D configuration where 

the upper surface stands for the segment surface (matrix + diamond), while the lower surface 

is the surface of the workpiece. The matrix is assumed as a flat surface (that will evolve during 

the wear process), while the diamond has an octahedral shape. This allows writing the 

equation of the slurry ℎ(𝑥, 𝑦, 𝑡𝑖) in the initial unworn condition (at the time 𝑡0 = 0 𝑠) as:  

ℎ(𝑥, 𝑦, 𝑡 = 0 𝑠) = ℎ0(𝑥, 𝑦) = min(ℎ𝑐,0, ℎ𝐷 + 𝛿𝐷) (𝐵. 24) 

where ℎ𝑐,0 is the above mentioned initial clearance5, ℎ𝐷 is the cartesian equation of the 

diamond: 

ℎ𝐷(𝑥, 𝑦) = (|𝑥| + |𝑦|) tan𝛽𝐷 (𝐵. 25) 

Where:

tan𝛽𝐷 = ℎ𝑐,0 (𝐿𝐷 2⁄ )⁄ (𝐵. 25𝑏) 

defines the size of the diamond, as illustrated in Fig. B-12 (b) and 𝛿𝐷 is a small thickness 

between the tip of the diamond and the workpiece. It can be seen as a numerical parameter; in 

reality, there is direct contact since the diamond is indenting the workpiece during the overall 

cutting process; however, it is necessary for the numerical convergence of the solution. The 

choice of that parameter is discussed in Section B.2.6. 

 

                                                           
5 The initial value correspond to the time 𝑡0 = 0 𝑠 and is equal to the initial protrusion ℎ𝑝,0. The definition of 

clearance and protrusion will be reminder in Chapter B.4 
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(a) (b) 

Fig. B-13 (a) Dimensionless domain used for the computation (top) and a zoom on the central part of the 3D 

configuration (bottom) (b) horizontal projection on the plane x-y of the surface (top) and vertical projection on the 

plane x-z of the surface (bottom) 

B.2.4  Boundary conditions 

The resolution of the Reynolds equation requires the specification of the value of pressure 𝑝 on 

the boundary 𝜕Ω of the domain (Fig. B-13 (a)-top). Here, a Dirichlet boundary condition is 

imposed as:  

𝑝 = 0 on 𝜕Ω 

To avoid results being affected by the imposed value on the boundary, the domain must be 

much larger than the surface of interest. 

B.2.5  Dimensionless formulation 

The dimensionless domain represented in Fig. B-13 (a)-top is independent on the real size of 

the physical problem; it is defined by the following dimensionless independent 

variables:

𝑋 =
𝑥

𝑏
;  𝑌 =

𝑦

𝑏
;   𝑍 =

𝑧

ℎ
    ℎ̅ =

ℎ

ℎ𝑐,0
(𝐵. 26) 
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Where x, y, and z are the independent variables, while ℎ(𝑥, 𝑦, 𝑡𝑖) is the internal variable whose 

initial value is defined in Eq. (B.24) as ℎ(𝑥, 𝑦, 𝑡 = 0 𝑠) = ℎ0(𝑥, 𝑦). The scalar parameter 𝑏 is 

defined as: 

𝑏 =
𝐿𝐷
2

(𝐵. 27) 

Considering the definitions in Eq. (B.24) and Eqs. (B.25), the dimensionless ℎ̅ becomes: 

ℎ̅0(𝑋, 𝑌) = min(1, (|𝑋| + |𝑌|) +
𝛿𝐷
ℎ𝑐,0

) (𝐵. 28) 

In this way, the generalized Reynolds equation (see Eq. (B. 22)) writes: 

∇ ∙ (𝜀̅′∇𝑝) −

𝜕 [ℎ̅ ℎ𝑐,0 (𝑢2 −
�̅�𝑒
�̅�𝑒
′ (
𝑢2 − 𝑢1
ℎ̅

))]

𝜕𝑋
= 0 (𝐵. 29)

 

Where: 𝜀′ = (
1

�̅�𝑒
′′ −

�̅�𝑒

�̅�𝑒
′2) ; 

1

�̅�𝑒
= ∫

ℎ̅𝑑𝑧

�̅�

1

0
 ; 
1

�̅�𝑒
′ = ∫

ℎ̅2𝑑𝑧

�̅�

1

0
 ; 

1

�̅�𝑒
′′ = ∫

ℎ̅3𝑑𝑧

�̅�

1

0
  

A dimensionless formulation for the HBP model is offered by [106]: 

�̅� = [1 − 𝑒�̅�|�̅̇�|]
𝐻𝐵

|�̅̇�|
+ |�̅̇�|𝑛−1 (𝐵. 30) 

Where: 

|�̅̇�| =
|�̇�|

�̇�∗
; �̅� =

𝜂

𝜂𝑁
; �̅� = 𝑚 �̇�∗; 𝐻𝐵 =

𝜏𝑦

�̇�∗𝑛
1

𝜂𝑁
 ; 𝜂𝑁 = 𝐶�̇�

∗𝑛−1 

�̇�∗ is the characteristic shear rate, taken as: �̇�∗ =
𝑢2−𝑢1

ℎ/2
;  and HB is the Hershey-Buckley number 

that converges to the Bingham number 𝐵 =
𝜏𝑦

�̇�∗
1

𝜂𝑁
 if 𝑛 = 1. 

B.2.6  Numerical application 

The Reynolds equation is solved numerically by FEM (Finite Elements methods) in the 

commercial software COMSOL Multiphysics. A preliminary sensitivity analysis is performed 

to calibrate the mesh size. 

B.2.6.1 Mesh refinement 

In solving finite elements, the accuracy of the solution is linked to the mesh size. A finer mesh 

leads to a more accurate solution that moves toward the exact solution.  
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However, the choice of the mesh is limited by the computational time. As the exact pressure 

field on the film thickness is unknown, the optimization of the mesh is reached by looking at 

the variation of the peak of pressure with an increasing mesh fineness. Mesh refinement is 

performed considering the conditions listed in Tab.B-4, changing the mesh as is Tab.B-5. 

Tab. B-4 Geometrical parameters and velocities 

ℎ𝑐,0 𝛿𝐷 ℎ𝑐,0⁄  𝐿𝐷 𝑢1 𝑢2 𝜂𝑁    

[µm] [-] [µm] [m/s] [m/s] [Pa s] 

80 0.01 375 0 2.67 0.02 

 

Tab. B-5 Statistics of the mesh refinements with numbers of degrees of freedom DOF, peaks of pressure 𝑝𝑚𝑎𝑥 and 

times for the resolution 𝑡𝑐𝑜𝑠𝑡 

Mesh 
Number 

elements 

Min. length 

size (µm) 
DOF 𝑝𝑚𝑎𝑥  (Pa) 𝑡𝑐𝑜𝑠𝑡(s) 

1 7473 36 73928 2694 10 

2 12016 18 112521 5609 13 

3 29835 10 272869 8916 35 

4 15467 9 144393 10977 26 

5 12636 8,33 119225 10963 16 

6 29480 8 221788 10981 25 

7 46106 6,36 416157 10678 192 

Results are plotted in terms of the peak of pressure vs. the minimum element size in Fig. B-14. 

Up to a certain size, the variation of pressure becomes negligible. The minimum element size 

is taken as 8 µm, corresponding to 29480 elements in the domain. 

 
Fig. B- 14 Peak of pressure as a function of the mesh refinement 
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B.2.6.2 Effect of rheology on the field of pressure 

The small slurry thickness and the relatively high velocity of the cutting process result in shear 

rates out from the range studied experimentally in a viscometer that varies from 0.1 𝑠−1 to 

2000 𝑠−1 (see section B.1.1). Assuming that the HB model still describes the behavior of the 

three slurries introduced in Chapter B.1.1, even for a high shear rate ( �̇� ≥ 104𝑠−1), the effect 

of the rheology on the flow properties is discussed here. Numerical simulations are performed, 

setting the input parameters provided in Tab. B-4 except for the viscosity since it will be no 

more Newtonian and will vary as in Tab. B-6. 

Tab. B-6 Rheological parameters 

𝐹𝑆 [%] 
Herschel–Bulkley modified  τ = C|γ|̇ n +

τy(1−e
−m|γ̇|)

|γ̇|
∙ γ̇ 

𝜏𝑦[𝑃𝑎] 𝐶[𝑃𝑎 𝑠𝑛] 𝑛 𝑚 

0.32 61.01 5.26 0.48 2 

0.30 19.79 2.09 0.53 2 

0.27 13.23 1.12 0.58 2 

Effect of the solid fraction  

Fig. B-15 illustrates the pressure profile (for 𝑝 > 0 𝑃𝑎) as a function of the concentration of 

debris grains in the slurry. As expected, the increase of solid concentration leads to an increase 

in the pressure field due to the increase of the apparent viscosity 𝜂.  

 
Fig. B-15 Pressure profile (for 𝑝 > 0 MPa) as a function of the debris content SF and initial geometry profile ℎ0 in 

the xz section 
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Effect of Newtonian/Non-Newtonian rheology 

Replacing of a Newtonian viscosity such that �̅� = 1( 𝜂 = 𝜂𝑁) in Eq. (B.30) and considering the 

parameters in Tab. B-6 gives: 

𝜂 = 𝜂𝑁 = 𝑘�̇�
∗𝑛−1 = 0.0163𝑃𝑎 𝑠 

This leads to a sharper field of pressure than the Non–Newtonian case, the overestimation of 

pressure in correspondence of the diamond, and the underestimation on the matrix surface. 

This is observed in Fig. B-16 for the slurry with SF = 32 %, where 𝜂𝑁 = 0.0163 𝑃𝑎 𝑠.  

 
Fig. B-16 1D Pressure profile (for 𝑝 > 0 𝑃𝑎) for a Newtonian and non-Newtonian fluid with SF = 32% and initial 

geometry profile ℎ0 in the xz section 

Fig. B-17 shows the field of viscosity and velocity along the xz-plane for y = 0 for the 

Newtonian and the non-Newtonian case. In the latter, the variation of viscosity along and 

across the gap thickness is more evident in correspondence of the diamond surface, where 

ℎ0 = ℎ𝐷(𝑥, 𝑦).  
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(a) (b) 

Fig. B-17 Fields of viscosity (top) and velocity 𝑢 (bottom) along the plane xz for y = 0 for (a) the Newtonian case 

(left) and (b) non-Newtonian case (right) 

B.2.6.3 Influence of the small gap thickness 𝛿𝐷 

By definition, the pressure is strongly related to the gap thickness occupied by the slurry, 

which determines the initial clearance of the diamond. To avoid some numerical issues related 

to the convergence of the solution, a small gap δD between the diamond tip and the workpiece 

is considered, as defined in Eq. (B.24). This gap has to be small enough not to affect the results. 

A parametric study is run to analyze the pressure profile varying the ratio δD/ℎ𝑐,0 for the slurry 

with SF = 32 %. The main properties are fixed as in Tab. B-7. 

The variation of the pressure profile along the x-line direction is plotted in Fig. B-18. As 

expected, the smaller is the ratio δD/ℎ𝑐,0 the higher is the field of pressure up to a certain value 

below which the reduction of δD/ℎ𝑐,0 does not affect results significantly. Therefore, the 

ratio δD/ℎ𝑐,0 = 0.01 seems to describe with accuracy the pressure field without instability 

problems and with shorter time-consuming than the smaller values. 
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Tab. B- 7 Parameters used in simulations varying 𝛿𝐷/ℎ0
𝑐  

ℎ𝑐,0  

[µm] 

 δD/ℎ𝑐,0  

[-] 

𝐿𝐷  

 [µ𝑚] 

𝑢1  

[𝑚/𝑠] 

𝑢2  

[𝑚/𝑠] 

𝜂 [𝑃𝑎 𝑠] 

𝜏𝑦[𝑃𝑎] 𝐶[𝑃𝑎 𝑠𝑛] 𝑛 [−] 𝑚 [−] 

80 Var. 375 0 2.67 61.01 5.26 0.48 2 

 

Fig. B-18 Variation of the peak of pressure on the diamond surface with the dimensionless gap δD/ℎ𝑐,0 

B.2.7  Conclusions 

A preliminary study is performed to fix the main numerical parameters (i.e., mesh size and 

regularization parameter of the HB model). The influence of the non-Newtonian rheology is 

discussed in terms of flow properties. Increasing the solid concentration of the slurry (from SF 

= 28 % to SF = 32 %), the fluid became more viscous with an increase in the pressure field. A 

Newtonian fluid instead of the non –Newtonian one leads to a sharper profile of the pressure 

field and a more linear velocity gradient across the gap thickness than the non-Newtonian 

case.  

These preliminary results are useful for monitoring the flow properties that are not accessible 

from the experimental test and are also implemented in the wear equation, discussed in 

Chapter B.3 and applied in Chapter B.4.  
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B.3  

Modeling of the abrasive wear 

The resolution of the Reynolds equation gives the pressure field at every location of the 

contact. The pressure field is one parameter of the wear equation, which is the focus of this 

chapter.  This equation is written following an Archard formalism, including complexities 

observed at the local scale to provide a qualitative and quantitative description of wear at the 

diamond scale. 

B.3.1  From the Archard equation to a multiscale wear law 

As introduced in Part A.2, the Archard wear equation [27] was originally proposed to estimate 

the removal volume 𝑉𝑎𝑑 in the case of sliding contact at a constant speed as a function of the 

dimensionless wear coefficient 𝐾𝑎𝑑, the supported normal load 𝐹𝑛, the indentation hardness of 

the soft material 𝐻, and the sliding distance 𝑠 (Eq. A.2). The coefficient 𝐾𝑎𝑑 was introduced as 

a constant of proportionality to describe the severity of the wear. From an engineering point 

of view, it might be more useful to write the Eq.(A.2) as:  

𝑉 = 𝑘𝑤𝐹𝑛𝑠 (𝐵. 31) 

Where 𝑘𝑤 is the specific wear rate (𝑚𝑚3𝑁−1𝑚−1) defined as in Eq. (A.3). 

The same formulation of Eq. (B.31) is obtained for the abrasive wear under different initial 

assumptions and considering the contact between a conical abrasive particle and a surface [7] 

(Fig. B-19). In this particular case, the coefficient 𝐾𝑎𝑏 (and the specific wear rate 𝑘𝑤) depends 

on the fraction of material removed and the geometry of the indenter.  

 
(a) (b)   

Fig. B-19 (a) A schematization of the geometry of the contact between a cone and a surface: perspective view; (b) 

vertical section (ℎ𝑝 depth of penetration ; 𝑎: half contact width; 𝜃: attack angle). (Inspired by [7]) 
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Despite its simplicity, this theoretical formulation does not account for local features regarding 

contact pressure and size of asperity (since the asperities are considered conical). The hardness 

considered here is the bulk hardness obtained by Vickers or Rockwell indentation tests and is 

sensitive to the testing conditions that do not include problems where fatigue and multipass 

processes are relevant. 

A local formulation of the wear equation is obtained by dividing the wear equation by the 

contact area 𝐴𝑐 and deriving in time: 

𝑑ℎ

𝑑𝑡
= 𝑘𝑤  ∙ 𝑝 ∙ ‖𝒗𝒓‖ (𝐵. 32) 

Here, wear is measured in terms of the depth of material removed in time and is proportional 

to the local contact pressure computed from the Reynolds equation (𝑝 = 𝑝(𝑥, 𝑦), Eq. (B.29)) 

and the modulus of the relative sliding velocity ‖𝒗𝒓‖ (described in Chapter B.3.1.1)  by the 

specific wear rate kw  (described in Chapter B 3.1.2). 

B.3.1.1 The relative sliding velocity  

One of the main assumptions on which the Reynolds equation is based is the no-slip condition, 

i.e., at the solid boundary, the slurry has the same velocity as the contact surface.  It is 

straightforward that if the relative velocity is zero, no wear occurs at the surface.  

The component of the velocity of the equivalent fluid in the x-direction has been identified in 

Chapter B.2 as 𝑢(𝑥, 𝑦, 𝑧). Each debris grain can be identified as a sphere of radius 𝑅𝑑 and 

velocity 𝑢𝑑 defined at its center of mass by the equivalent fluid's velocity u at the same position. 

Looking at Fig. B-20 the velocity of the grain in contact with the matrix surface in the x 

direction is:  

𝑢𝑑 (𝑥, 𝑦) = 𝑢(𝑥, 𝑦, ℎ − 𝑅𝑑) (𝐵. 33) 

The relative velocity in the x-direction is written locally as the difference between the velocity 

of the upper surface 𝑢2 and the velocity of such a debris grain 𝑢𝑑 

𝑢𝑟(𝑥, 𝑦) = 𝑢2 − 𝑢𝑑(𝑥, 𝑦, ℎ − 𝑅𝑑) (𝐵. 34) 

This equation assumes that the wear debris rotation is negligible due to their interlocking and 

their angular shapes. The relative velocity 𝑣 in the y-direction 𝑣𝑟(𝑥, 𝑦) is defined in the same 

way as in Eq. (B.34), considering that 𝑣2 = 0. Therefore, the modulus of the relative velocity, 

defined as in Eq. (B.18), is:  
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‖𝒗𝒓‖ = √𝑢𝑟
2
|𝑧=ℎ−𝑅𝑑

+ 𝑣𝑟
2
|𝑧=ℎ−𝑅𝑑

(𝐵. 35) 

 
Fig. B-20 Definition of the relative velocity  𝑢𝑟  between debris and the contact surface. The surface has a sliding 

velocity  𝑢2 and the grain of debris is moving with velocity  𝑢𝑑  

B.3.1.2 On the definition of the specific wear rate 

The strict Archard character of Eq. (B.32) is still restricted to the case where 𝑘𝑤 is constant. This 

might not always be the case, as it is discussed here for the wear of diamond tools. For instance, 

a multiscale strategy is proposed by Waddad and co-workers [107] to study the 

thermodynamic behavior of complex systems; herein, the specific wear rate is obtained as a 

function of the temperature. 

In this thesis, the variability of the specific wear rate is also investigated. In particular, it is 

based on a multiscale approach that, starting from the local contact asperity and by analogy 

with the multipass scratch test (Chapter B.1.2), defines the wear resistance of the matrix to the 

continuous passage of debris grains. In this direction, 𝑘𝑤 includes the local properties (size 

and shape) of abrasive grains, the load distribution, and the microstructure's scratch hardness. 

The main multiscale strategy first considers the contact between the debris flow and the 

surface and then uses the definition of the characteristic asperity 𝑟𝑑
∗, it is schematized in Fig. 

B-21. 
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Fig. B-21 Multiscale strategy for the wear equation: (a) the contact debris flow-surface; (b) the contact of debris 

grains-surface; (c) the local contact of the debris asperity and the surface. The central figure (b) also shows the 

definition of the angularity and the circle defined by the characteristic asperity 𝑟𝑑
∗ (in black) considered in the 

figure at the bottom right (c) 

Effect of angularity of debris grains  

At the scale of the interface debris flow-matrix surface, debris grains are considered perfectly 

rounded (with a radius equal to the mean radius of the circumscribed circumference  

𝑅𝑑), neglecting the local features of their shapes (Fig. B-20). This assumption is a useful 

simplification to compute flow properties. However, grains are not spherical but exhibit some 

contour irregularities that strongly influence abrasive wear. As introduced in Part A, the shape 

of abrasives is a characteristic feature of the wear phenomena. Several attempts have been 

made to quantify and correlate it to the specific wear rate; nevertheless, the impact of grains 

shape remains a challenge.  

Also, there is no unique definition of debris angularity. J.-F. Ferellec and G.R. McDowell [108] 

proposed creating complex particle shapes with spheres and using them for DEM simulations. 

This method consists of filling a particle with 𝑛𝑐 spheres of radius 𝑟𝑑. Then, Mollon and Zhao  

[29] defined roundness as: 

𝑅𝐹 =
∑𝑟𝑑

𝑛𝑐 ∙ 𝑅𝑖𝑛𝑠𝑐
(𝐵. 36) 

(a) 

(b) 

(c) 
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and used that definition to create realistic 2D samples, substituting spheres with circles (𝑅𝑖𝑛𝑠𝑐 

is the radius of the maximum inscribed circle). This methodology is useful to describe debris 

grains with their realistic shape and size and is a topic of Part C. 

For the present chapter, this approach is used to define the characteristic asperity of debris 

grains able to indent and abrade the matrix surface. For this purpose, 34 grains are extracted 

from Fig. B-2 (a) and analyzed considering their 2D projection. After binarization and the 

application of a median filter to reduce the influence of noise on the contour, their shape is 

filled with circles, as explained before. The number of circles describing each grain is 

controlled by balancing the calculation time and accuracy level.  This optimum is reached by 

defining three main threshold parameters. The complete procedure is described in Annex I.  

Sharpness has been defined in [109] as a measure of the capacity of a body to cause material 

removal in another body by its shape alone. Accordingly, not all the circles that fill the grain 

represent the abrasiveness, but only those that describe the local asperities. The statistical 

analysis on the whole radii data-set shows that the sample is represented by a lognormal 

distribution, whose peak defines the radius of the characteristic asperity carrying the grains' 

abrasive power 𝑟𝑑
∗ = 0.073 µ𝑚. The SEM micrograph is reported in Fig. B-22 together with the 

overall methodology used. 

 
Fig. B-22 Method to find the characteristic asperity 

The characteristic radius of the asperity controls the local features of the wear process with 

significant influence in the macroscopic wear. In particular, assuming the perfectly plastic 

condition, there is no elastic recovery after the deformation. The wear volume per unit sliding 
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distance (i.e., the cross-sectional area of the groove) is represented by the equation [13], [88], 

[89]: 

𝑉𝑑 =
𝑟𝑑
∗2

2
∙ (2𝜃𝑑 − sin2𝜃𝑑) (𝐵. 37) 

 Where the local attack angle 𝜃𝑑 defined as in Fig. B-21 (c), writes as:  

𝜃𝑑 = arcsin
𝑎𝑑

𝑟𝑑
∗2

(𝐵. 38) 

With 𝑎𝑑 the half contact width. 

Eq. (B-37) assumes that the shape of the scratch is conformal with the shape of the indenter, 

for a spherical tip, like a portion of a cylinder (Fig. B-23). In other words, the model assumes 

that the main abrasive wear mechanism is the cutting, i.e., all the material detached from the 

matrix surface is worn away and not simply displaced on the lateral edges.  

The value of 𝑎𝑑 can be computed considering the characteristic local asperity as an indenter 

able to scratch the surface under a well-defined load 𝐹𝑑 and moving on the plane direction, 

such that locally, for those above fully plastic deformation, no load-bearing supports the rear 

half of the tip [86] therefore, locally, the debris grain is in contact only over its front surface, 

covering a contact area equal to 
𝜋𝑎𝑑

2

2
:  

𝐹𝑑 = 𝑝𝑚 ∙
𝜋𝑎𝑑

2

2
(𝐵. 39) 

Where 𝑝𝑚 is the mean contact pressure. It was seen experimentally [7] that, in fully plastic 

conditions, 𝑝𝑚 is almost equal to the indentation hardness. During the scratch test the tip is 

moving in the tangential direction, this allows to consider the scratch hardness 𝐻𝑠
∗ (computed 

as in Eq. (B.7) and assumed as representative of the hardness during multipass) equal to the 

mean contact pressure [13].  
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(c) 

Fig. B-23 A Schematization of the contact between a spherical tip and a surface: (a) perspective view; (b) vertical 

section; (c)  transversal section 

The contact grain-surface  

The model described here provides a qualitative and quantitative description of wear at the 

scale of diamond starting from observations at debris scale.  

According to the Archard wear equation, each debris grain is able to abrade the contacting 

surface removing a volume per unit sliding distance that is proportional to the load 

transmitted. The proportionality is expressed in terms of specific wear rate 𝑘𝑤, defined as in 

Eq. (B.31) with 𝑉𝑑  and 𝐹𝑑  are defined as in Eq. (B.37) and Eq. (B.39), respectively.  

The angle of attack 𝜃𝑑 and the contact width 𝑎𝑑 are related by Eq. (B.38). 

The value of 𝜃𝑑 is an indicator of the main abrasive wear mechanisms involved. As already 

seen, ploughing, cutting, fatigue, and erosion are involved in different percentages in different 

wear zones. The cutting phenomena are predominant in the protrusion zone. It seems 

reasonable to introduce the variation of the attack angle as a function of the pressure exerted 

by the debris flow, which is higher close to the diamond (where a significant wear process 

occurs). Each debris grain transmits a local normal load 𝐹𝑑 as a function of the contact pressure 

coming from Eq.(B.25), acting over a characteristic square contact surface 4𝑅𝑑
2: 

𝐹𝑑 = 𝑝(𝑥, 𝑦) ∙ 4𝑅𝑑
2 (𝐵. 40) 

By substitution of 𝐹𝑑 in Eq. (B.39), it is possible to obtain the value of half contact width 𝑎𝑑  at 

every contact location and obtain the corresponding values of 𝜃𝑑 from the Eq. (B.38). 

