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Résumé

Les Structures atomiques Quasi-périodiques (QP) possèdent des propriétés particulières,
notamment dans le domaine vibrationnel. Il pourrait être intéressant de pouvoir transférer
ces propriétés à des méta-matériaux macroscopiques. Des réseaux de poutres quasi-périodiques
2D sont étudiés dans cette thèse dans le cadre du modèle élément finis (EF) poutre Euler
Bernoulli. Ces réseaux de poutres peuvent facilement être produits par fabrication additive
ou par découpe laser. Il est possible de faire varier l’élancement des poutres (le ratio hau-
teur sur longueur) qui est un paramètre intéressant pour modifier la réponse mécanique du
réseau. En utilisant la méthode EF, l’influence de l’élancement des poutres sur la réponse
vibratoire des réseaux de poutres QP est étudiée. La méthode numérique Kernel Polyno-
mial (KPM) est adaptée avec succès de la dynamique moléculaire aux réseaux de poutres
pour étudier leurs modes de vibration sans avoir à diagonaliser complètement la matrice
dynamique. Les réseaux de poutres QP présentent des propriétés similaires à leur compère
atomique : en particulier la localisation de modes sur des sous-structures et une relation
de dispersion hiérarchisée.
Le comportement à la fracture est aussi étudié étant donné que les symétries présentes
dans les QP pourraient permettre des réseaux de poutres ne présentant pas de plans faibles
pour la propagation de fissures. Cela a été démontré d’après des calculs EF statiques avec
un critère de fracture fragile sur l’énergie de déformation. Les simulations statiques ne
suffisent pas car elles ne peuvent pas capturer les phénomènes dynamiques complexes qui
apparaissent lors de la fissuration fragile. Les propriétés de vibration du QP pourraient
aussi avoir un impact sur la propagation dynamique de fissure. Un modèle dynamique
de fissuration est développé afin d’étudier l’impact de l’élancement sur la capacité des
réseaux de poutres QP à dissiper de l’énergie par fissuration .
Finalement une méthode Coarse Graining est développée pour identifier un milieu Cos-
serat continu équivalant au réseau de poutres QP pour différentes échelles. Cette méthode
permet d’identifier la densité, les déformations, les contraintes et donc les modules d’élasticité
du milieu Cosserat équivalent, permettant ainsi une meilleure compréhension du rôle des
sous structures précédemment identifiées.

MOTS CLÉS: Quasi-periodique, Éléments Finis, Réseaux de Poutres , Vibration ,
Fracture, Coarse Graining.
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Abstract

Quasi periodic (QP) structures have shown peculiar properties in the atomistic do-
main, especially the vibrational one. It could be interesting to be able to transpose these
properties in macroscopic meta-materials. Quasi periodic 2D beam lattices are studied in
this thesis due to the simplicity of the Euler Bernoulli finite element (FE) model. These
beam lattices can easily be produced by additive manufacturing or by laser cutting. It
is possible to vary the beam slenderness (i.e the ratio of height over length) that is a
interesting parameter to modify the mechanical response of the lattice. Using finite ele-
ment method, the influence of the beam slenderness over the vibration behavior of the
QP beam lattices will be studied. The Kernel Polynomial numerical Method (KPM) is
successfully adapted from molecular dynamics simulations in order to study vibrational
modes of FE beam lattices without having to fully diagonalize the dynamical matrix. The
QP lattices show similar properties as their atomic counterpart e.g mode localization over
sub-stuctures and hierarchical dispersion relation.
The fracture behavior is also studied, as the special symmetries allowed by the quasi per-
iodicity could result in beam lattices without weak planes for crack propagation. It was
proved to be true from static FE simulations with a brittle strain energy breaking criterion.
Static simulations were not enough and do not grasp the complex dynamical phenomena
taking place in brittle fracture. A dynamic crack propagation model was thus developed.
The vibrational properties of quasi periodic structures could also have an impact on the
dynamic crack propagation. Several simulations are run in order to study the impact of
the slenderness on the energy dissipated by fracture of QP lattices.
Finally, a coarse graining method (CG) was developed to identify a continuous Cosserat
medium at different scales from the FE beam model. This CG method allows to identify,
density, strain , stress and elastic moduli of an equivalent continuous Cosserat. This allows
a better understanding of the role of previously identified characteristic sub structures.

KEYWORDS: Quasi-periodic,Finite Elements, Beam lattices , Vibration ,Fracture,
Coarse Graining.
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Introduction

Quasi-periodic (QP) structures have been first studied in the mathematical domain.
Although Roger Penrose is not the first to have discovered quasi-periodic tilings, he is the
first who found simpler tilings with fewer different tiles. After the golden triangles and
kite & dart ones, many other quasi periodic tilings have been discovered and new ways
of creating them too, such as projection from higher dimension allowing also to create
periodic approximations ([?] and [?]). Quasi-periodic structures are structures of interest
due to the peculiar properties inherited from their quasi-periodicity. Their organization at
different scales or the symmetries that they support differentiate them from both random
and periodic organizations. The kite & dart tilings for exemple have regained interest
after the discovery of atomistic samples with the same structures [?]. Quasi-periodic
atomic samples are called quasi-crystals.

Quasi-crystals have been widely studied for their atomistic dynamics, phononic,
magnetic and electronic properties [?, ?, ?]. These structures exhibit complex vibrational
behavior, including a set of frequency ranges in which no propagative wave exists [?, ?],
i.e. band gaps. Band gaps can lead to interesting applications in various domains [?, ?].
Such materials can create band gap in their vibrational mechanical response while
being isotropic regarding elasticity or wave propagation for example whereas for having
such interesting properties, their periodic counterpart are anisotropic. This considerably
increases the difficulty for modeling their behaviour and optimizing their design.

Similar properties can also be found in meta-materials, in which an internal
micro-scale architectured structure can create interesting behavior at a larger scale [?].
Meta-materials can be created in various ways, often by assembling simple elements in
a periodic or quasi-periodic pattern (cylindrical rod in a fluid is a common example) in
order to exhibit physical properties resulting from the chosen substructure more than
from their constitutive parts. Meta-materials have been first studied by physicists for
their electromagnetic, optical and thermodynamic properties, therefore it is often called
mechanical meta-material when the mechanical properties are studied. As a particular
case, lattice materials are interesting in many fields of application because of their low
density. Due to this low density, the question regarding their mechanical properties and
their integrity is important.

The recent development of additive manufacturing gives the opportunity to produce
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Introduction

metamaterials like closed cellular materials efficiently,i.e. with a perfect control of
the cell shape and distribution. Additive manufactured metamaterials can be designed
to exhibit unusual macroscopic behavior due to their internal structure as in ([?] and
[?]). While, their effective elastic properties and energy absorption capabilities under
compression have been widely studied [?, ?], very little has been done on their fracture
behavior. Furthermore, in the case of a periodic lattice, weak orientations exist [?], giving
rise to directionality effects that intrinsically weaken this kind of architectures.

Most of the work that has been done up to now focuses on the identification of
fracture toughness Kc used in theory of linear elastic fracture mechanics (LEFM) ([?]
[?]), although the possiblility of such a continuous description is still a matter of debate.
Indeed the local phenomena taking place in the fracture of continuous linear-elastic
materials and in fracture of beam lattices are completely different and it can become
impossible to identify a fracture toughness Kc. Moreover, the scale ratio between the
crack size and the micro structure in beam lattices can be problematic to the use of LEFM.
In some works the fracture behavior is identified from crack propagation simulation on
an homogenized continuous material ([?] and [?]) which is once again a questionable
hypothesis. More can be found in this review [?].

Being able to model beam lattices by a continuous elastic material is a needed
step in order to simplify numerical models and to shorten simulation times. Classical
homogenization methods allow identifying homogeneous medium easily only for
periodic structures [?] and without the ability to take into account heterogeneity that
has a dominant role in stress concentration, crack initiation and crack propagation [?]
[?]. It has been shown that classical elasticity is not always able to exhibit the peculiar
mechanical properties of architectured materials, and that generalized continuum is
a better candidate [?] [?]. Such continuum introduces additional degrees of freedom
(Cosserat, micomorphic media [?]...) or higher order gradients of the displacement field
(second gradient materials [?]...). Coarse Graining (CG) methods allow the identification
of an equivalent continuous material while keeping heterogeneity at the desired scale for
any type of discrete structures (periodic, amorphous or quasi-periodic). This method has
already been applied at the atomic scale or for granular materials in order to identify a
classic or Cosserat equivalent continuum [?, ?].

The analysis of lattice materials is usually limited to periodic patterns. But, using
additive manufacturing there is no shape limitation and quasi-periodic arrangements can
be obtained. Considering that quasi-periodic structures have demonstrated unique proper-
ties regarding various physical phenomena (e.g. to store energy in local non-propagative
vibration modes or to resist to the propagation of defects), it should be interesting to
produce additive manufactured quasi-periodic lattices that inherit outstanding properties
from their specific arrangement. Moreover, the macroscopic beam structure offers
additional possibilities in terms of large scale interactions and control parameters for
tuning the vibrational properties.
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The mechanical and vibrational properties of quasi-periodic and of amorphous
structures are related to complex mathematical problems due to the impossibility of
periodic simplifications. Therefore, in order to solve these problems, big size matrix
problems have to be dealt with. Moreover, usual Fourier transform-based computational
tools, or Bloch Wave expansions that are very interesting for periodic structures [?]
would be very unefficient for such systems.

In order to study the vibrational, mechanical and dynamic failure of quasi-periodic
beam lattices, Euler-Bernoulli finite element (FE) beams will be used as a modeling tool
and several numerical methods will be developed in order to overcome the special chal-
lenges due to quasi-periodic organizations.

A first chapter will be dedicated to the reminder of models used in this work i.e. FE
euler beam model, discrete system vibrations and Cosserat medium characteristics. A se-
cond chapter will focus on the vibrational studies. The numerical approaches followed in
this thesis deal with completely resolved calculations on very large matrices, thus avoiding
the required simplifications associated to (even highly and recently elaborated) homoge-
neization tools as in [?]. In the later case, the degree of spatial resolution that depends
on the waves frequency is crucial for an accurate description, as well as the hypotheses
concerning the order of expansion of the constitutive laws in the different order parame-
ters (displacements and rotations of beam nodes for example) [?]. In contrary, our method
allows for direct insights into the dynamical behaviour at any vibrational frequency of
non-periodic systems, including the description of possible localized vibrations that are
difficult to identify and to take into account in homogeneization procedures [?, ?, ?].

A third chapter will be dedicated to crack propagation in FE beam model, using a
strain energy failure criterion. A static and dynamic FE crack propagation model is deve-
loped in order to simulate the fracture of periodic and quasi periodic beam lattices. The
influence of slenderness on the energy dissipation behavior of QP lattices will be studied
to analyze the influence of the elementary properties of the lattice onto its macroscopic
behaviour.

The last chapter focuses on the development of a coherent coarse graining (CG) me-
thod to identify an equivalent continuous Cosserat medium from FE beam lattice simu-
lations. The CG method will be applied firstly on periodic lattice for validation purposes
and then to the QP lattices to better understand the properties emerging for the peculiar
organization of the quasi periodic lattices at different scales.
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1. Models

1.1 Quasi-Periodic Structures
Quasi periodic structures have regained interest after the discovery of quasi crystals

by Dan Shetchman in 1982. He observed an alloy producing diffraction pattern with a
symmetry of order 5. The sample has a large scale organization while having a symmetry
of order 5, that is impossible for classical crystals. The atomic organization thus needs
to be quasi periodic. However, quasi periodic structures have been studied previously by
mathematicians.

1.1.1 Quasi-Periodic Construction
The Fibonacci chain is a classical example of a 1D quasi periodic structure that can

be used to introduce the different ways of constructing such structures. The Fibonacci
chain is alternating long (L) and short (S) segments with the length ratio between L and
S being the golden ratio, an irrational number. A first way of constructing the chain is to
use a substitution or subdivision method : starting from a segment, at each step of the
construction each L is substituted by LS and S becomes L. 3 steps of the subdivision
method are presented in figure.1.1.

FIGURE 1.1 – 3 steps of the subdivision method to create a Fibonacci chain.

An other method to construct the Fibonacci chain is the slicing and projection
method. This method starts from a periodic grid, here a square grid. Then the grid is
sliced by a tilted line. The line is tilted at an irrational angle, here again related to the
golden ratio. The part of the grid bellow the line is removed and the nodes closest to
the line are projected onto it. This produces the Fibonacci chain. As the line is tilted at
an irrational number it is easy to see that the pattern projected onto the line will never
repeat itself. This method also allows to create periodic approximate by using a rational
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Quasi-Periodic Structures

approximation of the golden ratio. The figure.1.2 illustrates the method.

FIGURE 1.2 – Example of the slice and projection method to create a Fibonacci chain.

This last method can also be used to obtain 2D tiling by starting from a higher di-
mension grid sliced by a hyper-plane tilted at an irrational angle. This can produce the
octogonal Penrose tiling. The figure.1.3 shows a fourth approximant of the octogonal
Penrose tiling. This tiling can easily be transformed into a beam lattice by replacing each
edge by a beam.

1.1.2 QP Symmetries

One property of the QP is the uniformity. One can easily identify QP repetitions of
patterns into the QP tiling. Some of these patterns are highlighted in figure.1.4. In fact,
any pattern (as big as wanted) can be found an infinite amount of time into the infinite QP
tiling. The mean distance between these patterns increases with their size. In crystals the
distance of repetition is constant and equals to the period of the grid.

The uniformity properties imply that for any selected pattern the tiling can be transla-
ted so that the pattern is invariant by translation. Moreover several patterns can coincide
and they are separated by regions that do not match. The same can be observed for rota-
tional symmetries. It can be shown that if a two-dimensional tiling contains more than a
single point, about which an n-fold rotation (n > 2) brings it into perfect coincidence with
itself, then the tiling is necessarily periodic. Thus QP tilings having a n-fold symmetry
cannot contain more than a single point of ”exact” n-fold symmetry. None the less as for
translation any patch of the rotated mesh can be found in the original mesh and patches
of coincident tiles are separated by regions of non matching tiles. This is illustrated in the
figure.1.5.
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1. Models

FIGURE 1.3 – 4th approximant of Penrose tiling beam structure.

FIGURE 1.4 – Identification of patterns of increasing size in a 4th approximant of Penrose
tiling beam structure.

An other way to look at symmetries is that the original and the transformed tilings
contain the same statistical distribution of patterns of arbitrary size. Two crystals whose
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QP beam lattices

(a) (b)

FIGURE 1.5 – Superposition of translated(a) and rotated(b) 4th approximant of Penrose
lattice.

patterns densities are statistically the same in this sense are called indistinguishable, a
term which was coined by Dan Rokhsar, David Wright, and David Mermin. Only when
the crystal is periodic does the notion of indistinguishability reduce back to the traditional
notion of symmetries.

1.2 QP beam lattices
QP beam lattices could exhibit intresting mechanical beahaviour emerging from their

quasi-periodicity. Two sets of quasi periodic lattices will be studied in this thesis :
The octohedric Penrose tiling is later used for its ability to create a periodic approxi-

mant to the quasi-periodic tiling thus allowing the use of periodic boundary conditions
as suggested in [?]. It has been shown in [?] that, for ferromagnetic properties, the ap-
proximant with periodic boundary conditions closely mimics the infinite lattice properties.

And the Kite and Dart (KD) Penrose lattice is studied for it’s 5-fold symmetry but their
is no periodic approximant to this lattice. A section of the KD is shown in figure.1.6. A
5-fold symmetry ensures a isotopic behavior at large scale that can be useful for versatile
mechanical meta-material.

1.3 Beam theory
In this work we only consider 2D beam lattices thus only traction/compression and

flexural loads will be considered.
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1. Models

FIGURE 1.6 – Kite and Dart beam lattices.

1.3.1 Euler-Bernoulli Continuous Beam Definition

Let us consider a beam of length L and cross section S. Any point of the beam can be
defined with l the curvilinear abscissa along the mean path and t the position of the point
in the cross section. The cross sections are assumed to stay planar. In small displacement
hypothesis, the displacement vector d(l, t) can be calculated as :

d(l, t) =
(

u(l)− tθ(l)
v(l)

)
(1.1)

Where u(l) is the longitudinal displacement of the center of S, v(l) the transverse
displacement and θ(l) the rotation of S. From this definition the strains can be expressed
as :

εll(l, t) =
∂u(l)

∂l
− ∂θ(l)

∂l
t (1.2)

In the Euler-Bernoulli model, the shear strain energy is neglected which leads to
∂v(l)

∂l
= θ(l). It can be shown that the hypothesis of negligible shear is valid if the length

L of the beam is ten times bigger than the maximum transverse position t. Thus the deri-
vative of the transversal displacement along the mean path is equal to the rotation of the
cross section. Then by using a simple Hooke’s linear Elastic law σll = Eεll one can obtain
the following relation :
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Beam theory

σll(l, t) = E
∂u(l)

∂l
−E

∂2v(l)
∂l2 t (1.3)

by defining the Flexural momentum of S as :

M fz(l) =−
∫

S
σll(l, t)tds =

∫
S

E
∂2v(l)

∂l2 t2ds = E
∂2v(l)

∂l2 Iz (1.4)

with Iz =
∫

S t2ds, We can identify the state at any point of the beam from the following
equations :

σll(l, t) =
N(l)

A
−M f z(l)

Iz
t (1.5)

N(l) = EA
∂u(l)

∂l
(1.6)

and (1.4),
where A stand for the area of the section S. This constitutive law can be written in a
matrix form :

σσσ(l) =
{

N(l)
M fz(l)

}
=

[
EA 0
0 EIz

]
∂u(l)

∂l
∂2v(l)

∂l2

= Cεεε(l) (1.7)

FIGURE 1.7 – Infinitesimal section of a beam

From the dynamic equilibrium of a infinitesimal section of width dl, and in the ab-
sence of distributed force or momentum, one can obtain the flowing equations :

∂N(l)
∂l

= Aρü(l) (1.8)

∂T (l)
∂l

= Aρv̈(l) (1.9)
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1. Models

∂M fz(l)
∂l

+T (l) = Izρθ̈(l) (1.10)

When the rotational inertia Iz of the section is neglected, the equations can be reduced to :

∂N(l)
∂l

= Aρü(l) (1.11)

− ∂2M fz(l)
∂l2 = Aρv̈(l) (1.12)

∂M fz(l)
∂l

=−T (l) (1.13)

1.3.2 Euler-Bernoulli Finite Elements Beam Definition

With Finite Elements beam modelization, the displacements, strains and stresses at
any point of the beam can be deduced from the quantities at the extremities of the beam.
Each node i has 3 degrees of freedom, ui the longitudinal displacement, vi the transverse
displacement and θi the rotation. The external forces applied on each node i are : Fui the
longitudinal force, Fvi the transversal force and Mzi the momentum. Those quantities are
graphically defined in Fig.1.8. From those quantities one can create qe, the degrees of
freedom (dof) array and Fe the force array for each element linking two nodes.