(a) 

(b) 
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Under these conditions, the specific wear rate can be written as:  

𝑘𝑤 =
(2𝜃𝑑 −  sin 2𝜃𝑑)

𝜋 ∙ sin2 𝜃𝑑
∙
1

𝐻𝑠
∗ (𝐵. 41) 

With 𝜃𝑑 = 𝜃𝑑(𝑥, 𝑦). 

It should be noticed here that the scratch hardness is a constant for the matrix, while the angle 

𝜃𝑑  is varying in space and time as it depends on the field of pressure that is variable along the 

surface and during the wear process. 

The introduction of the pressure in the definition of specific wear rate 𝑘𝑤 leads to an expression 

of the wear equation that is not a simple Archard formulation but also considers the local effect 

of the pressure at the scale of debris grains. The specific wear rate obtained has a local character 

that can be projected to the global scale of the contact interface, i.e., the model's scale. This 

scale jump is a key step of the model and is possible by the Eq. (B.41), which allows considering 

the overall wear volume per unit sliding distance 𝑉𝑠𝑙𝑢𝑟𝑟𝑦 (own to the total amount of n 

individual debris grains of the slurry passing on the surface) equal to the sum of the wear 

contributions 𝑉𝑑 related to each of them, and the total normal load 𝐹𝑠𝑙𝑢𝑟𝑟𝑦 as the sum of the 

normal loads 𝐹𝑑 carried by each debris particle in contact with the matrix surface, respectively: 

𝑉𝑠𝑙𝑢𝑟𝑟𝑦 = ∑𝑉𝑑

𝑛

𝑑=1

(𝐵. 42𝑎) 

𝐹𝑠𝑙𝑢𝑟𝑟𝑦 = ∑𝐹𝑑

𝑛

𝑑=1

(𝐵. 42𝑏) 

𝑉𝑑 and 𝐹𝑑 are related by the specific wear rate 𝑘𝑤 as in eq. (B.31) for the Archard adhesive 

equation. 

The wear of the matrix surface is expressed in terms of the Archard type equation, where the 

wear rate 
𝑑ℎ

𝑑𝑡
 is related to the pressure 𝑝(𝑥, 𝑦) computed in Eq. (B.29) and the modulus of the 

velocity ‖𝒗𝒓‖ at the contact surface, Eq. (B.35), by the specific wear rate 𝑘𝑤 (Eq. B-41): 

𝑑ℎ

𝑑𝑡
(𝑥, 𝑦) = 𝑘𝑤(𝑥, 𝑦) 𝑝(𝑥, 𝑦)‖𝒗𝒓(𝒙, 𝒚, 𝒉 − 𝑹𝒅)‖ (𝐵. 43) 
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B.3.2  Numerical coupling of Reynolds equation and wear 

equation  

The resolution of the wear equation in time is performed using an implicit Backward 

Differentiation Formula (BDF) [110], [111], which requires a convergence to attain the solution 

(due to the high non-linearity of the problem) but is numerically more stable than an explicit 

solver. The solver uses an adaptive time step with a maximum value equal to 10 s to assure 

convergence. All the load applied to the machine is carried by the diamonds to cut the 

workpiece. The debris grains exercise pressure to the contacting surface, studied numerically 

in terms of the Reynolds equation. The coupling between the Reynolds equation and the wear 

equation is explained in the flowchart in Fig. B-24. The variation of pressure is instantaneous 

compared to the time necessary to adapt the surface at the new configuration; therefore, the 

variation of pressure in time is only due to the variation of the surface profile ℎ𝑖. 

It is important to notice that, to satisfy the assumption of intact diamond during the process, 

the wear equation is applied only on the surface of the binder; therefore (see Fig. B-13(c)): 

I. on the diamond surface: 

𝑑ℎ

𝑑𝑡
= 0   (𝐵. 44𝑎) 

If: 

 ℎ(𝑥, 𝑦, 𝑡) ≥ ℎ𝐷(𝑥, 𝑦) 

II. on the matrix surface: 

𝑑ℎ

𝑑𝑡
= 𝑘𝑤(𝑝𝑖) ∙ 𝑝𝑖 ∙ ‖𝒗𝒓‖ (𝐵. 44𝑏) 

If:  

ℎ(𝑥, 𝑦, 𝑡𝑖) ≥ ℎ𝑐,0     and  ℎ(𝑥, 𝑦, 𝑡𝑖) < ℎ𝐷(𝑥, 𝑦)  

 
Fig. B-24 Flowchart of numerical coupling between the Reynolds equation and the wear equation   
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B.3.3  Conclusions 

The wear equation proposed here is based on the Archard wear formulation overcoming its 

limitations that derive from reducing the specific wear rate to a simple coefficient open to 

several interpretations. The new definition derives from observations at the single asperity 

scale and introduces the role of debris sharpness in the wear process. A characteristic grain is 

defined by the radius 𝑟𝑑
∗ of the characteristic asperity and radius 𝑅𝑑 equal to the average grain 

radius of the population tested. The specific wear rate can be defined at the scale of the contact 

between such grain and the surface. 

The variability of the specific wear rate is given by the angle of attack responsible for the wear 

mechanisms, which depends on the pressure field exerted by the debris flow close to the 

diamond. Then, assuming that the overall wear process is the sum of the contributions due to 

each particle, the specific wear rate is projected at the scale of the interface. Here the wear 

equation is written in terms of depth of material removed, deriving the classical formulation 

in time. 

Another limit of the standard formulation of the Archard equation is that the hardness does 

not account for the multipass behavior. The description used here is based on the multipass 

scratch test that accounts for the low load and the repeated passing of an indenter, simulating 

the processing observed in the industrial application. 
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B.4  

Wear analysis of the surface 

The coupling between the Reynolds equation (Chapter B.2) and the wear equation (Chapter 

B.3), as well as the implementation of the experimental measures (Chapter B.1), allows 

defining a model able to predict wear at the scale of the continuum. The validation of the 

model is performed here, starting from experimental evidence of wear from the core drilling 

test (section B.4.1) and discussing the numerical results (section B.4.2). Finally, section B.4.3 

compares the experimental and numerical evidence of wear with relevant conclusions about 

the model qualitatively and quantitatively.  

B.4.1  Experimental observation of wear around one 

diamond  

The core-drill test is associated with the (initially) non-destructive observation of diamonds 

on the segment to follow the wear of the metallic matrix during the cutting process. The tool 

consists of eight diamond segments brazed on a 102 mm diameter steel core barrel [28], [42]. 

The main cutting and material parameters related to a cutting operation are given in Tab. B-8 

and Tab. B-9, respectively. 

Tab. B-8 Main standard parameters for a drilling operation [42] 

Cutting Parameters   

Tool diameter 102 mm 

Metal matrix Cobalt 

Material to be cut Concrete 

Volume of material cut 280 cm2 

Diamond concentration* 30  
Diamond size** 40/50 mesh 

Number of diamonds per segment 44  

Segment surface 91 mm2 

Number of segments 8  
Angular velocity 500 rpm 

Linear (drilling) velocity 2,67 m/s 

Mean cutting speed 0,4 mm/s 

Applied Vertical Force 2,5 kN 

Water flow 50 l/h 

* 1,32 carat/cm3 ; ** 300/375 µm   
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Tab. B-9 Main debris and matrix parameters for a drilling operation [42] 

Debris and Matrix Parameters 

Water/debris (mass ratio) 40/50  
Debris grain average diameter 20 µm 

Matrix grain size (before sintering) 2 µm 

Matrix grain size (after sintering) 2,3 µm 

Vickers Hardness 299 HV10 

Fig. B-25 (a) shows a crater in front of the diamond and a tail behind it. Two main zones 

characterize the crater: clearance and protrusion zone (C-zone and P-zone, respectively) 

measured as in Fig. B-25 (b). The clearance was already introduced in Chapter B.2 to define 

the initial gap thickness occupied by the slurry. More precisely, during the cutting process, the 

relative height of clearance ℎ𝑐,𝑖 is measured far enough from the diamond and in terms of the 

clearance 𝐶𝑙 with respect to the height of the diamond tip 𝑑𝑖 at the ith time instant: 

ℎ𝑐,𝑖 = |𝐶𝑙𝑖 − 𝑑𝑖| (𝐶. 45) 

The evolution of the height  ℎ𝑐,𝑖with time during the cutting process (Clearance Wear Rate, or 

CWR) represents the matrix wear rate under a linear swarf flow. The clearance allows the 

diamond to penetrate the material and to carry out debris. In the same way as for the clearance, 

close to the diamond in the upstream direction, the relative protrusion ℎ𝑝,𝑖 is defined as the 

height of the protrusion 𝑃𝑟𝑖 with respect to the height of the diamond tip 𝑑𝑖 at the ith time 

instant: 

ℎ𝑝,𝑖 = |𝑃𝑟𝑖 − 𝑑𝑖| (𝐵. 46) 

The evolution of ℎ𝑝,𝑖 during the cutting process (Protrusion Wear Rate, or PWR) represents the 

matrix wear rate under a flow disturbed by the presence of the diamond. The definition of 

CWR and PWR are displayed in Fig. B-25 (b), considering three different times 𝑡𝑖. 

 

(a) (b) 

Fig. B-25 (a) Wear zones around one diamond during drilling; (b) Definition of PWR and CWR  (inspired by [28]) 
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The slurry can then flow around the diamond, generating a lateral zone of wear and a tail (L-

zone and T-zone, respectively, in Fig. B-25 (a)) before being transported out of the segment. 

The lateral wear rate (LWR) and the tail wear rate (TWR) are defined in the same way as the 

PWR and the CWR considering as reference height the diamond tip 𝑑𝑖. In the following, 

attention is paid to the clearance and protrusion zones, which define a quantitative measure 

of wear in terms of depth of material removal.  

Observation conducted by UMICORE by optical microscope showed different wear 

mechanisms (micro-cutting, micro-fatigue, micro-ploughing, and erosion, see Section A.2.4) 

are involved in different proportions in the four wear zones. Micro-cutting, microcracking, 

micro-ploughing, and micro fatigue are the main mechanisms involved in the clearance zone. 

In the protrusion zone, the predominant wear modes are micro-cutting, microcracking, and 

micro fatigue, with some erosion processes own to the debris striking the surface. In the lateral 

zone, the micro fatigue mode (caused by the continuous passage of debris) and the erosion 

mechanism are predominant, while the tail is subjected to fatigue and blast erosion. 

Experimental evidence shows that erosive wear has marginal importance, secondary to the 

abrasion [112].  

The presence of different wear zones can be related to the attack angle of the indenter particle 

on the surface, which increases going from ploughing to cutting (see section A.2.4). Even if the 

model proposed here gives a macroscopic response of the material, the wear equation 

proposed in Eq. (B.43) includes the effect of the attack angle 𝜃𝑑(𝑝(𝑥, 𝑦, 𝑡)) on the measure of 

wear. Moreover, as explained in A.2.5, diamonds' distribution plays an essential role in the 

protrusion wear rate.  

For a fair comparison with the numerical results described in the next section, isolated 

diamonds are chosen, i.e., those not shielded by nearby diamonds that can influence the 

incoming flow. Considering the segment in Fig. B-26, three diamonds are labeled as S1D1, 

S1D2, and S1D3, respectively. S1D1 and S1D2 are emerging after 380 s, while S1D3 emerges 

after 747 s from the beginning of the test. The diamonds S1D1 and S1D3 are close to the internal 

border of the segment, while S1D1 is located in the central part.  

The wear process observed is in good agreement with what is observed in literature in terms 

of diamond retention during sawing and drilling [54]: starting from the emergence of a new 

diamond on the surface, the main wear phases of the matrix wear around one diamond can be 

related to the wear process of the diamond itself which follow the entire life of a diamond from 

the emerging to the pullout and are defined as: the polishing, fracturing, cracking and pull 

out. They are well defined qualitatively and quantitatively in Fig. B-27 for the diamond S1D2. 

Here, considering 𝑡𝑖 = �̃�𝑖 − �̃�0, the reference time is set to 𝑡0 = 0 𝑠 in the early emerging of the 

diamond (�̃�0 = 380 𝑠 after the cutting process in Fig. B-26). 
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Fig. B-26 Segment surface observed by the optical microscope at different time steps during drilling, and 

indications of the three diamonds analyzed (kindly granted by USPF) 
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Fig. B-27 Top: Micrographs of the diamond S1D2 (kindly granted by USPF) from its emerging to the pull-out. 

Bottom: the evolution of the height of the protrusion ℎ𝑝 and clearance ℎ𝑐 with time 𝑡 and sliding distance 

𝑠 (sliding velocity = 2.67 m/s, see Tab. B-8) 

Emerging + Polishing of diamond (from 𝑡0 = 0 𝑠 to 𝑡1 = 367 𝑠) 

The diamond starts to emerge above the matrix surface in the emerging stage, exerting the best 

retention.At 𝑡0 = 0 𝑠, protrusion and clearance groove are almost the same. The diamond 

cutting ability is not yet well developed since the diamond indentation in the workpiece is in 

its early stage. The matrix is worn away by three-body abrasion contact, allowing the entire 

diamond to appear with minimum surface damage and best cutting performance.  

Micro and Macro-Fracturing of diamond (from 𝑡1 = 367 𝑠 to 𝑡3 = 1139 𝑠) 

During processing, the matrix is continuously subjected to abrasion and erosion in the debris-

removing direction until it can no longer support the diamond, which in turn starts to damage 

in terms of micro-cracks and micro-fractures (𝑡2 = 761 𝑠). Wear progression leads to a 

completely damaged diamond ( 𝑡3 = 1139 𝑠). The cutting ability is reduced together with 

clearance and protrusion. If the diamond starts to fracture, the height of the diamond 

𝑑𝑖  decreases, leading to a reduction of the wear measured as in Eq. (B.45) and Eq. (B.46). 
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The diamond fracture explains the reduction in terms of wear rate.   

Pull-put phase ( 𝑡𝑖 > 1139 𝑠) 

The progressive reduction of the diamond retention leads to the diamond pull out, followed 

by the two-body abrasion between matrix and rock until new diamonds are exposed to the 

cutting face.  

The same study is made for the other two diamonds S1D1, S1D3, displayed respectively in Fig. 

B-28, Fig. B-29.  

 
Fig. B-28 Top: Micrographs of the diamond S1D1 (kindly granted by USPF)  from its emerging to the pull-out. 

Bottom:  the evolution of the height of the protrusion ℎ𝑝 and clearance ℎ𝑐 with time 𝑡 and sliding distance 

𝑠 (sliding velocity = 2.67 m/s, see Tab. B-8) 
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Fig. B-29 Top: Micrographs of the diamond S1D3 (kindly granted by USPF)  from its emerging to the micro-

fracturing of a diamond. Bottom: the evolution of the height of the protrusion ℎ𝑝 and clearance ℎ𝑐 with time 𝑡 and 

sliding distance 𝑠 (sliding velocity = 2.67 m/s, see Tab. B-8) 

The diamond S1D1 is activated simultaneously as S1D2 (�̃�0 = 380 𝑠 in Fig. B-26) but shows a 

high wear rate in the polishing stage and an earlier diamond fracture than the S1D2. Diamond 

S1D3 is activated at 𝑡0 = �̃�1 (see Fig. B-26). Then, taking �̃�1 as the reference time, the diamonds 

protrude with almost the same PWR and CWR as S1D2 from �̃�1 to �̃�2 (𝑡1 = 394 𝑠 in Fig. B-29). 

Then the diamond starts to break, and the matrix continues to protrude. However, the wear 

rate slightly decreases, as seen for S1D2 because of the diamond fracture.  

Previous analysis performed by Umicore has shown a slight dependence on the wear rate to 

the position of the diamond within the segment: the matrix wear rate is higher in the inner 

part and decreases going towards the outer edge (Fig. B-30). This appearance may justify the 

high wear rates obtained for S1D1 compared to the others. 

The fracturing of diamond makes it challenging to measure wear rate as it is defined in terms 

of groove from the diamond tip: if the diamond breaks, the reference point of the measures 

changes. For this reason, experimental measures prove a reduction in terms of wear rate in 

time. As this work is focused only on the wear of the matrix, only the first polishing phase is 
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considered representative of the physics, where wear observation is not much “disturbed” by 

the fracturing of the diamond. 

 
Fig. B- 30 Effect of the diamond position on the PWR measured in µm/ cm3 stone cut ((kindly granted by USPF) 

The protrusion and the clearance wear rate of the central diamond S1D2 are, respectively 

𝑃𝑊𝑅 = 0.038 µ𝑚/𝑚 and 𝐶𝑊𝑅 = 0.017 µ𝑚/𝑚. These values are in good agreement with those 

obtained by [28] in a previous experimental investigation (PWR = 0.042 µm/m and CWR =  

0.020 µm/m), thus allowing to consider the selected diamond S1D2 representative of the real 

physics and to use it for the validation of the numerical model. 

B.4.2  Numerical prediction of wear at the diamond scale 

The coupling between the Reynolds equation Eq. (B.29) and the wear equation Eq. (B.43), 

discussed in Chapter B.3, is applied here. This study considers the viscosity of the slurry 3 (SF 

= 32 %, flow curves in Fig. B-5 and coefficient of the constitutive equation in Tab. B-6) and the 

geometrical parameter 
𝛿𝐷

ℎ𝑐,0
= 0.01 as justified in the stationary study performed in section 

B.2.6. The field properties obtained applying the Reynolds equation change with the solid 

fraction of the slurry with a clear transition from 𝑆𝐹 = 30% to 𝑆𝐹 =  32% (see the study in 

section B.2.6.2). It is difficult to define which one of the three slurries is representative of the 

real one obtained during the cutting operation. The choice of the slurry with 𝑆𝐹 = 32% is 
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related to its particular non-Newtonian effects close to the diamond particle (Fig. B-17) where 

the protrusion occurs, and the increase in terms of pressure (Fig. B-15) that is responsible for 

the wear process as obtained from Eq. (B.43). For these reasons, we assume that the behavior 

of the slurry is close to the non-newtonian one, justifying the choice made here.   

The initial thickness of the slurry is set to ℎ0 = ℎ(𝑥, 𝑦, 𝑡0), and is equal to the initial clearance 

groove found in the experimental observations (Fig. B-12). As this parameter is specific for 

each diamond, a first model is built considering ℎ𝑐,0 = 80 µ𝑚, corresponding to the diamond 

S1D2, which is the most representative of our basic simplifying assumptions, i.e., central and 

isolated diamond (Fig. B-26). The reader could refer to section B.2.6 for details about the 

simulation. Results obtained in this section come from a transient analysis to follow the wear 

process in time. 

To better understand the non –linear character of the proposed wear equation, Fig. B-31 plots 

the attack angle  𝜃𝑑 and the specific wear rate 𝑘𝑤 computed as in Section B.3, as a function of 

the pressure at the time 𝑡 = 0 𝑠 (corresponding to �̃�1 of the cutting operation discussed 

previously in B.4.1) where the conditions in Eqs. (B.44) are fulfilled. As expected, 𝑘𝑤 is not a 

constant in this range of pressures, indicating that the derived wear law is not, strictly 

speaking, an Archard law. The variations of 𝑘𝑤 and  𝜃𝑑 are caused by the variation of the 

pressure along the contact surface, which, in turn, is strongly dependent on the geometry: the 

increase of pressure close to the diamond leads to the increase of the attack angle for the Eqs. 

(B.38-40) and therefore, for Eq. (B.41), an increase in terms of specific wear rate 𝑘𝑤. 

 

(a) (b) 

Fig. B-31 𝑡0 = 0 𝑠: (a) Pressure profile with the indication of the flow direction; (b) evolution on attack 

angle 𝜃𝑑and specific wear rate  𝑘𝑤 with pressure 

High values of attack angle 𝜃𝑑 are expected close to the diamond, in the protrusion zone, 

inducing large values of specific wear rate. Fig. B-32 plots the specific wear rate for 𝑡0 = 0 𝑠, 

𝑡1 = 367 𝑠 and 𝑡3 = 761 𝑠.  
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(a) (b)    (c)  

Fig. B- 32 Maps of specific wear rate 𝑘𝑤 at the time: (a) 𝑡0 = 0 𝑠; (b) 𝑡0 = 367 𝑠; (c) 𝑡0 = 761 𝑠 

Notice that, as this study concerns only the matrix's wear, the maps corresponding to the 

diamond positions are not considered; moreover, only the pressure 𝑝 ≥ 0 𝑃𝑎 is considered. 

The field of pressure is illustrated in Fig.B-33. As the wear of the matrix corresponds to the 

increase in the gap thickness occupied by the debris flow, a reduction of pressure is observed 

in time.  

 
(a) (b)    (c)  

Fig. B-33 Maps of pressure 𝑝 at the time (a) 𝑡0 = 0 𝑠; (b) 𝑡0 = 367 𝑠; (c) 𝑡0 = 761 𝑠 

Notice that both the specific wear rate 𝑘𝑤 defined as in Eq.(B.41) and the velocity profile ‖𝒗𝒓‖  

(see Eqs. B.34-35) depend on the pressure field obtained by Eq. (B.29). Considering the flow 

coming from the left to the right direction in Fig. B-33, at 𝑡0 = 0 𝑠 the pressure field is generated 

instantaneously, allowing calculation of the norm of the relative velocity  ‖𝒗𝒓‖ and the specific 

wear rate 𝑘𝑤 . Then, the numerical model updates the value of ℎ, which is implemented in the 

Reynolds equation giving a new field of pressure and the depending variables 𝑘𝑤 and ‖𝒗𝒓‖.   

 
(a) (b)    (c)  

Fig. B- 34 Maps of relative velocity ‖𝒗𝒓‖ at the time: at the time: (a) 𝑡0 = 0 𝑠; (b) 𝑡0 = 367 𝑠; (c) 𝑡0 = 761 𝑠 
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Fig. B-35 illustrates the wear of the matrix surface for the same instants in time as the 

experimental measures discussed in Fig. B-28. A first qualitative comparison shows a good 

agreement in terms of PWR and CWR; however, the lateral flow is not well developed in the 

numerical model (Fig. B-35). A possible explanation may be related to the drop of pressure on 

the side of the diamonds (Fig. B-33) that may lead to the underestimation of 𝑘𝑤 (Fig. B-32). The 

protrusion zone close to the diamond is due to the combined effect of the pressure (Fig. B-33) 

and the velocity field (Fig. B-34). 

 
(a) (b)    (c)  

Fig. B-35 Wear of the surface of the matrix computed numerically at the time: (a) 𝑡0 = 0 𝑠; (b) 𝑡0 = 367 𝑠; (c) 𝑡0 =

761 𝑠 

 

One of the main assumptions of the model is that only one single diamond is considered active 

in the process, and the overall surface is still intact in the early stage of indentation. It means 

that the model ignores the previous history of wear and the diamond concentration and 

distribution. The surface of the segment is more complex than what is modeled numerically. 

Moreover, the fatigue effect due to debris grains' continuous passage may not be entirely well 

defined numerically.  

B.4.3  Comparison of experimental and numerical results 

The qualitative matching in PWR and CWR is nevertheless confirmed quantitatively before 

diamonds start to fracture, as plotted in Fig. B-36. This good agreement is quite remarkable, 

given that all the physical parameters of the model were calibrated by independent 

experimental tests (i.e., scratch test, rheological test, and angularity characterization). 

As discussed previously, the diamond is considered intact during the whole cutting process; 

therefore, we do not observe the reduction of the numerical wear rate beyond 1000-1500 m of 

sliding and the dramatic drop beyond 2000 m. Also, after reaching a peak, the pressure slightly 

decreases with time because of the development of the groove on the surface. This behavior 

leads to a slight reduction of the numerical wear rate that may reach a plateau as 
𝑑ℎ

𝑑𝑡
→ 0 if 𝑝 →

0 for Eq. B-43.  
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Fig. B- 36 Comparison between the numerical and experimental length of protrusion ℎ𝑝 and clearance ℎ𝑐 . The 

experimental point at 𝑡3 = 761 𝑠 is not reliable sinc diamond is undergoing microcracking that may change the 

reference of the diamond tip 𝑝𝑖  in the evaluation of the length of wear. The comparison is therefore limited to the 

diamond polishing (𝑡 = 367 𝑠) 

As this study aims to the wear analysis and prediction of the binder, we restrict our focus to 

the first stage of diamond retention, where a quasi-constant wear rate 𝑑ℎ 𝑑𝑡⁄   is experimentally 

expected and numerically confirmed. Fig. B-37 displays the experimental wear rate 

ℎ 𝑡⁄  obtained as an average value of the three diamonds tested in B.4.1 and the numerical wear 

rate coming from the proposed methodology.  

Keeping in mind that the optimum balance between free-cutting ability and wear of the surface 

can be reached by looking at the ratio between the PWR and the CWR, the model well matches 

the experimental values.  

 
Fig. B- 37 Comparison between experimental and numerical wear rate in the early stage of cutting  
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Despite the simplifying assumptions on which the model is based, the wear in front of the 

diamond is well-defined both qualitatively and quantitatively, proving that the model can 

provide a satisfactory prediction of the wear of the binder considering only the flow properties 

of the slurry, the mechanical properties of the metallic surface (as characterized via a scratch 

test) and the typical morphology of the debris grains. This approach is performed without any 

a posteriori back-calibration on drilling tests and would thus be used with a certain level of 

confidence for tool design, once confited to other sets of calibration. 

Tab. B- 10 Numerical and experimental wear rate in terms of PWR and CWR 

 PWR (µm/m) CWR (µm/m) PWR/CWR 

Experimetal 0.043 (+/-0.003) 0.020 (+/-0.002) 2.11 (+/-0.08) 

Numerical 0.04 0.017 2.35 
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B.5  

Conclusions 

The numerical models presented here can analyze the flow properties of the debris flow and 

the wear of the matrix surface.  

The results obtained on a cobalt-based alloy with a well-defined slurry are in good agreement 

with the experimental observation of the material surface after the drilling process. The 

agreement is both qualitative in terms of the wear patterns on the surface and quantitative in 

terms of protrusion wear rate PWR and clearance wear rate CWR. It proves that, starting from 

an independent experimental setup consisting of a scratch test, a rheological test, 

morphological characterization, and making some physically sound scale changes, it is 

possible to describe and predict wear at the industrial application scale. 

The first scale jump from scratch test to grain contact is assumed at equivalent mean pressure 

considering the scratch hardness as a metallic surface property. The second jump from the 

local to global contact allows us to compute the specific wear rate considering that the wear of 

the surface is own to the contribution of each debris grain and treating the slurry as equivalent 

fluid flow. The specific wear rate is a function of the local pressure exerted by debris grains; it 

increases with the abrasiveness of debris and decreases with the increase of the hardness of 

the surface. The sharpness of debris grain has a strong influence on the wear of the matrix. It 

should be noted that the indenter used in the scratch test is a Rockwell with a perfectly 

spherical tip of the radius of 100 µm. It is, therefore, one order of magnitude larger than the 

radius of the abrasives and at least two orders of magnitude larger than their typical asperities. 

Another important aspect is that, at the diamond scale, no relative velocity is considered 

between the slurry (treated here as an equivalent fluid) and the matrix surface. The slip effect 

is considered by looking at the scale of the debris grain in contact with the surface. The 

geometrical model consisting of a single square-based central diamond is a strong 

simplification of reality. However, experimental evidence shows that the wear is much more 

affected by the mechanical properties of the surface than by the geometry of the diamonds. 

Diamonds retained by the same metallic binder but with differences in orientation and size, as 

well as in terms of clearance and protrusion with respect to the surrounded matrix, have 

compatible wear rates.  

The numerical study presents some limitations in predicting the lateral wear that can be 

overcome considering other diamonds and a realistic topology of the segment surface or by 
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improving some of the basics assumptions. However, results are quite satisfactory in terms of 

PWR and CWR, meaning that the complex phenomena can be well described numerically by 

this multiscale approach. Also, the correlation between pressure, attack angle and wear rate is 

not only consistent with the physics of the cutting process of DIT, but it may also be 

generalized to other situations where abrasive particles have different normal loads. A great 

challenge is also to adapt the model to other tribological situations consisting of the wear of a 

soft surface caused by a flow of abrasive particles. 

The strategy here discussed is a useful tool to predict wear at the scale of diamond indentation. 

The wear equation is based on a multiscale approach, and wear is measured in terms of 

protrusion and clearance wear rate, which are useful indicators in selecting a metal matrix. 

However, the numerical model simplifies the complexity of the matrix and does not account 

for the main properties of the microstructure (grain size, roughness, and ultimate strength), 

which are responsible for the local phenomena of damage and wear. Locally, wear occurs in 

terms of grains detachment from the microstructure and their ejection from the system. For a 

good optimization of the microstructure, its micromechanical behavior should be considered 

as complementary information of the wear process observed at the contacting surfaces scale. 

The next Part of this manuscript proposes a methodology to study the contact between the 

matrix and the debris flow; both treated as assemblies of grains using Discrete Element 

Methods (DEM).  
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Part C.  

Wear description at the mesoscopic scale 

As concluded in Part B, some important phenomena controlling wear are not accessible at the 

scale of the diamond and need to be investigated at a smaller one. For this purpose, a numerical 

model accounting for the nature of the debris grains and the polycrystalline microstructure of 

the metal matrix should be considered. In this way, the wear of the microstructure can be 

appropriately studied as a function of the stress cycles induced by the continuous passage of 

debris and in terms of intergranular de-cohesion and fracture of the matrix. Moreover, the 

deformable nature of the matrix will be taken into account. Other improvements may be 

performed to optimize the microstructure, including biphasic or triphasic microstructures, 

with grains with variable properties in terms of deformability and ductility. 

As introduced in section A.3.2, the discrete element methods coupled with mesh-free 

techniques allow for dealing in a single framework with several grains, both rigid (i.e., the 

debris grains and the workpiece) and deformable (i.e., the metal matrix microstructure). 

Hence, the MELODY2D6 [19] code is used to meet these needs. In this context, cohesive grains 

boundaries of the metal matrix are points of weakness, defining preferential paths for crack 

initialization and propagation. This part aims to describe and understand better the wear 

process at the mesoscale, i.e., the scale of the contact between the matrix surface and the debris 

flow. Simulations are performed considering a representative volume element (RVE) extracted 

from a diamond segment.  

The first Chapter C.1, describes the numerical tools used for the grains generation and the 

dynamic simulations as well as the contact-laws through which the bodies interact. The wear 

process is then analyzed numerically in Chapter C.2, in terms of grains damage, detachment, 

and ejection, also considering the fatigue effects. Then, an improvement of the model is 

pursued in Chapter C.3. This last section leads to the calibration of the contact parameters 

between the matrix grains simulating the µ-scratch test and comparing results with the 

experimental ones introduced in section B.1. Therein, the aim is to offer a perspective of 

improving the model described in the two previous Chapters C.1 and C.2 and address it 

towards the specific industrial problem.  

                                                           
6
  Multibody ELement-free Open code for DYnamic simulations in 2D 
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C.1  

Matrix wear at the local scale: Modeling 
This chapter describes the numerical framework for the study of damage and wear of the 

matrix microstructure at the scale of debris grains. The idea is to offer a numerical tool for 

understanding aspects that are not accessible, either experimentally or numerically at the scale 

of the model in Part B. The strategy proposed here is ongoing and should be taken as a 

perspective whose results, discussed in the next chapter, are nevertheless promising. In a more 

general context, the model proposed here aims to understand better the wear phenomenon 

caused by a debris flow on a degradable material. 

The model is built using an innovative multibody meshfree technique coupled with a Discrete 

Element Method (DEM) approach (MELODY2D, [19], [113]). The discrete approach allows 

representing the degradable material as a collection of deformable grains held together 

through their intergranular cohesion. The continuous passage of debris causes points of 

weakness in the resistance chains of the matrix, generating the loss of cohesion and the 

consequent detachment of the grains by fatigue. In this way, the wear is no longer studied 

from a global point of view but by a local one that looks at the detachment of the grains and 

their expulsion from the tribological system (defined as in Section A.2.2). As will be explained 

in section C.1.2, fatigue effects are introduced in the model to account that wear rate is actually 

a slow and progressive phenomenon. Fatigue effects are not considered in the model proposed 

in Part B. Further improvements of the strategy may include the connection between the two 

models and, therefore, implementing the fatigue in the wear equation.  

The first Section C.1.1 gives an overview of the model and the main code used to generate the 

microstructure and debris grains [29]. The damage and wear of the matrix are performed in 

terms of de-cohesion between grains, leading to their detachment from the binder. Therein, a 

triangular cohesive zone model (CZM)-fatigue contact law is used, as described in section C.1. 

C.1.1 Description of the model  

-The model considers the matrix a polycrystalline degradable material, where grain size and 

size distribution are chosen according to the experimental observations. Matrix grains are in 

contact with debris grains, which are also modeled with realistic shapes and sizes using the 

same code (PACKING2D [29]) as for the matrix.  
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C.1.1.1 Geometrical problem and boundary conditions 

The mesoscopic model considers a representative volume element accounting for the contact 

between matrix and debris grains. The code is currently limited to 2D. Despite this 

simplification of the reality and knowing that the wear process is clearly 3D (see the 

subdivision in wear zones in Fig. B-25, as well as the displacement of matter predominant in 

ploughing-like wear mode), the code can overcome such limitations through an artificial 

deactivation of grains whose displacements are large enough to consider them ejected (cutting 

mode) or displaced on the lateral sides (ploughing mode).  

Considering the tool segment in Fig. B-69, the attention is focused on a small portion of the 

matrix surface in contact with the debris flow. Although it is currently not possible to quantify 

experimentally the flow properties exerted by the debris grains on the contacting matrix 

surface, the model proposed in Part B allows computing the velocity field and the pressure by 

applying the Eq. (B.16) and the Eq. (B.29) (i.e., the Reynolds equation), respectively. This 

interconnection between the two models allows to locally analyze any portion of the segment 

without considering the presence of diamonds by choosing the proper pressure 𝑝 in terms of 

boundary condition. Moreover, the experimental observation by optical microscope allows 

choosing the thickness of debris grain correctly (see, for example, Fig. B-12). The metal matrix's 

microstructure is modeled as a collection of deformable grains prolonged by a deformable 

non-degradable base of the same material. The matrix dimensions must be appropriately 

chosen to avoid any perturbations at the boundary conditions, guaranteeing continuity 

between the degradable and the non-degradable part since there is no physical discontinuity 

between them. It is straightforward that the higher is the degradable thickness, the higher is 

the number of grains modeled, and the more costly the simulation is. Therefore, the continuum 

base is necessary to limit the cost of the simulation by reducing the thickness of the degradable 

part. Based on this required continuity between the two parts, the height of the degradable 

and non-degradable matrix are respectively ℎ𝑚 = 20 µ𝑚 and ℎ𝑏 = 30 µ𝑚 (a smaller value of  

ℎ𝑚 is also investigated, and results are reported in Annex II). Here again, to guarantee the 

respect of the periodic boundary conditions and avoid boundary effects optimizing the 

computation time, the length of the domain is set one order of magnitude larger than the 

thickness ℎ𝑚 (𝐿𝑥 = 200 µ𝑚). Debris grains are modeled as rigid bodies occupying an initial 

thickness (before the compaction) ℎ𝑇𝐵 = 50 µ𝑚. The modeling of matrix and debris grains are 

described in Section C.1.1.2 and C.1.1.3, respectively. 

It should be kept in mind that the previous model in Part B referred to a precise diamond of 

the microstructure since the idea was to validate the model and use it later to predict wear. In 

the model presented here, the intent is purely descriptive, even though a challenging 

perspective is to connect the two models. This first study is limited to sensitivity analysis in 

the framework of abrasive wear during cutting processes without going into the details of the 
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particular operating conditions. Therefore, the main input data (matrix and debris flow 

thickness, field properties) are taken here in terms of order of magnitude for the model. 

The main geometrical features are displayed in Fig. C-1 together with the field nodes for the 

deformable bodies. Notice that, in a meshfree code, the discretization is only required to define 

the density of field nodes and their possible gradient but does not include any strict 

connectivity relation between them, as described in [20]. The smaller typical nodal distance is 

set to 𝑑𝑛𝑜𝑑𝑒𝑠 = 0.1 µ𝑚. 

 
Fig. C-1 Mesoscale model (at t = 0 s) with information about the geometry and the mesh of deformable bodies 

(non-degradable and degradable microstructure) 

In addition to the aforementioned periodic boundary conditions, the upper boundary of the 

continuum microstructure is fixed. A normal pressure and sliding velocity are imposed on the 

lower limit of the workpiece, as illustrated in Fig. C-2, which refers to the compacted system. 

The vertical pressure 𝑝𝑛 =  3.4 𝑀𝑃𝑎 is taken as the force applied on each segment by the 

machine, equally distributed on the segment surface. This choice is justified because, at this 

stage, the macroscopic and mesoscopic models are not connected. However, as introduced 

above, further studies may use the pressure obtained from the Reynolds equation, Eq. (B-29), 

to account for the fact that a part of the pressure is carried by diamonds. Notice that, according 

to our macroscopic model, debris pressure is much smaller than the one carried by diamonds 

to cut the material.   

Performing simulation at the same time scale as the real phenomena leads to unreasonable 

computational costs; therefore, we impose a larger velocity than the cutting velocity. In a core 

drill, the tool is subjected to low and constant peripheral speed (𝑣𝑡𝑜𝑜𝑙 = 1 − 10 𝑚/𝑠, see Section 
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A.2.5), we consider here an average value �̅�𝑡 = 5 𝑚/𝑠. The applied numerical sliding velocity 

is taken an order of magnitude larger than: 𝑣𝑡
𝑛𝑢𝑚 = 50 𝑚/𝑠. Since the model is 2D, for the sake 

of simplicity, we do not consider here the formalism used in Part B that defines the velocity 

components 𝑢, 𝑣, 𝑤 in the 𝑥, 𝑦 and 𝑧 direction. Therefore, the velocity : 𝑣𝑡
𝑛𝑢𝑚 is the “numerical” 

velocity applied in the tangential direction, i.e., along the x-axis. The acceleration of the 

computation –under well-defined initial assumptions- achieves a proper simulation of the 

physics as explained in the sub-section C.1.1.4.  

 
(a) (b) 

Fig. C-2 (a) Microscale model after compaction (at 𝑡 = 0.1 𝑠); (b) definition of the boundary condition imposed on 

the workpiece  

C.1.1.2 Microstructure grains generation 

Grains of the degradable matrix are generated using Packing2D, a numerical code developed 

in MATLAB, allowing the generation and packing of particles with arbitrary and realistic 

shapes [29]. They are generated in a given domain divided into subdomains (equal to the 

number of grains) using the Voronoi Tesselation [114]: starting from a cloud of seeding points 

𝑃𝑖, each point defines a polygon including all the points 𝑃 that are closer to 𝑃𝑖, than to any 

other seeding point 𝑃𝑗.  

The size and orientation of cells can be statistically controlled by imposing the size distribution 

and orientation. Neglecting any anisotropy and limiting the coding to a Voronoi sample 

building, the only useful parameter to set is the size distribution. 

Fig. C-3 shows a SEM micrograph of the cobalt powder labeled CO6102 used in the model 

described in part B,  and the size distribution of grains after sintering (features are reported in 
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Tab. B-9), which follows a lognormal distribution with an average grain size 𝑑𝑚 = 2.3 µ𝑚 and 

coefficient of variation7 𝐶𝑉 = 0.54. 

 
(a) (b) 

Fig. C-3 (a) SEM micrograph of the microstructure; (b) grain size distribution after sintering [42] 

There are two main issues in the classical Voronoi procedure:  

i) If a point 𝑃𝑖 lies on the border of the cloud of points, the corresponding cell may be 

open as the point 𝑃𝑖 is not seen by any other point 𝑃𝑗 in the domain. 

ii) The standard Voronoi tessellation generates the initial set of seeding points 

randomly, without including any statistical constraints. 

The first drawback is solved considering a bounded Voronoi tessellation [29], which consists 

of creating a number of points outside the domain and symmetrical to the ones associated with 

open cells. This procedure allows the creation of closed subdomains and solves the Voronoi 

tessellation considering only the initial cells as part of the domain.  

The second problem was overcome in [29] considering the Inverse Monte Carlo method (IMC) 

proposed by [115][116], which is a stochastic procedure that improves the statistic of the 

corresponding Voronoi tessellation introducing random modification in the cloud of points. 

The procedure is repeated by iterations until the gradual convergence to the desired 

distribution -under prescribed tolerance- is met. The size distribution of grains generated 

applying the IMC fits the experimental powder grains broadly, as shown in Fig. C-4. 

                                                           
7 The coefficient of variation CV is generally defined as the ratio between the standard deviation and the mean 

value of the population 
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Fig. C-4 Comparison between the experimental (blue) and numerical (red) degradable microstructure 

The microstructure obtained following this procedure is illustrated in Fig. C-5, together with 

the initial clouds of seeding points. This sample is then cleaned from acute angles and small 

edges that may cause instability problems in the contact resolutions during the simulation.  

 
Fig. C- 5 Microstructure generated in Packing2D applying the IMC method to the Voronoi Tesselation (black) and 

initial clouds of seeding points (blue) 

This procedure allows implementing some roughness on the surface exposed to the debris 

flow, cleaning small edges and angles. Finally, the microstructure assumes the form 

previously observed in Fig. C-1 and Fig. C-2. 

Roughness characterization 

The surface in contact with the debris flow is characterized by a roughness evolving with time 

as grains are detached and ejected. In order to relate roughness to wear, it is important to 

define the main roughness parameters.  
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Generally, the average roughness of a surface is defined as the arithmetic mean deviation of 

the surface height from the mean line [117][118]: 

𝑅𝑎 =
1

𝑁
∑|𝑧𝑖′|

𝑁

𝑖=1

(𝐶. 1) 

Where 𝑧𝑖
′ is the z-coordinate of a point of the surface, measured from the mean line. Despite 

its simplicity, this parameter alone do not account for the shape and the spatial distribution of 

peaks and valleys across the surface: two different surfaces may have the same mean 

roughness 𝑅𝑎 but different topography and different probability distribution of the surface 

height. Using a probabilistic approach, the surface irregularity, as well as the shape of the 

surface, can be defined in terms of moments of the profile amplitude density function [117]:  

- Root mean square (RMS) parameter 𝑅𝑞. It represents the standard deviation of the 

distribution of surface height:  

𝑅𝑞 = √
1

𝑁
∑|𝑧𝑖

′2|

𝑁

𝑖=1

(𝐶. 2) 

- Skewness parameter 𝑅𝑠𝑘. It is the third moment of the density function. It is an 

indicator of the symmetry of the height distribution: 

𝑅𝑠𝑘 =
1

𝑅𝑞
3 (
1

𝑁
∑𝑧𝑖

′3

𝑁

𝑖=1

) (𝐶. 3) 

The skewness can be either positive or negative: 𝑅𝑠𝑘 > 0 indicates a surface profile with 

high peaks and shallow valleys, 𝑅𝑠𝑘 < 0 is representative of a surface characterized by 

rounded peaks and sharp valleys. If 𝑅𝑠𝑘 = 0 the profile is symmetric to the mean line, 

i.e., the height distribution follows the normal one. 

- Kurtosis parameter 𝑅𝑘𝑢. It is the fourth moment of the density distribution and 

describes the sharpness of the probability density of the profile: 

𝑅𝑘𝑢 =
1

𝑅𝑞
4 (
1

𝑁
∑𝑧𝑖

′4

𝑁

𝑖=1

) (𝐶. 4) 

Unlike skewness, the kurtosis 𝑅𝑘𝑢 is always positive. If 𝑅𝑘𝑢 > 3,  the distribution is 

narrowly-peaked and has many peaks and valleys; if 𝑅𝑘𝑢 < 3 the distribution is flat 

and has relatively few peaks and valleys. If 𝑅𝑘𝑢 = 3 the distribution is close to the 

normal one.   
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(a) (b) 

Fig. C-6 (a) Definition of skewness 𝑅𝑠𝑘 and (b) kurtosis 𝑅𝑘𝑢 together with the respective distribution functions 

[117] 

The initial profile generated in this work is almost flat, with positive skewness (𝑅𝑠𝑘 = 1.0922) 

and kurtosis higher than 3 (𝑅𝑘𝑢 = 3.3404); the main parameters 𝑅𝑎, 𝑅𝑞, 𝑅𝑠𝑘, 𝑅𝑘𝑢 are reported 

in Tab. C-1. 

Tab. C-1 Initial roughness parameters of the degradable microstructure 

𝑅𝑎 (µm) 𝑅𝑞 (µm) 𝑅𝑠𝑘 (-) 𝑅𝑘𝑢 (-) 

0.4652 0.5553 1.0922 3.3404 

The evolution of the surface profile during the wear process will be analyzed in Chapter C.2.  

C.1.1.3 Debris grains generation 

Grains can be modeled by targetting realistic shapes and sizes in Packing2D [29]. An assembly 

of 200 grains is generated in a rectangular domain (50 x 200 µm). The first version of the code 

was limited to Gaussian distribution; therefore, it was not able to impose the bimodal 

distribution as the one observed experimentally in Fig. B-2 (b). However, assuming the median 

value of the distribution equal to the median one, the target mean size is set equal to 10 µm 

(i.e., equal to the median value in Fig. B-2 (b)). In this way, the average grain size obtained is 

𝑑𝑑 = 8.98 µ𝑚. This preliminary study does not aim to predict wear but to set a modeling 

strategy for understanding the phenomenological features triggering wear by the abrasive 

debris flow, and the sample generated here seems to satisfy this objective well. A new version 

of the Packing2D code includes the generation of grains with more complex size distributions 

and can generate a new packing of grains representing better the bimodal distribution. This 

new assembly is illustrated in Annex II.  

The contour of each grain is discretized by 128 nodes equally distributed, allowing to describe 

the shape by 64 shape descriptors, defined mathematically in terms of Fourier descriptors 𝐷𝑛𝐹 

(Fig. C-7). The complete procedure is documented in [29] and briefly reported in Annex II. 

What is important to know is that each Fourier mode is an indicator of a shape characteristic; 
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there is, in fact, a strong relationship between the normalized spectrum and the intrinsic 

properties of grains. The mode 𝐷2 controls the particle elongation (𝐷2 = 0 for circular particles) 

while the modes from 𝐷3 to 𝐷7 control the main irregularity, and 𝐷𝑛𝐹 > 8 describe the 

roughness of the particle surface. For 𝑛𝐹 > 8 the values of Descriptors 𝐷𝑛𝐹 decrease linearly in 

a log-log scale, the surface roughness of given granular material can be described only by a 

slope and intercept, given by the following relation: 

Δ𝑛𝐹,1 = 2
λ1∙log2(

𝑛𝐹
8
)+log2(𝐷8) (𝐶. 5) 

For the sake of simplicity, a similar relationship can also be used for the modes from D4 to D7: 

Δ𝑛𝐹,1 = 2
λ2∙log2(

𝑛𝐹
3
)+log2(𝐷3) (𝐶. 6) 

Generally, the rate of decay may be different from one population to another. Without any 

information about the spectrum decay, λ1 (Eq. (C.5)) and λ2 (Eq. (C.5)) can be assumed equal 

to −2. In this way, only the parameters 𝐷2, 𝐷3 and 𝐷8 need be defined. 

The code allows smoothing the surface by choosing the parameter Ν𝑚 properly cutting off the 

high angular frequencies of the spectrum used for the shape definition [119]. The utility of 

smoothing the surface consists in the possibility of partially replacing the roughness of the 

contacting bodies by an artificial increase of the coefficient of friction (between two grains in 

contact by a frictional law). This cost reduction is demonstrated to be valid under certain 

conditions (i.e., when the attention is only focused on the macroscopic response of the sample) 

[119]. In our case, we set Nm=64, meaning that modes 𝐷𝑛𝐹 > 64 are ignored. 

 
Fig. C-7 Example of normalized amplitude spectrum [29] 

In this preliminary study, the angularity is not considered, and debris grains are relatively 

smooth (Fig. C-1). The Voronoi parameters, the spectrum cut-off 𝑁𝑚 and the target solid 

fraction 𝑆𝐹𝑡, as well as the Fourier Descriptors 𝐷𝑛 and c1 and c2 are listed in Tab. C-2. The code 

gives as outputs the sample solid fraction SF, the equivalent grain diameter 𝑑𝑑, and the sample 

coefficient of uniformity 𝐶𝑢. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



Part C        1. Matrix wear at the local scale: 

Modeling 

126 

 

Tab. C-2 Packing 2D input and output parameters (𝑑𝑑 is in µm, the other parameters are dimensionless) 

Voronoi Tesselation Cell Filling Fourier Spectrum Properties Output 

𝑁𝑑𝑒𝑏𝑟𝑖𝑠 CV𝑡 𝑆𝐹𝑡 𝑁𝑚 𝐷2 𝐷3 𝐷8 𝜆1 𝜆2 𝑆𝐹 𝑑𝑑 𝐶𝑢 

200 0.8 0.5 32 0.1 0.07 0.01 -2 -2 0.48 10 1.65 

 

The Voronoi tessellation is illustrated in Fig. C-8. 

 
Fig. C-8 Voronoi Tesselation for the debris grains generation in Packing2D 

C.1.1.4 Computational cost and numerical acceleration 

Concerning the optimization of the simulation, a first estimate of the computational cost is 

given by the critical time step ∆𝑡 required by the solver, which is a function of the minimum 

nodal distance 𝑑𝑛𝑜𝑑𝑒𝑠 , the Young modulus (𝐸𝑚 = 211 𝐺𝑃𝑎) and the density of the matrix 

(𝜌𝑚 = 9800 𝑘𝑔 𝑚3⁄ ): 

∆𝑡 =
𝑑𝑛𝑜𝑑𝑒𝑠

√
𝐸𝑚
𝜌𝑚

≈ 10−11 𝑠  (𝐶. 7)
 

The ratio √𝐸𝑚 𝜌𝑚⁄   defines the maximum velocity of wave propagation in the deformable 

microstructure: 

𝑣𝑤𝑎𝑣𝑒𝑠 = √
𝐸𝑚
𝜌𝑚

(𝐶. 8) 

Reducing the Young modulus 𝐸𝑚 by a factor of 100, reduces the velocity of elastic waves 

propagation in Eq. (C.8), and increases the time step ∆𝑡 in Eq. (C.7) by a factor of 10 and, 

therefore, accelerates the simulation. 