FIGURE 1.8 – FE definition of the beam element

qe = { u1 v1 θ1 u2 v2 θ2 }t (1.14)

Fe = { Fu1 Fv1 Mz1 Fu2 Fv2 Mz2 }t (1.15)
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Beam theory

The displacement at any point of the mean path of the beams is obtained by polyno-
mial interpolation.

d(l) =
{

u(l)
v(l)

}
=

{
u1 p1(l)+u2 p2(l)

v1 p3(l)+ v2 p4(l)+θ1 p5(l)+θ2 p6(l)

}
= P(l)qe (1.16)

P =

[
p1 0 0 p2 0 0
0 p3 p5 0 p4 p6

]
(1.17)

These functions p1 to p6 are called shape functions and must satisfy the boundary
conditions i.e :

u(0) = u1 , u(L) = u2 , v(0) = v1 , v(L) = v2 ,
∂v(l)

∂l
= θ(l) , θ(0) = θ1 and θ(L) = θ2.

One valid choice for the shape functions is :

p1(l) =
L− l

L
p2(l) =

l
L

p3(l) = 1−3
( l

L

)2
+2
( l

L

)3
p4(l) = 3

( l
L

)2
−2
( l

L

)3

p5(l) = L

(
l
L
−2
( l

L

)2
+
( l

L

)3
)

p6(l) = L

(
−
( l

L

)2
+
( l

L

)3
) (1.18)

The previously defined strains can then be calculated in the beam from the nodal
quantities by :

εεε(l) =


∂u(l)

∂l
∂2v(l)

∂l2

= B(l).qe (1.19)

B =

∂p1

∂l
0 0

∂p2

∂l
0 0

0
∂2 p3

∂l2
∂2 p5

∂l2 0
∂2 p4

∂l2
∂2 p6

∂l2

 (1.20)

1.3.3 Weak Formulation
Starting from the dynamic equilibrium equations one can apply the virtual power prin-

ciple to obtain the following equations :∫
L

∂N(l)
∂l

u∗(l)dl−
∫

L

∂2M fz(l)
∂l2 v∗(l)dl =

∫
L

ρAü(l)u∗(l)dl +
∫

L
ρAv̈(l)v∗(l)dl (1.21)

Using divergence flux theorem :

[N(l)u∗(l)]0L−
∫

L
N(l)

∂u∗(l)
∂l

dl− [
∂M fz(l)

∂l
v∗(l)]0L +

∫
L

∂M fz(l)
∂l

∂v∗(l)
∂l

dl

=
∫

L
ρAü(l)u∗(l)dl +

∫
L

ρAv̈(l)v∗(l)dl (1.22)
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1. Models

[N(l)u∗(l)]0L−
∫

L
N(l).

∂u∗(l)
∂l

dl−[∂M fz(l)
∂l

v∗(l)]0L+[M fz(l)
∂v∗(l)

∂l
]0L−

∫
L

M fz(l)
∂2v∗(l)

∂l2 dl

=
∫

L
ρAü(l)u∗(l)dl +

∫
L

ρAv̈(l)v∗(l)dl (1.23)

using (1.13) one get,

∫
L

N(l)
∂u∗(l)

∂l
dl +

∫
L

M fz(l)
∂2v∗(l)

∂l2 dl +
∫

L
ρAü(l)u∗(l)dl +

∫
L

ρAv̈(l)v∗(l)dl

= [N(l)u∗(l)]0L +[T (l)v∗(l)]0L +[M fz(l)θ∗(l)]0L (1.24)

and using the eq.(1.6) and (1.4).

∫
L

∂u(l)
∂l

EA
∂u∗(l)

∂l
dl +

∫
L

∂2v(l)
∂l2 EIz

∂2v∗(l)
∂l2 dl +

∫
L

ρAü(l)u∗(l)+
∫

L
ρAv̈(l)v∗(l)dl

= [N(l)u∗(l)]0L +[T (l)v∗(l)]0L +[M fz(l)θ∗(l)]0L (1.25)

Regrouping terms in vector notation using the definitions (1.7) and (1.16).

∫
L

εεε
t(l)Cεεε(l)dl +

∫
L

d̈t
[

ρA 0
0 ρA

]
d∗(l)dl

= [N(l)u∗(l)]0L +[T (l)v∗(l)]0L +[M fz(l)θ∗(l)]0L (1.26)

And using the FE definitions eq.(1.16) and (1.19) :∫
L

qt
eBtCBq∗edl +

∫
L

q̈e
tPt
[

ρA 0
0 ρA

]
Pq∗edl = Ft

eq∗e (1.27)

The matrix formulation of the dynamic problem for one element is thus :

Keqe +Meq̈e = Fe (1.28)

with :
Ke =

∫
L Bt .C.Bdl

Me =
∫

L Pt .

[
ρA 0
0 ρA

]
.Pdl

(1.29)

Once the integration is done, the elementary stiffness matrix and the elementary mass
matrix are :

Ke =



EA
L 0 0 −EA

L 0 0
0 12 EI

L3 6 EI
L2 0 −12EI

L3 6 E
L2

0 6 EI
L2 4EI

L 0 −6EI
L2 2 EI

L
−ES

L 0 0 ES
L 0 0

0 −12EI
L3 −6EI

L2 0 12EI
L3 −6 EI

L2

0 6EI
L2 2EI

L 0 −6EI
L2 4EI

L


(1.30)
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Vibrational Properties of Discrete Systems

and

Me =



1
3 LρA 0 0 1

6 LρA 0 0

0 13LρA
35

11L2ρA
210 0 9LρA

70 −13L2ρA
420

0 11L2ρA
210

L3ρA
105 0 13L2ρA

420 −L3ρA
140

1
6 LρA 0 0 1

3 LρA 0 0

0 9LρA
70

13L2ρA
420 0 13LρA

35 −11L2ρA
210

0 −13L2ρA
420 −L3ρA

140 0 −11L2ρA
210

L3ρA
105


(1.31)

These matrices depend on three parameters :

Kv = 12
EI
L3 the flexural stiffness.

Ku =
ES
L

the traction/compression stiffness.

m = ρSL the mass of a beam element.

(1.32)

Note that the ratio
Kv
Ku

, depends here only on the geometry of the beam cross section and
on its length.

1.3.4 Dynamic FE problem
Once the elementary stiffness and mass matrix are obtained the matrix formulation for

the full problem can be obtained by assembling these matrices using the mesh connecti-
vity. In order to assemble the global matrices, the elementary matrices have to be rotated
to accommodate the orientation of the real element in the global lattice. The full matrix
problem is written :

Kq+Mq̈ = F (1.33)

1.4 Vibrational Properties of Discrete Systems
Once the Beam lattice has been modelized using FE, it can be seen as an assembly

of interacting nodes, that is a discrete system. In this section the classical problem of 1D
discrete system will be used to introduce to the vibrational Properties of discrete systems.
It will be shown how a band gap can be created by changing parameters of the problem.

1.4.1 1D mono-mass spring chain
The problem is an infinite periodic chain with springs of stiffness k and mass m as can

be seen in figure1.9. The dynamic equilibrium can be written on the mass n :

15

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI062/these.pdf 
© [A. Glacet], [2018], INSA Lyon, tous droits réservés 



1. Models

FIGURE 1.9 – infinite spring and mono-mass chain.

k(un−1−un)− k(un−un+1) = mün (1.34)

With un being the displacement of the mass n along the chain direction and ün its
acceleration. Studying the vibrational response of this infinite system one can assume a
solution of the form :

un = Aexp(i(Kxn−ωt) (1.35)

With xn the initial position of the mass n, ω is the angular frequency and K the wave vector.
This form can only be used in case of periodic systems. By substituting the solution (1.35)
in the dynamic equilibrium (1.34) one obtains :

k(exp(i(Kxn−1−ωt)−2exp(i(Kxn−ωt))+exp(i(Kxn+1−ωt)) =−mω
2exp(i(Kxn−ωt)

(1.36)
Lets note d the initial distance between masses, then after simplification :

k(exp(i(−Kd)−2+ exp(i(Kd)) =−mω
2 (1.37)

2k(cos(Kd)−1) =−mω
2 (1.38)

4k(sin2(
1
2

Kd)) = mω
2 (1.39)

This equation can be solved for ω≥ 0 giving the dispersion relation

ω = 2

√
k
m
|sin(

1
2

Kd)| (1.40)

This dispersion curve has been plotted with example values of k = 1Nm−1,m =
1Kg,d = 1m in figure.1.10.

1.4.2 1D by-mass spring chain
Now the infinite chain is modified by changing the mass of one over two masses as

shown in figure1.11.
Writing the dynamic equilibrium on a mass m1 and a mass m2, the following equations

are obtained :
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Vibrational Properties of Discrete Systems

FIGURE 1.10 – dispersion curve for mono-mass chain.

FIGURE 1.11 – infinite spring and by-mass chain.

k(un−1
2 −un

1)− k(un
1−un

2) = m1ün
1

k(un
1−un

2)− k(un
2−un+1

1 ) = m2ün
2

(1.41)

Two equations can be written, yielding to two dispersion curves. Using a vibrational so-
lution of type :

un
1 = A1exp(i(Kxn

1−ωt)
un

2 = A2exp(i(Kxn
2−ωt) (1.42)

Dynamical equilibria become :

k(A2exp(i(Kxn−1
2 )−2A1exp(i(Kxn

1))+A2exp(i(Kxn
2))) =−ω2m1A1exp(i(Kxn

1)

k(A1exp(i(Kxn
1)−2A2exp(i(Kxn

2))+A2exp(i(Kxn+1
1 ))) =−ω2m2A2exp(i(Kxn

2)
(1.43)

Thus
k(A2exp(i(−Kd)−2A1 +A2exp(i(Kd))) =−ω2m1A1
k(A1exp(i(−Kd)−2A2 +A2exp(i(Kd))) =−ω2m2A2

(1.44)
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1. Models

that is
2k(A2cos(Kd)−A1) =−ω2m1A1
2k(A1cos(Kd)−A2) =−ω2m2A2

(1.45)

The existence of non zero solution, (A1,A2) 6=(0,0) implies the determinant equation :∣∣∣∣ω2m1−2k 2kcos(Kd)
2kcos(Kd) ω2m2−2k

∣∣∣∣= 0 (1.46)

Whose solutions are :

ω
2
± = k(

1
m1

+
1

m2
)± k

√
(

1
m1

+
1

m2
)2−

4sin2(1
2Kd)

m1m2
(1.47)

These dispersion curves have been plotted with example values of k = 1Nm−1, m1 = 1Kg,
m2 = 2Kg, d = 1m in the figure.1.12 Contrary to the previous dispersion curve for the

FIGURE 1.12 – dispersion curve for by-mass chain.

mono-mass chain one can observe the existence of two curves. The lower curve is called
the acoustic branch while the upper curve is called the optical branch.

Whereas in the acoustic branch masses moves in phase, they vibrate against one ano-
ther in opposite directions in optical branch. In ionic crystals (i.e. where there are opposite
charges connected to the two species), these modes can therefore couple to electromagne-
tic radiation and are responsible for much of the characteristic optical behavior of such
crystals. This is why, even in non-ionic crystals, these modes are called optical modes,
and their dispersion curve is called the optical branch.
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Cosserat 2D medium

The band of non existing modes between the acoustic and optical branch is known as
a band gap. As no modes exists in this ω region, an excitation having a angular frequency
in this band gap would not propagate in the medium and give rise to an evanescent wave.

This method can be applied to obtain analytical result for periodic structures by impo-
sing the periodicity of the wave response. It will latter be used to calculate the dispersion
curves for a 2D square beam lattice but it can not be applied easily if the system studied
is not periodic.

1.5 Cosserat 2D medium

In this section we present the Cosserat medium. It will be seen that the elementary
elements of the Cosserat have the same dofs and interactions than the FE beam model
thus making the Cosserat medium a good candidate to approximate beam lattices by a
continuous medium.

1.5.1 Degrees of freedom

The three dofs for the elementary element of the 2D Cosserat are : ux and uy the two
displacements along x and y axis and θ the rotation along the out of plan axis. One can
indicate the displacement vector as :

u = (ux,uy)
t (1.48)

1.5.2 Forces and torques

Cohesive forces and torques are drawn in figure1.13 for a continous 2d system. Each
edge of normal i transmit tangent forces Fi jj and normal forces Fiii as well as a torque
Miz.

The definition of the stresses and distributed torques are :

Fαβ = Fαββββ = σαβdαβββ

Mzα = mαdβz (1.49)

dα being the length of the sides, i.e dx or dy. Stresses and distributed torques tensors are
defined as :

σσσ =

(
σxx σxy
σyx σyy

)
(1.50)

m =

(
mx
my

)
(1.51)
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1. Models

FIGURE 1.13 – Forces and torques definition.

1.5.3 Dynamical equilibrium equations
In this section the 2D Cosserat equilibrium equations will be obtained from the equili-

brium of an elementary square, using the previously defined cohesive forces and torques.
-projected forces equilibrium :

x : Fxx(x+dx)−Fxx(x)+Fyx(y+dy)−Fyx(y) = ρdxdyüx
y : Fyy(y+dy)−Fxx(x)+Fyx(x+dx)−Fyx(x) = ρdxdyüy

(1.52)

-projected torques equilibrium in {x+dx,y+dy} :

z : Mzx(x+dx)−Mzx(x)+Mzy(y+dy)−Mzy(y)+Fxydx−Fyxdy = Izdxdyθ̈ (1.53)

The equilibrium equations can be transformed to :

div(σσσ) = ρü (1.54)

div(m)− (σxy−σyx) = Izθ̈ (1.55)

1.5.4 Weak formulation
By writing the virtual power principle over a domain Ω as defined in figure1.14 we

obtain :
{∀u∗ ∈C1,∀θ∗ ∈C1} :∫

Ω

div(σσσ).u∗ds+
∫

Ω

div(m)θ∗ds−
∫

Ω

(σxy−σyx)θ
∗ds =

∫
Ω

ρü.u∗ds+
∫

Ω

Izθ̈θ
∗ds

(1.56)
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Cosserat 2D medium

FIGURE 1.14 – Domain Ω definition.

−
∫

Ω

σσσ : ∇∇∇u∗ds−
∫

Ω

σσσ :

 0 θ∗

−θ∗ 0
0 0

ds−
∫

Ω

m.∇∇∇θ
∗ds+

∫
∂Ω

σσσ.n.u∗dl +
∫

∂Ω

m.nθ
∗dl

=
∫

Ω

ρü.u∗ds+
∫

Ω

Izθ̈θ
∗ds (1.57)

∫
Ω

σσσ : eee∗ds+
∫

Ω

m.k∗ds+
∫

Ω

ρü.u∗ds+
∫

Ω

Izθ̈θ
∗ds =

∫
∂Ω

σσσ.n.u∗dl +
∫

∂Ω

m.nθ
∗dl

(1.58)
Where the strain tensor and curvature tensor are identified as :

e =
(

ux,x ux,y +θ

uy,x−θ uy,y

)
(1.59)

k =

(
kx
ky

)
=

(
θ,x
θ,y

)
(1.60)

We define F =σσσ.n and M = m.n∫
Ω

σσσ : e∗e∗e∗ds+
∫

Ω

m.k∗ds+
∫

Ω

ρü.u∗ds+
∫

Ω

Izθ̈θ
∗ds

=
∫

∂Ωd

F.u∗i dl +
∫

∂ΩF

Fi.u∗dl +
∫

∂Ωd

Mθ
∗
i dl +

∫
∂ΩF

Miθ
∗dl (1.61)

By choosing u∗ and θ∗ as statically admissible we obtain :

∫
Ω

σσσ : e∗e∗e∗ds+
∫

Ω

m.k∗ds+
∫

Ω

ρü.u∗ds+
∫

Ω

Izθ̈θ
∗ds=

∫
∂ΩF

Fiu∗dl+
∫

∂ΩF

Miθ
∗dl (1.62)

21

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI062/these.pdf 
© [A. Glacet], [2018], INSA Lyon, tous droits réservés 



1. Models

1.5.5 Cosserat Constitutive law
In a Cosserat medium θ is the material rotation. We can also define Ω = 1

2(uy,x−ux,y)
the non symmetric part of displacement gradient, the classic symmetric strain tensor
εεε = 1

2(grad(u)+ grad(u)t), and Φ = θ−Ω the relative rotation. It can be noticed that
ux,y +θ = εxy +Φ and uy,x +θ = εyx−Φ. the two notations are used in literature.