However, relatively small values of 𝐸𝑚 should be avoided because they may change the 

physics of the problem by increasing too much the compliance of the material. The reduction 
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of the Young modulus 𝐸𝑚 as well as the increase of sliding velocity 𝑣𝑡
𝑛𝑢𝑚 are required to 

accelerate the simulation, but they must also assure that the applied velocity 𝑣𝑡
𝑛𝑢𝑚 remain 

much smaller than the elastic wave velocity 𝑣𝑤𝑎𝑣𝑒𝑠 in Eq. (C.8) to preserve the physics of the 

real problem.  

Another dimensionless parameter to preserve in the simulation is the inertial number 𝐼 [120] 

defined as a function of the shear rate �̇� (equal to the ratio between the sliding velocity 

𝑣𝑡
𝑛𝑢𝑚 and the thickness occupied by the debris flow ℎ𝑇𝐵), the average debris diameter 𝑑𝑑, the 

applied pressure 𝑝𝑛and the density of the debris flow 𝜌𝑑: 

𝐼 =
�̇�𝑑𝑑

√
𝑝𝑛
𝜌𝑑

(𝐶. 9)
 

The increase of the sliding velocity requires changing other parameters of Eq. (C.9) to preserve 

the same inertial number in the numerical simulation as in experiments: it is possible to 

increase the pressure 𝑝𝑛 or decrease the debris flow density 𝜌𝑑. As the pressure variation can 

lead to a significant change in the physics, the debris density is reduced by 100. The main 

physical and numerical features are listed in Tab. C-3. The difference between the real and the 

numerical inertial number 𝐼 is due to the difference in terms of grain size since the packing 

obtained as in section C.1.1.3 has an average size 𝑑𝑑 = 8.98 µ𝑚, which is smaller than the 

equivalent size computed founded experimentally (𝑑𝑑 = 20 µ𝑚). The numerical value of 𝑑𝑑  is 

constrained by the fact that, as explained above, the Gaussian distribution with mean equal to 

the median of the distribution in Fig. B-2 (b) is assumed. Moreover, this difference does not 

affect the inertia number strongly since it remains in the range defined for dense granular 

flows (10−3 < 𝐼 < 10−1) [120]. 

Tab. C- 3 Real and numerical features for the numerical acceleration 

 𝑝𝑛 [MPa] 
�̅�𝑡𝑜𝑜𝑙 

[m/s] 

𝐸𝑚 

[MPa] 

𝜌𝑚  

[kg/m3] 

𝜌𝑑 

[kg/m3] 

𝑣𝑡
𝑣𝑤𝑎𝑣𝑒𝑠

 

[-] 

𝐼 

[-] 

Real 3.4 5 211000 8900 2700 ≈10-3 0.056 

Num. 3.4 50 2110 8900 27 ≈10-1 0.025 
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C.1.2 Main contact models 

The model accounts for rigid (debris grains and the workpiece) and compliant bodies 

(degradable and non-degradable matrix), both of them defined by a collection of field nodes 

located on the contour (contact nodes), allowing for the same contact algorithm and the 

definition of complex contour shapes.  

Rigid bodies follow the classical DEM formulation as they are characterized by a mass, a center 

of mass and rotational inertia and carry three degrees of freedom (2 displacements and one 

rotation in the 2D formulation).  

Other nodes are located on the bulk of compliant bodies. Each node carries the degrees of 

freedom in displacement as in the classical FEM theory, defining a displacement field that is 

interpolated between the nodes by meshfree shape functions.  

The contact algorithm is a node-to-segment algorithm, described extensively in [20] and 

illustrated in Fig. C-9.  

 
(a) (b) 

Fig. C- 9 (a) Definition of compliant and rigid bodies (inspired by [20]); (b) Definition of the contact algorithm: I: 

Broad proximity detection (detected contact are in green and in red); II: close detection; III: Contact detection: a. 

nodes from 𝐵1 to 𝐵6are detected in stage II as close to the segment 𝐴1𝐴2; b. definition of the contact box to select 

nodes (𝐵5 and 𝐵6 are out from the detection box and therefore not considered); c: projection for computing local 

detection quantities (normal �⃗�  and tangential 𝑡   vector, normal 𝛾𝑛 and tangential gap  𝛿𝑡, local coordinate 𝜉𝑖 

varying from -1 to 1 from the origin to the extremity of the segment) [20] 

To account for complex shapes and sharp corners in the initial or deformed configuration [19], 

it consists of three main stages:  

I) Broad proximity detection: selection of pairs of close grains. Grains are defined as 

close if they overlap when projected on the x- and y-direction [20].  
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II) Close proximity detection: definition of potential contact between any node of the 

contour of a body B and any segment of another grain A. 

III) Not all the grains defined by close proximity are useful for contact detection. To 

avoid loss of detection or double detection, only nodes inside a detection box are 

selected. Such limit is defined for each segment 𝐴𝑖𝐴𝑖+1and is described by the two 

bisecting lines arising from 𝐴𝑖 and 𝐴𝑖+1 respectively and closed by two lines parallel 

to the segment 𝐴𝑖𝐴𝑖+1 at a distance 
𝐴𝑖𝐴𝑖+1

2
 in the outward direction and 

𝐴𝑖𝐴𝑖+1

10
 in the 

inward direction. For all the nodes 𝐵𝑗 of the body B in proximity detection with 

body A the following quantities are computed:  

- The normal and tangential vectors (�⃗�  and 𝑡 ) on the surface of the body A; 

- The unique projection �̃�𝑗 of the point 𝐵𝑗  on the contour of A; 

- The normal and tangential gaps (𝛿𝑛 and 𝛿𝑡) 

When the local contact configuration is defined from a kinematic point of view, the 

computation of the contact pressures  �̃� relies on the contact law applied between bodies. In 

this model, the following contact laws are used: 

(a) Mohr-Coulomb: for the contact between debris grains and grains of the degradable 

microstructure. 

(b) “Impact Mohr-Coulomb” for the debris grains-workpiece contact and the contact 

between debris grain themselves. 

(c) “CZM” with fatigue for the degradable and non-degradable contact and the contact 

between grains of the degradable material.  

The following description is limited to (b) and (c) since the Mohr-Coulomb (a) can be seen as 

a particular case of the impact Mohr-Coulomb (b). 

C.1.2.1 The “Impact Mohr-Coulomb” contact law 

The simple Mohr-Coulomb contact law describes the frictional contact between rigid debris 

grains and deformable matrix grains. It may include a tangential “cohesion” Γ (in addition to 

the frictional contribution) and a tensile cut-off �̃�𝑐𝑢𝑡−𝑜𝑓𝑓, both set to zero in the present case, 

while the friction coefficient is set to 𝜑 = 0.3. This kind of contact is illustrated in Fig. C-10(a). 

The contact between rigid bodies (contacts between debris grains and between debris grains 

and the workpiece) includes the dissipation of a part of the impact energy by a smaller stiffness 

during the unloading.  Thus, the interaction by the impact is defined in terms of the ratio 

between the stiffness during loading 𝑘𝑛
+ and unloading 𝑘𝑛

−, and is set to 0.1. This contact model 
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was developed by [121] to account for the energy dissipated naturally during rock flows and 

is particularly appropriate when complex grains with multiple contacts are considered, as 

normal damping becomes difficult to calibrate in that case. 

 Fig. C-10(b) plots this contact law in terms of the normal force 𝑓𝑛 vs. the overlap distance 𝛿𝑛. 

The increase of the overlap 𝛿𝑛 (∆𝛿𝑛 ≥ 0) leads to the increment of the force 𝑓𝑛 (∆𝑓𝑛 = 𝑘𝑛
+ ∙ ∆𝛿𝑛) 

up to a given overlap 𝛿𝑛
∗  defining the impact, which is followed by the unloading (with a 

reduced stiffness 𝑘𝑛
−) until 𝑓𝑛 = 0. 

After the impact, the energy restored is defined as:  

Ε𝑟 = 
𝑘𝑛
− ∙ 𝛿𝑛

∗2

2
(𝐶. 10) 

While the maximum energy stored during the loading is:  

Ε𝑡 = 
𝑘𝑛
+ ∙ 𝛿𝑛

∗2

2
(𝐶. 11) 

Therefore, the energy dissipation rate in the normal direction is: 

Ε̅𝑛
2 =

𝑘𝑛
−

𝑘𝑛
+ (𝐶. 12) 

This model has the added advantage of using a single parameter 𝜁 for normal energy 

dissipation without the need to speculate on all phenomena involved (e.g., viscosity, 

plasticity). 

For the sake of simplicity, the contact in the tangential direction follows the same laws as in 

the normal one with the same stiffness:  

𝑘𝑛
+/−

= 𝑘𝑡
+/−

 (𝐶. 13) 

Frictional forces are opposite to the sliding direction; they are defined as 𝑓𝑡 = µ|𝑓𝑛|  

(Fig. C-10(c)). 

 
(a) (b)     (c) 

Fig. C- 10 (a) Mohr-Coulomb contact law; (b)Normal contact force vs. overlap; (c) tangential frictional force vs. 

sliding displacement 
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C.1.2.2 "CZM-fatigue” contact law 

The cohesive zone model (CZM) is an approach in the fracture mechanics framework 

regarding fracture formation as a gradual phenomenon [122]. Crack surfaces' separation 

occurs across an extended crack tip or cohesive zone held by cohesive tractions.  

This approach was initially proposed by Hillerborg and co-workers [123] based on the model 

proposed by Barenblatt [124], [125] to account for the finite strength of brittle materials 

concerning the Griffith theory of fracture. Dugdale [126] applied a similar model to investigate 

the yielding and sizing of a crack tip on the plastic zone, while Zhou & Molinari applied the 

cohesive crack opening process to study the brittle failure in ceramic materials by FEM [127], 

[128], introducing a type rate-dependent cohesive law [129]. 

The cohesive zone model is generally used to model fracture of polycrystalline materials [30]–

[33], accounting for the influence of microstructure on the macroscopic response. The real 

microstructure is modeled using the Voronoi tesselation as explained above. The crack 

interface separation in the tensile direction –𝛿𝑛- (mode I) and in the tangential direction –𝛿𝑡- 

(Mode II) are calculated from the relative displacement of its nodes once the interface begins 

to open (Mode I) or slide (Mode II) (Fig. C-11(a)), using the contact detection algorithm 

explained previously. The model is based on the choice of a particular cohesive law. Different 

functional forms of the cohesive law are proposed in the literature [31]–[33], [130], [131] (e.g., 

triangular, exponential, or trapezoidal) in order to establish a relation between the increase of 

damage and the decrease of stiffness at a given material point of the element. Here, a simple 

triangular law is used, while a little more complex shape will be defined in the numerical 

scratch test modeling, discussed in Chapter C.3. The cohesive law is illustrated in Fig. C-11(b) 

for the tangential direction. It is characterized by an initial elastic regime followed by 

softening.  

 
(a) (b) 

Fig. C-11 (a) Cohesive contact between two grains; (b) Traction – separation law in the tangential direction (the 

same graph could be plotted for the tensile direction by simply changing the name of the variables) 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



Part C        1. Matrix wear at the local scale: 

Modeling 

132 

 

The same plot can be obtained for normal direction by simply substituting the tangential 

pressure �̃�𝑡with the tensile one �̃�𝑛 and the tangential gap 𝛿𝑡  with the normal one 𝛿𝑛.  

The main parameters controlling the triangular shape of the law are: 

- �̃�𝑛,𝑙𝑖𝑚 and �̃�𝑡,𝑙𝑖𝑚: initial ultimate normal and tangential strength  

- 𝑘𝑛
0

 and 𝑘𝑡
0: initial contact stiffness in the normal and tangential direction   

- �̃�𝑛,𝑟𝑒𝑠  and �̃�𝑡,𝑟𝑒𝑠: residual tensile and tangential strength at full damage 

- 𝛿𝑛,𝑟𝑒𝑠  and 𝛿𝑡,𝑟𝑒𝑠: ultimate tensile and tangential extension that the contact can sustain 

The tangential strength (�̃�𝑡,𝑙𝑖𝑚  and �̃�𝑡,𝑟𝑒𝑠) and the maximum tangential extension 𝛿𝑡,𝑟𝑒𝑠 are 

assumed equal to the input counterpart for the tensile direction (�̃�𝑛,𝑙𝑖𝑚, �̃�𝑛,𝑟𝑒𝑠 and 𝛿𝑛,𝑟𝑒𝑠), 

meaning that the ruptures in mode I and mode II follow the same contact-law.  

The ultimate strength (�̃�𝑛,𝑙𝑖𝑚 and �̃�𝑡,𝑙𝑖𝑚) and the residual gap thickness (𝛿𝑛,𝑟𝑒𝑠  and 𝛿𝑡,𝑟𝑒𝑠) are 

the strength parameters controlling the cohesive law. Instead of the gap thickness, the CZM in 

the monotonous condition is generally defined in literature by the critical fracture energy 𝐺𝑐 

[30], [131]–[133] defined as the area of the triangular shape of the law, and given by:  

𝐺𝑐,𝐼 =
�̃�𝑛,𝑙𝑖𝑚 𝛿𝑛,𝑟𝑒𝑠

2
        𝐺𝑐,𝐼𝐼 =

�̃�𝑡,𝑙𝑖𝑚 𝛿𝑡,𝑟𝑒𝑠
2

(𝐶. 14) 

in the normal and tangential direction, respectively.  

The shape of the law is generally controlled by the initial stiffness parameters 𝑘𝑛,0 and 𝑘𝑡,0 

[134]. These stiffnesses should be sufficiently large to minimize artificial compliance and 

interpenetration of contacting bodies. However, the higher the stiffness value, the more time-

consuming the simulation. The strength parameters are generally calibrated by experiments 

[133], [135]; however, there is no standard procedure [131]. The ultimate strength in the wear 

analysis is discussed in Chapter C.2, while a methodology for the calibration through the 

experimental µ-scratch (see Chapter B.1) is proposed in Chapter C.3. 

For the sake of simplicity, the index – 𝑛 and – 𝑡 (for normal and tangential CZM parameters) 

are omitted in the remainder of this study.  

An internal scalar variable controlling the degree of de-cohesion between grains and, 

therefore, the detachment of grains is the damage parameter 𝐷, which ranges from 0 (intact 

contact) to 1 (broken contact). The CZM is initialized at the beginning of the simulation; the 

damage parameter is measured at each node of each border grain and updated at each time 

step. If no fatigue effects are considered, the loss of cohesion may happen only in a 

monotonous way and only if the current stress reaches the ultimate strength �̃�𝑙𝑖𝑚, or, in other 

words, if the current gap 𝛿𝑖  exceeds the limit: 𝛿𝑖 > 𝛿𝑙𝑖𝑚 defining the maximum gap even 
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reached (𝛿𝑖 = 𝛿𝑚𝑎𝑥) in the simulation. The increase of the damage parameter leads to the 

reduction of stiffness and strength, as illustrated in Fig. C-11(b).  

Additionally, as the continuous passage of debris grains is the leading cause of the grains 

detaching from the microstructure, fatigue effects are implemented in the CZM to simulate the 

fatigue damage degradation. Generally, they are introduced to account locally for the realistic 

wear rate that is a progressive and slow phenomenon. Implementing fatigue effect allows 

considering the slow evolution of the damage parameter 𝐷, which progressively degrades the 

interface between the grains, representing the physics in a more realistic way. 

Fatigue damage occurs by elastic degradation  (�̃� < �̃�𝑙𝑖𝑚: left side of the curve in Fig. C-11(b)). 

The main parameters controlling the fatigue damage are: 

- �̃�𝑓 : contact stress (either normal or tangential) above which damage may occur by 

fatigue.  

- 𝑑𝐷𝑓  fatigue damage evolution parameter: it defines the increment of damage parameter 

𝐷 between two successive time instants 𝑖 − 1 and 𝑖 in relation to the corresponding 

increment of contact pressure : 

𝑑𝐷𝑓 =
𝐷𝑖 − 𝐷𝑖−1 

�̃�𝑖 − �̃�𝑖−1
(𝐶. 15) 

𝑑𝐷𝑓 is imposed as a constant during the simulation. It means that smaller is the damage 

evolution parameter 𝑑𝐷𝑓 and smaller is the increment of the damage parameter after a 

certain number of stress cycles. In more conventional fatigue models where the stress 

cycles are all identical, this parameter is generally written in terms of increment of the 

damage parameter 𝐷 per loading cycles Δ𝑁: 

𝑑𝐷𝑓 =
𝑑𝐷

𝑑𝑁
=
𝐷𝑖 − 𝐷𝑖−1
Δ𝑁

(𝐶. 16) 

Several formulations can be found in the literature [131], [136]–[139], all of them are 

defined to describe the experimental power Paris law [140], [141] relating the crack 

length to the loading cycles through material coefficients obtained experimentally. 

A different model accounting for the current stress increment instead of the loading 

cycles is considered in this work (𝑑𝐷𝑓 defined by Eq. (C. 15)), because the evolution in 

time of the contact stress is highly unpredictable, and no “stress cycle” can easily be 

defined based on local tribological loadings. 

Finally, coupling cohesive law with fatigue, failure may happen both in monotonous and 

fatigue ways. 
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In summary, for the 𝑖𝑡ℎ time step, the output quantities computed and returned are: 

- �̃�𝑖: current contact pressure  

- 𝐷𝑖: the updated value of the damage parameter  

-  𝛿𝑖 the updated value of the gap related to the updating position of the node 

 The numerical procedure is illustrated in the flowchart in Fig. C-12, while the main 

parameters of the CZMfatigue law are reported in Tab. C-4.  

Tab. C-4 User-defined parameters of the CZM-fatigue contact law 

CZM shape parameters CZM fatigue 

𝑘0 𝑝𝑙𝑖𝑚 𝛿𝑟𝑒𝑠 𝑝𝑟𝑒𝑠 𝑝𝑓 𝑑𝐷𝑓  

(MPa/µm) (MPa) (µm) (MPa) (MPa) (1/MPa) 

 

The CZM contact law is initialized by setting 𝐷 = 0 for all contact nodes detected as bonds by 

the code. The main contact parameters are set and the simulation start. Then, for each time 

step, if the bond is active it is possible to compute the current gap (𝛿𝑚𝑎𝑥) corresponding to the 

current 𝐷𝑖; and therefore, the current normal and tangential stiffness (𝑘0) and the maximum 

pressure �̃�𝑚𝑎𝑥.  

Damage may increase by fatigue if the pressure is larger than the fatigue threshold �̃�𝑓  and the 

contact pressure of the previous time step �̃�𝑖−1. The update damage parameter 𝐷𝑖: 

𝐷𝑖 = 𝐷𝑖−1 +
�̃�𝑖 − �̃�𝑓

�̃�𝑚𝑎𝑥 − �̃�𝑓
∙ 𝑑𝐷𝑓 ∙ (�̃�𝑖 − �̃�𝑖−1) (𝐶. 17) 

It means that the damage increment 𝐷𝑖 −𝐷𝑖−1 is proportional to the contact stress increment 

(�̃�𝑖 − �̃�𝑖−1) multiplied by the fatigue damage rate 𝑑𝐷𝑓 defined in Eq. (C.12). The increment of 

the damage is more significant if the load is high than if it is low.  

If the current gap 𝛿𝑖  is the maximum gap reached in the simulation 𝛿𝑖 = 𝛿𝑚𝑎𝑥 the damage 

increase in a monotonous way:  

𝐷𝑖 =
𝛿𝑖 − 𝛿𝑙𝑖𝑚

𝛿𝑟𝑒𝑠 − 𝛿𝑙𝑖𝑚
(𝐶. 18) 

Eq. (C.17) allows updating the current reduced value of the stiffness and strength (see Fig. 11 

(b)).  If the bond is already broken (i.e. 𝐷𝑖 = 1), the cohesion is set to the residual value �̃�𝑟𝑒𝑠. 

The complete procedure is described in the pseudo-code in Annex III.  
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Fig. C-12 Flowchart of the CZM fatigue algorithm 

Different studies were performed on the fatigue crack growth using a CZM approach. Most of 

them aimed to analyze the mechanical resistance of materials and the intergranular fracture in 

fracture mechanics framework [30]–[32], [130], [142]. Only a few works are addressed to 

tribological situations. Champagne and co-workers [33] performed the implementation of the 

CZM on the investigation of friction and wear of a biphasic material. Sadeghi and co-workers 

focused on rolling contact fatigue dealing with microstructural cracks that develop at the scale 

of contacting surfaces [137], [143].   

The next chapter discusses the results obtained from the model here described in terms of 

damage and wear.
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C.2  

Matrix wear at the local scale: First results 

and discussion 
Borrowing from fracture mechanics the CZM approach, this Chapter aims to mimic the 

damage and wear of the metal matrix microstructure caused by the abrasive debris flow.  

As explained in the previous section C.1.2.2, damage may occur in a monotonous way (if 𝛿 ≥

𝛿𝑚𝑎𝑥) or by fatigue (𝛿 < 𝛿𝑚𝑎𝑥). The first section of this chapter analyzes the two different types 

of damage in terms of stress distribution within the degradable material, grain detachment 

and ejection, while section C.2.2 is focused on the damage by fatigue. A sensitivity analysis is 

performed to understand the main parameters of the CZM with fatigue and their effect on the 

grains detachment and wear.  

C.2.1 A first parametric sensitivity analysis of the 

monotonous CZM  

Ignoring fatigue effects, the parameters of the CZM define the shape of the traction-separation 

curve and, therefore, the strength of the material. The choice of such parameters is not 

straightforward. Several attempts have been made to calibrate them [131], [133], [144]; 

however, there is no standard procedure.  

A calibration method based on the µ-scratch test is proposed in Chapter C.3; this choice is 

justified by the strong analogy between the scratch test and the wear process caused by the 

abrasive debris flow, already discussed and used for the model proposed in Part B. 

For what concerns this first study, the aim is to offer a tool for understanding the abrasive 

wear phenomenon from a general perspective. Therefore, a sensitivity analysis is performed 

to identify the role of the strength parameters of the matrix microstructure (i.e., the parameters 

defining the shape of the CZM law curve) on the wear process. 

Considering the CZM parameters (Tab. C-4), a first attempt was made to calibrate the initial 

cohesive stiffness 𝑘0:The stiffness parameters have to be large enough to avoid artificial 

overlapping between grains, keeping in mind that if the system is “too stiff”, it will increase 

the computation time of the simulation. For these reasons, in the following, the  value 𝑘0 =
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106 𝑀𝑃𝑎/µ𝑚 is assumed as a reasonable compromise.  Then, this sensitivity analysis is 

performed to analyze the effect of the ultimate strength �̃�𝑙𝑖𝑚 and the residual gap 𝛿𝑟𝑒𝑠. 

A first study is performed considering a full damaging distance 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚 (three orders 

of magnitude smaller than the average grain size) and the ultimate strength �̃�𝑙𝑖𝑚 is successively 

set to 50 MPa and 800 MPa. Then, setting �̃�𝑙𝑖𝑚 = 50 𝑀𝑃𝑎, the effect of the residual gap is 

discussed considering 𝛿𝑟𝑒𝑠 = 0.002 µm and 0.0002 µm. For the sake of simplicity, at this stage, 

the shape of the curve in Fig. C-11 (b) is assumed bilinear; therefore, the residual stress is �̃�𝑟𝑒𝑠 =

0 𝑀𝑃𝑎 (the effect of �̃�𝑟𝑒𝑠 will be analyzed in the calibration based on the scratch test). In all 

cases, the fatigue parameters are fixed: the fatigue pressure is �̃�𝑓 = 10 𝑀𝑃𝑎 and the fatigue 

damage rate  𝑑𝐷𝑓 = 0.001 𝑀𝑃𝑎
−1. The parameters are listed in Tab. C-5.  

Tab. C-5 CZM fatigue parameters for the matrix-matrix and matrix-base contact used in the sensitivity analysis 

CZM shape parameters CZM fatigue 

𝑘0 (MPa/µm) 𝑝𝑙𝑖𝑚 (MPa) 𝛿𝑟𝑒𝑠  (µm) �̃�𝑟𝑒𝑠 (MPa) �̃�𝑓(MPa) 𝑑𝐷𝑓 (𝑀𝑃𝑎1) 

106 
50 

800 

𝟎. 𝟎𝟎𝟎𝟐 

𝟎. 𝟎𝟎𝟐 
0 10 0.001 

The effect of the strength parameters �̃�𝑙𝑖𝑚 and 𝛿𝑟𝑒𝑠 on the functional shape of the cohesive law 

is represented in Fig. C-13. The increase of the ultimate strength �̃�𝑙𝑖𝑚 will increase the elastic 

domain of the triangular law (Fig. C-13(a)), where the damage can occur only by fatigue. While 

the increase of the residual gap 𝛿𝑟𝑒𝑠 increases the ductile domain (Fig. C-13(b)). Increasing any 

of these two parameters (ultimate strength �̃�𝑙𝑖𝑚 or residual gap 𝛿𝑟𝑒𝑠) leads to an increase of the 

critical fracture energy defined in Eq. (C.14).  

 
(a) (b) 

Fig. C-13 Bilinear CZM laws: (a)Effect of the ultimate strength 𝑝𝑙𝑖𝑚 (𝑝𝑟𝑒𝑠 = 0 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚); (b) Effect of 

the residual gap 𝛿𝑟𝑒𝑠 (�̃�𝑟𝑒𝑠 = 0 𝑀𝑃𝑎; 𝑝𝑙𝑖𝑚 = 50 𝑀𝑃𝑎) on the shape of the law (in this chart, the tensile strength is 

taken as positive) 

The contact between debris grains and the degradable microstructure is a simple frictional 

Mohr-Coulomb contact (with cohesion Γ = 0 𝑀𝑃𝑎), while a damping parameter 𝜁 is added to 

account for the dissipated energy during the contact between debris grains and debris grains 

in contact with the workpiece. The selected parameters are in Tab. C-6. 
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Tab. C-6 Mohr-Coulomb parameters for the matrix debris contact, and Damped Mohr-Coulomb parameters for 

the debris-debris and debris-workpiece contact used in the sensitivity analysis 

Contact law 𝑘0 

(MPa/µm) 

𝜑  

(rad) 

Γ  

(MPa) 

ζ  

(-) 

Mohr-Coulomb 106 0.3 0 0 

Impact Mohr - Coulomb 106 0.3 0 0.1 

The wear analysis is performed following the damage process of each matrix grain and 

assuming they are ejected quickly from the system. This assumption is consistent with what is 

discussed in Part A, as the wear is not caused by the metal grains themselves, and the third 

body is mostly characterized by debris grains (which are the leading cause of the wear 

process). This experimental evidence is placed in the numerical simulation by imposing a 

deactivation condition on the displacement 𝑙𝑑𝑒 for detached grains, i.e., grains are “ejected” 

(i.e., disappear from the simulation) when they reach a displacement equal to their equivalent 

half-size 𝑑𝑚/2: 

𝑙𝑑𝑒 =
𝑑𝑚
2

(𝐶. 19) 

Considering 𝑑𝑚 = 2.3 µ𝑚 (see Tab. B-9), 𝑙𝑑𝑒 = 1.15 µ𝑚. Moreover, this assumption overcomes 

the limit imposed by the code that works only in 2D: the lateral displacement of matter during 

ploughing is simulated in the xz-section through the grains deactivation. 

During postprocessing, the position of the damage front in the matrix (termed “damage level”) 

is measured in terms of the average matrix depth, measured from the contacting surface and 

ignoring detached grains; that is, based on grains that reached the maximum damage level 

𝐷 = 1 by fatigue (Eq. (C.17)) or monotonously (Eq. (C.18)). This average level is labeled as 

𝑧𝑚
𝑑 (𝑡) and is illustrated in Fig. C-14. Similarly, the current matrix surface (termed as “wear 

level”) is measured in Fig. C-14 as the average matrix depth computed from the contacting 

surface, but including the detached grains that are still in the system. In other words, the wear 

level is the average level of the contacting surface and it is named as 𝑧𝑚
𝑤(𝑡). Both the damage 

and wear levels are measured from the onset of the contact (𝑧𝑚 = 0 µ𝑚) in Fig. C-14. 

It is straightforward that, at the early stage of the contact (𝑡 = 𝑡1), no grains have broken their 

bonds yet, therefore 𝑧𝑚
𝑑 (𝑡1) = 𝑧𝑚

𝑤(𝑡1), which is the situation in Fig. C-14 (a).  
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(a) 

 

(b) 

Fig. C-14 Schematization of the measure of the damage and wear level (𝑧𝑚
𝑑  and 𝑧𝑚

𝑤) computed from the contacting 

surface at (a) 𝑡 = 𝑡1 initial stage of the contact; and (b)  𝑡 = 𝑡𝑖: after a certain number of passage of the debris flow. 

Grains start to lose cohesion reaching the maximum damage possible (in crimson, 𝐷 = 1) and detaching from the 

microstructure. This phenomenon leads to a variation of the average contact surface and, therefore of the wear 

level 𝑧𝑚
𝑤  (in blue, 𝑙𝑑𝑒 ≥ 1.15 µ𝑚) and damage level 𝑧𝑚

𝑑  (in yellow, 𝐷 = 1), with respect to the initial profile. Grains 

in white have been already ejected while the initial profile is plotted in a black dot line 

Fig. C-15 (a) plots the level of damage 𝑧𝑚
𝑑  and wear 𝑧𝑚

𝑤 with time for the CZM with ultimate 

strength �̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎. The wear rate (𝑑(z𝑚
𝑑 )/𝑑𝑡) follows the same trend as the fatigue rate 

(𝑑(z𝑚
𝑤)/𝑑𝑡). Three main stages of wear can be distinguished; a representative instant for each 

of them is illustrated in Fig. C-15 (b): 

I. Phase I: Initialization. The damage starts to accumulate in the contacting zone, and 

particles start to detach from the matrix surface. However, the damage rate and the 

wear rate are negligible.  

II. Phase II: Steady-state. Grains are continuously damaged, detached, and ejected 

from the system. The damage propagates toward the matrix defining preferential 

paths for cracking nucleation and grains detachment. This aspect can be related to 

the fatigue effects and will be analyzed in the following section C.2.2 focused on 

the wear by fatigue.  
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III. Phase III: “Perturbed” steady-state. Matrix grains are removed slower than Phase 

II because of the presence of the non-degradable material. For this reason, this zone 

is defined as “perturbed” and has no particular physical meaning.  

 
(a) (b) 

Fig. C-15 (a) Damage and wear curves obtained for the case: 𝑝𝑙𝑖𝑚 = 800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚; (b) Damage maps 

for three different instants of time (𝑡𝑖 , 𝑡𝐼𝑖 , 𝑡𝐼𝐼𝑖) representative of the three phases of the wear process I,II,III  

The detachment of grains during the wear process modifies the topography of the contact 

surface, which evolution can be directly correlated to the three stages of wear rate defined 

above. To better understand this evidence, Fig. C-16 plots the variation of the four roughness 

parameters 𝑅𝑎, 𝑅𝑞, 𝑅𝑠𝑘, 𝑅𝑘𝑢 in time together with the variation of the wear level 𝑧𝑚
𝑤.  

It should be noted that the z-coordinate defining the roughness parameters in Eqs. (C.1-4) 

refers to the mean line that is different from the reference used to compute the height of wear 

𝑧𝑚
𝑤 (see Fig. C-14). As expected, the average roughness 𝑅𝑎  and the standard deviation 𝑅𝑞 have 

the same shape profile that can be directly related to the three phases of wear discussed above 

in Fig. C-15.  

After a brief and negligible initialization stage (Phase I), corresponding to stable values of 𝑅𝑎 

and 𝑅𝑞, the steady-state  (Phase II) defines a period of rapid wear, during which the average 

roughness 𝑅𝑎 and the deviation 𝑅𝑞 increase up to a specific value and then decrease. The 

reduction of the roughness is confirmed in the literature [145]. In this particular case, it can be 

related to the smoothing of the surface and the truncation of valleys caused by the debris flow. 

Although the steady-state can be associated with a large constant wear rate, some local 

features related to the irregularity of grains and the randomly generated microstructure may 

cause localized non-linear effects on the evolution of the wear depth with time. It is interesting 
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to notice that the slight change in the curvature  of the level z𝑚
𝑤  in time corresponds to the 

peaks of the roughness parameters 𝑅𝑎 and 𝑅𝑞. The “perturbed” steady-state (Phase III) is 

characterized by stable 𝑅𝑎 and 𝑅𝑞; a small jump on both curves is observed, and it may be 

related to the irregularities and local phenomenon of the wear. Finally, in the proximity of the 

non-degradable material, the roughness decreases again, reaching stabilization; however, this 

last aspect is only related to the presence of the flat non-degradable material and has no 

physical meaning. Concerning the irregularity of the profile, the skewness parameter 𝑅𝑠𝑘 

drops down to negative values during Phase II, indicating the formation of sharp valleys 

where the contact pressure can localize within small contact areas, defining a favorable 

condition for the wearing. During Phase III, the skewness increases slightly, but it remains 

negative, reaching a zero value in correspondence with the final plateau of wear. Therefore, 

the skewness variation can be related to the number of asperities coming into contact that 

increases initially and decreases as the surface is worn and smoothed [145]. The persistence of 

negative values of skewness may be related to the slow wear process defined by the high 

intergranular cohesion (i.e., a large ultimate strength �̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎), which causes the 

valleys are smoothed slowly and after several passages of the debris flow. Finally, looking at 

the kurtosis parameter, it drops down to values 𝑅𝑘𝑢 < 3 during Phase I and remains almost 

constant during the steady-state of  Phase II, justifying the particular shape of the surface 

described in Fig. C-15(b). Then, in the perturbated steady-state (Phase III), the kurtosis 

increases and stabilizes to values close to 𝑅𝑘𝑢 = 3 with some fluctuations that can be due to 

the irregularities of the miscrostructure discussed above.   

 
(a) (b) 

 
(c) (d) 

Fig. C-16 Variation of the roughness parameters: (a) 𝑅𝑎; (b) 𝑅𝑞; (c) 𝑅𝑠𝑘; (d) 𝑅𝑘𝑢 (in dark red) and the depth of wear 

𝑧𝑚
𝑤  (in blue) with time if 𝑝𝑙𝑖𝑚 = 800 𝑀𝑃𝑎 
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Changing the ultimate strength to �̃�𝑙𝑖𝑚 = 50 𝑀𝑃𝑎 lead to a faster wear process, as illustrated 

in Fig. C-17(a). Grains are detached and ejected faster than for �̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎. The 

initialization is characterized by the accumulation of damage before the material being 

removed, defining a slow wear rate before the steady-state, during which the wear rate is 

almost constant. Due to the particular damage distribution within the degradable material 

(Fig. C-17(b)), the third phase is reduced to a plateau (the wear rate is almost constant) in 

proximity to the non-degradable material. As already said discussing Fig. C-15, this last phase 

is unphysical since it is related to contact with the continuous material that does not exist in 

reality.  

 
(a) (b) 

Fig. C-17  (a) Damage and wear curves obtained for the case: 𝑝𝑙𝑖𝑚 = 50 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚; (b) Damage maps 

for three different instant of time representative of the three phases of the wear process I, II, III 

The rapidity of grains detachment and wear gives rise to a surface profile evolution which is 

different from that of the previous case shown in Fig. C-16. It is illustrated in Fig. C-18. The 

initial incubation of damage (Phase I – initialization in Fig. C-17) increases the irregularity of 

the surface in terms of 𝑅𝑎 and 𝑅𝑞, defining favorable conditions to the wear process, as 

displayed in Fig. C-18. During the steady-state (Phase II), roughness continues to increase and 

then decreases because of the smoothing of the surface caused by the debris passages.  

Concerning the symmetry of the profile, the skewness reduces in Phase I, reaching negative 

values during the steady-state, meaning the presence of sharp valleys on the profile in contact 

with the debris flow. Then, the last part of Phase II is characterized by the increase of the 

skewness up to 𝑅𝑠𝑘 > 0, which is consistent with the reduction of the average roughness. At 

contact with the non-degradable material (Phase III), the skewness decrease again to 𝑅𝑠𝑘 < 0, 

however, as already said, this part is affected by the non-degradable material and should be 

ignored. The kurtosis profile firstly reduces during the initialization and then increases again 

during the steady-state reaching values that are consistent with the profile in Fig. -17(b) (𝑅𝑘𝑢 <
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3). Fig. C-18 shows that the skewness and kurtosis evolutions are characterized by fluctuations 

that can be explained by the continuously sharping and smoothing of the contact surface 

caused by the spatial distribution of damage (damaged grains are equally distributed along 

the contact surface as illustrated in Fig. C-17 (b), and they can be easily removed and ejected).  

 
(a) (b) 

 
(c) (d) 

Fig. C-18 Variation of the roughness parameters: (a) 𝑅𝑎; (b) 𝑅𝑞; (c) 𝑅𝑠𝑘; (d) 𝑅𝑘𝑢 (in dark red) and the depth of wear 

𝑧𝑚
𝑤  (in blue) with time if 𝑝𝑙𝑖𝑚 = 50 𝑀𝑃𝑎 

Fig. C-16 and Fig. C-18 demonstrate that the evolution of the characteristic roughness is 

strongly related to the mechanical properties of the microstructure and the following wear 

process. Also, a single parameter is not sufficient to describe the topography of a surface 

completely. 

Moreover, the initialization develops differently in the two cases analyzed (�̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎 

and �̃�𝑙𝑖𝑚 = 50 𝑀𝑃𝑎). The ultimate strength �̃�𝑙𝑖𝑚 also has a strong impact on the onset of the 

contact between the matrix and the debris flow. If �̃�𝑙𝑖𝑚 is large enough compared to the applied 

pressure (i.e. for �̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎 as compared with 𝑝𝑛 = 3.4 𝑀𝑃𝑎) the maximum Von Mises 

stress (Fig.C-19(a)) occurs close to the contact surface, and results agree with continuum 

elasticity theory. Due to its particular roughness, the local contacting surface is almost 

horizontal, and the shear stress �̃� is representative of the tangential stress (Fig. 19 (b)). When 

reducing the ultimate strength (�̃�𝑙𝑖𝑚 = 50 𝑀𝑃𝑎, as compared with  𝑝𝑛 = 3.4 𝑀𝑃𝑎), the impact 

with the debris flow allows the stress to propagate within the matrix leading to an early crack 

initialization. The maximum Von Mises stress (Fig. C-20(a)) occurs at a certain distance from 

the contacting surface, corresponding to the weak joints where the fracture starts to appear.  
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(a) (b) 

Fig. C-19 Example of stress generated during the onset of the contact (𝑝𝑙𝑖𝑚 = 800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚) (a)  Von 

Mises stress; (b) tangential xz stress 

 

 
(a) (b) 

Fig. C-20 Stress on the matrix microstructure generated during the onset of the contact with the first cracking in 

the microstructure (𝑝𝑙𝑖𝑚 = 50 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚) (a)  Von Mises stress; (b) tangential stress 

We observe that, in the case �̃�𝑙𝑖𝑚 = 50 𝑀𝑃𝑎, the source flow (i.e. the detachment of grains from 

the matrix) occurs too fast to allow for an efficient ejection of the worn material from the 

interface. Grains are detached too quickly and remain in the system for a while before being 

ejected; they are free to evolve in the contact during this time, defining a part of the third body.  

Therefore, in this case, wear is not caused by debris grains but by the grains of the matrix 

themselves (Fig. C-17(b)). This is in disagreement with experimental observations, which show 

that the presence of matrix grains in the third body (i.e., in the debris flow) is negligible. The 

case �̃�𝑙𝑖𝑚 = 50 𝑀𝑃𝑎 can therefore be considered as unphysical. This phenomenon is more 

evident when decreasing the ultimate strength 𝛿𝑟𝑒𝑠 as illustrated in Fig. C-21, where the wear 

levem z𝑚
𝑤(𝑡) is plotted for 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚 and 𝛿𝑟𝑒𝑠 = 0.0002 µ𝑚. 

Therefore, the simple damage parameter 𝐷 used in the standard CZM law does not account 

for this character since grains bonds evolve quickly from the intact to the broken state.  
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Fig. C-21 Wear curves obtained for 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚 and 𝛿𝑟𝑒𝑠 = 0.0002 µ𝑚. In both cases 𝑝𝑙𝑖𝑚 = 50 𝑀𝑃𝑎 

On the other side, a large ultimate strength coupled with a low fatigue damage rate 𝑑𝐷𝑓 

requires many stress cycles before grains are damaged and then detached, allowing time for 

the damage to propagate towards the inner part of the degradable microstructure (Fig. C-15 

(b)). This observation confirms the benefit of introducing fatigue in the CZM contact-law 

applied to the wear of the matrix. The following section C.2.2. is focused on the fatigue effect 

considering an ultimate strength �̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎 and a residual gap 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚. 

C.2.2 Effect of the fatigue damage rate on the wear 

process 

If a large ultimate strength (�̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎) is chosen, the matrix damaging occurs mostly by 

fatigue. The fatigue damage evolution parameter 𝑑𝐷𝑓 defines the rapidity with which the 

damage parameter 𝐷 evolves from 0 to 1 with cycles of contact pressure �̃�. To quantify this 

effect in terms of wear rate, simulations are run considering different values for 𝑑𝐷𝑓 as listed 

in Tab. C-7, while the Mohr-Coulomb parameters are the same as in Tab. C-6.  

Tab. C-7 CZM parameters for the fatigue damage rate sensitivity 

𝑘0 (MPa/µm) �̃�
𝑙𝑖𝑚

 (MPa) 𝛿𝑟𝑒𝑠 (µm) �̃�
𝑟𝑒𝑠

 (MPa) �̃�
𝑓
 (MPa) 𝒅𝑫𝒇 (MPa-1) 

106 800 0.002 0 10 0.1 0.05 0.01 

0.001 

0.0001 

Fig. C-22 illustrates the effect of the fatigue damage evolution parameter dD𝑓 on the wear 

process. The larger the parameter dD𝑓, the faster the grains ejection.  
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Fig. C-22 Wear curves for different values of dD𝑓 and zoom on the initialization stage. Indications A and B refer to 

two particular wear depth 𝑧𝑚
𝑤  of the wear-in: A’ and B’ are relative to the case dD𝑓 = 0.001 𝑀𝑃𝑎

−1; A” and B” 

correspond to dD𝑓 = 0.1 𝑀𝑃𝑎
−1  

Looking in more details at the three phases of wear (initialization, wear-in and steady-state), 

the decreasing of the fatigue damage evolution parameter dD𝑓 leads to an increase in the 

duration of the initialization stage, which defines the damage incubation. However, the onset 

of the contact does not appear to be strongly affected by dD𝑓; even for large values, the pressure 

field follows a Hertzian-like profile, as illustrated in the example of Fig.C-23 in terms of Von 

Mises and Cauchy tangential stresses for large fatigue damage parameter evolution (𝑑𝐷𝑓 =

0.1MPa−1). The stress field in Fig. C-23 is comparable with the stress field in Fig. C-19, 

corresponding to the case 𝑑𝐷𝑓 = 0.001MPa
−1.  

 
(a) (b) 

Fig. C-23 Example of stress generated during the onset of the contact (𝑝𝑙𝑖𝑚 = 800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚, 𝑑𝐷𝑓 =

0.1MPa−1) (a)  Von Mises stress; (b) tangential xz stress 

Concerning the steady-state, when increasing the fatigue damage evolution parameter dD𝑓, it 

becomes more and more linear with a transition from dD𝑓 = 0.001 𝑀𝑃𝑎
−1 to dD𝑓 =

0.01 𝑀𝑃𝑎−1. To better understand the role of the dD𝑓, figures from Fig. C-24 to Fig.C-27 show 

the damage distribution 𝐷, the magnitudes of displacements, the von-Mises stress, and the 
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Cauchy tangential stress corresponding to dD𝑓 = 0.001 𝑀𝑃𝑎
−1 and dD𝑓 = 0.1 𝑀𝑃𝑎

−1 taken at 

two different steps of the wear process (A’ and B’ for dD𝑓 = 0.001 𝑀𝑃𝑎
−1, and A’’ and B’’ for 

dD𝑓 = 0.1 𝑀𝑃𝑎
−1, as described in Fig. C-22) but corresponding to the same wear depth 𝑧𝑤

𝑚 

corresponding to the points  A and B in Fig. C-22. 

Figs. C-24 and C-25 refers to the wear depth corresponding to point A in Fig. C-22, referring 

respectively to the case dD𝑓 = 0.001 𝑀𝑃𝑎
−1 and dD𝑓 = 0.1 𝑀𝑃𝑎

−1.  

As introduced in section C.2.1, the slow fatigue damage evolution parameter (dD𝑓 =

0.001 𝑀𝑃𝑎−1) coupled with large ultimate strength (�̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎) gives time to the damage 

to propagate in the thickness of the microstructure, defining a preferential path for the crack 

propagation. This evidence is explained by looking at the displacement map of Fig. C-24, 

where damaged grains are subjected to significant relative displacements corresponding to the 

opening of the micro-fractures. This aspect can also be seen in Von Mises and tangential 

Cauchy stress distribution within the matrix. This particular evidence is responsible for the 

slow wear process as grains of the contacting surface remain for a certain time before being 

damaged and ejected.  

For a large value of fatigue damage parameter (dD𝑓 = 0.1 𝑀𝑃𝑎
−1), damaged grains are almost 

distributed along the contact surface; they are detached and ejected faster than for dD𝑓 =

0.001 𝑀𝑃𝑎−1, giving no time for cracks to propagate within the matrix. This situation is also 

confirmed by the map of grain displacement and stress field: localization of stress is limited to 

the surface in contact with the debris flow (Fig. C-25).  
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(a) (b) 

Fig. C-24 Steady-state at the point A’ corresponding to the time 𝑡 =  30 𝑚𝑠 and the wear level 𝑧𝑚
𝑤 = 2 µ𝑚  (𝑝𝑙𝑖𝑚 =

800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚, 𝑑𝐷𝑓 = 0.001MPa
−1): (a) Maps in terms of body damage parameter D, Magnitude 

displacement; Von Mises stress and Cauchy –xz stress; (b) relative zooms on a microcrack highlighted in the red 

window. The damage propagates within the matrix microstructure generating cracks within the material. The 

fracture is characterized by high relative displacement; moreover, damaged grains are subjected to large 

displacements while the stress concentrates on the surrounding non-damaged material 
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(a) (b) 

Fig. C-25 Steady-state at the point A” corresponding to the time 𝑡 =  5.6 𝑚𝑠 and the wear level 𝑧𝑚
𝑤 = 2 µ𝑚  (𝑝𝑙𝑖𝑚 =

800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚, 𝑑𝐷𝑓 = 0.1MPa
−1): (a) Maps in terms of body damage parameter 𝐷, Magnitude 

displacement; Von-Mises stress and Cauchy –xz stress; (b) relative zooms on the red windows (same as in Fig. C-

25). There are no particular fractures and microcracks within the matrix microstructure. The fracture is localized on 

the contacting surface 

Going deeper with wear and reaching the point 𝑧𝑚
𝑤 = 𝐵 = 10 µ𝑚, the damage, displacement 

and stress fields referring to B’ (𝑑𝐷𝑓 = 0.001MPa
−1) are illustrated in Fig. C-26. The damage 

propagation within the material seems to be hindered by the non-degradable material since it 

defines an upper limit to wearing: grains in contact with it are generally characterized by 

strong cohesion.  This evidence, together with the already investigated evolution of roughness 

(Fig. C-16) can explain the particular bilinear wear rate observed in Fig. C-22 characterized by 

a “premature perturbed” steady-state (phase III of wear begins before that most of the grains 

are ejected, meaning that the wear rate becomes perturbated by the damage that has already 

reached the upper limit).  
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(a) (b) 

Fig. C-26 “Perturbed” steady-state at the point B’ corresponding to the time 𝑡 =  100 𝑚𝑠 and the wear level 𝑧𝑚
𝑤 =

10 µ𝑚 (𝑝𝑙𝑖𝑚 = 800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚, 𝑑𝐷𝑓 = 0.001MPa
−1): (a) Maps in terms of body damage parameter 𝐷, 

Magnitude displacement; Von-Mises stress and Cauchy xz stress; (b) relative zooms on the red windows. The 

damage propagates within the matrix microstructure, generating developing microfracture; however, the 

presence of the non-degradable microstructure imposes a limit to this phenomenon and to the grains detachment 

On the other hand, for a large fatigue damage evolution parameter (𝑑𝐷𝑓 = 0.1MPa
−1), the 

damage is well distributed on the surface and seems to be non affected by the presence of the 

non-degradable base (Fig.C-27). Since the fatigue damage parameter is large, the damage 

increases quickly, the microcracks generated at the contacting surface do not have time to 

propagate toward the inner microstructure as grains are detached.  
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(a) (b) 

Fig. C-27 Steady-state at the point B” corresponding to the time 𝑡 =  14.4 𝑚𝑠 and the wear level 𝑧𝑚
𝑤 = 10 µ𝑚 

(𝑝𝑙𝑖𝑚 = 800 𝑀𝑃𝑎; 𝛿𝑟𝑒𝑠 = 0.002 µ𝑚, 𝑑𝐷𝑓 = 0.1MPa
−1): (a) Maps in terms of body damage parameter 𝐷, Magnitude 

displacement; Von Mises stress and Cauchy –xz stress; (b) relative zooms on the red windows. Damaged grains 

are distributed on the contacting surface. Detached grains undergo severe displacements; microcracks emerge on 

the contacting surface but, since the damage increases quickly, they do not have time to propagate within the 

material 

To better understand the propagation of the damage within the matrix microstructure, Fig. C-

28 plots the vertical position of each grain as a function of their damage parameter 𝐷 for the 

two conditions A and B of Fig. C-22 and representing the two situations described by 𝑑𝐷𝑓 =

0.001MPa−1 (A’, B’) and 𝑑𝐷𝑓 = 0.1MPa
−1 (A”, B”). As expected, damaged grains are 

distributed along the whole vertical direction if 𝑑𝐷𝑓 = 0.001MPa
−1 (Fig. C-28 (a) and (b)); while 

they are more localized along the contacting surface if 𝑑𝐷𝑓 = 0.1MPa
−1. Moreover, the 

averaged damage obtained, as the moving average of spatial damage distribution, is almost 

linear for cases (a) and (b) (𝑑𝐷𝑓 = 0.001 𝑀𝑃𝑎
−1) defining a constant slope 𝑧𝑚 𝐷⁄  of the averaged 

damage. Graphs (c) and (d), on the other hand, show an initially bilinear and finally linear 

behavior of the mean damage. This aspect indicates that if the parameter 𝑑𝐷𝑓 is small, the 
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damage 𝐷 is linearly distributed over the whole depth of the degradable part. If the parameter 

𝑑𝐷𝑓 is large, the damage evolves quickly and has not time to propagate within the whole 

degradable material involving, in the first moment, only the part of the degradable surface in 

contact with the debris flow (c). 