The stresses and torques tensors can be rewritten using the Voigt notation :

σ̂σσ =
(
σxx σyy σxy σyx mx my

)t (1.63)

as well as the strains and curvatures tensors :

ê =
(
exx eyy exy eyx kx ky

)t (1.64)

The constitutive law for a isotropic elastic Cosserat medium is :

σ̂σσ = D.̂e (1.65)

D =


λ+2µ λ 0 0 0 0

λ λ+2µ 0 0 0 0
0 0 µ+µc µ−µc 0 0
0 0 µ−µc µ+µc 0 0
0 0 0 0 µ3 0
0 0 0 0 0 µ3

 (1.66)

1.6 Conclusion
The models, methods, equations and definitions detailed in this chapter will be used

in the chapters to follow in order to study several aspects of the QP beam lattices.
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Harmonic study
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2. Harmonic study

2.1 Introduction :
The octohedric Penrose tilling is chosen in this chapter for its ability to create a

periodic approximant to the quasi-periodic tilling thus allowing the use of periodic
boundary conditions as suggested in [?].It has been shown in [?] that, for ferromagnetic
properties, the approximant with periodic boundary conditions closely mimics the infinite
lattice properties. The numerical methods used here for the vibrational study of big
systems were inspired from atomic vibration analyses and adapted to finite element
modeling of large scale complex beam structures. First, the vibrational eigenmodes are
computed by exact diagonalization of the dynamical matrix restricted to the beam nodes.
Then, Kernel Polynomial Method (KPM) is used to calculate the complete Vibrational
Density Of States (VDOS) and the Dynamical Structure Factor (DSF), giving rise to the
complete dispersion relation without the need of exact diagonalization of the dynamical
matrix. The KPM method is detailed by [?] and was adapted recently to the study of the
vibrational properties of large-size atomic systems by [?]. We apply it here to large scale
beam structures. This method allows accurate description of the vibrational properties
of large scale systems, and thus a better understanding of the vibrational response of
quasi-periodic structures. Thanks to this work, it will now be easy to transfer this method
to the detailed vibrational study of any beam structure.

This chapter is organized as follows : first the modeling and numerical methods are
explained in Section 2.2 and 2.3. These methods are firstly applied on a simple perio-
dic beam structure in Section 2.4, in order to be validated, and to show the influence of
the bending stiffness on the vibrational response. Then in Section 2.5 the methods are
applied to the complete analysis of the vibrational response of a quasi-periodic Penrose
approximant, including the detailed analysis of its eigenmodes.

2.2 Model
Using the FE model reminded in section 1.3 the dynamical matrix problem is :

K.d+M.d = F. (2.1)

Where d is now the dof vector whereas it was q in the Chapter1 as q will be used for the
wave vector later on. When studying the vibrational response, the external forces on each
node are zero because the system would be at equilibrium at rest, and the displacement is
assumed to be a wave solution, that is :

d̈ =−ω
2d, (2.2)

where ω is the angular frequency of the wave. Thus the dynamical problem can be written

K.d = ω
2M.d (2.3)
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Numerical Methods

The periodic boundary conditions are imposed by modifying the previous equation
thus equating the DFs of the homologous nodes. By denoting M = LLt 2.3 becomes a
classical eigenmodes problem :

H.d′ = λd′, (2.4)

with
H = L−1.K.L−t ; λ = ω

2 ; d′ = Ltd, (2.5)

where H is a symmetric positive definite square matrix. As shown in section 1.3 this
dynamical matrix depends on three parameters :

Kv = 12
EI
L3 the flexural stiffness.

Ku =
ES
L

the traction/compression stiffness.

m = ρSL the mass of a beam element.

(2.6)

Note that the ratio
Kv
Ku

, depends here only on the geometry of the beam cross section and
on its length. The influence of this ratio on the vibrational properties will be discussed
latter.

Moreover, the discretization of the system on the nodes at the extremities of the beams
does not allow getting insight on vibrations at a scale smaller than half of the smallest
beam length, thus limiting the highest frequency reached. The highest vibrational fre-
quency ωmax is of the order of the highest possible frequency supported by the smallest
element, that is given by solving the equation det(Ke−ω2Me) = 0 and depends on the
aspect ratio of the beams. Due to the very large number of nodes, we will solve Eq. 2.3
with numerical methods that are adapted to very large system sizes. We will compare the
exact diagonalization of the matrix H (allowing exact identification of the modes but only
for N . 10000) to the recursive calculation of the frequency density (VDOS) and of the
dispersion relation (DSF) that will be presented later and that is not size limited.

2.3 Numerical Methods

2.3.1 Exact diagonalization
The exact diagonalization of the dynamical matrix H allows getting directly d′ from

Eq. (2.3), and thus the DF vector d = L−t .d′. The diagonalization is performed using the
build in function eigsn in Matlab software. The calculation is limited by the system size.
For sufficienlty small systems (N . 10000), it allows visualizing the 3×N eigenvectors
that are the resonant modes of the system (see Section 2.5). It allows also for computing
the participation ratio (PR) of each mode. For a given eigenmode j, the PR gives informa-
tion on the ratio of particles participating in each vibration mode. It was used for example
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2. Harmonic study

to identify possible localized vibrations in disordered systems [?, ?, ?, ?]. It is defined as :

PR(ω) =
1
N
(∑i |ui|2(ω j))

2

∑i |ui|4(ω j)
(2.7)

where ui is the displacement vector ui = {uxi,uyi} for the ith node and ω j the pulsation of
the jth eigenmode. It means that PR = 1/N when only one isolated node over N supports
the vibration, while PR = N/N = 1 = 100% in case of uniform translation.

The determination of the eigenfrequencies and eigenmodes from the resolution of
Equation 2.5 is highly computationaly demanding, especially for non-periodic systems.
For this reason, approximate methods that do not require exact resolution of the eigen-
value problem have been developed [?, ?]. The computation of several quantities like the
vibrational density of states and the dynamical structure factor (spectral densiy of states)
is useful for analyzing the vibrational properties of a material. They are obtained without
solving the eigenvalue problem as detailed below.

2.3.2 Vibrational Density of States
The VDOS corresponds to the modal distribution. It is defined as :

V DOS(ω) =
1

3N

3N

∑
j=1

δ(ω−ω j) (2.8)

where δ is the Dirac function. Using the Kernel Polynomial Method (KPM), the VDOS
can be obtained without the exact resolution of the eigenvalue problem (2.4). The KPM
thus allows to compute the VDOS even for very large systems [?, ?]. It is based on the
approximation of the δ-function in Eq. 2.8 by a series of Tchebychev polynomials, yiel-
ding to an exact expression of the distribution of the eigenvalues without calculating the
eigenvalues itself. The method is detailed in [?, ?]. The starting point is the expansion of
the δ-function as

δ(ε− ε j) =
2
π

√
1− ε2

∞

∑
b=0

Tb(ε)Tb(ε j). (2.9)

where ε j = 2ω2
jω

2
max − 1. ωmax is the maximum frequency supported by the indivi-

dual beams : it is given by the resolution of the equation det(Ke −ω2Me) = 0, thus
−1 < ε j < 1, Tb are Tchebychev polynomials that can be obtained either by the re-
currence relation

T0(ε) = 1, (2.10)
T1(ε) = 2ε, (2.11)
Tb(ε) = 2εUb−1(ε)−Ub−2(ε). (2.12)

or by a trigonometric definition :

Tb(ε) =
sin((b+1)arccos(ε))√

1− ε2
. (2.13)
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Numerical Methods

The VDOS can thus be rewritten as

V DOS(ω)≈ 8ω

3Nπω2
max

3N

∑
j=1

B

∑
b=0

γbTb(ε j)Tb(ε) (2.14)

where γb are Jackson’s damping coefficients [?] introduced to avoid Gibbs oscillations

γb =
(B+1−b)cos πb

B+1 + sin πb
B+1 cot π

B+1

B+1
(2.15)

and B is a maximum number controlled by the desired accuracy of the calculations, the
approximate solution converging to the continuous solution V DOS(ω) when B goes to
infinity [?]. Here we chose B = 300. The Tchebychev momenta are defined as

µb =
1

3N

3N

∑
j=1

Tb(ε j) =
1

3N

3N

∑
j=1
〈u j|Tb(Ht)|u j〉 (2.16)

with Ht =
2H

ω2
max
− I. The bth momenta can be approximated as

µb ≈ 〈dr
0|dr

b〉 (2.17)

where |dr
0〉 is a 3N Gaussian random vector with unit norm, the upper bar is the average

over R random realizations of this random vector, and |dr
b〉 follows the recurrence relations

|dr
1〉= 2Ht |dr

0〉,
|dr

b〉= 2Ht |dr
b−1〉− |dr

b−2〉= Tb(Ht)|dr
0〉 (2.18)

When R is large enough, the variability due to the random generation of the {dr
0} can be

neglected [?]. We used R = 30. Using Eqs.2.132.14, the V DOS can thus be computed as

V DOS(ω) =
4ω

3Nω2
max

B

∑
b=0

γbµb sin(2(b+1)arcsin(ω/ωmax)) (2.19)

that is a function of the angular frequency ω only, without the need of ω j neither of u j.

2.3.3 Dynamical Structure Factor
The DSF is also called Spectral Density of Energy [?]. It corresponds schematically

to the combined spatial and temporal Fourier transforms of the displacements inside the
system, thus giving the amplitude of the harmonic waves as a function of q the wave
vector and w the angular frequency. In atomistic samples, it is related to the cross-section
of photons that are scattered by atomic vibrations in non-elastic x-ray or neutron scattering
experiments [?]. For longitudinal modes for example, it is related to the spatial correlation
function of density fluctuations. As an indicator of the connection between wave-vectors
and frequency during the dynamical response of the system, the DSF can be used to obtain
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2. Harmonic study

the dispersion law. The DSF is calculated separately for transverse (T) and longitudinal
(L) displacements. For longitudinal modes, it is defined by :

DSFL(ω,q) =
3N

∑
j=1

(
N

∑
i=1

qn.ui(ω j)eq.Ni)2
δ(ω−ω j) (2.20)

where qn is the normalized wave vector and Ni the position vector for the ith node. As
mentioned before, this expression results from the calculation of the fluctuations in the
density of nodes :

DSFL(ω,q) ∝

∫
exp(−iωt)

〈
(ρ(q, t)−ρq) .(ρ(−q, t)−ρ−q)

〉
dt

≈
∫

exp(−iωt)∑
i j
(q.ui)(q.u j)exp

(
iq.
(
Ni−N j

))
dt

due to

ρ(q, t)−ρq =
∫

ρ(r, t)exp(iq.r)dr−
∫

ρ(R,0)exp(iq.R)dR

=
N

∑
i=1

exp(iq.(Ni +ui(t)))− exp(iq.Ni)≈
N

∑
i=1

iq.ui(t)exp(iq.Ni)(2.21)

where ui(t) is the displacement supported by the node i in a random excitation, that is next
decomposed on the eigenmodes with frequencies ω j [?]. DSFL(ω,q) thus corresponds to
the Fourier transform of the longitudinal components of the waves with frequency ω. Its
transverse counterpart is

DSFT (ω,q) =
3N

∑
j=1

(
N

∑
i=1

qn×ui(ω j)eq.Ni)2
δ(ω−ω j) (2.22)

The KPM is used once again to calculate the DSFs without exact diagonalization. With
this method, DSFs can directly be computed as :

DSFL(ω,q)) =
B

∑
b=0

γbυ
L
b(q)Tb(ε) (2.23)

DSFT (ω,q) =
B

∑
b=0

γbυ
T
b (q)Tb(ε) (2.24)

with γb and ε as previously defined, and :

υ
L
b(q) =

1
N
(

N

∑
i=1

qn.ui0eq.Ni)2(
N

∑
i=1

qn.uibeq.Ni)2 (2.25)

υ
T
b (q) =

1
N
(

N

∑
i=1

qn×u0
i eq.Ni)2.(

N

∑
i=1

qn×ub
i eq.Ni)2, (2.26)
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Role of bending in periodic beam lattices

2.3.4 Voronoi Decomposition
The decomposition of the displacement on longitudinal and transverse components

compared to the wavevector is ill-defined for non-crystalline samples such as the Penrose
tilling [?]. The displacement decomposition used herein is based on the Voronoi cells vo-
lume variation and was already applied to amorphous glassy samples in [?]. The Voronoi
cell built around a node is the area containing the points closer to this node than every
others. The Transverse displacements will be the displacements not modifying the Voro-
noi cells’ volume and the Longitudinal are the displacements doing so. As in [?], we use
the A matrix describing the relative volume variation of the voronoi cell centered on node
i, due to the displacement d j of node j (translation ux, uy and rotation θ) :

Ai, j =
1
Vi

∂Vi

∂d j
(2.27)

This matrix can be easily obtained from the mesh of beam elements, the detailed me-
thod being described in [?]. With this definition we obtain the longitudinal and transverse
components by :

dη = Pηd ; η = L,T
PL = At(AAt)−1A

PT = I−At(AAt)−1A
(2.28)

This new decomposition is then injected in the VDOS and the DSF calculation. The
contribution to the VDOS of the Tchebychev moment (Eq. 2.17) for example, becomes :

µη

b = 〈dr
0|Pη|dr

b〉 (2.29)

with η = L or η = T for its respective longitudinal and transverse contributions to the
VDOS.

2.4 Role of bending in periodic beam lattices
As a first example, the vibration of a periodic beam lattice is analyzed. The effect of

the bending stiffness that is the only design parameter to be adjusted once the geometry of
the lattice is fixed, is investigated. The ratio between the tensile stiffness and the bending
stiffness is varied in order to observe the influence of the latter on the vibrational response.
The idea behind such a study is that increasing local bending stiffness should enhance the
energy separation between local rotational and compressional modes, and thus enlarges
possible band gaps (see e.g. [?]).

2.4.1 Analytical solution for a periodic lattice
A infinite periodic lattice with a simple squared elementary pattern is considered (see

Figure 2.1). As for wave propagation [?], the periodic structure of this lattice allows the
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2. Harmonic study

FIGURE 2.1 – 50 by 50 square beam lattice.

use of periodic boundary conditions to reduce the analysis to one elementary cell. Using
those conditions and choosing the solutions of Equation (2.3) as :

d = adexp(i(ωt +q.r)), (2.30)

equation 2.3 is solved analytically. This calculation is detailled in A. The values [ω,q] that
verify det(([K]−ω2 [M])) = 0 are calculated using the MAPLE software.

Figures 2.2-a-b-c show the resulting analytical solution of the dispersion law (DSF)
for three ratios Kv

Ku
, namely 0.01, 0.5 and 2. For graphical representation, the dimensionless

pulsation ωadim defined as ωadim = ω.
√

m
Ku

, is used.

For the three cases analyzed herein, three surfaces (ωadim as a function of qx,qy) are
plotted : two acoustic solutions (in phase vibrations of the nodes : blue and red) and one
optical (out of phase vibrations of the nodes : green). For Kv

Ku
= 0.01 and Kv

Ku
= 0.5, the

green and red surfaces merge at (π

L ,
π

L) whereas for Kv
Ku

= 2 the two surfaces are discon-
nected. This creates a frequency range in which no mode exists. This is called a band gap.
It can be shown that the analytical solution used above degenerates for (qx,qy) reaching
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Role of bending in periodic beam lattices

(a) (b) (c)

FIGURE 2.2 – Analytical dispersion relation ωadim(qx,qy) for an infinite Square lattice for
(a) Kv

Ku
= 0.01 (b) Kv

Ku
= 0.5 (c) Kv

Ku
= 2.

(π

L ,
π

L) giving a double solution and a single one :

{
√

210(Kv +Ku)

43m
,

√
10Kv

m
} (2.31)

Using the expression of those solutions, the size of the band gap depending on Kv
Ku

is :

∆ω
adim =

√
m
Ku

(√
10Kv

m
−
√

210(Kv +Ku)

43m

)+

(2.32)

It is obtained that below a given ratio Kv
Ku

, no band gap is obtained whereas above a critical

value of 0.9545, the size of the band gap increases as
√

Kv
Ku

as illustrated in Figure 2.3.
As shown in Figures 2.2-b and 2.2-c, the high-frequency modes in the periodic beam

lattice are mainly transverse. Increasing Kv independently of Ku thus raises mainly the
frequency of optical transverse modes (upper band in the dispersion relation), creating a

band gap. Note that
Kv
Ku

ratio higher than 0.05 (slenderness approximately lower than 5)
can’t be geometrically obtained for square section beams while respecting the slenderness
requirements for the Euler-Bernoulli beam model, thus making impossible to obtain band
gaps for these specific stiffness values. It may however be possible to create a band gap
by adjusting the mass distribution of the beams or just with a different periodic structure.
The goal of this article is indeed to show evidence of tendencies that could be even am-
plified with a more accurate description of the interactions beyond the Euler-Bernouilli
approximation, and to adapt new tools to the study of the vibrations in non-periodic beam
structures. The three typical ratios of Kv/Ku = 0.01,0.5 and 2 will thus be kept all-along
the article for comparison purposes.

2.4.2 Numerical calculations
To further analyze the vibrational behaviour of the square lattice, the PR and VDOS

have been computed from a numerical solution obtained for a 5×5 to 50×50 cells lattice
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2. Harmonic study

FIGURE 2.3 – Analytical band gap for an infinite square lattice in function of Kv
Ku

.

as presented in Figure 2.1. For the 50×50 lattice, the system has N = 2601 nodes for
3N(= 7803) DFs, including the boundary. Periodic boundary conditions are applied along
the boundary of the analyzed domain. For these simulations, the parameters used were
L = 0.01 m, Ku = 3.5× 105 kg.s−2 , ρ = 1000 kg.m−3, E = 1.4× 109 Pa, Kv = 2Ku,
Kv = 0.5Ku and Kv = 0.01Ku.

For the three values of Kv
Ku

, the VDOS and PR are computed following the methodology
detailed above. The results are plotted in Figure 2.4 to check the influence of finite size
effects, and in Figures 2.5, 2.6 and 2.7 for different values of Kv/Ku . In the latter, i.e.
for Kv

Ku
= 2, the creation of the band gap is clearly observed in the VDOS and in the PR.