 
(a) (b) 

 
(c)  (d) 

Fig. C-28 Grains vertical position vs. Damage parameter (a) A’ 𝑑𝐷𝑓 = 0.001MPa
−1; (b) B’ 𝑑𝐷𝑓 = 0.001MPa

−1; (c) 

A” 𝑑𝐷𝑓 = 0.1MPa
−1; (d) B” 𝑑𝐷𝑓 = 0.1MPa

−1;  

It is interesting to notice that the slope (−𝑧𝑚 𝐷⁄ ) increases reducing the fatigue damage 

parameter 𝑑𝐷𝑓 and is almost constant for each value of 𝑑𝐷𝑓, as illustrated in Fig. C-29. 
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Fig. C-29 Spatial derivate of the damage parameter 𝐷 with the depth of the degradable material 𝑧𝑚 as a function 

of the wear level 𝑧𝑚
𝑤  for the cases observed in Fig. C-28 

These results confirm that if the fatigue damage evolution parameter is large, the damage has 

no time to propagate within the matrix.  

Fig. C-30 plots the wear rate defined as 𝑧𝑚
𝑤 𝑡⁄  computed from Fig. C-22 considering the steady-

stage phase as a function of the fatigue damage evolution parameter dD𝑓. The uncertainty of 

the measurement is estimated in terms of standard error (defined as the ratio between the 

standard deviation and the root square of the sample size), which increases for low values of 

dD𝑓. However, the relationship 𝑧𝑚
𝑤 𝑡⁄  vs. dD𝑓 is well fitted by a power law. 

 

Fig. C-30 Evolution of the wear rate Δℎ𝑚 𝑡⁄  with the fatigue damage rate dD𝑓 fitted by a power law (𝜒1 =

2.099; 𝜒2 = 0.4363; 𝑅2 = 0.9099) 
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The effect of the damage evolution parameter on the wear rate is analyzed in Fig. C-31 by 

comparing the number of damaged particles 𝑄𝑚
𝑑  (𝐷 = 1) to the ejected ones 𝑄𝑚

𝑤 (𝑙𝑑𝑒 ≥
𝑑𝑔

2
 ) and 

observing that grains achieving 𝐷 = 1 remain in the system before being ejected, most of them 

are not completely detached, and the wear is still caused by the debris flow, as explained in 

Part A. The relationship 𝑄𝑚
𝑤 vs. 𝑄𝑚

𝑑  changes as a function of the fatigue damage evolution 

parameter dD𝑓, confirming the transition observed in Fig. C-18 from dD𝑓 = 0.001 𝑀𝑃𝑎
−1 to 

dD𝑓 = 0.01 𝑀𝑃𝑎
−1. 

 

Fig. C-31 Relationship between damaged particles 𝑄
𝑚
𝑑  (𝐷 = 1)  and ejected particles  𝑄

𝑚
𝑤  (𝑙𝑑𝑒 ≥

𝑑𝑔

2
 )  

To better understand the effect of the damage on the debris ejection, Fig. C-32 illustrates the 

damage of the microstructure for different instant times corresponding to the points (a), (b), 

(c), (d), which are chosen from Fig. C-31 ((a): 𝑄𝑚
𝑑  = 0.17, (b): 𝑄𝑚

𝑑  =0.4, (c) : 𝑄𝑚
𝑑  = 0.6, (d): 𝑄𝑚

𝑑   = 

0.8) on the curves with dD𝑓 = 0.1 𝑀𝑃𝑎
−1 and dD𝑓 = 0.001 𝑀𝑃𝑎

−1  

(a) 𝑄𝑚
𝑑 = 0.17: there is no significant influence of the damage rate on the amount of ejected 

particles. However, the distribution of the damage 𝐷 depends on the established 

fatigue damage parameter: If the damage parameter 𝐷 increases fast, it does not have 

time to propagate towards the inside of the matrix, and the damaged grains stay mostly 

on the surface in contact with the debris flow. If the damage parameter increases 

slowly, the damage propagates within the matrix surface, defining a preferential path 

for further cracking and detaching.  
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(b) 𝑄𝑚
𝑑 = 0.4: the amount of ejected particles is smaller for the lower damage rate. The 

roughness of the surface may explain the two different behaviors observed for low and 

large fatigue damage evolution parameter dD𝑓. In the former case, the damage is 

localized in clusters whose ejection is prevented by the neighboring undamaged 

grains. 

(c) 𝑄𝑚
𝑑 = 0.64: the ratio of ejected and damaged grains is almost the same for the different 

fatigue damage evolution parameter; Then, for 𝑄𝑚
𝑑 > 0.64, the trend is reversed with 

respect to that observed for 𝑄𝑚
𝑑 < 0.64 

(d) For 𝑄𝑚
𝑑 = 0.8, the number of damaged particles increases with decreasing the damage 

rate. This evidence is consistent with what is observed previously. If the fatigue 

damage parameter is large, the damage is equally distributed on the contact surface 

that shows several peaks and valley on the profile (𝑅𝑘𝑢 > 3) which are smoothed at the 

end of the wear-in. As already said, grains are strongly bonded to the non-degradable 

surface, and their detachment happens slowly. If the fatigue damage parameter is 

large, the damage distribution follows different paths and propagate within the matrix 

surface.  

 
Fig. C- 32 Evolution of the damage profile for two different fatigue damage rate: dD𝑓 = 0.001 𝑀𝑃𝑎

−1 (left) dD𝑓 =

0.1 𝑀𝑃𝑎−1 (right) at four different stages of 𝑄
𝑚
𝑑  from Fig. C-25: (a) 𝑄

𝑚
𝑑 0.17; (b) 𝑄

𝑚
𝑑 =0.4; (c); 𝑄

𝑚
𝑑 = 0.6, (d) 𝑄

𝑚
𝑑 = 0.8 
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Although it is difficult to extract quantitative information from this model and the several 

parameters that need to be defined, the model can describe the mechanisms involved in the 

wear process at the local scale. The wear by fatigue plays an important role in the mechanisms 

of damage and detaching of particles.  

Results here presented showed a strong relationship between the evolution of the surface 

topography, the contact parameters and the wear process. What is not yet clear is whether the 

roughness is directly related to the strength of the contact (i.e., the CZM –fatigue parameters) 

and is, therefore, a cause of the wear process or if it is a consequence of it. Such observation 

and results should be validated considering a large degradable matrix, which will require a 

more expensive computation but will be useful for a better understanding of the wear 

processes involving small fatigue damage evolution parameters dD𝑓.  

A methodology to set the parameters of the CZM is discussed in the next Chapter C.3 using 

the strong analogy between the wear caused by a debris flow and that generated by an 

indenter, already discussed in Part B for the writing of the wear equation. 
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C.3  

Towards a quantitative approach 

The previous Chapters, C.1 and C.2 defined a model for describing the wear of a softer 

polycrystalline material caused by a harder debris flow. The grain size distribution of the metal 

microstructure was consistent with the experimental one, but the CZM contact laws' strength 

parameters did not correspond to any measurement made on the targetted microstructure. 

Performing a calibration based on the mesoscopic model is possible but costly since it requires 

performing fatigue simulations, including a large number of compliant grains and a long-wear 

process. Moreover, the comparison with the experimental test may not be so evident.  

The idea of this chapter is to calibrate the ultimate strength �̃�𝑙𝑖𝑚 and the residual stress �̃�𝑟𝑒𝑠 of 

the CZM law, bypassing the wear model described previously and performing a numerical 

multi-scratch test whose results can be compared with the experiments introduced in Chapter 

B.1.  

As MELODY is restricted to plane strain kinematics, the intention is limited to the calibration; 

it cannot claim to describe numerically the wear modes induced by the indentation and 

scratching (discussed in section A.2.4). Despite its simplicity, the model can, however, describe 

micromechanical phenomena such as irreversible deformations and residual stress induced by 

scratching.  

The first section C.3.1 completes section B.1.2 and adds some complementary information 

regarding the multi-scratch test, which is useful for the calibration. The second section C.3.2, 

describes the model in terms of geometry, boundary conditions, and contact laws. The third 

section C.3.2, discusses and compares numerical results with what is already explained in 

C.3.1, investigating the micromechanical response of the matrix during scratching.  
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C.3.1 Experimental observation on the µ-scratch test 

The µ-scratch test was introduced in section B.1.2 to define a characteristic hardness 𝐻𝑠
∗, which 

was further used to derive the wear equation. Important features that can be extracted during 

the second stage of the test, and for each indenter pass, are the penetration depth ℎ𝑝,𝑠, the 

residual depth ℎ𝑟,𝑠, and friction coefficient 𝜇𝑟,𝑠. These quantities are plotted in Fig. C-33 for 

successive passages 𝑛𝑠 of the indentor along the same scratch path 𝐿𝑠.  

The rate of penetration depth ℎ𝑝,𝑠 (Fig. C-32 (a)) and residual depth (Fig. C-32 (b)) reduces with 

the number of scratches 𝑛𝑠, as a consequence of the strain hardening introduced previously in 

section B.1.2.  

 
(a) (b) 

 
(c) 

Fig. C-33 Measure of (a) penetration depth ℎ𝑝,𝑠; (b) residual depth ℎ𝑟,𝑠; (c) coefficient of friction µ𝑠; for successive 

passages 𝑛𝑠 of the indentor along the same the scratch path 𝐿𝑠 

 

The respective mean values of ℎ̅𝑝,𝑠 ℎ𝑟,𝑠 and µ̅𝑠are computed as arithmetic means of the profiles 

in Fig. C-33, excluding perturbations at the beginning of each scratch (small values of 𝐿𝑠), and 

are displayed in Fig. C-34. As expected, the variation of penetration and residual depths with 

the number of scratches is not linear, while the friction coefficient first reduces with the 

number of scratches and then seems to increase again, reaching a plateau. The mean values of 

ℎ𝑟,𝑠 and �̅�𝑠 are used in the next section to calibrate the ultimate strength 𝑝𝑙𝑖𝑚 of the CZM 

contact-law.  
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(a) (b) 

Fig. C-34 (a) mean values of penetration and residual depth ℎ̅𝑠 (b) mean value of friction coefficient �̅�𝑠 

 

C.3.2 Numerical scratch test  

The numerical scratch test is briefly introduced; the main contact laws and features of the 

degradable microstructure discussed in Chapter C.1 are still valid with some implementations 

that are discussed here.  

C.3.2.1 Geometry and boundary conditions  

The model reproduces the second stage of the experimental scratch test explained in B.1: the 

indenter slides several times (always in the same direction) on the surface under constant 

normal load 𝐹𝑠, and scratching velocity 𝑣𝑠 (Fig. B-6(b)). 

The geometry of the model consists of a degradable matrix (generated in the same manner as 

in the previous section) in contact with the circular tip of the indenter on the upper free surface 

and supported by a deformable but non-degradable base (Fig. C-35). Following the model 

exposed in C.1 and C.2, grains of the microstructure are deformable while the indenter is rigid. 

The metal matrix's microstructure is modeled in the same way as explained in C.1.1 but 

considering a larger thickness ℎ𝑚 = 40 µ𝑚 than the previous model to account for the 

propagation of stress within the matrix induced by a large indenter (𝑅𝑠 = 100 µ𝑚). The lower 

base has a thickness ℎ𝑏 = 30 µ𝑚, as in the mesoscale model. The length of the domain is limited 

to 𝐿𝑥 = 200 µ𝑚 to optimize the simulation time, and periodic boundary conditions are 

imposed on the lateral borders to guarantee the continuity of the indenter motion and allow 

successive pass. The main geometrical features are displayed in Fig. C-35. The applied 

scratching velocity is set to 𝑣𝑆
𝑛𝑢𝑚 = 200 𝑚/𝑠. 
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Fig. C-35 2D Microscratch model with the indication of the thickness of the matrix ℎ𝑚 and the base ℎ𝑏, as well as 

of the applied normal force 𝐹𝑆
𝑛𝑢𝑚 and velocity 𝑣𝑆

𝑛𝑢𝑚 on the indenter 

The grains size distribution is reported in Fig. C-36 and compared with the experimental one, 

which is used in the mesoscale model.  

 
Fig. C-36 Comparison between the experimental (blue) and numerical (red) degradable microstructure 

The velocity applied is larger than the real velocity imposed during the experimental scratch 

test; however, the quasi-static regime is guaranteed during the simulation. Remembering that 

such a condition is verified if the sliding velocity is much smaller than the wave propagation, 

defined as in Eq. (C.8), a large wave velocity is obtained considering the real young modulus 
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of the metal microstructure (𝐸𝑚 = 211 𝐺𝑃𝑎); therefore the velocity 𝑣𝑆
𝑛𝑢𝑚 = 200 𝑚/𝑠 is larger 

than the scratch test velocity but is always smaller than wave propagation (𝑣𝑤𝑎𝑣𝑒 ≈ 4900 𝑚/𝑠).  

In order to determine the appropriate vertical load to be applied to the indenter, Hertz 

equivalent pressure is considered. The applied load in the 2D simulations is chosen such that 

the Hertz equivalent pressure be identical to that obtained in the 3D case during experiments. 

Assuming the indenter-surface contact is equal to the contact between a sphere of radius 𝑅𝑠  - 

equal to the tip radius of the indenter (𝑅𝑠 = 100 µ𝑚)- and an elastic half-space, the 3D Hertz 

theory allows finding the maximum experimental contact pressure 𝑝𝑚𝑎𝑥,3𝐷 as: 

𝑝𝑚𝑎𝑥
3𝐷 =

3

2
∙

𝐹𝑠
𝜋 ∙ 𝑎𝑠

2
(𝐶. 19) 

Where 𝐹𝑠 = 10 N is the load applied on the indenter, and 𝑎𝑠 is the half contact width computed, 

in the elastic framework, as:  

𝑎𝑠 = (
3

2
∙
𝑅𝑠 ∙ 𝐹𝑠
𝐸∗

)

1
3

(𝐶. 20) 

E* is the effective Young modulus, computed as a function of the Young modulus E and the 

Poissons coefficients 𝜐 of the indenter and the matrix, respectively denoted with index 𝑖 and 

𝑚: 

1

𝐸∗
=
1

2
(
1 − 𝜈𝑖

2

𝐸𝑖
+
1 − 𝜈𝑚

2

𝐸𝑚
) (𝐶. 21) 

As the indenter tip is far more rigid than the matrix, the Eq. (C.21) can be simplified as: 

1

𝐸∗
≅
1

2
(
1 − 𝜈𝑚

2

𝐸𝑚
) = 2.17 ∙ 10−6 𝑀𝑃𝑎−1 

Where 𝐸𝑚 = 210 𝐺𝑃𝑎 and 𝜈𝑚 = 0.31. 

The maximum pressure in 2D writes as:  

𝑝𝑚𝑎𝑥
2𝐷 = (

𝐸∗2𝐷 ∙ 𝐹𝑠
𝑛𝑢𝑚

𝜋 ∙ 𝑅𝑠
)

1
2

(𝐶. 22) 

Where the 2D effective Young modulus 𝐸2𝐷
∗  is defined as:  

1

𝐸∗
=
1 − 𝜈𝑖
𝐸𝑖

+
1 − 𝜈𝑚
𝐸𝑚

≅
1 − 𝜈𝑚
𝐸𝑚

= 3.33 10−6 𝑀𝑃𝑎−1 
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Under the assumption of the equivalent pressure: 

𝑝𝑚𝑎𝑥
2𝐷 = 𝑝𝑚𝑎𝑥

3𝐷 = 2.18 104 𝑀𝑃𝑎 (𝐶. 23) 

The 2D normal load 𝐹𝑠
𝑛𝑢𝑚 acting on the tip of the indenter is computed from Eq. (C.22) as: 

𝐹𝑠
𝑛𝑢𝑚 =

𝑝𝑚𝑎𝑥
3𝐷 2

∙ 𝜋 ∙ 𝑅𝑠 

𝐸∗2𝐷
= 4.95  105  𝑁 ∙ 𝑚−1 

The main quantities are summarized in Tab. C-8. 

Tab. C-8 Main features for the application of the Hertz theory at equivalent pressure 

 𝐹𝑛 1/E* 𝑎𝑠 𝑝𝑚𝑎𝑥 

3D 10 [N] 2.17 ∙ 10−6 MPa−1 10.48 µm 
2.18 104 MPa 

2D 4.96  105 [N/m] 3.33 ∙ 10−6 MPa−1 14.5 µm 

 

C.3.2.2 Contact models 

In the scratch test model, the following contact laws are used: 

i) CZM with fatigue for the degradable and non-degradable contact and the contact 

between grains of the degradable material.  

ii) Frictionless (i.e., purely cohesive) Mohr-Coulomb for the indenter-matrix grains 

contact 

The CZM + fatigue contact-law here introduced slightly differs from the one discussed in 

C.1.2.1 by introducing a residual cohesion �̃�𝑟𝑒𝑠 that still exist within an interface even when 

the damage 𝐷 has reached 1. This cohesion is active for any contact between matrix grains after 

complete damage and even after possible separation and re-contact. It represents the 

remaining surface energy after breakage and allows to mimic ductility of the matrix in a simple 

way [146]. Moreover, as the scratch is limited to few passages of the indenter, the attention is 

limited to the strength �̃�𝑙𝑖𝑚 and to this residual cohesion �̃�𝑟𝑒𝑠, which define the monotonous 

damage as explained in Fig. C-11. If the �̃�𝑟𝑒𝑠 ≠ 0; the shape of the law is no more triangular 

and considers the post-peak ductile deformation of the material under multi-pass loads, as 

illustrated in Fig. C-37(a).  

The contact between the indenter and the degradable material is purely cohesive; therefore, 

no Coulomb friction is included, but surface adhesion between the indenter and the matrix is 

accounted for by a purely cohesive term Γ. In this way, the friction coefficient 𝜇𝑛𝑢𝑚 is obtained 
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as an output from the simulation and measured as the ratio between the tangential force 𝐹𝑡
𝑛𝑢𝑚 

and the applied normal force 𝐹𝑠
𝑛𝑢𝑚: 

𝜇𝑠
𝑛𝑢𝑚 =

𝐹𝑡
𝑛𝑢𝑚

𝐹𝑠
𝑛𝑢𝑚 (𝐶. 24) 

This friction coefficient is generally named apparent friction coefficient [147][148]. The purely 

cohesive contact law is illustrated in Fig.C-37 (b).  

 
(a) (b) 

Fig. C-37 Contact laws used in the model: (a) CZM contact law with residual strength 𝑝𝑟𝑒𝑠 ≠ 0; (b) purely cohesive 

Mohr-Coulomb with Coulomb friction 𝜑 = 0 

C.3.3 Comparison between experimental and 

numerical results  

The calibration is performed varying systematically the strength �̃�𝑙𝑖𝑚 and the residual cohesion 

�̃�𝑟𝑒𝑠 of the CZM contact-law and the cohesion Γ between the indenter and the grains of the 

microstructure. Another necessary parameter already used in the mesoscopic model is the 

deactivation length 𝑙𝑑𝑒. It is here investigated to mimic the 3D effect of ploughing (i.e., the 

shifting of the material on the side of the indenter) and avoid some undesirable contacts 

between the indenter and detached grains that can modify the physics of the problem.  

Numerical results are then compared with the experimental ones in terms of friction coefficient 

and wear depth. 

As shown in section B.1.2, the behavior under the first scratch may be affected by initial 

conditions and may not represent the behavior of the surface under continuous abrasive flow. 

Therefore, the numerical friction coefficient �̅�𝑠
𝑛𝑢𝑚 obtained as in Eq. (C-24) is compared with 

the experimental �̅�𝑠 plotted in Fig. C-33(b), ignoring the first passage 𝑛𝑠 = 1. The comparison 

in terms of wear depth requires additional observations.  
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The experimental test consists of the indentation followed by the release of the indenter; 

however, since the numerical test aims not to give the numerical values for the mean residual 

depth but to give a characteristic feature for the calibration, the release of the indenter is not 

performed. In the numerical simulation, the indentation depth is calculated following the 

vertical position of the indenter tip during scratches ℎ𝑠
𝑛𝑢𝑚. For each passage, the mean value 

is calculated in terms of average numerical indentation depth ℎ̅𝑠
𝑛𝑢𝑚. Finally, the numerical 

depth of wear ℎ̅𝑠−1
𝑛𝑢𝑚 is calculated as the difference between the mean indentation depth ℎ̅𝑠−1

𝑛𝑢𝑚 at 

the scratch 𝑛𝑠 with respect to the initial one ℎ̅1
𝑛𝑢𝑚 at 𝑛𝑠 = 1: 

ℎ̅𝑠−1
𝑛𝑢𝑚 = |ℎ̅𝑠

𝑛𝑢𝑚 − ℎ̅1
𝑛𝑢𝑚| (𝐶. 25) 

This value is compared with the experimental depth of wear ℎ̅𝑠−1 obtained in the same way as 

in Eq. (C.25) starting from the mean residual depth ℎ̅𝑟,𝑠 plotted in Fig. C-34 (a):  

ℎ̅𝑠−1 = ℎ̅𝑟,𝑠 − ℎ̅𝑟,1 (𝐶. 26) 

The calibration starts with imposing the strength parameters �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠 and the deactivation 

length 𝑙𝑑𝑒 and by varying the cohesion Γ between the surface and the indenter. Then, the 

activation length is varied by keeping the strength parameters fixed and for an optimal 

cohesion value. Finally, for fixed values of cohesion Γ and deactivation length 𝑙𝑑𝑒, the study is 

performed analyzing the effect of the �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠.  

Notice that, for computational time reasons, the numerical scratch test is limited to the first 3-

4 scratches (compared to 10 scratched performed experimentally).  

C.3.3.1 Effect of the cohesion 𝛤 between the matrix and the indenter  

The effect of the cohesion on friction and wear is studied considering the contact parameters 

reported in Tab. C-9 and Tab. C-10 for the CZM and the Mohr-Coulomb contact laws.  

Tab. C-9 CZM fatigue parameters for the matrix-matrix and matrix-base contact 

𝑘0 (MPa/µm) �̃�
𝑙𝑖𝑚

 (GPa) 𝛿𝑟𝑒𝑠 (µm) �̃�
𝑟𝑒𝑠

 (GPa) �̃�
𝑓
 (MPa) 𝑑𝐷𝑓 (MPa-1) 

108 12 0.002 6 10 0.003 

 

Tab. C-10 Mohr-Coulomb parameters for the matrix indenter contact 

𝑘0 (MPa/µm) 𝜑 (rad) 𝚪(GPa) 

108 0 3; 4.5; 6 
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In this first analysis, the deactivation length is set to infinity, meaning that grains remain in 

the system for the whole simulation time. Three successive scratches are performed 

numerically in the same direction. For purely illustrative reasons, Fig. C-38 plots the evolution 

of the indentation depth ℎ𝑠
𝑛𝑢𝑚 and the friction coefficient 𝜇𝑠

𝑛𝑢𝑚along with the scratch distance 

𝐿𝑥 and for the different scratch passages 𝑛𝑠. During the first and second scratch, the 

indentation depth ℎ𝑠
𝑛𝑢𝑚 is almost constant, while it increases linearly with the distance 

traveled 𝑥 during the third scratch. The friction coefficient 𝜇𝑠
𝑛𝑢𝑚 is subjected to rather large 

fluctuations due to the evolution in time of the contact tangential force 𝐹𝑡,2𝐷.  