Indeed, for around ωadim ≈ 4 that corresponds to our analytical value of ωadim in the band
gap, the VDOS vanishes and there is no defined value for the PR as no vibration mode
exists for ωadim within the band gap. Conversely, for Kv

Ku
= 0.5 and Kv

Ku
= 0.01 , the VDOS

does not vanish and there is no zone with undefined PR. However, for all three cases, the
fluctuations of the VDOS are in close relation with the analytically obtained shape of the
surfaces giving the three different roots ωadim as plotted in Figures 2.2-a-b-c. Concerning
the PR, most of the modes have a PR around 0.6 due to the fact that it is the PR of a
spatial cosine to which all the nodes participate. This example shows how the VDOS
and the PR can be used to interpret the vibrational behavior of the material and to detect
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Quasi-periodic beam lattice

FIGURE 2.4 – VDOS for the 5×5, 10×10 and 20×20 square lattice with Kv
Ku

= 0.5.

band gaps. As expected, it shows as well, that the additional flexural stiffness in the beam
lattice model induces a new kind of high frequency optical modes, with mainly transverse
character and with the related aperture of a band gap increasing with Kv in the vibrational
response.

2.5 Quasi-periodic beam lattice

The methodology is now applied to analyze the behaviour of a quasi-periodic beam
lattice. The complexity of quasi-periodic structures does not allow the calculation of ana-
lytical solutions as was done previously. Only numerical results are obtained. All the
calculations are run on the 4th approximant of a Penrose lattice shown on Figure.1.3.
The system has N = 8257 nodes and 3N(= 24771) DFs. As previously, periodic boun-
dary conditions are prescribed. The parameters of the model are the same as previously :
L = 0.01 m, Ku = 3.5×105 kg.s−2 , ρ = 1000 kg.m−3, E = 1.4×109 Pa. To understand
the influence of the flexural component of the beam stiffness, the same three values of Kv

Ku
are still considered : 0.01, 0.5 and 2.

For the three values of Kv
Ku

, the VDOS and PR are shown in Figures 2.8, 2.9 and 2.10.
The VDOS of the quasi-periodic tilling considered in this section, share some similarities
with the ones computed for the periodic square lattice : for the three values of Kv

Ku
, there is

first a bump in the low frequency range related to the accoustic branches. After a decrease,
the VDOS increases again which gives an indication concerning the existence of optical
branches (high frequency out-of-phase vibrations of the nodes with low group velocity).
Concerning the PR, whereas for the square lattice there is no clear trend in the evolution
of the PR, the quasi-periodic tilling analyzed herein behaves differently. It is observed
that the PR follows fluctuations that seem (quite surprisingly) opposite to those of the
VDOS for Kv

Ku
= 0.5 and Kv

Ku
= 2, but similar for Kv

Ku
= 0.01 except around ωadim = 0.6.

In these cases, a drop of the PR relates to a peak in the VDOS. Consequently, in the
frequency ranges with a high density of modes, the latters have the tendency to show
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2. Harmonic study

(a)

(b)

FIGURE 2.5 – (a) Complete, longitudinal and transverse VDOS and (b) PR for the 50×50
square lattice with Kv

Ku
= 0.01.

localized patterns. Conversely, in the frequency ranges with a low density of modes, the
latters show diffuse patterns : especially in the high frequency regime, quasi-crystalline
structures do not give rise to localized modes, but more surprisingly to a PR ≈ 0.6 close
to that of extended plane waves. It can finally be noticed a higher concentration of modes
around certain frequencies, notably in the high frequency range, which results in waviness
of the VDOS. In order to apprehend how the Penrose lattice vibrates, it can be interesting
to look at several modes on specific domain of the frequency range. Several modes are
plotted for Kv

Ku
= 0.01 (see Supplementary Material for all the modes).

Figures 2.11 and 2.12 show highly structured modes where the vibration is localized
on a star shaped structure as in Figure 2.15. These modes, localized on stars, are involved
repeatedly in the two regions where the PR decreases. These modes are localized on
specific patterns of the lattice. Figure 2.14 shows that, in the second decaying region of
the PR, another kind of localized modes appears as well : they involve a thin but extended
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Quasi-periodic beam lattice

(a)

(b)

FIGURE 2.6 – (a) Complete, longitudinal and transverse VDOS and (b) PR for the 50×50
square lattice with Kv

Ku
= 0.5.

crowned of vibrations. This kind of localization is very surprising and specific of quasi-
crystals : it shows large scale vibrations in the high frequency regime. Finally, a complete
set of structures with various sizes is excited along the modes and disordered patterns can
also be found as in Figure 2.13 in a frenquency range where the PR is higher.

In order to test the hypothesis of isolated vibrations of specific patterns in the low fre-
quency regime, that would be decorrelated from the overall environment, the star structure
has been isolated and its own vibrational modes have been studied with fixed boundary
conditions. In Figure 2.16 and 2.17 the VDOS of the star is superposed to the PR of the
4th approximant for two ratios Kv

Ku
. In both cases, the frequency range of the peak of the

VDOS for the isolated star seems to correspond to the frequency for which this structure
plays a predominant role. This might be the cause of the waviness of the VDOS : the vi-
brational modes concentrate around the frequencies that excite particular sub-structures.
This response again is specific of quasi-crystals, since it shows evidences of the resonant
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2. Harmonic study

(a)

(b)

FIGURE 2.7 – (a) Complete, longitudinal and transverse VDOS and (b) PR for the 50×50
square lattice with Kv

Ku
= 2.

vibrations of isolated structures, even in the low-frequency regime (isolated soft resona-
tors). In this low-frequency range, extended vibrations are expected in crystals. These
specific resonant vibrations however do not correlate with a band gap.

For Kv
Ku

= 2, an additional gap is observed in the VDOS Figure 2.10 meaning that
increasing the bending stiffness strongly impacts the vibrational behavior of the quasi-
periodic lattice, namely by creating additional band gaps. The evolution of those gaps is
also observed thanks to the DSF shown in Figures 2.18 and 2.19. The maxima of DSF
intensity allow a quick visualization of the dispersion law, but in the case of a quasi-
crystal, a given frequency w does not correspond to a single wave-vector q. Those figures
exhibit classical dispersion relations for quasi-periodic structure as it can be found in [?,
?, ?] for 1D or 2D quasi-periodic lattices. We can observe for example pseudo Bernoulli
zones overlapping and repeating at quasi-periodic periods. But an additional gap is visible
in Fig. 2.19 for Kv/Ku = 2, as can be seen from the extinction of the DSF close to ω ≈
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Conclusion

(a)

(b)

FIGURE 2.8 – (a) Complete, longitudinal and transverse VDOS and (b) PR
for the 4th approximant of Penrose lattice with Kv

Ku
= 0.01.

4. This large gap is visible in the dispersion law shown in Figure 2.19 especially for
longitudinal modes.

2.6 Conclusion

The vibrational properties of periodic and quasi-periodic beam lattices were studied
in this paper, as a function of the ratio between bending and tensile stiffness of the beams.
The Vibrational Density of States, Participation Ratio and Dynamical Structure Factors
for longitudinal as well as for transverse waves have been investigated for different ratios
of bending over tensile stiffness. This ratio appears to be a driving parameter for large
band gaps to occur and is related to an enhanced separation between in-phase tensile
modes and out-of-phase bending vibrations. It is interesting to note that, contrary to the
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2. Harmonic study

(a)

(b)

FIGURE 2.9 – (a) Complete, lngitudinal and transverse VDOS and (b) PR
for the 4th approximant of Penrose lattice with Kv

Ku
= 0.5.

periodic lattice which has anisotropic effective behavior for elasticity and for wave pro-
pagation, the Penrose beam structure, that has a higher level of material symmetry, is an
apparent isotropic metamaterial. The creation of band gaps in the numerical simulations
is the manifestation of a structural intrinsic property scaling with Kv/Ku. Then even if the
band gaps are only reached here with unrealistic geometries in terms of beam slender-
ness assuming square cross section, it might be possible to obtain band gaps by adjusting
other parameters of the structure (mass distribution, viscosity, etc ) chosen with the same
goal of frequency separation between in-phase tensile and out-of-phase bending modes.
Finally, the position of the gap scales with

√
Ku/m =

√
E/ρL2 that depends on the size

as well as on the material properties of the elementary beams.
Some low-frequency modes of the quasi-periodic lattice seems to be controlled by

sub-structures of the lattice : indeed, the frequencies of these modes in the quasi-crystal
correspond exactly to the frequency of the isolated local structure that appears repeatedly
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Conclusion

(a)

(b)

FIGURE 2.10 – (a) Complete, longitudinal and transverse VDOS and (b) PR
for the 4th approximant of Penrose lattice with Kv

Ku
= 2.

in the vibration modes. Conversely, high-frequency localized modes in the quasi-crystal
involve large scale linear structures, suggesting the possibility to isolate large-scale and
highly symmetric connected paths in the quasy-cristal. These resonant isolated structures
are not sufficient to induce additional band gaps. A way to select the vibration modes
by the type of structure they excite, eventually by reinfocing locally specific structures
with additional masses, could allow revealing new patterns in PR, VDOS or DSF. For
instance, it could be interesting to study more accurately and systematically the non-trivial
hierarchy of sizes of the excited structures depending on the frequency of the modes they
appear in, since it could have additional consequences as well on the transportation of
wave packets with different wavelengths, and thus on acoustic signal processing.
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2. Harmonic study

(a)

(b)

FIGURE 2.11 – (a) Deformed lattice and (b) PR (full PR in blue, corresponding mode in
red) of the 1387th mode for the 4th

approximant of Penrose lattice with Kv
Ku

= 0.01.
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Conclusion

(a)

(b)

FIGURE 2.12 – (a) Deformed lattice and (b) PR (full PR in blue, corresponding mode in
red) of the 3836th mode for the 4th

approximant of Penrose lattice with Kv
Ku

= 0.01.
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(a)

(b)

FIGURE 2.13 – (a) Deformed lattice and (b) PR (full PR in blue, corresponding mode in
red) of the 693th mode for the 4th

approximant of Penrose lattice with Kv
Ku

= 0.01.
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Conclusion

(a)

(b)

FIGURE 2.14 – (a) Deformed lattice and (b) PR (full PR in blue, corresponding mode in
red) of the 3801th mode for the 4th

approximant of Penrose lattice with Kv
Ku

= 0.01.
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2. Harmonic study

FIGURE 2.15 – Star structure.

(a)

(b)

FIGURE 2.16 – (a) PR and (b) complete, longitudinal and transverse VDOS of the star for
the 4th

approximant of Penrose lattice with Kv
Ku

= 0.01.
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Conclusion

(a)

(b)

FIGURE 2.17 – (a) PR and (b) complete, longitudinal and transverse VDOS of the star for
the 4th

approximant of Penrose lattice with Kv
Ku

= 2.
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2. Harmonic study

(a) (b)

FIGURE 2.18 – (a) Log of longitudinal DSF and (b) Log of transverse DSF for the 4th

approximant of Penrose lattice with Kv
Ku

= 0.5.
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Conclusion

(a) (b)

FIGURE 2.19 – (a) Log of longitudinal DSF and (b) Log of transverse DSF for the 4th

approximant of Penrose lattice with Kv
Ku

= 2.
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3. Fracture

3.1 Introduction
In this chapter the fracture behavior of quasi-periodic beam lattices will be studied.

Due to their peculiar symmetries allowed by their quasi-periodicity some quasi-periodic
beam lattices might have a better resilience to crack propagation than periodic lattices due
to the absence of weak plane. In order to test this assumption, numerical simulations will
be performed. First in the quasi-static (QS) regime, the QS simulation will be validated on
experiment performed on additive manufactured polymeric beam lattice. Then the ability
of quasi-periodic lattices to dissipate energy by crack propagation will be compared to
periodic lattice. Then the same system properties will be studied in the dynamical regime
for crack propagation. Fpr that, new numerical simulation will be done. It will be shown
that the slenderness of the beam plays a dominant role in the dissipation behavior of beam
lattices.

3.2 Quasi-static Fracture
First a Quasi static model for crack propagation in beam lattices is used in order to

study the failure behavior of periodic and quasi-periodic latices.

3.2.1 Model
The model used for Quasi static (QS) fracture simulation is the previously discussed

FE Euler Bernoulli beam with the addition of a criterion on the brittle fracture of the
beam. The criterion for beam failure is based on the element-average strain energy. It
allows for weighting the contribution of tension force and bending moment with their
actual energy contribution.The energy density of each beam can easily be calculated by :

Φ =
1

AL
qeKeqe (3.1)

Where L is the beam’s length, A its cross section area, qe the vector of DOFs and Ke the
previously defined elementary stiffness matrix. The maximum value that can be sustained
by a beam before it fails is a material parameter, namely Φr. Quasi-static simulations are
performed and failure is accounted for using the following steps :

1. Elastic simulation of the lattice under a unit prescribed external load (load factor
λ = 1)

2. detection of the beam imax having the higher averaged strain energy Φmax

3. the load factor is adjusted so that Φmax equals Φr : λ =
Φr

Φmax

4. the amplitudes of the displacement and external loads computed in step 1 are sca-
led by λ

5. the results are saved and beam imax is removed from the lattice
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Quasi-static Fracture

6. go to step 1 while the lattice can handle external loading (Φmax > 0)

This simple step by step model allows quick calculation of quasi-static fracture pro-
pagation through the lattice meta-material. It is assumed that the behavior of the beams is
purely brittle and the global response is adjusted through the load factor in terms of ap-
plied displacement and force. In the case when the mechanical response of the specimen
is not stable under monotonic loading, snap back (decreasing displacement and force) can
be obtained. This is the main difference between the numerical simulations and the expe-
riments in which this instability results in a dynamical response of the specimen (because
the displacement can only increases, the specimen “jumps”, with no control on the applied
loading, from a stable configuration to the one having the closest but higher prescribed
displacement). However, as there is no initial kinetic energy in the system, it is expected
that dynamical effects have a very limited influence on the results. The algorithm propo-
sed above to drive the simulation is thus a reliable approximation of the actual loading
conditions applied to the specimen.

3.2.2 Quasi-static Fracture Simulation
In order to see the influence of the different parameters on the fracture propagation in

the QP meta-material several simulations can be performed. The behavior of 2D lattice
materials is investigated. Three types of lattices are selected :

1. quasi-periodic Kite & Dart Penrose tilling [?]

2. periodic approximate of the octogonal lattice [?]

3. periodic hexagonal lattice

Once the absolute size of a specimen is fixed, the remaining parameters to design
such materials are : the unit cell size or beam length, the beam height and the constitutive
material.

With the stiffness matrix previously defined one can noticed that the young modulus
E can be factorize thus modifying the young modulus will linearly modify the problem, it
will not lead to fundamentally different behavior. That is why the Young modulus will
not be changed in the simulations. An important parameter as shown in the previous
chapters is the slenderness of the beams. In the following simulation the influence of
the slenderness on the energy dissipation by fracture propagation will be exhibited. All
implementations are done under Matlab, and resulting meshes are viewed with Paraview.

3.2.2.1 Results

First the result of the QS simulation can be compared to experimental fracture profile.
Experiments have been performed on samples obtained by additive manufacturing. They
are made from photo-sensitive ABS-type polymer powder. The bulk material obtained
from this process is isotropic. Its elastic behavior is defined by a Young’s modulus of
1.4 GPa and a Poisson’s ratio of 0.4. The sample design is the same as in [?] with a cen-
tered pre-crack oriented at 30o with respect to the direction perpendicular to the loading

51

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI062/these.pdf 
© [A. Glacet], [2018], INSA Lyon, tous droits réservés 



3. Fracture

axis. The lattice structure is embedded by zones completely filled with the material. These
zones are caught by the grips of the loading device to apply the remote displacement. The
speed of the grips is 0.1 mm/min. This design allows for loading a central square part of
90 mm size with a classical tensile device under macroscopic uniaxial tension. Due to the
crack angle of 30o with respect to the loading axis, the crack tips are submitted to a mixed
mode solicitation. The slenderness of beams is 6.7.

The samples are loaded until failure. Due to the high amount of elastic energy stored
in the specimen, failure is unstable, meaning that once the first beam breaks the crack
propagates dynamically and the sample completely fails.

To simulate the experiments, the two components of the displacement are fixed for all
the nodes within a narrow band ( its width being the average beam length) along the left
edge. For the nodes within a narrow band along the right edge, the vertical displacement
is fixed while the horizontal displacement is assigned a unit value that is adjusted in step
4. The rotation degrees of freedom are left free. The figure 3.1 shows the comparison
between experimental result (on the left) with the QS simulation (on the right), the figure
clearly shows a great agreement between experimental and QS simulation. Although this
experiment is used to validate the QS fracture model the crack propagation is unstable
which would require a dynamic simulation.

FIGURE 3.1 – Experimental and quasi-static simulation comparison

In the figure.3.2 the fracture profile for several slenderness is shown. It can be shown
that the slender the beam, the wavier the crack path thus the more energy dissipation. One
clearly observes interactions between the crack and the structure of the material. It seems
that specific structures the lattice induce a deviation of the crack. This can be clearly seen
in Fig. 3.2(b) where such structures have been circled in red.
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Quasi-static Fracture

They could be named extra-tough structure as this effect is obtained systematically.
Moreover these substructures closely look like the ones identified in the vibrational res-
ponse of the meta material. The deviation of the crack path induced by these specific fea-
tures of the lattice makes the actual crack length longer than if the cracks were straight,
resulting in a higher effective failure energy.

(a) (b)

FIGURE 3.2 – QS Fracture profil for a slenderness of 2.5(a) and 10(b)

From the simulations, not only the crack path is obtained but also the macroscopic
response (force (F) v.s displacement (U) ) that gives an insight in the effective behavior
of the lattice. Using numerical simulations, it is also easy to perform a parametric study
as function of the lattice parameters. The analysis is restricted herein to the beam slen-
derness. The influence of slenderness is analyzed in terms of crack path but also in terms
of dissipated energy using the macroscopic force v.s. displacement response. The macro-
scopic response of specimens are normalized by the force and displacement at the onset
of failure (Fo and U(Fo)). The results for the Kite & Dart Penrose lattice are illustrated in
Fig. 3.3.

The response of the lattices is also compared to that obtained for a continuum material
in the configuration tested above. It is clearly obtained that the response of the lattice de-
viates from that of a continuum showing the intrinsic ability of the quasi-periodic Penrose
tilling to resist to defects. Further, it seems that increasing slenderness the lattice has the
ability to dissipate more and more energy. For a quantitative analysis, twice the area cove-
red by the normalized forcev.s. displacement curves is computed. That corresponds to the
ratio R between the dissipated energy and the stored energy before failure occurs. If the
macroscopic response is purely brittle then R = 1. If R < 1 then the initial energy in the
system is higher than what the material is able to dissipate, the macroscopic response is
unstable and the remaining energy returns to the loading device. If R > 1 then the failure
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3. Fracture

FIGURE 3.3 – Scaled load (F/Fo) v.s. displacement (U/U(Fo)) response of the Penrose
tilling for different beam slenderness l/e.

process needs more energy than what was initially available in the system. The macrosco-
pic response is thus stable and more energy is required to achieved complete failure. R is
an indicator of the ability of the lattice to dissipate energy during failure.

The results are summarized in Figure.3.4 . It is confirmed that decreasing e increases
the ability of the lattice to dissipate energy. Concerning the Kite & Dart Penrose tilling,
for e=0.2 mm (l/e'6.7), R is lower than 1 what confirms that the macroscopic response
is unstable as in the corresponding experiment (shown in Fig.3.1). For this lattice, a com-
parison of the crack path for two values of e is given in Fig.3.2. When e is smaller the
flexural stiffness of the beam is much lower than the tensile stiffness, thus allowing the
beams to curve. This higher activation of the flexural deformation modes induces a rou-
gher crack path, the crack being modified by locally tough patterns (highlighted in red
in Figure.3.4) : instead of following the orientation prescribed by the macroscopic loa-
ding (as it is the case for e=0.5 mm, the crack follows the orientation having the lower
failure energy in the vicinity of the crack tip. Due to these deviations of the crack, the
effective crack length is higher and the energy intrinsically dissipated by the lattice is hi-
gher. For a comprehensive analysis, small insets are included in Figure.3.4 to show the
repartition of the element average of the strain energy density for different lattices and
slenderness. These results are obtained by loading the lattice under uniaxial tension wi-
thout initial crack. For the hexagonal lattice, it is clear how increasing the slenderness
leads to a transition between a tension dominated deformation mode to a bending domi-
nated mode. For low slenderness, promoting tension modes, the beams aligned with the
loading hold most of the strain energy density. Conversely, for higher slenderness, pro-
moting flexural modes, most of the strain energy density is hold by beams not aligned
with the loading. This transition is also evidenced for the octogonal lattice with well orga-
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FIGURE 3.4 – Evolution of the dissipated energy normalized with the elastic energy stored
at failure initiation for different lattices with varying beam slenderness. The distribution
of the element average of the strain energy density for a uniaxial tensile test along the
horizontal axis is illustrated from different lattices and slenderness. Green beams hold
high energy density whereas purple beams have low energy density.

nized deforming structures whereas the Kite & Dart Penrose lattice produces disordered
arrangements of the strain energy density. A remarkable dependence of R with respect
to the average slenderness of the lattice is obtained in Fig. 3.4. In this Figure, the distri-
bution of the element average of the strain energy density for uniaxial tension along the
horizontal axis is plotted for different lattices and slenderness. Green beams hold high
energy density whereas purple beams have low energy density. For example, it is clearly
observed that for low slenderness, promoting tension modes, in the hexagonal lattice, the
beams aligned with the loading hold most of the strain energy density. Conversely, for
higher slenderness, promoting flexural modes, most of the strain energy density is hold
by beam not aligned with the loading. It is obtained that hexagonal and octogonal lattices
have well organized energy distribution patterns but that the Kite & Dart Penrose lattice
produce disordered arrangement of the strain energy. Concerning the evolution of R as a
function of the beams’ slenderness, a linear trend is easily fitted on the curves plotted in
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3. Fracture

Fig. 3.4 for the three materials. It is obtained that the slope is 4 times higher for the Kite
& Dart lattice than for the two others. One could argue that the structured deformation
patterns (see Fig.3.4) obtained for the hexagonal and octogonal lattices are one reason for
the lower increase of the energy dissipation capability of these lattices. Conversely, defor-
mation patterns for the Kite & Dart Penrose lattice are disordered what is less favorable
for the propagation of defects. The order of material symmetry is certainly at the origin
of this difference between the Kite & Dart Penrose that has a 5-fold symmetry whereas
the hexagonal and octogonal lattice have a 6-fold respectively 8-fold symmetry. Further,
in the case of a periodic lattice, weak orientations exist [?], giving rise to directionality
effects what intrinsically weaken this kind of architecture. As the octogonal lattice used
herein is a periodic approximate of the quasi-periodic lattice, it may also be affected by
the existence of weak orientations.

3.2.2.2 Conclusion and Discussion

It is concluded, from the previously seen results, that periodicity and high order sym-
metry affects the ability of a lattice to dissipate energy during the propagation of a crack.
The higher performances of the Kite & Dart lattice, could be a consequence of disordered
deformation patterns and of the activation of bending deformation modes when slender-
ness is increasing.

However, the study of unstable crack propagation with a quasi-static simulation does
not ensure correct results. It is why a dynamic simulation is needed and will be presented
in the following section.

3.3 Dynamical Problem
As previously discussed most of the cracks in the previous section are unstable propa-

gation thus to better simulate the failure a dynamical simulation is required. The previous
solution is not viable to calculate the dynamic propagation of fracture because it is not
time dependent. A temporal scheme needs to be selected in order to solve temporal dis-
cretization of the FE dynamical problem.

3.3.1 Beam Breaking

At each time step the strain energy density of each beam is calculated. The beam is
broken if, while having positive strain, the strain energy density of a beam exceeds the
limit value (er) but still remain under er.(1+ εr), with εr a chosen maximum error to the
breaking limit. In order to have the maximum energy density in the right range at the end
of a time step a variable time step length is required and the way to achieve it will be
explain in the next section. The broken beam is not fully removed from the calculation
as it would lead to mass loss in the model. When the beam needs to be broken the node
having the higher positive stress is selected and the links to other elements at this node
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Dynamical Problem

is removed. In practice this leads to the duplication of the node. All kinematic quantities
from the previous node are transferred to the new one.

3.3.2 Temporal scheme

As the mesh is updated at the end of a step where a breaking occurs only one time
step scheme can be used, thus a Newmark temporal scheme is used. In order to shorten
the simulation time and to better capture the instant of the breaking a implicit variable
time step scheme has been used.

qn+1 = qn +dt.q̇n +
dt2

2 .q̈n +
dt3

6 (6β
q̈n+1− q̈n

dt
)

q̇n+1 = q̇n +dt.q̈n +
dt2

2 .(2γ
q̈n+1− q̈n

dt
)

(3.2)

n being the index of the time step. In order to have a implicit temporal scheme, γ = 1
2

and β = 1
4 . It have been shown that such a scheme is unconditionally stable and induces

no numerical dissipation [?].
At the end of each time step the next time step size dt required to reach the maximum

energy density is estimated assuming a linear evolution of the energy, then the new time
step is calculated. If the maximum strain energy density is bellow er the procedure is re-
peated. If the maximum strain energy density exceeds er.(1+εr), the time step is rejected
and recalculated with a smaller dt, a linear evolution is once again assumed to estimate
the new dt. If the maximum strain energy density is between er and er.(1+ εr) then the
time step is valid and the element is broken. A upper limit dtup is added when the strain
energy is higher than a threshold ethreshold in order to avoid too big time step. Indeed when
the breaking limit is close to be reached a too big time step might lead to miss a break.
The upper limit is not imposed before the energy threshold in order to limit simulation
time especially for quasi static loadings. A lower time step limit dtlow is added to in order
to avoid infinite decrease of the dt when overshooting the er(1+ εr). When the estimated
new dt is smaller than the limit the time step is assumed valid even if the strain energy
density exceed the allowed error.

In order to better comparatively visualize results of several simulations, the results
meshes and quantities are exported as vtk format to be viewed in ParaView. The time step
are not all exported in order to save disk space. The dt is sometimes adapted to allow
exporting results at a fixed time step for better visualization of crack propagation.

The algorithm of the dynamic fracture simulation is summarized in the figure.3.5.

3.3.3 Dynamic Fracture Simulation

For the simulation the different parameters are :
dtlow = 10−16s, ethreshold = 0.95 , εr = 0.05. dtup is set to a factor of dtc, with dtc being
the critical value for an explicit temporal scheme :
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3. Fracture

FIGURE 3.5 – Dynamic simulation algorithm
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Dynamical Problem

dtc =
2

max(ω)
with ω the solutions of det(Ke−ω2Me) = 0

As previously all implementations are done with Matlab and resulting meshes are
viewed with ParaView. Two sets of simulations will be discussed in the following.
First dynamical simulation on the same sample as the one used in the previous quasi-
static simulation where the boundary conditions are the same with an imposed speed
V = 0.1mm.min−1.
In order to study the cracking behavior of QP beam lattices under dynamic loading a set
of dynamic crack opening simulations are performed. The sample is a square of side D
with a pre-crack at the bottom of length la (as can be seen in figure.3.6). The boundary
conditions are only applied on a narrow band at the lower right part to the sample (of
width one beam length). A constant speed of 2.2m.s−1 is applied to the displacement dofs
normal to the pre-crack in order to open it, while the other dofs are left free. This simula-
tion should approximate an low-speed impact experiment where a bulk of material at the
bottom right of the sample is hit by an impactor.

FIGURE 3.6 – Dynamic crack opening sample exampled.

3.3.3.1 Results

The first aim of the dynamic fracture simulation is to be able to reproduce the crack
path of the unstable crack propagation. In figure.3.7 the dynamic simulation is compared
to the same experimental results as in figure.3.1 with the experimental result on the left
and the simulation on the right, where the broken beams have been removed for an easier
visualization. The simulation shows a great agreement to the experimental result.
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3. Fracture

FIGURE 3.7 – Experimental and dynamic simulation comparison

A second aim is to see if the previous fracture behavior is conserved under dynamic
simulations. In figure3.8 are presented two crack path resulting of dynamic simulation of
the quasi-static test for two different slenderness. The previously disscused behaviour of
sub structures is still visible and increasing the slenderness gives more wavier crack path,
thus more dissipation.

In figure.3.9 the ratio R between energy needed to fully break the sample over the
energy needed to break a fully brittle sample is plotted with the slenderness in abscissa.
In practice R is the energy prensent in the sample after full failure divided by the energy
when the crack initiates which would lead to a complete failure of a fully brittle material. It
can be seen that the global increase of R with the increase of the slenderness is preserved.
Once can observed a dip at L/e = 6.25 thus the linear evolution previously observed for
quasi static simulations is not preserved for these simulations.

In figure.3.10 the results of dynamic crack opening for different slenderness at
constant cross section area are shown. It seems that the substructure previously identi-
fied still plays a role for dynamic crack propagation by inducing deviations but the impact
of the slenderness on the waviness of the crack path is less clear.

In order to better validate the dissipation behavior of the dynamic crack propagation
the same calculation has been done with several parameters. Four different dtup have been
used (4dtc,2dtc , 1dtc and 0.5dtc) in order to compare the R ratio. The crack paths are
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Dynamical Problem

FIGURE 3.8 – Crack path for dynamic simulation of quasi static loading for a slenderness
of 5 (left) and 10(right).

FIGURE 3.9 – evolution of R against slenderness of dynamic simulation of quasi static
loading over slenderness.

shown in figure.3.11 for a slenderness of 5 with several dtup. It can be seen that the crack
path depend of dtup but it is hard to conclude on the evolution of R from the crack path. In
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3. Fracture

FIGURE 3.10 – crack path simulation for l/e (from left to right) 5,6.25 , 7.75 , 8.25 and
10.

figure.3.12 the ratio R is plotted against slenderness for different dtup. By the figure.3.12
one can observe that the previously described dissipation behavior is not present. There
is a plateau form 5 to 8.25 then an abrupt growth of R. The variation of R with dtup can
also be noticed and the decrease of dtup does not always lead to a monotonic convergence.
Non the less the variation of R induced by the variation of dtup is less important than the
rise due to the variation of slenderness. Therefor the evolution of R with the slenderness
is supposed valid.

This shows that the upper limit of the time step length influence the result of the
dynamic crack propagation and that too high upper limit might lead to false prediction of
crack path and energy dissipation due to the complex dynamic phenomenons that need
to be grasp to correctly describe the crack dynamic propagation, too big time step would
lead to miss some interactions.

At last the evolution of the R ration depending on the slenderness of beams can be
compared between the previously introduced Qp lattices. In figure.3.13 is shown the evo-
lution of R with the slenderness for Octogonal and kite & Dart Penrose lattices. It can be
seen that although the two lattices evolve closely for small slenderness the Kite & Dart
lattice present higher performance for higher slenderness.

3.4 Discussion and conclusion
A dynamic crack propagation model in Euler beam lattices with adaptive time

scale and strain energy fracture criterion have been developed and validated against
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FIGURE 3.11 – crack path simulation for dtup (from right to left) 4dtc,2dtc , 1dtc and
0.5dtc for slenderness of 5.

experiment. This model allow the simulation of several breaking configurations in
order to investigate the influence of the slenderness, which seams to be a preponderant
parameter of the crack resistance of beam lattices.

It seams that the quasi static loading preserved the dissipation behavior of Penrose
Kyte & Dart lattices while the dynamic loading exhibit an plateau then an abrupt rise for
a slenderness of 10. The influence of the calculus parameters on the dissipation behavior
makes it hard to be certain of the presented results.

A buckling criterion for the break of a beam under compression loading could increase
the reliability of the model. Especially regarding the slenderness used. The presence of
bending in addition to compression imply to rigorously analyze the problem as it might
not allow to use a simple Euler buckling criterion.

The different influence of slenderness over the stiffness matrix and the mass matrix
might be a cause of the different dissipation behavior of dynamic crack propagation
whereas in QS simulation the mass does not play a role. The interaction between crack
propagation and mechanical wave propagation in the sample might also play a role but
the great complexity of wave propagation in dynamic simulation would need special
tools in order be analyzed.

The dynamic crack opening configuration might not be the best configuration to
exhibit the crack propagation behavior of the beam lattices as it is hard to performed
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3. Fracture

FIGURE 3.12 – evolution of R against slenderness for several dtup for dynamic crack
opening simulations.

the same simulation of different samples. A sample too flexible (for example hexagonal
lattice) will not break and a too stiff one will break at the point of imposed dofs. It
would be needed a configuration where the dynamic loading would open the initial
crack regardless of the macroscopic stiffness of the sample. Due to the slenderness used
compression waves can not be used as it would experimentally lead to crushing of the
sample, thus test like Kaltoff or compression wave reflection can not be performed.

In order to have smoother results it could be interesting to add a small visco-elastic
property to the FE model or a cohesive behavior on beam rupture , this would lead to
filtering of the high frequency due to the brittle fracture.

Dynamic experiments have to be done in order to better validate the simulations and
to statute over the calculus parameters. The need to add visco-elasticity to the model or a
cohesive model would also be validated or not by the analysis of experimental results.
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Discussion and conclusion

FIGURE 3.13 – evolution of R against slenderness for dynamic crack opening simulations
of Octogonal and kite & Dart Penrose lattices.
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3. Fracture
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4. Homogenization

4.1 Introduction
The interest in beam lattice materials has greatly increased since the development of

additive manufacturing. Such manufacturing process allows the creation of materials ha-
ving complex macroscopic properties due to their internal structure [?] [?]. In order to
better understand, control and easily simulate the behaviour of beam lattices, it is often
useful to create a continuous equivalent model. Classical homogenization methods allow
to identify homogeneous medium easily for periodic structures [?] but without the abilities
to take into account heterogeneities that have a preponderant role in stress concentrations,
crack initiation and crack propagation [?] [?]. It has been shown that classical elasticity
is not always able to exhibit the peculiar mechanical properties of architectured materials
and that generalized continua are better candidates [?] [?]. Such continua introduce addi-
tional degrees of freedom (Cosserat, micomorphic media [?]...) or higher order gradient
of the displacement field (second gradient materials ...). Coarse Graining methods allow
the creation of an equivalent continuous material while keeping heterogeneity at the desi-
red scale for any type of discrete structures (periodic, amorphous or quasi-periodic). This
method has been applied at the atomic scale or for granular materials in order to identify
a classical or Cosserat equivalent continuum [?, ?].

The aim of this work is to transpose the coarse gaining method to finite element mo-
delization in order to identify an equivalent Cosserat continuum for a 2D beam lattice at
different scales. First the coarse graining principle is recalled and then applied to FE beam
model. The CG strains, curvatures , stresses and torques are defined. These definitions are
then used to identify a Cosserat equivalent media for a 2D square beam lattice and to
obtain heterogeneous property fields for quasi-periodic lattices.

4.2 Principles of the Coarse Graining Method
We first focus on a discrete medium to summarize the main ideas of the Coarse Grai-

ning (CG) method. The CG method allows the definition of continuous quantities for a
discrete medium while respecting mass and momentum conservation.

The microscopic mass density ρmic is defined as

ρ
mic(r) = ∑

i
mi

δ(r− ri) (4.1)

where δ(r) is the Dirac delta function. The CG density can be defined as :

ρcg(r) = ∑
i

mi
Φ

i(r) (4.2)

Where Φi(r) is the CG function that needs to be positive semi-definite and normalized
(its integral over space is unity) to respect that the integral of the mass density over any
volume equals the mass contained in this volume.
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Finite Element Formulation and Nodal Quantities

The CG momentum and CG density must verify the mass conservation equation

div(pcg) =− ˙ρcg (4.3)

with ȧ the time derivative of a and ä its double time derivative. The CG momentum at
position r is the average momentum of nearby nodes weighted by the CG function. Thus
the CG momentum can be expressed as :

pcg
α (r) =

N

∑
i

pi
αΦ

i(r) (4.4)

where pi
α is the momentum of the node i along the axis α.