 
(a) 

 
(b) 

Fig. C-38 (a) numerical indentation depth ℎ𝑠
𝑛𝑢𝑚 ; (b) numerical friction coefficient 𝜇

𝑠
𝑛𝑢𝑚 along the scratch distance 𝑥 

for different scratch pass 𝑛𝑠 = 1, 2, 3 (Γ = 4.5 𝑀𝑃𝑎) 

From curves in Fig. C-38, the mean friction coefficient �̅�𝑠
𝑛𝑢𝑚 and the mean wear depth ℎ̅𝑠−1

𝑛𝑢𝑚 

are computed numerically by Eq. (C.24) and Eq. (C.25), respectively. The same procedure is 

repeated by running simulations with a different value of cohesion Γ  as listed in Tab. C-8. For 

all of them, the mean values ℎ̅𝑠−1
𝑛𝑢𝑚 and �̅�𝑠

𝑛𝑢𝑚 are calculated and compared with the respective 

experimental values ℎ̅𝑠−1 and �̅�𝑠 as illustrated in the histograms of Fig. C-39.  
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(a) (b) 

Fig. C-39 Comparison between experimental and numerical results varying the cohesion Γ between the indenter 

and the matrix: (a) mean wear depth ℎ̅𝑠−1; (b) mean friction coefficient �̅�𝑠.  

Generally, the larger the cohesion, the larger the depth of wear and the friction coefficient. The 

more representative results are obtained for Γ = 4.5  𝐺𝑃𝑎, and this value will therefore be used 

in the remainder of this study. 

C.3.3.2 Effect of the deactivation length 𝑙𝑑𝑒 of grains detached 

The following simulations aim to set a value of the deactivation length 𝑙𝑑𝑒 able to mimic the 

3D behavior (i.e. the lateral flow) during scratching and avoid contacts between ejected grains 

and the indenter. The deactivation is imposed in terms of the vertical displacement Δ𝑧 of each 

grain with respect to its initial position at time 𝑡 = 0 𝑠. Considering CZM parameters listed in 

Tab.C-9 and the Mohr-Coulomb parameters in Tab.C-11, three different deactivation lengths 

𝑙𝑑𝑒 are used:  

I. 𝑙𝑑𝑒: Δ𝑧 → ∞: No deactivation is imposed, this is the case already discussed in the 

previous section C.3.3.1 

II.  𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚: Grains are deactivated when they reach a vertical displacement equal to 

their equivalent average size 𝑑𝑚 

III. 𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚/2: Grains are deactivated when they reach a vertical displacement equal 

to half of their equivalent average size 𝑑𝑚 

Tab. C-11 Mohr-Coulomb parameters for the matrix indenter contact 

𝑘0(MPa/µm) 𝜑 (rad) Γ (GPa) 

108 0 4.5 

 

Fig.C-40 compares the mean experimental values of wear depth ℎ̅𝑠−1 and friction coefficient 

�̅�𝑠 with the numerical ones when varying the deactivation length 𝑙𝑑𝑒 as explained above.  The 

depth of wear increases when the deactivation length is decreased (Fig. C-40 (a)): in case III. 
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mentioned above (𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚/2) grains are deactivated quickly, while no significant 

difference is àbserved between cases I. and II. The comparison in terms of friction coefficient 

shows no significant difference in behavior between the three cases, especially during the first 

passage. 

 
(a) (b) 

Fig. C-40 Comparison between experimental and numerical results varying the deactivation length 𝑙𝑑𝑒 in terms pf 

∆𝑧 between the indenter and the matrix: (a) wear depth ℎ̅𝑠−1; (b) mean friction coefficient �̅�𝑠. The comparison is 

limited to the first three scratches 𝑛𝑠 = 1, 2, 3 

Fig. C-41 compare the Von Mises stress induced by the indenter on the microstructure at three 

different times 𝑡:  

- 𝑡 = 1 𝑚𝑠: the indenter has completed the first passage and is back to its initial position. 

The stress field is almost Hertzian; however, the scratch induces residual stresses 

within the material that are evident. Cases I. (Fig. C-41 (a)) and II. (Fig. C-41 (b)) show 

no significant differences, while case III (Fig. C-41 (c)) shows a different surface 

roughness due to the fast deactivation of grains and more severe wear than the other 

two.  

- 𝑡 =  2 𝑚𝑠: the indenter has completed the second pass. When 𝑙𝑑𝑒: Δ𝑧 → ∞ and therefore 

with no deactivation, detached grains can be in contact with the indenter, while they 

should be ejected. In the same way, the rapid deactivation of the grains (𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚, 

case III.) changes the roughness of the surface and overestimates the depth of wear.  

- 𝑡 =  2.5 𝑚𝑠: the indenter is in the middle of the third scratch pass. If there is no 

deactivation, a bed of grains is formed between the indenter and the metal matrix. This 

third body changes the mechanics of the contact. On the other side, if detached grains 

are ejected faster from the scratch path (𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚), the wear depth continues to 

increase quickly.  

An optimum situation is the one defined by the intermediate case II (𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚). This 

parameter, together with the cohesion Γ = 4.5 𝑀𝑃𝑎 chosen in the previous section C.3.3.1 is 

used for the calibration of the strength parameters �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠 discussed in the next section 

C.3.3.3. 
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Another important aspect to notice from Fig. C-41 is the formation of the above-mentioned 

residual stresses and the following crack path within the material. This aspect will be 

discussed further in this chapter.  

 

 
(a) 

 
(b) 

(c) 

Fig. C- 41 Von Mises stress distribution at three different times 𝑡 =  1 𝑚𝑠, 𝑡 =  2 𝑚𝑠,  𝑡 =  2.5 𝑚𝑠 for different 

values of deactivation length 𝑙𝑑𝑒: (a) Δ𝑧 → ∞; (b) Δ𝑧 = 𝑑𝑚; (c) Δ𝑧 = 𝑑𝑚/2  

C.3.3.3 Effect of the strength parameters �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠 of the CZM 

law 

Considering the cohesion matrix-indenter Γ = 4.5  𝐺𝑃𝑎 and the deactivation length 𝑙𝑑𝑒: Δ𝑧 =

𝑑𝑚, different numerical studies are performed to calibrate the strength p̃𝑙𝑖𝑚 and the residual 

cohesion p̃𝑟𝑒𝑠. The Mohr-Coulomb parameters are in Tab. C-11, the CZM parameters are 

chosen as in Tab. B-12.  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2021LYSEI040/these.pdf 
© [A. Quacquarelli], [2021], INSA Lyon, tous droits réservés



 

Part C              3. Towards a quantitative approach 

171 

 

Tab. C-12 CZM fatigue parameters for the matrix-matrix and matrix-base contact 

𝑘0  

(MPa/µm) 

𝑘0  

(MPa/µm) 

p̃
𝒍𝒊𝒎

   

(GPa) 

𝛿𝑟𝑒𝑠   

(µm) 

p̃
𝒓𝒆𝒔

 

(GPa) 

p̃
𝑓
   

(MPa) 

𝑑𝐷𝑓              

(MPa-1) 

108 108 12; 24; 36 0.002 6; 9 10 0.003 

Fig. C-42 and Fig. C-43 illustrates the effect of the ultimate strength �̃�𝑙𝑖𝑚 and the residual stress 

p̃𝑟𝑒𝑠 on the depth of wear ℎ̅𝑠−1 and the mean coefficient µ̅𝑠−1, respectively. Whatever is the 

ultimate strength p̃𝑙𝑖𝑚, the case p̃𝑟𝑒𝑠 = 6 𝐺𝑃𝑎 overestimate the wear depth ℎ̅𝑠−1, while p̃𝑟𝑒𝑠 =

9 𝐺𝑃𝑎 underestimate it, with an evident increase of wear when decreasing the value of p̃𝑙𝑖𝑚. 

The strength parameters do not play a significant role in the activation of the friction coefficient 

µ̅𝑠, meaning that it is mostly controlled by the cohesion between the indenter and the matrix 

(Fig. C-42 (b)). 

 

(a) (b) 

Fig. C-42 Comparison between experimental and numerical mean depth of wear ℎ̅𝑠−1varying the strength 

parameters: (a) Effect of the ultimate strength parameter p̃𝑙𝑖𝑚 considering the residual depth p̃𝑟𝑒𝑠 = 6 𝐺𝑃𝑎; (b) 

Effect of the ultimate strength parameter p̃𝑙𝑖𝑚 considering the residual depth p̃𝑟𝑒𝑠 = 9 𝐺𝑃𝑎 (in both cases Γ =

4.5 𝐺𝑃𝑎; 𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚 

 
(a) (b) 

Fig. C-43 Comparison between experimental and numerical mean friction coefficient µ̅𝑠varying the strength 

parameters: (a) Effect of the ultimate strength parameter 𝑝𝑙𝑖𝑚 considering the residual depth p̃𝑟𝑒𝑠 = 6 𝐺𝑃𝑎; (b)  

Effect of the ultimate strength parameter 𝑝𝑙𝑖𝑚 considering the residual depth p̃𝑟𝑒𝑠 = 9 𝐺𝑃𝑎 (in both cases Γ =

4.5 𝐺𝑃𝑎; 𝑙𝑑𝑒: Δ𝑧 = 𝑑𝑚) 
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The study performed here allows calibrating the parameters of the cohesive contact law for a 

specific material. In this particular case, the matrix microstructure is generated randomly but 

controlling the grain size distribution. This allows us to use the strength parameters here 

obtained to perform wear simulations under abrasive debris flow of a specific case of study.  

In particular, the calibration performed showed that the wear depth is mainly controlled by 

the strength parameters  p̃𝑙𝑖𝑚 and p̃𝑟𝑒𝑠; their combined effect on the wear depth ℎ̅𝑠−1can be 

approximated by performing a multiple linear regression that writes, if 𝑛𝑠−1 = 𝑛2 − 𝑛1 as:  

ℎ̅𝑠−1: (ℎ̅2 − ℎ̅1) = 𝛼0 + 𝛼1p̃𝑙𝑖𝑚 + 𝛼2p̃𝑟𝑒𝑠 + 𝛼3p̃𝑙𝑖𝑚p̃𝑟𝑒𝑠 (𝐶. 27) 

If 𝑛𝑠−1 = 𝑛3 − 𝑛1, it as the form:  

ℎ̅𝑠−1: (ℎ̅3 − ℎ̅1) = 𝛽0 + 𝛽1p̃𝑙𝑖𝑚 + 𝛽2p̃𝑟𝑒𝑠 + 𝛽3p̃𝑙𝑖𝑚p̃𝑟𝑒𝑠 (𝐶. 28) 

The coefficients parameters 𝛼𝑖 and 𝛽𝑖 are synthesized in Tab. C-13; while the application of the 

multiple regressions is displayed in Fig. C-44. It should be noted that the idea is to give a 

reasonable order of magnitude of such parameters and not to predict wear.  

Tab. C-13 Coefficients and respective errors of the multiple linear regressions obtained from Eqs. (C.25)-(C.26) 

𝑛2 − 𝑛1 𝑛3 − 𝑛1 

 Coeff. Err.  Coeff. Err. 

𝛼0 0.682 0.0431 𝛽0 19.277 2.6618 

𝛼1 0.0140 0.0016 𝛽1 -0.417 0.1027 

𝛼2 -0.017 0.0057 𝛽2 -2.098 0.3480 

𝛼3 -0.003 0.0002 𝛽3 0.046 0.0134 

 

 
(a) (b) 

Fig. C-44 Multiple linear regression applied on numerical results of the wear depth and comparison with the 

experiments: Experimental results; -Multiple regression applied on numerical results: ● p̃𝑟𝑒𝑠 = 9 𝐺𝑃𝑎 = 9;  

p̃𝑟𝑒𝑠 = 6 𝐺𝑃𝑎: (a) 𝑛𝑠−1 = 𝑛2 − 𝑛1; (b) 𝑛𝑠−1 = 𝑛3 − 𝑛1 
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Despite the small number of numerical data, it is possible to note that the multiple regression 

can represent well the combined effect of �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠 on the depth of wear ℎ̅𝑠−1 after the 

second and third scratches. In particular, the residual pressure �̃�𝑟𝑒𝑠 plays a decisive role in it, 

while the variation in terms of ultimate strength �̃�𝑙𝑖𝑚 does not affect results significantly. From 

this first analysis, it emerges that representative values can be the following: 

- �̃�𝑙𝑖𝑚 ≈ 9 𝐺𝑃𝑎 

- �̃�𝑟𝑒𝑠 ≈ 8.5 𝐺𝑃𝑎 

Which slightly overestimate the depth ℎ̅2 − ℎ̅1but gives a good estimation of ℎ̅3 − ℎ̅1 according 

to Eq.(C-26) and Eq.(C.27), minimizing the error with respect to the experimental value as: 

|(ℎ̅2 − ℎ̅1)
𝑛𝑢𝑚

− (ℎ̅2 − ℎ̅1)
𝑒𝑥𝑝
| ≈ 0.2 µ𝑚 

|(ℎ̅3 − ℎ̅1)
𝑛𝑢𝑚

− (ℎ̅3 − ℎ̅1)
𝑒𝑥𝑝
| ≈ 0.002 µ𝑚 

An improvement of the model may be obtained by increasing the number of the numerical 

scratches and testing other combinations of strength parameters �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠 improving the 

regression. For what concerns this analysis, it is important to notice that the residual strength 

plays a key role in the wear resistance, and the CZM should include the ductile-plastic 

behavior of the material. 

It should also be noted that the strength parameters obtained from this calibration are much 

larger than those discussed at the mesoscale (�̃�𝑙𝑖𝑚 = 800 𝑀𝑃𝑎; �̃�𝑟𝑒𝑠 = 0 𝑀𝑃𝑎); however, from 

what observed previously, wear also occurs by fatigue when �̃� < �̃�𝑙𝑖𝑚. 

Further study may improve this approximation by performing other numerical simulations of 

the scratch test and introducing optimized values of �̃�𝑙𝑖𝑚 and �̃�𝑟𝑒𝑠 on the wear test at the 

mesoscale together with a correct fatigue damage parameter 𝑑𝐷𝑓, chosen by exploiting results 

already discussed in section C.2. 

The effect of scratching the material surface induces residual stress within the degradable 

microstructure observed after the indenter's passage. For illustrative purposes, the case 

illustrated in Fig. C-45 refers to the case �̃�𝑙𝑖𝑚 = 12 𝐺𝑃𝑎 and �̃�𝑟𝑒𝑠 = 6 𝐺𝑃𝑎 at the end of the first, 

the second and the third scratch (𝑛𝑠 = 1, 𝑛𝑠 = 2, 𝑛𝑠 = 3).  
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(a) (b) 

Fig. C-45 (a)Von-Mises stress and (b) Cauchy xz stress at the end of the first, the second, and the third scratch 

(𝑛𝑠 = 1, 𝑛𝑠 = 2, 𝑛𝑠 = 3) 

Results are in good agreement with those obtained by Raje and co-workers [137], [143], [149] 

on the discrete modeling of a bearing contact. Several joints will rupture in subsurface regions 

due to the residual stresses that remain in the matrix microstructure after the indenter passage.  
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C.4  

Conclusions 

The framework described in this part C aims to describe wear at the local scale. Debris and 

metal matrix grains are modeled with realistic shape and size using a 2D software coupling 

meshfree and discrete elements techniques (MELODY2D). 

Although the code is limited in 2 dimensions and despite the large number of user-defined 

parameters involved in the contact laws between discrete bodies, it is a useful tool for 

understanding phenomena not accessible at the industrial application scale.  

Whatever the chosen contact parameters, the wear process seems to be always defined by three 

main stages: initialization, steady-state and perturbed steady-state. The duration of each of 

them and the more or less linear trend of the second phase depend on the CZM parameters 

chosen. 

In practice, the physics of the problem is strictly related to them: 

- If the ultimate strength �̃�𝑙𝑖𝑚 is large enough, wear occurs mostly by fatigue, and it is 

faster if the fatigue damage parameter 𝑑𝐷𝑓 is larger.  

- A small value of ultimate strength �̃�𝑙𝑖𝑚 combined with a small value of the residual 

gap 𝛿𝑟𝑒𝑠 leads to a rapid wear process since the decreasing of �̃�𝑙𝑖𝑚 may induce 

monotonous damage or lead to a faster increment of the damage parameter if damage 

occurs by fatigue. The decrease of 𝛿𝑟𝑒𝑠 may induce a brittle rupture of the contacting 

surface and a faster increase of the damage parameter in a monotonous way.  

- The fatigue damage evolution parameter 𝑑𝐷𝑓 defines the damage propagation within 

the microstructure by changing the roughness of the contacting surface, the way of 

cracking initialization, and the following grain detachment and wear. It is a crucial 

parameter in the wear analysis; therefore, it should be appropriately chosen. The study 

conducted in this work shows that there is a sort of transition from 𝑑𝐷𝑓 = 0.01 𝑀𝑃𝑎
−1 

to 𝑑𝐷𝑓 = 0.001 𝑀𝑃𝑎
−1.  

- Low fatigue damage parameters 𝑑𝐷𝑓 are defined by an important steady-state at a low 

wear rate. This peculiarity can be related to the particular damage distribution within 
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the material and the roughness of the surface. However, a limit to the damage 

propagation and the wear process is imposed by the non-degradable material in 

contact with the degradable part (necessary to reduce the cost of the simulation). 

Therefore, it will be useful to consider a larger matrix and analyze the effect of the non-

degradable material on the damage and wear.   

- A high fatigue damage parameter 𝑑𝐷𝑓 may lead to the formation of the third body of 

abrasive particles that can abrade the metallic surface, defining another wear process 

different from the one observed since the wear is actually caused by debris grains and 

not by the metallic grains themselves. This change in wear generation also occurs with 

small values of the strength parameters (the ultimate strength �̃�𝑙𝑖𝑚 and the residual gap 

𝛿𝑟𝑒𝑠) 

Therefore, an optimal solution is to avoid small fatigue damage parameters and ensure that 

the strength parameters are large enough to account for the fatigue effects and ensure that 

wear is caused by the debris flow.  

To optimize the cost of the simulation, CZM parameters can be calibrated on a different model 

representing almost the same phenomenon, that is, in this case, the abrasive wear caused by 

the passages of harder particles. In this way, the calibration conducted by performing µ-

scratch test shows that the depth of wear depends mostly on the strength parameters of the 

CZM (if the cohesion between matrix and indenter is properly chosen).  

Despite  the few numerical data, it is possible to perform a multiple linear regression to observe 

the combined effect of ultimate strength �̃�𝑙𝑖𝑚and residual strength �̃�𝑟𝑒𝑠 on wear. The strength 

parameters obtained by this calibration are quite larger than those used in the mesoscopic 

model. However, as wear occurs mostly by fatigue in that case, these two parameters should 

be combined with the effect of the fatigue damage rate, already discussed qualitatively. 

Concerning fatigue, it may also be interesting to analyze the effect of the threshold �̃�𝑓 (fatigue 

pressure) defining the threshold above which damage occurs by fatigue.  
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General conclusions 

This work aims to develop a strategy to model the wear of the metal matrix used as a binder 

in diamond tools for stone cutting. The wear process is caused by the flow of abrasive debris 

(consisting of chips of the workpiece and the water used to carry them out) and should be 

controlled to optimize the life of the tool. 

In a more general context, the wear of the matrix surface can be seen a three-body contact 

problem involving the stone, the tool and the stone debris (third body). It can be simplified 

considering the tribological circuit where the matrix and the workpiece are two degradable 

first bodies, the third body consists of debris grains (particles detached from the workpiece 

that are continuously renewed and recirculate in the flow), while matrix grains are ejected 

quickly. Therefore, the wear of the matrix is caused by the debris grains and not by the metal 

grains themselves.  

Due to the multiscale nature of the problem and the large number of variables involved, the 

industrial demand is met by developing a new numerical approach, which implies two main 

goals, realized in two (currently) parallel models: 

 prediction of the matrix wear at the scale of the diamond with a macroscopic model,   

 description of the local wear mechanisms at the scale of the debris flow with a 

mesoscopic model. 

A fully numerical approach should consider the interconnection between the two models since 

they look at two different scales giving two complementary information. 

Generally, the wished model should hold for any metal matrix (monophase, biphase, 

triphase,…). To achieve this goal, a first calibration and validation are required. In this work, 

the two models are applied to a cobalt metal matrix microstructure (monophase, 100% Cobalt) 

whose mechanical response is, at least at the macroscale, known qualitatively and 

quantitatively, allowing the validation of such a model and offering purposes for further 

developments, as suggested in the next dedicated section. 

In the macroscopic model, one single diamond is considered, that remains intact during the 

whole process. This is not actually verified in literature since the wear of the matrix is also 

affected by the size and distribution of diamonds; also, diamonds can undergo several 

fractures during processing. However, choosing an “isolated diamond” (i.e., not shielded by 

the others) and considering only the first phase of diamond polishing (i.e., the first stage of the 

cutting process, where the matrix undergoes wear and the diamond is still intact) allows a fair 
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comparison between the numerical model and the experimental results performed on a 

drilling machine.  

Considering an independent experimental set-up consisting of a scratch test, a rheological test, 

and morphological characterization, to calibrate the macroscopic model, and making some 

physically sound scale changes, it is possible to describe and predict wear at the industrial 

application scale. These scale changes induce the main contribution of this model, consisting 

in the reformulation of the Archard equation to account for aspects that are not considered in 

the original formulation, i.e., the spatial variability of the specific wear rate and the multipass 

nature of the contact (accounted by the analogy with the scratch test). 

The new formulation of wear rate accouts for the abrasiveness of the debris grains and their 

characteristic size, the characteristic hardness of the matrix and the pressure and velocity field 

of third body. The application of such a model on the reference situation (cobalt matrix) can 

well describe, qualitatively and quantitatively, the wear rate measured experimentally in 

terms of height of protrusion (in front of the diamond) and clearance (upstream); however, the 

lateral flow is not yet completely developed numerically, therefore the model is open to several 

improvement.  

Moreover, although the model is based on a multiscale approach, the results are strictly related 

to the diamond scale (macroscopic scale) without accounting for the main properties of the 

microstructure (grain size, roughness, and ultimate strength). For a good optimization of the 

microstructure, its micromechanical behavior should be considered as complementary 

information of the wear process observed at the contacting surface scale. The mesoscopic 

model describes the local phenomena of damage and wear at the scale of the debris flow. 

Simulations are performed using an open source code developed in the lab and considering a 

representative volume element (RVE) extracted from a diamonds segment. Here debris grains 

are represented as rigid bodies controlled in shape and size, while the matrix is defined in a 

realistic way as a polycrystalline deformable material. The upper limit to the degradable part 

is imposed by a deformable and non-degradable base of the same material as the degradable 

part. The wear of the microstructure is studied as a function of the stress cycles induced by the 

continuous passage of debris and in terms of intergranular de-cohesion and fracture, which 

are in turn affected by the parameters used for the cohesive law. 

The grains detachment is controlled by an internal parameter representing the damage, 

evolving during the simulation from 0 (intact bond) to 1 (broken bond). The continuous 

passage of debris causes points of weakness in the resistance chains of the matrix, generating 

the loss of cohesion and the consequent detachment of the grains by fatigue. In this way, the 

wear is no longer studied from a global point of view but by a local one that looks at the 

detachment of the grains. 

Moreover, fatigue effects are introduced in the cohesive contact law to account for the wear 

rate being a slow and progressive phenomenon. If the damage occurs mostly in a monotonous 

way, grains are detached quickly, but they remain in the system modifying the physics of the 
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problem since the wear is no longer caused by debris grains but by the matrix grains 

themselves. If the ultimate strength of the cohesive law is much larger than the applied normal 

pressure, the damage occurs by fatigue. 

The main difficulty of this model is related to the definition of contact parameters that have a 

strong impact on the results of the numerical simulation and, therefore, on the representation 

of the physics. The calibration of the main strength parameters of the cohesive law can be 

achieved by performing numerical simulations of the scratch test.  
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Further possible developments 

The proposed multiscale approach requires further developments that concern both models 

independently (the macroscopic and the mesoscopic model) and their interconnection. Some 

of the most important developments, according to the author, are detailed below. 

 Setting: improvements are required in the two models. 

o The two experiments on which the macroscopic model is based can be 

improved to better represent the industrial conditions.  The rheological test can 

be extended to high values of shear rate to mimic the ones reached during the 

cutting process. The scratch test can be extended increasing the number of 

scratches to verify if the exponential law used to define the characteristic 

hardness after a large number of passage has been chosen correctly. 

o The mesoscopic model in the present state features a somewhat important 

number of parameters that have to be chosen by the user. They concern, in 

particular, the contact law parameters used for the frictional contact between 

the debris grains and the degradable microstructure and the fatigue parameters 

of the cohesive law used for the contact between the grains of the degradable 

matrix, as well as between the degradable and non-degradable part. After the 

sensitivity analysis performed in this thesis, the adaptation of the model to the 

particular case of the study would validate the apporach. To do it, the 

calibration performed on the scratch test allows defining the strength 

parameters of the cohesive law, while the fatigue parameters need to be chosen 

properly based on the results already obtained in Chapter C.2. Moreover, the 

boundary conditions applied to the modeled matrix can be chosen by 

considering the macroscopic model. In this way, it is possible to apply the 

corresponding flow properties obtained by applying the Reynolds equation as 

boundary conditions in the mesoscopic model. 

 Validation to be consolidated: the macroscopic model is built considering the wear of 

a cobalt matrix microstructure around a specific diamond. Therefore, the model needs 

to be validated considering other diamonds retained by the same microstructure in 

order to consider the effect of diamond size and orientation in the wear process. 