In the case of internal rotation, one propose to define the CG angular momentum as :

Jcg
α (r) = ∑

i
(Ji

α +∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
)Φi(r) (4.5)

where Ji
α is the angular momentum of the node i along the axis α. This equation

corresponds to the transport of the kinematic torsor from the node to the coarse gaining
point. In the following, α will often be omitted since the rotations are in-plane in the 2D
beam lattice.

In the case of FE beam the nodal mass mi, nodal momentum pi , angular momentum
Ji and CG function Φi(r) needs to be redefined.

4.3 Finite Element Formulation and Nodal Quantities
For a mesh with N nodes, the vector of the degrees of freedom (dof) can be created :

{q} = {q1,q2, ...,qQ}t where Q = (n+m)N,N the number of nodes times, n the number
of displacement degrees of freedom per nodes and m he number of rotation degrees of
freedom per nodes. For example in a 2d beam model with nodal rotation n = 2 and m = 1

The Finite Element elastic problem is written with the following formulation (as pre-
viously defined in 1.3) :

Kq+Mq̈ = F (4.6)

In case of a free of load medium the previous equation(4.6) is equivalent for each node i
to :

f i
α =

N

∑
j=1

n+m

∑
γ=1

Ki j
αγq

j
γ =−

N

∑
j=1

n+m

∑
γ=1

Mi j
αγq̈

j
γ (4.7)

where we have introduced f i
α, the opposite of the restauring force induced by the beams

on the node i in the direction α. It can be noted that working with the assembled FE
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4. Homogenization

matrices the interaction forces f i j
α of node j on i, are no longer accessible. In order to

obtain those forces, one needs to work with the elementary matrices Ke and Me :

fe =−Keqe (4.8)

With fe = {fi j, f ji}t and qe = {qi,q j}t . It can however be noted that :

f i
α =

N

∑
j=1

f i j
α f or α = {1,n} (4.9)

The momentum vector for each node i is defined as :

pi
α =

N

∑
j=1

n+m

∑
γ=1

Mi j
αγq̇

j
γ = ẇi

α f or α = {1,n} (4.10)

Where wi
α is a notation introduced to be used latter, wi

α = ∑
N
j=1 ∑

n+m
γ=1 Mi j

αγq
j
γ. The rotation

momentum for each node is defined as :

Ji
α =

N

∑
j=1

n+m

∑
γ=1

Mi j
αγq̇

j
γ = ω̇

i
α f or α = {n+1,n+m} (4.11)

ωi
α is again a notion to be used, ωi

α = ∑
N
j=1 ∑

n+m
γ=1 Mi j

αγq
j
γ .

From the equilibrium equation written for the particular case of {q} corresponding to
2D rigid body displacements, one has the following relations :

Kii
αγ =−

N

∑
j 6=i

Ki j
αγ f or γ = {1,n} (4.12)

Kii
αγ =−

N

∑
j 6=i

(
Ki j

αγ +
n

∑
ϕξ

εϕξKi j
αξ

ri j
ϕ

)
f or γ = {n+1,m} (4.13)

With ri j
ϕ = r j

ϕ− ri
ϕ. The stiffness matrix has a big symmetry :Ki j

αγ = K ji
γα, the small sym-

metries and anti-symmetries are summed up in the following table :

i 6= j γ = {1,n} γ = {n+1,n+m}
α = {1,n} Ki j

αγ = K ji
αγ Ki j

αγ =−K ji
αγ

α = {n+1,n+m} Ki j
αγ =−K ji

αγ Ki j
αγ = K ji

αγ

TABLE 4.1 – Table of stiffness matrix symmetries

These relations can be identified on the stiffness matrix of a reference element and
are not impacted by the rotations. It is important to notice that these relations established
in equation 4.13 and table 4.1 are only true in the case of a 2D problem with one out of
plane rotation. A 3D problem with 3 rotations could however be treated with the same
methodology to obtain the correct CG formulation.
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Finite Element Formulation and Nodal Quantities

4.3.1 Coarse Grained Momentum
The coarse grained impulsion and coarse grained density must verify the mass conser-

vation equation : div(pcg) =− ˙ρcg. A solution is to choose the following definitions :

Φ
i(r) = Φ(r− r̂i) =

1√
(2π)nln

cg
e
−
‖r− r̂i‖2

2l2
cg (4.14)

with :

r̂i
α =

N

∑
j

n+m

∑
γ=1

Mi j
αγ

mi (r j
γ +q j

γ) (4.15)

mi =
1
n

N

∑
j

n

∑
α=1

n

∑
β=1

Mi j
αβ

(4.16)

(4.17)

and lcg the coarse graining length. Varying this length allows to have a CG function more
or less wide an to define an continuum material at different scales. The main requirement

of this definition is that
∂Φi

∂t
= ∑

N
j ∑

n+m
γ=1

Mi j
αγ

mi q̇ j
γ

∂Φi

∂rα

in order to respect the conservation

of mass (4.3) with the definition (4.2) for the mass density.
With these definitions, the integral of the coarse graining function over space is one

as needed [?] and the conservation of mass is verified since :

−
∂ρcg

∂t
=−∂∑i miΦi(r)

∂t
=−∑

α

mi ∂Φi

∂rα

∂(rα− r̂i
α)

∂t
= ∑

α

mi
N

∑
j

n+m

∑
γ=1

Mi j
αγ

mi q̇ j
γ

∂Φi

∂rα

= div(pcg)

(4.18)
using (4.2), (4.14) and (4.10).

4.3.2 Coarse Grained Rotation Momentum
In order to maintain the coherence with the previous definition, the CG rotation mo-

mentum for a 2D FE problem with 1 rotation is defined as :

Jcg
α (r) = ∑

i
(Ji

α +
n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
)Φi(r) f or α = {n+1,n+m} (4.19)

and

Icg = ∑
i
(mi‖ri− r‖2 + Ii)Φi ; Ii =

1
m

N

∑
j

n+m

∑
α=n+1

n+m

∑
β=n+1

Mi j
αβ

(4.20)
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4. Homogenization

To get the equation in a 3D case one would need to redefine the arm lever of the impulsion
in 3D. The definition of the previous CG density and rotation momentum for a FE mesh
is also equivalent to the Goldhish formulation [?] if the mesh has concentrated mass and
rotational inertia at the nodes, the mass matrix being diagonal in this case. For example,
for a mesh where each node i has 2 displacements and one rotation as dofs, the mass
matrix would be :

M =


. . .

mi

mi

Ii

. . .

 (4.21)

4.4 Coarse Grained Displacements and Strains
From the CG momentum and density definitions the CG velocity can be defined and

then the CG displacement can be obtained by time integration.

4.4.1 CG Displacements
As the CG medium satisfies mass conservation (4.3), the coarse grained velocity can

be defined as :

vcg
α =

pcg
α

ρcg
(4.22)

The displacement can then be calculated by time integration :

ucg
α (r, t) =

∫ t

0
vcg(r, t ′)dt ′ =

∫ t

0

pcg
α

ρcg
=

∫ t

0

N

∑
i

ẇi
α

Φi

ρcg
dt ′

=
N

∑
i

wi
α

Φi

ρcg
−

∫ t

0

N

∑
i

wi
α

∂

∂t ′

(
Φi

ρcg

)
dt ′

= ul
α−

∫ t

0

N

∑
i

wi
α

ρ2
cg

(
∂Φi

∂t ′
ρcg−

∂ρcg

∂t ′
Φ

i
)

dt ′

(4.23)

Where the integrated term is of second order, thus :

ucg
α ' ul

α =
N

∑
i

wi
α

Φi

ρcg
=

N

∑
i=1

N

∑
j=1

n+m

∑
γ=1

Mi j
αγq

j
γ

Φi

ρcg
(4.24)

In Appendix.B.1 a more detailed description of this term is given. This formulation de-
pending only on nodal information (Mass matrix and displacements) can be easily imple-
mented in order to calculate the CG displacements at any point of the domain.
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Coarse Grained Displacements and Strains

4.4.2 CG Strains

By a simple derivation over space the CG strains can be defined :

∂ucg
α

∂rβ

=
∂

∂rβ

(
∑

N
i Φi.wi

α

∑
N
j m jΦ j

)
=

1
ρ2

cg

N

∑
i j

(
wi

αm j ∂Φi

∂rβ

Φ
j−wi

αm j ∂Φ j

∂rβ

Φ
i
)

=
1

ρ2
cg

N

∑
i j

(
wi

αm j ∂Φi

∂rβ

Φ
j−w j

αmi ∂Φi

∂rβ

Φ
j
)
=

1
ρ2

cg

N

∑
i j

(
wi

αm j−w j
αmi
)

∂Φi

∂rβ

Φ
j

(4.25)

4.4.3 CG Rotations

With the absence of mass conservation equivalent for angular momentum the CG
angle is can be choosen as :

θ
cg
α =

∑i ωi
αΦi

Icg (4.26)

It can be tempting to have used the same method as before : from the definition of the
CG angular momentum and rotation inertia, the definition of the CG angular velocity can
be obtained and then the rotation by time integration.

Jcg
α = Icg.Ω

cg
α = ∑

i
(Ji

α +
n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
).Φi(r)

Ω
cg
α = ∑

i
(Ji

α +
n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
)
Φi(r)

Icg

(4.27)

θ
cg
α =

∫ t

0
Ω

cg
α (t ′)dt ′ =

∫ t

0
∑

i
(Ji

α +
n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
)
Φi(r)

Icg dt ′

=
∫ t

0

N

∑
i
(ω̇i

α +
n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)ẇi

ξ
)
Φi(r)

Icg dt ′

=
N

∑
i
(ωi

α+
n

∑
ϕξ

εϕξ(r
i
ϕ−rϕ)wi

ξ
)
Φi(r)

Icg −
∫ t

0

N

∑
i

(
ω

i
α.

∂

∂t ′

(
Φi

Icg

)
+

n

∑
ϕξ

εϕξwi
ξ
.

∂

∂t ′

(
(ri

ϕ− rϕ)Φ
i

Icg

))
dt ′

(4.28)
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4. Homogenization

As before, the integrated term is of second order and the details can be found in Ap-
pendix.B.2. Thus,

θ
cg
α ' θ

l
α = ∑

i
(ωi

α +
n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)wi

ξ
)
Φi(r)

Icg (4.29)

This method gives however non consistent results. Indeed if the curvatures are calculated
by taking the spacial derivatives, one obtains :

kcg
αβ

=
1

I2
cg
.∑

i j

[
(

n

∑
ξ

−εβξwi
ξ
.(m j.‖r j−r‖2+I j)+2.(ωi

α+
n

∑
ϕξ

εϕξ(r
i
ϕ−rϕ)wi

ξ
).m j.(r j

β
−rβ)).Φi.Φ j

+
(
(ωi

α+
n

∑
ϕξ

εϕξ(r
i
ϕ−rϕ)wi

ξ
).(m j.‖r j−r‖2+I j)−(ω j

α+
n

∑
ϕξ

εϕξ(r
j
ϕ−rϕ)w

j
ξ
).(mi.‖ri−r‖2+Ii)

)
∂Φi

∂rβ

Φ j.
]

(4.30)

Due to the term including a lever arm in the unproper angle definition (4.29) a
term directly proportional to the displacement arise in the curvature expression (i.e
−εβξwi

ξ
.(m j.‖r j − r‖2 + I j)). Simulations thus give curvatures proportional to the dis-

placement in the case of purely tensile loading on a square lattice, this is non consistent
with what is expected of such lattice.

4.4.4 CG Curvature
A simple space derivative of θcg allows to calculate the curvatures from (4.26) :

kcg
αβ

=
∂θ

cg
α

∂rβ

=
∂

∂rβ

(
∑i ωi

αΦi

Icg

)
=

1
I2
cg

N

∑
i j

(
ω

im j ∂Φi

∂rβ

Φ
j−ω

i
αm j ∂Φ j

∂rβ

Φ
i
)

=
1

I2
cg

N

∑
i j

(
ω

im j ∂Φi

∂rβ

Φ
j−ω

jmi ∂Φi

∂rβ

Φ
j
)
=

1
I2
cg

N

∑
i j

(
ω

im j−ω
jmi
)

∂Φi

∂rβ

Φ
j

(4.31)

4.5 Coarse Grained Stresses and Torques

4.5.1 CG Stresses
The CG Stresses can be identified from the dynamic equilibrium of a Cosserat me-

dium. The dynamic equilibrium is written as :

∂pcg
α

∂t
= ∑

β

∂

∂rβ

(
σαβ−ρcgV cg

α V cg
β

)
(4.32)
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Coarse Grained Stresses and Torques

∂pcg
α

∂t
=

∂∑
N
i pi

α.Φ
i

∂t
=

N

∑
i

(
pi

α

∂Φi

∂t
+ ṗi

αΦ
i
)
=

N

∑
i

(
ṗi

αΦ
i− pi

α

n

∑
β

ẇi
β

mi
∂Φi

∂rβ

)
=−

( N

∑
i

f i
αΦ

i

︸ ︷︷ ︸
Aα

+
N

∑
i

pi
α

n

∑
β

pi
β

mi
∂Φi

∂rβ︸ ︷︷ ︸
Bα

)

(4.33)

The calculus can be done using the FE matrix or the interactions forces. Both methods
will be detailed in this section and the formulas using each are given. Depending on the
easiest quantities available, one can choose to work with one or the other.

The details of the calculations for Aα and Bα are presented in appendix.B.3. The dy-
namical stress can finally be identified as :

σαβ =

(
N

∑
i j 6=i

n+m

∑
γ=1

Ki j
αγq

j
γ r̂ ji

β

∫ 1

0
Φ(r− r̂i + sr̂ ji)ds−

N

∑
i j

n+m

∑
γ=n+1

Ki j
αγq

j
γg j

β

)
−

N

∑
i

miṽi
αṽi

β
Φ

i

(4.34)

Where gi
β
=

rβ−r̂i
β

‖rβ−r̂i
β
‖2
−1
2.π .e

−‖rβ− r̂i
β
‖2

2l2
cg and r̂ ji = r̂i− r̂ j. The method to obtain gi

β
is detai-

led in section B.3.

ṽi
β
=

pi
β

mi − vcg
β

is the fluctuation of nodal velocities to the CG velocities therefore

−∑
N
i miṽi

αṽi
β
Φi is the fluctuating kinetic part of the stress. The formula is very similar to

the equation obtained by Goldirsch[?] in the case of granular materials.

Using the interaction forces the following formula is obtained :

σαβ =−1
2

N

∑
i j

n+m

∑
γ=1

f i j
α r̂ ji

β

∫ 1

0
Φ(r− r̂i + sr̂ ji)ds−

N

∑
i

miṽi
αṽi

β
Φ

i (4.35)

Using this formulation one can calculate the expression of the anti-symmetric part of
the stress :

∑
αβ

εαβσαβ =−1
2

N

∑
i j

n+m

∑
γ=1

r̂ ji× fi j
∫ 1

0
Φ(r− r̂i + sr̂ ji)ds (4.36)

Thus in the case of tangential forces between nodes i and j the stress will be non
symmetric. This further implies the use of a Cosserat medium to approximate the beam
lattices.
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4. Homogenization

4.5.2 CG Torques
The coarse grained torques are identified from the momentum dynamic equilibrium.

In the following the α indicating the axis will be omitted due to the fact that there is only
one rotation in 2D. In the planar Cosserat formalism, the rotational momentum dynamic
equilibrium is written as :

∂Jcg

∂t
=

n

∑
β

∂

∂rβ

(
mβ−V cg

β
Jcg
)
−

n

∑
βγ

εβγσβγ (4.37)

∂Jcg

∂t
=

∂

∂t

( N

∑
i

( n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
+ Ji

)
Φ

i
)

=
N

∑
i

∂

∂t

( n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

)
Φ

i +
N

∑
i

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

)
∂Φi

∂t

=
N

∑
i

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)ṗi
ξ
+ J̇i

)
Φ

i−
N

∑
i

n

∑
β

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

) pi
β

mi
∂Φi

∂rβ

=
N

∑
i

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)ṗi
ξ
+ J̇i

)
Φ

i−
N

∑
i

n

∑
β

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

) pi
β

mi
∂Φi

∂rβ

=−
( N

∑
i j

n

∑
ϕξ

n+m

∑
γ=1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ

q j
γΦ

i

︸ ︷︷ ︸
Cn

+
N

∑
i j

n+m

∑
γ=1

Ki j
θγ

q j
γΦ

i

︸ ︷︷ ︸
Cθ

)

−
N

∑
i

n

∑
β

n

∑
ϕξ

(εϕξ(r
i
ϕ− rϕ)pi

ξ
+ Ji)

pi
β

mi
∂Φi

∂rβ︸ ︷︷ ︸
D

(4.38)

Here Ki j
θγ

indicate Ki j
αγ for α = n+m, corresponding to the rotation axis.

The details of the calculations for Cα , Cθ and D are presented in appendix.B.4. Then
one can identify the torques as :

mβ =
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

(
εϕξ(r

i
ϕ− rϕ)K

i j
ξγ

q j
γ +Ki j

θγ
q j

γ

)
.r̂ ji

β

∫ 1

0
Φ(r− r̂i + sr̂ ji)ds

−
N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
j
ϕ− rϕ)K

i j
ξγ

q j
γg j

β
−

N

∑
i

n

∑
ϕξ

(
εϕξ(r

i
ϕ− rϕ)pi

ξ
+ Ji

)
ṽi

β
Φ

i

(4.39)
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Cosserat Equivalent Continuum

With −∑
N
i ∑

n
ϕξ

(
εϕξ(ri

ϕ− rϕ)pi
ξ
+ Ji

)
ṽi

β
Φi being the kinetic part of the torque. Here

again the formula is close to the one in [?].
Using the interactions forces the following formula is obtained :

mβ =−1
2

N

∑
i j

n

∑
ϕξ

n+m

∑
γ=1

(
εϕξ(r

i
ϕ− rϕ) f i j

ξ
+ f i j

θ

)
r̂ ji

β

∫ 1

0
Φ(r− r̂i + sr̂ ji)ds

−
N

∑
i

n

∑
ϕξ

(
εϕξ(r

i
ϕ− rϕ)pi

ξ
+ Ji

)
ṽi

β
Φ

i

(4.40)

4.6 Cosserat Equivalent Continuum
Knowing strains and stresses for each point of the CG medium the elastic moduli of

the Cosserat medium can be identified at each point. It is assumed that the elasticity tensor
is of cubic symmetry (as defined in 4.41). This hypothesis is first taken for the study of
the square lattice, and the octogonal Penrose lattice as they present a 4-fold symmetry.
The kyte & dart pernrose lattice with it’s 5-fold symmetry should lead to isotropic CG
medium that is a particular case of cubic symmetry. We note :

D =


D1 D2 0 0 0 0

D1 0 0 0 0
D3 D4 0 0

Sym D3 0 0
D5 0

D5

 (4.41)

At each CG point, the following equation must be verified :

σ̂σσ = Dêee (4.42)

where σ̂σσ = (σxx,σyy,σxy,σyx,mx,my)
t and êee = (exx,eyy,exy,eyx,kx,ky)

t In order to activate
all moduli five simulations are performed. The simulations used are 1 imposed traction in
each direction (exx and eyy), 2 imposed shears (exy and exy) and 2 imposed curvatures (kx
and ky). The previous equation can be rewritten as :

σ̂σσ = D̂êee (4.43)

Where D̂ = [D1 D2 D3 D4 D5]t and êee is a 6x6 (6 equations for each of the 6 simulations)
by 5 tensor. Finally D̂ is obtained at each point using the build in Matlab function :

D̂ = pinv(êee)σ̂σσ (4.44)

As the êee matrix is not square, pinv() calculates its Moore–Penrose pseudo-inverse that
gives the least square solution of the linear system.
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4. Homogenization

4.6.1 Application to a square beam lattice
In order to illustrate the use of the previously defined CG method, it will be applied

to a periodic beam lattice of square cells as presented in figure.4.1. All calculus are made
in Matlab using an home made FE code for the simulations and an implementation of
the previously defined CG formulas. To model the beam lattice all beams are of length
L and are discretized by one Euler-Bernoulli beam element with two nodes. Each nodes
have 3 dof, two translations (ui

x,ui
y) and one rotation (θ). The FE model of a 1000x1000

cells square lattice is created and the displacement of the nodes are calculated for several
loading scenarios. Then the different CG quantities can be calculated on one fifth of the
mesh to be able to calculate the CG quantities at the border.

FIGURE 4.1 – Displacement X CG(left) at lcg = L and the corresponding 20x20 square
lattice under imposed traction along X

The elastic properties can be calculated for several coarse graining lengths. In fi-
gures4.2, 4.4 and 4.5 is presented the evolution of the mean of the elastic moduli as a
function of the coarse graining length lcg, their standard deviation is also plotted in the
graphs .

In figure.4.2 one can notice the convergence of D1 as a function of lcg, In figure.4.4
D3+D4

2 corresponds to µ in eq.1.66 and D3−D4
2 to µc. The elastic moduli closely correspond

to what can be found in the literature for λ+2µ and µ. µc on the other hand seems to differ
from homogenization methods [?].

In figure.4.5 the bending modulus increases with the CG size while the curvature
converges to the imposed one. Thus the strain energy calculated by CG is increasing with
the CG size. This is questioning for the CG torques calculations. One explanation could be
the presence of a divergence free torque field deriving from a curl. In fact this filed could
be added or subtracted from the torques without impacting the volumic torques balance
equation as it only depends on div(m). An other problem identified with this expression
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Cosserat Equivalent Continuum

FIGURE 4.2 – Evolution of the mean of D1 depending on the coarse graining length for
the square lattice and standard deviation.

FIGURE 4.3 – Evolution of the mean of D2 depending on the coarse graining length for
the square lattice and standard deviation.

of the CG torques is the non compatibility between CG and FE loads at the border of the
CG area.
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4. Homogenization

FIGURE 4.4 – Evolution of the mean of D3 and D4 depending on the coarse graining
length for the square lattice and standard deviation.

FIGURE 4.5 – Evolution of the mean of D5 depending on the coarse graining length for
the square lattice and standard deviation.
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Cosserat Equivalent Continuum

4.6.2 Cosserat Coarse Grained Strain Energy :
As the CG strain energy increases with the CG length while it should converge,

the divergent term will be identified form the CG strain energy expression. The energy
should be conserved between the micro and the GC, The micro strain energy can be
identified to isolate the problematic term.

2Estrain =
∫

Ω

2

∑
α=1

( 2

∑
β=1

σαβeαβ +mαkα

)
(4.45)

=
∫

Ω

2

∑
α=1

( 2

∑
β=1

σαβ(
∂uα

∂rβ

+ εαβθ)+mα

∂θ

∂rα

)
(4.46)

=
∫

∂Ω

2

∑
α=1

(
2

∑
β=1

σαβuα +mαθ)n−
∫

Ω

2

∑
α=1

( 2

∑
β=1

(
∂σαβ

∂rβ

uα− εαβσαβθ)

+
∂mα

∂rα

θ
)

(4.47)

= −
∫

Ω

2

∑
α=1

( 2

∑
β=1

(
∂σαβ

∂rβ

uα− εαβσαβθ)+
∂mα

∂rα

θ
)

(4.48)

if we take the case of zero external work.
And from the previous identification of CG stresses and torques we have :

∂σαβ

∂rβ

=−∑
i j

3

∑
γ=1

Ki j
αγq

j
γΦ

i (4.49)

∂mα

∂rα

=−
(
∑
i j

3

∑
γ=1

εφξ(r
i
φ− rφ)K

i j
ξγ

q j
γΦ

i +∑
i j

3

∑
γ=1

Ki j
θγ

q j
γΦ

i)+ εφξσφξ (4.50)

And thus :

2Estrain = −
∫

Ω

2

∑
α=1

( 2

∑
β=1

(
∂σαβ

∂rβ

uα− εαβσαβθ)+
∂mα

∂rα

θ
)

(4.51)

=
∫

Ω
∑
i j

2

∑
α=1

3

∑
γ=1

(
Ki j

αγq
j
γΦ

iuα + εφξ(r
i
φ− rφ)K

i j
ξγ

q j
γΦ

i
θ+Ki j

θγ
q j

γΦ
i
θ
)

(4.52)

It can be chosen :

uα = qi
α + ũi

α ; α = {1,2} (4.53)
θ = θ

i + θ̃
i (4.54)

with ũi and θ̃i the fluctuations of the nodal dofs relatively to the CG dofs.
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4. Homogenization

2Estrain =
∫

Ω
∑
i j

2

∑
α=1

3

∑
γ=1

(
Ki j

αγq
j
γΦ

iuα + εφξ(r
i
φ− rφ)K

i j
ξγ

q j
γΦ

i
θ+Ki j

θγ
q j

γΦ
i
θ
)

(4.55)

=
∫

Ω
∑
i j

2

∑
α=1

3

∑
γ=1

(
Ki j

αγq
j
γΦ

i(qi
α + ũi

α)+ εφξ(r
i
φ− rφ)K

i j
ξγ

q j
γΦ

i(θi + θ̃
i)

+Ki j
θγ

q j
γΦ

i(θi + θ̃
i)
)

(4.56)

=
∫

Ω
∑
i j

3

∑
α=1

3

∑
γ=1

(
qi

αKi j
αγq

j
γΦ

i + εφξ(r
i
φ− rφ)K

i j
ξγ

q j
γΦ

i(θi + θ̃
i)

+q̃i
αKi j

αγq
j
γΦ

i) (4.57)

The CG of the microscopic energy can be identified as :∑i j ∑
3
α=1 ∑

3
γ=1 qi

αKi j
αγq

j
γ. A

term corresponding to heat creation due to the fluctuation of the nodal dofs relatively to the
coarse grained dofs ∑i j ∑

3
α=1 ∑

3
γ=1 q̃i

αKi j
αγq

j
γΦi. A last term that was suspected to produce

the increase of the energy with the increase of the CG length is :
∫

Ω ∑i j ∑
3
α=1 ∑

3
γ=1 εφξ(ri

φ
−

rφ)K
i j
ξγ

q j
γΦi(θi + θ̃i)

It can be showed that this term is null :

∫
Ω

∑
i j

3

∑
α=1

3

∑
γ=1

εφξ(r
i
φ− rφ)K

i j
ξγ

q j
γΦ

i(θi + θ̃
i)dr (4.58)

=
∫

Ω

εφξ ∑
i

Gφ(r− ri)Hξ(ri)dr (4.59)

With Gφ(r−ri)= (rφ− r̂i
φ
+ r̂i

φ
−ri

φ
)Φ(r− r̂i)' (rφ− r̂i

φ
)Φ(r− r̂i) if ri− r̂i is neglected

and Hξ(r) = ∑ĩ j δ(r− r̂ĩ)K ĩ j
ξγ

q j
γ(θ

ĩ+ θ̃ĩ). Noting ∗ the convolution product one can obtain :

∫
Ω

εφξ ∑
i

Gφ(r− r̂i)Hξ(r̂i)dr =
∫

Ω

εφξGφ(r)∗Hξ(r)dr =
∫

Ω

Γ(r)dr (4.60)

If we note Γ(k) as being the Fourier transform of Γ(r), then :

Γ(k) =
∫

k
Γ(r)e2iπr.kdr (4.61)

Thus :

∫
Ω

Γ(r)dr = Γ(k = 0) (4.62)
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Cosserat Equivalent Continuum

It can also be written that :

Γ(k) = εφξGφ(k)Hξ(k) (4.63)

With Gφ(k) and Hξ(k) the respective Fourier transform of Gφ(r) and Hξ(r) More over :

Gφ(k) =
∫

Ω

Gφ(r)e2iπr.kdr (4.64)

=
∫

Ω

rφΦ(r)e2iπr.kdr (4.65)

=
−1
2iπ

∫
Ω

∂

∂kφ

(Φ(r)e2iπr.k)dr (4.66)

=
−1
2iπ

∂

∂kφ

(Φ(k)) (4.67)

And because :

Φ(k) =
∫

Ω

e
−
‖ r ‖2

2l2
cg e2iπr.kdr = e

−
l2
cg ‖ k ‖2

2 (4.68)

Then :

Gφ(k) =
−l2

cg

iπ
kφΦ(k) (4.69)

And finally :

Γ(k) = εφξ

−1
2iπ

kφΦ(k)Hξ(k) (4.70)

Γ(k = 0) = 0 (4.71)

We conclude that the diverging term is indeed a boundary condition term.

4.6.3 Modifying the CG Torques
The term at the origin of the increase of the torques as been identified in the torque

expression as ∑
N
i j 6=i ∑

n
ϕξ

∑
n+m
γ=1 εϕξ(ri

ϕ−rϕ)K
i j
ξγ

q j
γ r̂ ji

β

∫ 1
0 Φ(r− r̂i+sr̂ ji)ds, it can be tempting

to suppress it but as it is not divergence free, it would unbalance the volumic torque
balance equation. Removing it would lead to the inability to identify the anti-symmetric
part of the stress in the torque balance expression. However removing the problematic
term in the torque expression leads to converging torques with the CG size, modulus
corresponding to the literature and equilibrium between the CG and FE border loads. The
figure.4.6 shows the evolution of the bending modulus with the CG length.

An other solution to modify the torques in order to have a converging solution with the
CG length is to identify the difference between the CG border Torques and the correspon-
ding FE torques. The CG torque is then fitted to suppress the difference. The difference
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4. Homogenization

FIGURE 4.6 – Evolution of the mean of D5 and standard deviation obtained with the
modified torque with subtracted lever arm depending on the coarse graining length for the
square lattice.

can be simply subtracted in the volume as it’s divergence remain null. In the case of the
square lattice it can be done easily in the case where each CG point correspond to a FE
node. The difference can be calculated a each point and subtracted in the volume. For
example in the case of Mx the difference can be calculated at each point of the right
border of the CG area then subtracted at each point of the corresponding line. The re-
sulting evolution of D5 elastic modulus for fitted torques on a square lattice is shown in
figure.4.7a. This method gives converging elastic modulus with the CG length but gives
results 2 order of magnitude higher than the ones found in literature.

It has also been tried to identify a field resulting form a curl using a finite difference
method to respect the volumic torques balance equation and respecting the transmitted
forces and torques in resultants at the boundary of the observed domain. If the correction
of torques is searched as a curl of a field of scalar ϕ then the volumic balance of torques
is preserved :

div(m+ curl(ϕ)) = εαβσαβ (4.72)
div(m) = εαβσαβ (4.73)

The system of equations is :

̂̃σσσ = D̂êee (4.74)

∑
bcY+

mx +
∂ϕ

∂ry
= ∑

bcX+

Me f Dcg (4.75)
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Cosserat Equivalent Continuum

(a) Evolution of D5 elastic modulus for fitted torques on a square lattice.

(b) Field of fitted torques my for a simulation where ky is imposed at the
border.

FIGURE 4.7 – Results of the fitting method to modify the CG torques.

∑
bcY−

mx +
∂ϕ

∂ry
= ∑

bcY−
Me f Dcg (4.76)
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4. Homogenization

∑
bcX+

my−
∂ϕ

∂rx
= ∑

bcX+

Me f Dcg (4.77)

∑
bcX−

my−
∂ϕ

∂rx
= ∑

bcX−
Me f Dcg (4.78)

with the modified stress vector :̂̃σσσ = {σxx,σyy,σxy,σyx,mx +
∂ϕ

∂ry
,my−

∂ϕ

∂rx
}. Here ∑bcY+

is used to denote the sum over all the nodes sitting on the border Y+ of the CG domain
and Dcg is the length of the side of the CG domain.

The system can be written as :

A.̂̃σσσ+B.ϕϕϕ = C.D̂+Mef (4.79)

with ϕϕϕ a vector containing the values of ϕ for each CG point and Mef containing the
resulting Finite element momentum on the borders. The spatial derivatives are calculated
using centered finite difference method in the bulk and forward and backward difference
on the borders. A field of modified my for a simulation where ky = 1 is imposed on the
border is shown in figure.4.8b.This method gives elastic moduli close to the one found in
literature but the resulting torques field are non uniform when it is expected to be.

4.6.4 Application to QP beam lattice
In order to demonstrate the real advantage of this CG method to obtain continuous

medium properties of FE model it will be applied to quasi-periodic beam lattices. The two
beam lattices presented here are the same as in the previous chapter i.e a penrose kite&
dart and a octhohedric. The spatial dispersion of elastic moduli is shown in figure.4.9
for the octhohedric lattice. The evolution of the CG elastic muduli are presented in the
figure.4.10.

The spatial dispersion elastic moduli is shown in figure.4.11 for the Kyte & Dart. The
evolution of the CG elastic muduli are presented in the figure.4.12.

The CG method thus allows to obtain a continuous non homogeneous material. The
influence of sub structures is preserved. It can be seen in figure.4.13 the evolution of D1
elastic modulus for different CG length in the Cosserat continuous of the kyte & dart
Penrose lattice.
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Cosserat Equivalent Continuum

(a) Field of modified torques my with curl field for a simulation where ky

is imposed at the border.

(b) Field of modified my with curl field for a simulation where ky is impo-
sed at the border.

FIGURE 4.8 – Results of the fitting method to modify the CG torques.
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4. Homogenization

(a) D1 (b) D2

(c) (D3+D4)/2 (d) (D3-D4)/2

(e) D5

FIGURE 4.9 – Moduli of the CG of Octogonal mesh at lg = 3L superposed to the FE
lattice.
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Discussion and Conclusion

(a) Evolution of the mean of D1 and stan-
dard deviation depending on the coarse grai-
ning length for the Octogonal Penrose lat-
tice.

(b) Evolution of the mean of D2 and stan-
dard deviation depending on the coarse grai-
ning length for the Octogonal Penrose lat-
tice.

(c) Evolution of the mean of D3 and D4 and
standard deviations depending on the coarse
graining length for the Octogonal Penrose
lattice.

FIGURE 4.10 – Evolution of the mean of elastic moduli depending on the coarse graining
length for the Octogonal Penrose lattice.

4.7 Discussion and Conclusion

In this chapter an new CG strategy allowing for the identification of an equivalent
heterogeneous continuous medium form FE beam lattice has been developed and applied
to periodic and quasi periodic beam lattice. It has been shown to give consistent results
in comparison to the literature for periodic beam lattices where classical homogenization
has been applied. This method is especially useful for quasi periodic structures as most
of classical homogenization method can only be applied on periodic configuration.
This method also allows to look at the meta-material at different scales thus creating
different continuous approximation depending of the description scale needed. It seems
from the previous chapters that sub structures play a preponderant role in vibration
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4. Homogenization

(a) D1 (b) D2

(c) (D3+D4)/2 (d) (D3-D4)/2

FIGURE 4.11 – Moduli of the CG of Octogonal mesh at lg = 3L superposed to the FE
lattice.

and crack propagation for such lattices, therefore a scale where these structures remain
distinguishable is needed to account for influence while creating a continuous medium.
Although the classical method to identify strain and stress has easily be transposed to
FE (instead of discrete point wise models), the rotation and torques remain difficult to
upscale.
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Discussion and Conclusion

(a) Evolution of the mean of D1 and stan-
dard deviation depending on the coarse grai-
ning length for the KD lattice.

(b) Evolution of the mean of D2 and stan-
dard deviation depending on the coarse grai-
ning length for the KD lattice.