Moreover, the model is limited to the prediction of clearance and protrusion since the 

lateral flow is not well developed numerically.  
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 Extension: Once the macroscopic model is validated, the study can be extended to other 

metal matrix microstructures. Other microstructures can also be studied numerically 

at the mesoscale. Herein, the effect of debris angularity can be analyzed deeper, 

controlling the shape and size distribution of debris grains. A great challenge is also to 

adapt the model to other tribological situations consisting of the wear of a surface 

caused by a flow of abrasive particles. 

 Fully numerical coupling: This is an important area of development that can be done 

once the two models are set and validated. The numerical coupled approach will start 

from the same experimental set-up consisting of the micro scratch test and the 

rheological test. The first will be used to calibrate the cohesive model parameters, while 

the second is useful to define the rheology of the debris flow used in the macroscopic 

model to solve the Reynolds equation, which in turn gives the flow properties that can 

be implemented as boundary conditions in the mesoscopic model, as illustrated in the 

schema of Figure. 1. The mesoscopic model setting in terms of boundary conditions is 

the first important step for coupling the two models. Moreover, once the calibration 

and the validation of the mesoscopic model are completed, it can also be used to define 

the constitutive behavior of the contact surface between the debris flow and the metal 

matrix, as well as the microscopic behavior of the matrix at the grain boundary scale. 

This will allow writing a wear equation based on the numerical model with the 

advantage of accounting for more information on the mechanical behavior of the 

microstructure than what was obtained from the experimental scratch test. Finally, the 

wear equation can be solved in the macroscopic model to define wear rate as a function 

of the local values of pressure and velocity and the properties of the microstructure 

observed at the mesoscale.  
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Figure 1 Perspective of the strategy that can be used  for the wear analysis
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Annex I.  

Definition of particles sharpness 

The method used to define the radius of the characteristic asperity 𝑟𝑑
∗ in the specific wear rate 

is discussed here. This method was initially proposed by [108] to create the complex contour 

of irregular particles and was then implemented by [29] to generate grains with a realistic 

shape.  

The method consists of filling the real particle volume with spheres of different diameters. The 

positions and diameters of the spheres relative to the surface of the particle are taken by 

choosing a point randomly on the real particle surface (a ‘node’) and developing a tangent 

sphere internally along its normal direction to the maximal size possible, reaching the contours 

of the real particle (Fig. I-1). This process is repeated for other points on the surface.  

The total number of spheres and the precision of the reproduced particle shape is controlled 

through three primary parameters 𝑑𝑚𝑖𝑛, 𝑃𝑚𝑎𝑥 and 𝑟𝑚𝑖𝑛 defined such that:  

i. 𝑑 > 𝑑𝑚𝑖𝑛 If the distance d between the node and the surface of a proximal sphere is 

lower than a predetermined threshold 𝑑𝑚𝑖𝑛 then a new sphere will not be created. 

ii.  𝑃 < 𝑃𝑚𝑎𝑥 For selected nodes 𝑝, the process is repeated until a maximum percentage 

𝑃𝑚𝑎𝑥.  

iii. 𝑟 > 𝑟𝑚𝑖𝑛 Spheres with a radius r smaller than a predetermined threshold are 

eliminated.   

This procedure reduces the time-consuming process and avoids artificial roughness for 

rounded particles. 
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Fig. I-1 Expansion of a sphere along with the normal N at a surface point inside the boundaries of the real particle 

[108] 

If 𝑑𝑚𝑖𝑛 = 0 the resolution of the created contour is maximum. A significant increase in 𝑟𝑚𝑖𝑛 

increases the roundness of the particle. If the sharpness is essential, it is preferable to keep this 

parameter low and use other criteria to reduce spheres. In particular, the total number of 

spheres can be merely limited by controlling the number of nodes selected by the 

𝑃𝑚𝑎𝑥parameter. Respect ot the original definition of 𝑃, the code is developed considering its 

complementary part, i.e. �̅� = 1 − 𝑃 is the number of unchosen points. Fixing the percentage of 

unselected points to 0.01, Fig. I-2, Fig. I-3 and Fig. I-4 show the effect of varying 𝑑𝑚𝑖𝑛and 𝑟𝑚𝑖𝑛, 

and �̅�𝑚𝑎𝑥 on the number of circles. 

As expected, the number of circles increases decreasing 𝑑𝑚𝑖𝑛  and �̅�𝑚𝑎𝑥 and increasing 𝑟𝑚𝑖𝑛 . The 

line in red is the contour of the grain: the greater the number of circles, the better they define 

the contour. 

In this study, the following threshold parameters are chosen: 

𝑑𝑚𝑖𝑛 = 0.05 µ𝑚 

𝑃𝑚𝑎𝑥 = 0.01  

𝑟𝑚𝑖𝑛 = 0.01 µ𝑚 
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Fig.I-2 Effect of 𝑑𝑚𝑖𝑛 of the definition of circles (𝑟𝑚𝑖𝑛 = 0.05 µ𝑚; 𝑃𝑚𝑎𝑥 = 0.01) 

 

 
Fig. I- 3 Effect of 𝑟𝑚𝑖𝑛 of the definition of circles (𝑑𝑚𝑖𝑛 = 0.01 µ𝑚, �̅�max = 0.01) 
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Fig. I-4 Effect of �̅�max of the definition of circles (𝑑𝑚𝑖𝑛 = 0.01 µ𝑚; 𝑟𝑚𝑖𝑛 = 0.05 µ𝑚) 
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Annex II.  

Generation of a realistic sample 

Fourier Descriptors are the amplitudes {Dn} of the normalized amplitude spectrum obtained 

by DFT [29], as illustrated in Fig.C-7. The main procedure consists of the discretization of the 

grain contour by a number 𝑁 of points, separated by a constant angle 𝜗𝑖to the  center 𝑂: 

𝜗𝑖 =
2π

N
(𝐼𝐼. 1) 

Thus, each point 𝑃𝑖 is defined by an angle 𝜗𝑖and a radial distance 𝑟𝑖 = 𝑂𝑃𝑖. The average radius 

is given by: 

𝑟0 =
1

𝑁
∑[𝑟𝑖]

𝑁

𝑖=1

(𝐼𝐼. 2) 

The amplitudes 𝐷𝑛 of the spectrum are defined as:  

𝐷𝑛 =
√𝐴𝑛

2 + 𝐵𝑛
2

𝑟0
(𝐼𝐼. 3) 

Where 𝐴𝑛 and 𝐵𝑛 are the Fourier Coefficients, defined as: 

𝐴𝑛 =
1

𝑁
∑(𝑟𝑖 ∙ cos(𝑖 ∙ 𝜗𝑖))

𝑁

𝑖=1

(𝐼𝐼. 4𝑎) 

𝐵𝑛 =
1

𝑁
∑(𝑟𝑖 ∙ sin(𝑖 ∙ 𝜗𝑖))

𝑁

𝑖=1

(𝐼𝐼. 4𝑏) 

The spectrum of debris grain is obtained by discretizing the contours of the 34 grains extracted 

from Fig. B-2(a) (already used to define the characteristic asperity 𝑟𝑑
∗  (Fig. B-22)) into 128 points 

𝑃𝑖, each of them defined by a constant angle 𝜗𝑖 (see Eq. (II.1)) and a radial distance 𝑟𝑖.  

Fig. II-1 illustrated the first 64 modes of the measured Fourier spectrum and the averaged.  
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Fig. II-1 Measured Fourier spectra and average spectrum (bold black line) 

Tab. II-1 compares the main shape descriptors 𝐷2, 𝐷3, 𝐷8 as well as the decays 𝜆1 ans 𝜆2 coming 

from the spectrum here propose and those described in Chapter C.1 (and then used in the 

application discussed in C.2). Grains obtained from the spectrum are more elongated and 

irregular than those described in Part C.  

Tab. II-1 Definition of shape descriptors used in Part C and those obtained from the spectrum 

 Fourier Spectrum Properties 

 𝐷2 𝐷3 𝐷8 𝜆1 𝜆2 

Previous application 0.1 0.05 0.01 -2 -2 

New sample 0.14 0.05 0.016 -2 -2 

The spectrum can be implemented in the code PACKING2D to generate a sample of realistic 

grains. Moreover, the new version of the code allows the implementation of grain size 

distributions more complicated than the Gaussian distribution. Therefore, it is possible to 

generate grains following the bimodal distribution defined in Fig. B-2 (b). Fig. II-2 compares 

the numerical size distribution with the experimental, while Fig. II-3 displays the final grains 

package obtained from the code.  
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Fig. II-2 Comparison between the experimental (in blue) and the numerical (in red) grain size distribution of 

debris grains 

The debris sample obtained from the spectrum is more uniform than the one discussed in 

section C.1.1.2. The package obtained is realistic and, together with the calibration discussed 

in Chapter C.3, can be used to further improve the mesoscopic model.  

 
Fig. II-3 Sample generated from the spectrum analysis 
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Annex III.  

The pseudo-code for the solving of the 

CZM-fatigue contact law  

The implementation and solving of the CZM in the MELODY code is based on the contact 

algorithm explained in Section C.1.2.  

This annex aims to describe in detail the contact algorithm solved in the code. As already said 

in Section C.1.2, the contact law takes:  

Five contact-related input quantities: 

- the normal gap 𝛿𝑛 

- the tangential gap 𝛿𝑡 

- the damage parameter 𝐷 attached to the node of B (such damage is the result of the 

previous history of the simulation, and ranging from 0 to 1) 

- the previous normal contact pressure �̃�𝑛,𝑝𝑟𝑒𝑣 

- the previous tangential contact pressure �̃�𝑡,𝑝𝑟𝑒𝑣 

- Eight contact law input parameters 

 -the initial contact stiffness 𝑘𝑖𝑛𝑖 

 -the initial ultimate normal strength �̃�𝑛,𝑙𝑖𝑚 

 -the ultimate tensile extension that the contact can sustain called 𝛿𝑛,𝑟𝑒𝑠 

 -the residual tensile strength at full damage, called �̃�𝑛,,𝑟𝑒𝑠 

- the ratio of strength and extensions in the tensile and tangential directions, called 

𝑁𝑇𝑟𝑎𝑡𝑖𝑜 

- the threshold of fatigue pressure �̃�𝑓 it is possible to have fatigue-related damage of the 

bond 

- the fatigue-damage evolution parameter in the tensile direction, called 𝑑𝐷𝑓,𝑛 
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- the fatigue-damage evolution parameter in the tangential direction, called 𝑑𝐷𝑓,𝑡 

-Four output quantities 

 -the tensile (or compressive) contact pressure �̃�𝑛 

 -the tangential contact pressure �̃�𝑡 

 -an updated value of the damage parameter 𝐷 

- an updated value of the tangential gap 𝛿𝑡  

The ratio between the tensile and tangential quantities 𝑁𝑇𝑟𝑎𝑡𝑖𝑜 allows to compute the 

tangential strengths (�̃�𝑡,𝑙𝑖𝑚, �̃�𝑡,𝑟𝑒𝑠) and maximum tangential extension (𝛿𝑡,𝑟𝑒𝑠) from their input 

counterparts for the tensile direction (respectively �̃�𝑛,𝑙𝑖𝑚, �̃�𝑛,𝑟𝑒𝑠 and 𝛿𝑛,𝑟𝑒𝑠). A simple choice it 

to take 𝑁𝑇𝑟𝑎𝑡𝑖𝑜 = 1, and in this case, the strengths and maximum extensions are identical in 

both directions. 

When starting a MELODY simulation, the user may use the keyword “INITIALIZECZM”. In 

such a case, the code will detect all the contacts within the simulation, which should be 

considered as bonds, and put an initial value of the damage parameter 𝐷 equal to 0 for all 

those contact nodes. It means that these bonds are intact in the initial state. Then the simulation 

starts. The algorithm is described hereafter in commented pseudo-code. 

% CASE A 

If 𝐷 < 1      % The bond is not broken, CASE A 

From the value of 𝐷, compute 𝛿𝑛,𝑚𝑎𝑥   % This is the current maximum tensile 

extension (since this value evolves with the damage parameter, see Fig. C-11 (b)). 

From this value, and using 𝑁𝑇𝑟𝑎𝑡𝑖𝑜, compute 𝛿𝑡,𝑚𝑎𝑥 % Its tangential counterpart   

  

If 𝛿𝑛 < 𝛿𝑛,𝑚𝑎𝑥 and 𝛿𝑡 < 𝛿𝑡,𝑚𝑎𝑥  % CASE A1: Elasic part of the bond: damage may 

only occur by fatigue, but not by monotonous loading: 

Compute the current tensile and tangential stiffnesses 

Compute the maximum tensile and tangential strengths (�̃�𝑛 𝑚𝑎𝑥  and �̃�𝑡 𝑚𝑎𝑥) 

Compute the new tensile/compressive contact pressure �̃�𝑛 

Compute the new tangential contact pressure �̃�𝑡 

If �̃�𝑛 > 𝑝𝑛,𝑓 and �̃�𝑛 > �̃�𝑛,𝑝𝑟𝑒𝑣 % Tensile contact stress is large enough to have fatigue, 

and it is also larger than that of the previous time step. 

Increase the damage parameter 𝐷 by applying: 
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𝐷 ← 𝐷 +
�̃�𝑛 − �̃�𝑛,𝑓

�̃�𝑛,𝑚𝑎𝑥 − �̃�𝑛,𝑓
∙ 𝑑𝐷𝑛,𝑓 ∙ (�̃�𝑛 − �̃�𝑛,𝑝𝑟𝑒𝑣) 

% It means that the damage increment is proportional to the contact stress increment 

(�̃�𝑛 − �̃�𝑛,𝑝𝑟𝑒𝑣), multiplied by a certain material parameter 𝑑𝐷𝑛,𝑓, and that this damage 

is also more important if the load is high than if it is low (hence the term
�̃�𝑛−�̃�𝑛,𝑓

�̃�𝑛,𝑚𝑎𝑥−�̃�𝑛,𝑓
) 

Additionally, If �̃�𝑡 > �̃�𝑡,𝑓 and �̃�𝑡 > �̃�𝑡,𝑝𝑟𝑒𝑣 % Tangential contact stress is large enough 

to have fatigue, and it is also larger than that of the previous time step 

Increase the damage parameter 𝐷 by applying: 

𝐷 ← 𝐷 +
�̃�𝑡 − �̃�𝑡,𝑓

�̃�𝑡,𝑚𝑎𝑥 − �̃�𝑡,𝑓
∙ 𝑑𝐷𝑡,𝑓 ∙ (�̃�𝑡 − �̃�𝑡,𝑝𝑟𝑒𝑣) 

% Same formula but in the tangential direction. Hence we potentially cumulate fatigue 

damage in the normal and tangential directions. 

Contact is solved, algorithm returns the new values of �̃�𝑛, �̃�𝑡, and 𝐷. The value of 𝛿𝑡 is 

unmodified. 

 

Else, if 𝛿𝑛 > 𝛿𝑛,𝑚𝑎𝑥 and  𝛿𝑡 < 𝛿𝑡 𝑚𝑎𝑥   % CASE A2: The current maximum 

extension of the bond in the tensile direction is exceeded, there is thus monotonous 

damage of the bond in that direction and we must increase 𝐷. Meanwhile, the 

tangential direction is ignored because its limit is not reached. 

Update 𝛿𝑛,𝑚𝑎𝑥 (which takes the value of 𝛿𝑛) 

Increment the damage parameter 𝐷 using the following formula: 

𝐷 ←
𝛿𝑛 − 𝛿𝑙𝑖𝑚

𝛿𝑟𝑒𝑠 − 𝛿𝑙𝑖𝑚
 

Compute the new tensile and tangential stiffnesses. 

Compute and return the new values of �̃�𝑛 and �̃�𝑡. Return also 𝐷. The value of 𝛿𝑡 is 

unmodified. 

 

Else, if 𝛿𝑛 < 𝛿𝑛,𝑚𝑎𝑥 and 𝛿𝑡 > 𝛿𝑡,𝑚𝑎𝑥   % CASE A3: Same as before, but in 

tangential direction only. 

Update 𝛿𝑡,𝑚𝑎𝑥 (which takes the value of 𝛿𝑡) 

Increment the damage parameter 𝐷 using the following formula: 

𝐷 ←
𝛿𝑡 − 𝛿𝑡,𝑙𝑖𝑚

𝛿𝑡,𝑟𝑒𝑠 − 𝛿𝑡,𝑙𝑖𝑚
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Compute the new tensile and tangential stiffnesses. 

Compute and return the new values of �̃�𝑛 and �̃�𝑡. Return also 𝐷. The value of 𝛿𝑡 is 

unmodified. 

 

Else, if 𝛿𝑛 > 𝛿𝑛,𝑚𝑎𝑥 and 𝛿𝑡 > 𝛿𝑡,𝑚𝑎𝑥   % CASE A4: In that case, the 

current maximum extension of the bond is exceeded both in the tensile and in the 

tangential directions, the updated damage parameter 𝐷 is then the maximum between 

those obtained in the cases A2 and A3. 

If 𝛿𝑛 𝛿𝑛,𝑚𝑎𝑥⁄ > 𝛿𝑡 𝛿𝑡,𝑚𝑎𝑥⁄   % Tensile direction is more damaging 

Apply algorithm of case A2 

If 𝛿𝑛 𝛿𝑛,𝑚𝑎𝑥⁄ < 𝛿𝑡 𝛿𝑡,𝑚𝑎𝑥⁄   % Tangential direction is more damaging 

Apply algorithm of case A3 

 

Else, if 𝐷 ≥ 1      % The bond is broken, CASE B 

Apply the much more classical cohesive contact law, as if the bond had never existed in the 

first place. The value of cohesion is �̃�𝑛,𝑟𝑒𝑠 in the tensile direction and �̃�𝑡,𝑟𝑒𝑠 in the tangential 

direction. 

To summarize: 

- Either the bond is already broken, and everything happens as for any other contact 

- Or the bond is still active (i.e., not completely damaged), its damage can increase: 

by fatigue (based on the increment of contact pressure with respect to the 

previous time step); 

by monotonous loading in the tensile direction; 

by monotonous loading in the tangential direction 
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Annex IV.  

Effect of the matrix thickness 

In this annex, the effect of the gap thickness is investigated. Two different degradable 

microstructure are randomly generated using the code explained in section C.1.2 using the 

same input parameter but differing in terms of matrix thickness ℎ𝑚 (10 and 20 µm).  

Fig. IV-1(a) and (b) illustrate a qualitative comparison between the two microstructures. The 

sample built with ℎ𝑚 = 20 µ𝑚 (Fig. IV-1(b)) is the one already discussed and illustrated in Fig. 

C-1 and Fig. C-2. The size distributions of both microstructures are in good agreement with 

the experimental grain size distribution.  

Moreover, the two microstructure are comparable in terms of surface topography, measured 

in terms of average roughness 𝑅𝑎, rms 𝑅𝑞, skewness 𝑅𝑠𝑘 and kurtosis 𝑅𝑘𝑢 defined in equations 

(C.1)-(C.4). The comparison in terms of roughness parameters is defined in Tab. IV-1 

Tab. IV-1 Comparison between roughness parameters of metal matrix randomly generated in PACKING2D 

differing in terms of thickness ℎ𝑚 

 𝑅𝑎 (µm) 𝑅𝑞 (µm) 𝑅𝑠𝑘 (-) 𝑅𝑘𝑢 (-) 

ℎ𝑚 = 20 µ𝑚 0.4802 0.5736 1.0951 3.2680 

ℎ𝑚 = 10 µ𝑚 0.4500 0.5384 1.1126 3.0142 

 

The wear is analyzed by performing simulations as explained in detail in Chapter C.2. The 

contact law parameters are listed in Tab. IV-2 and Tab. I -3 for the CZMfatigue and Mohr-

Coulomb contact law, respectively.  
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(a) (b) 

 
(a) (b) 

Fig. IV-1 Qualitative and quantitative comparison between two degradable microstructure of different thickness 

ℎ𝑚: (a) degradable microstructure ℎ𝑚 = 10 µ𝑚; (b) non-degradable microstructure ℎ𝑏 = 20 µ𝑚; (c) Comparison 

between the experimental (blu) and numerical (red) degradable microstructure ℎ𝑚 = 10 µ𝑚; (d) Comparison 

between the experimental (blu) and numerical (red) degradable microstructure ℎ𝑚 = 20 µ𝑚  (same as in Fig. C-4, 

reported here for the sake of comparison with the matrix ℎ𝑚 = 10 µ𝑚) 

 

Tab. IV-2 CZM fatigue parameters 

𝑘0 

 (MPa/µm) 
�̃�𝑙𝑖𝑚 

(MPa) 

𝛿𝑟𝑒𝑠 

(µm) 

�̃�𝑟𝑒𝑠 

(MPa) 

�̃�𝑓 

(MPa) 

𝑑𝐷𝑓 

(𝑀𝑃𝑎−1) 

106 800 0.002 0 10 0.05 

 

Tab. IV-3 Mohr - Coulomb parameters 

Contact law 𝑘0 

 (MPa/µm) 
𝜑(rad) 

Γ 

(MPa) 

ζ 

(-) 

Mohr-Coulomb 106 0.3 0 0 

Damped Mohr - Coulomb 106 0.3 0 0.1 

 

The influence of the matrix thickness ℎ𝑚 on the wear rate z𝑚
𝑤/𝑡 is plotted in Fig.IV-2. As 

expected, smaller is the thickness ℎ𝑚 and smaller is the wear rate.  
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Fig. IV-2 Effect of the degradable thickness ℎ𝑚 on the wear rate and definition of the instants (a), (b), (c) and (d) 

The three main stages of wear defined in Chapter C.2 (initialization, steady-state and 

perturbed steady-state) are evident in Fig. IV-2 for both microstructure and are defined by the 

propagation of the damage within the metal matrix. In particular, since the thickness of the 

degradable material is small, the damage reaches the non-degradable part quickly. This aspect 

is also evident considering the damage map for the four instants defined in Fig. IV -2 as (a), 

(b), (c) and (d) (Fig. I IV -3).  

The large damage evolution parameter (𝑑𝐷𝑓 = 0.05 𝑀𝑃𝑎
−1) defines the rapidity with which 

grains detach and the damage propagation within the microstructure. For what already 

discussed in C.2, since 𝑑𝐷𝑓 is large enough, grains are detached quickly and the damage has 

no time to propagate within the matrix. However, since the thickness of the degradable part is 

small, the damage propagation is interrupted by the non-degradable part, perturbating the 

steady-state as can already be observed from 𝑡 = 10 𝑠 in Fig. IV -3 (b). Therefore, the thickness 

ℎ𝑚 = 10 µ𝑚 is not sufficient to describe the damage and wear propagation.  

 
(a) (b) 

 
(c)  (d) 

Fig.IV-3 Evolution of damage D on the degradable material for (a) t = 0 s; (b) t = 10 s; (c) t = 20 s; (d) t = 30 s 
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RESUME : 
Dans le domaine des outils de coupe, les outils diamantés (DIT: carottage, scies à ruban et circulaires) sont largement utilisés 
pour traiter et dimensionner les matériaux fragiles. Les DIT sont composés de cristaux de diamant abrasifs noyés dans une 
matrice métallique par frittage. Lors des opérations de découpe, la matrice retient les diamants qui, du fait de leur dureté, peuvent 
indenter la pièce. Des débris du matériau découpé se formeront inévitablement, définissant, avec l'eau utilisée pour les ejecter, 
une suspension dense. Ce flux de débris est très abrasif pour la matrice et peut l'user. Bien que ce processus d'usure soit 
nécessaire pour renouveler les diamants, il doit être contrôlé en termes de taux d'usure pour atteindre un équilibre optimal entre 
la durée de vie et la capacité de coupe. Si plusieurs tentatives ont été faites pour analyser l'usure des diamants, le processus 
d'usure impliquant la matrice n'est pas encore bien compris. Par conséquent, l'objectif principal ici est de construire une stratégie 
numérique multi-échelles pour prédire et décrire l'usure abrasive en tenant compte des interactions tribologiques complexes 
impliquant la matrice, les diamants et les flux de débris. Cette stratégie repose sur deux modèles principaux: (1) le modèle 
macroscopique, construit à l'échelle du diamant et résolu par la méthode des éléments finis (FEM); le modèle mésoscopique (2), 
construit à l'échelle des débris et résolu avec le code MELODY aux éléments discrete-meshfree pour étudier l'usure localement, 
en tenant compte du caractère discret des grains de débris et de la microstructure déformable polycristalline de la matrice 
métallique. Dans le contexte de la demande industrielle, le modèle macroscopique (1) donne des résultats encourageants en 
termes de taux d'usure et peut être utilisé comme modèle prédictif dans la sélection de la matrice métallique optimal. Le modèle 
mésoscopique (2) est un modèle descriptif donnant accès à des phénomènes importants de contrôle de l'usure qui ne sont pas 
accessibles à l'échelle du diamant et doivent être étudiés à un plus petit. Enfin, la stratégie proposée ici peut être utilisée pour 
prédire (1) et décrire (2) l'usure non seulement dans le cadre du DIT mais aussi pour l'adapter à d'autres situations tribologiques 
similaires consistant en l'usure d'une surface provoquée par un écoulement d'abrasif. 
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