(c) Evolution of the mean of D3 and D4 and
standard deviations depending on the coarse
graining length for the KD lattice.

FIGURE 4.12 – Evolution of the mean of elastic moduli depending on the coarse graining
length for the KD lattice.
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4. Homogenization

FIGURE 4.13 – spacial distribution of D1 in kyte & dart for different CG length (for left
to right) 1L , 2.5L and 3.5L.
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Summary and perspectives

Summary

Quasi periodic Euler Bernoulli beam lattices have been studied, their vibration and
fracture propagation properties have been analyzed using numerical methods to deal with
the specific problems that arise from their quasi periodic structure.

The KPM method has been applied to finite element model with success in order to
reduce the calculation time needed to obtain VDOS and DSF of large QP beam lattices.
The use of Voronoı̈ decomposition allow to decompose the vibrationnal response along
transverse and longitudinal waves. This method can be applied to any lattices but still
require the use of periodic boundary conditions. This limits the range of application for
the QP lattices to the ones that have periodic approximation. Quasi periodic beam lattices
exhibit the peculiar vibration properties already seen in quasi crystals (i.e band gaps and
mode localization on sub structures) while having more parameters that can be adjusted
in order to obtain the desired properties and should be considered to create interesting
new meta-materials at macroscopic scale.

A Static FE beam model has been developed and implemented in order to study the
crack propagation in beam lattices. The simulations results seems in agreement with
the experiments even if the experiments are unstable. From an analysis of the energy
dissipation of the crack propagation in beam lattices it seems that Kyte & Dart QP lattices
are good candidate to create new meta-materials that are able to dissipate more energy
during crack propagation than their periodic counterparts.
A dynamic FE beam model with varying time step has been developed and implemented
in order to study the crack propagation behavior of QP beam lattices. Dynamic crack
opening simulations are performed to study the crack propagation under dynamic loading.
the simulations allow the comparison of the crack behavior of several lattice and show
that slender Kite & Dart have a good ability to resist to crack propagation. The model
still needs to be better validated with dynamic experiments correctly instrumented to
grasp the failure in action. With the increase use of cellular materials in many mechanical
domain, Kite & Dart QP lattices could be needed in case where periodic lattices fails to
resist to mechanical loads.

A coarse graining method has been developed to create equivalent continuous
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Summary and perspectives

medium while preserving the non homogeneity needed to correctly describe the complex
behavior of QP lattices. Displacement, strains and stresses are identified for a Cosserat
medium from the assembled stiffness and mass matrix of the FE beam lattices.This
allows to identify the elastic moduli of the Cosserat approximation for several CG length.
Rotation , curvatures and torques are also defined. The torques rose question as it seems
impossible to respect energy conservation between scales and torques equilibrium with
the same torque expression. All CG quantities depend on the CG length and converges to
a finite values when this length increases. In order to get this result the torque expression
had to be modified and no longer satisfies balance equations. More work is still required
in order to fully solved the problem.

Perspectives
The methods presented in this thesis can be applied to study a wide range of beam

lattices in different domains of interest. The codes developed can be modified to improve
the models especially for the dynamic crack propagation.

The Coarse graining method can be adapted to be used on any FE model, even areal
and volumic continuous or discrete models in order to perform scaling. It’s main point of
interest is the analysis of heterogeneous non periodic samples.

A direct continuation of the work done in this thesis could be the use of the coarse
graining method over crack propagation simulations in QP lattices to follow the change
of CG stresses and deformations in order to investigate a way to create a damage law
that could be use in a continuum model. This model could be used to simulate crack
propagation in the continuous medium equivalent to the quasi periodic beam lattice.

Dynamic experiments are to be performed at Ecole Centrale de Nantes with the use
of high speed cameras and appropriate dynamic loading equipment in order to have better
experimental results to validate the dynamic FE model.
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A. Periodic structure analytical solution
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Annexe B

Coarse Graining

B.1 CG Displacement
In order to Calculate the CG displacements from the CG velocities one must integrate

the velocities versus the time.

ucg
α (r, t) =

∫ t

0
vcg(r, t ′)dt ′ =

∫ t

0

pcg
α

ρcg
=

∫ t

0

N

∑
i

ẇi
α

Φi

ρcg
dt ′

=
N

∑
i

wi
α

Φi

ρcg
−

∫ t

0

N

∑
i

wi
α

∂

∂t ′

(
Φi

ρcg

)
dt ′

= ul
α−

∫ t

0

N

∑
i

wi
α

ρ2
cg

(
∂Φi

∂t ′
ρcg−

∂ρcg

∂t ′
Φ

i
)

dt ′

(B.1)

The temporal derivative of the CG function Φi in Lagrangian coordinate is detailed :

Preliminary calculus :
In Lagrangian :

∂Φi

∂t ′
= ∑

β

∂Φi(
−→
d )

∂dβ

.
∂dβ

∂t ′
= ∑

β

∂Φ(−→r −−→rm
i)

∂rβ

.
∂rβ

∂(rβ− ri
mβ
)
.
∂(rβ− ri

mβ
)

∂t ′

= ∑
β

∂Φ(−→r −−→rm
i)

∂rβ

.
1

∂(rβ− ri
mβ
)

∂rβ

.
∂(rβ− ri

mβ
)

∂t ′
= ∑

β

∂Φi

∂rβ

.(vcg
β
−

ẇi
β

mi )

(B.2)
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B. Coarse Graining

Using this result the following can be obtained :

ucg
α (−→r , t) = ul

α−
∫ t

0
∑
i jβ

wi
α

ρ2
cg

(
(vcg

β
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ẇi
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ẇ j
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∂rβ

.Φi
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dt ′

(B.3)

with ul
α =
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∑
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(B.4)

If we defined ṽi
β

as the fluctuation of the nodal velocities relatively to the CG velocities,
and ũi

β
as the fluctuation of the nodal displacements relatively to the CG displacements :

ṽi
β
=

ẇi
β

mi − vcg
β

; ũi
β
=

wi
β

mi −ul
β

(B.5)

It can be obtained :
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0

1
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(
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(B.6)

ṽi
β
ũi

α being of second order, the integral can be neglected. Thus ucg
α = ul

α
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CG Rotation

B.2 CG Rotation

θ
cg = θ
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∑
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(B.7)
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(B.8)
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B. Coarse Graining
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(B.9)
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CG Stresses

B.3 CG Stresses

In order to identified the CG stresses form the dynamical equilibrium, the temporal
derivative of the CG momentum is calculated :
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i pi
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i
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Aα

+
N

∑
i

pi
α

n

∑
β

pi
β

mi
∂Φi

∂rβ︸ ︷︷ ︸
Bα

)

(B.11)
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(B.12)

Using the symmetry properties of the tensor K table 4.1 we get :
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B. Coarse Graining
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(
n+m

∑
γ=1

(
Ki j

αγ.q
j
γ.(Φ

i−Φ
j)

)
+

n+m

∑
γ=n+1

(K ji
αγ +Kii

αγ)q
i
γΦ

i

)

=
N

∑
i j 6=i

n+m

∑
γ=1

(
Ki j

αγ.q
j
γ.(Φ

i−Φ
j)

)
+

N

∑
i j

n+m

∑
γ=n+1

K ji
αγqi

γΦ
i

=
N

∑
i j 6=i

n+m

∑
γ=1

(
Ki j

αγ.q
j
γ.(Φ

i−Φ
j)

)
+

N

∑
i j

n+m

∑
γ=n+1

Ki j
αγq

j
γΦ

j

(B.14)

In order to introduce the space divergence in the time derivative of the CG momentum
one can notice that :

(Φi−Φ
j) = r̂ ji

β

∫ 1

0
Φ(−→r −

−→
r̂ i + s.

−→
r̂ ji)ds (B.15)

and it can be defined :

Φ
i = div(

−→
gi ) (B.16)

Within a cylindrical coordinate system centered on the node i, and with a function
−→
gi

chosen to be radial, it can be written for a 2D system :

−→
gi = gi

−→r −
−→
r̂ i

‖−→r −
−→
r̂ i‖

; div(
−→
gi ) =

1
r̃

∂r̃gi(r̃)
∂r̃

(B.17)

104

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI062/these.pdf 
© [A. Glacet], [2018], INSA Lyon, tous droits réservés 



CG Stresses

With r̃ = ‖−→r −
−→
r̂ i‖

1
r̃

∂r̃gi(r̃)
∂r̃

= Φ
i =

1
2.πl2

cg
.e

−r̃2

2l2
cg

∂r̃gi(r̃)
∂r̃

= r̃
1

2.πl2
cg
.e

−r̃2

2l2
cg

r̃gi(r̃) =
∫ r̃

0
s

1
2.πl2

cg
.e

−s2

2l2
cg ds

gi(r̃) =
1
r̃

∫ r̃

0
s

1
2.πl2

cg
.e

−s2

2l2
cg ds

gi(r̃) =
−1
r̃

1
2.π

.e

−r̃2

2l2
cg

(B.18)

Finally :

Φ
i =

n

∑
β

∂gi
β

∂rβ

with gi
β
=

rβ− r̂i
β

‖rβ− r̂i
β
‖2
−1
2.π

.e

−‖rβ− r̂i
β
‖2

2l2
cg (B.19)

Note that gβ is not uniquely defined and that there are mutiple possible different choices
of g since only div(σ) has a physical measurable meaning.

Aα =
N

∑
i j 6=i

n+m

∑
γ=1

(
Ki j

αγ.q
j
γ.(Φ

i−Φ
j)

)
+

N

∑
i j

n+m

∑
γ=n+1

Ki j
αγq

j
γΦ

j

=−
n

∑
β

∂

∂rβ

(
N

∑
i j 6=i

n+m

∑
γ=1

Ki j
αγ.q

j
γ.r̂

ji
β

∫ 1

0
Φ(−→r −

−→
r̂ i + s.

−→
r̂ ji)ds−

N

∑
i j

n+m

∑
γ=n+1

Ki j
αγq

j
γg j

β

)
(B.20)

with r̂ ji
β
= r̂i

β
− r̂ j

β

Bα =
N

∑
i

n

∑
β

∂

∂rβ

(
pi

α

pi
β

mi

)
Φ

i

(B.21)
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B. Coarse Graining

If we defined ṽi
β

as :

ṽi
β
=

pi
β

mi − vcg
β

(B.22)

It is to be noted that :

N

∑
i

miṽi
β
Φ

i =
N

∑
i

mi(
pi

β

mi Φ
i−vcg

β
Φ

i) = (
N

∑
i

pi
β
Φ

i−vcg
β

N

∑
i

mi
Φ

i) = pcg
β
−ρ

cgvcg
β
= 0 (B.23)

The term B thus becomes :

Bα =
N

∑
i

n

∑
β

∂

∂rβ

(
mi pi

α

mi

pi
β

mi Φ
i
)

=
N

∑
i

n

∑
β

∂

∂rβ

(
mi(ṽi

α + vcg
α )(ṽi

β
+ vcg

β
)Φi
)

=
N

∑
i

n

∑
β

∂

∂rβ

(
mi(ṽi

α.ṽ
i
β
+ vcg

α vcg
β
)Φi
)

=
N

∑
i

n

∑
β

∂

∂rβ

(
miṽi

α.ṽ
i
β
Φ

i +ρ
cgvcg

α vcg
β

)
(B.24)

To recapitulate :

∂pcg
α

∂t
=−Aα−Bα =

n

∑
β

∂

∂rβ

( N

∑
i j 6=i

n+m

∑
γ=1

Ki j
αγ.q

j
γ.r̂

ji
β

∫ 1

0
Φ(−→r −

−→
r̂ i+s.

−→
r̂ ji)ds−

N

∑
i j

n+m

∑
γ=n+1

Ki j
αγq

j
γg j

β
−(

N

∑
i

miṽi
α.ṽ

i
β
Φ

i+ρ
cgvcg

α vcg
β
)
)

(B.25)

Thus the CG stress can be identified form the dynamic equilibrium :

∂pcg
α

∂t
= ∑

β

∂

∂rβ

(
σαβ−ρcgvcg

α vcg
β

)
(B.26)
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CG Torques

B.4 CG Torques

In order to identified the CG torques form the dynamical equilibrium, the temporal
derivative of the CG angular momentum is calculated :

∂Jcg

∂t
=

∂

∂t

( N

∑
i

( n

∑
ϕξ

εϕξ(r
i
ϕ− rϕ)pi

ξ
+ Ji

)
Φ

i
)

=
N

∑
i

∂

∂t

( n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

)
Φ

i +
N

∑
i

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

)
∂Φi

∂t

=
N

∑
i

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)ṗi
ξ
+ J̇i

)
Φ

i−
N

∑
i

n

∑
β

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

) pi
β

mi
∂Φi

∂rβ

=
N

∑
i

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)ṗi
ξ
+ J̇i

)
Φ

i−
N

∑
i

n

∑
β

n

∑
ϕξ

εϕξ

(
(ri

ϕ− rϕ)pi
ξ
+ Ji

) pi
β

mi
∂Φi

∂rβ

=−
( N

∑
i j

n

∑
ϕξ

n+m

∑
γ=1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ

q j
γΦ

i

︸ ︷︷ ︸
Cn

+
N

∑
i j

n+m

∑
γ=1

Ki j
θγ

q j
γΦ

i

︸ ︷︷ ︸
Cθ

)

−
N

∑
i

n

∑
β

n

∑
ϕξ

(εϕξ(r
i
ϕ− rϕ)pi

ξ
+ Ji)

pi
β

mi
∂Φi

∂rβ︸ ︷︷ ︸
D

(B.27)

The calculation of the terms are detailed in the following :

D =
N

∑
i

n

∑
β

n

∑
ϕξ

(εϕξ(r
i
ϕ− rϕ)pi

ξ
+ Ji)

pi
β

mi .
∂Φi

∂rβ

=
N

∑
i

n

∑
β

n

∑
ϕξ

∂

∂rβ

(
(εϕξ(r

i
ϕ− rϕ)pi

ξ
+ Ji)

pi
β

mi .Φ
i
)
+

N

∑
i

n

∑
β

n

∑
ϕξ

εβξ pi
ξ

pi
β

mi .Φ
i

=
N

∑
i

n

∑
β

n

∑
ϕξ

∂

∂rβ

(
(εϕξ(r

i
ϕ− rϕ)pi

ξ
+ Ji)

pi
β

mi .Φ
i
)

(B.28)

Using the previously introduced definition of ṽi
β
=

pi
β

mi − vcg
β

:
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B. Coarse Graining

=
N

∑
i

n

∑
β

n

∑
ϕξ

∂

∂rβ

(
(εϕξ(r

i
ϕ− rϕ)pi

ξ
+ Ji)(ṽi

β
+ vcg

β
).Φi

)
=

N

∑
i

n

∑
β

n

∑
ϕξ

∂

∂rβ

(
(εϕξ(r

i
ϕ− rϕ)pi

ξ
+ Ji)ṽi

β
.Φi + Jcgvcg

β

)
(B.29)

If the displacement and rotational components of γ are separated it can be written :

Cn =
N

∑
i j

n

∑
ϕξ

n+m

∑
γ=1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
i

=
N

∑
i j

n

∑
ϕξ

(
εϕξ(r

i
ϕ− rϕ)

( n

∑
γ=1

Ki j
ξγ
.q j

γ.Φ
i +

n+m

∑
γ=n+1

Ki j
ξγ
.q j

γ.Φ
i
))

=
N

∑
i j

n

∑
ϕξ

n

∑
γ=1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
i

︸ ︷︷ ︸
Cn

n

+
N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
i

︸ ︷︷ ︸
cm

n

(B.30)

Using the relations and symmetries of the stiffness matrix these terms can be re-
written :

Cn
n =

N

∑
i j

n

∑
ϕξ

n

∑
γ=1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
i

=
N

∑
i j 6=i

n

∑
ϕξ

n

∑
γ=1

εϕξ

(
(ri

ϕ− rϕ)K
i j
ξγ
.q j

γ.Φ
i− (ri

ϕ− rϕ)K
i j
ξγ
.qi

γ.Φ
i
)

=
N

∑
i j 6=i

n

∑
ϕξ

n

∑
γ=1

εϕξ

(
(ri

ϕ− rϕ)K
i j
ξγ
.q j

γ.Φ
i− (r j

ϕ− rϕ)K
i j
ξγ
.q j

γ.Φ
j
)

=
N

∑
i j 6=i

n

∑
ϕξ

n

∑
γ=1

εϕξ

(
(ri

ϕ− rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)− ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j
)

(B.31)

108

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI062/these.pdf 
© [A. Glacet], [2018], INSA Lyon, tous droits réservés 
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Cm
n =

N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
i

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ−rϕ)K
i j
ξγ
.q j

γ.Φ
i−(ri

ϕ−rϕ)K
i j
ξγ
.qi

γ.Φ
i−(ri

ϕ−rϕ)∑
φχ

εφχri j
φ

Ki j
ξχ
.qi

γ.Φ
i
)

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ−rϕ)K
i j
ξγ
.q j

γ.Φ
i+(r j

ϕ−rϕ)K
i j
ξγ
.q j

γ.Φ
j−(ri

ϕ−rϕ)∑
φχ

εφχri j
φ

Ki j
ξχ
.qi

γ.Φ
i
)

(B.32)

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ− rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)− ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j +(r j

ϕ− rϕ)2.K
i j
ξγ
.q j

γ.Φ
j

− (ri
ϕ− rϕ)∑

φχ

εφχri j
φ

Ki j
ξχ
.qi

γ.Φ
i
)

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ− rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)− ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j− (ri

ϕ− rϕ)2.K
i j
ξγ
.qi

γ.Φ
i

− (ri
ϕ− rϕ)∑

φχ

εφχri j
φ

Ki j
ξχ
.qi

γ.Φ
i
)

(B.33)

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ−rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)−ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j
)
+

N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

(ri
ϕ−rϕ)

(
K ji

ξγ
+Kii

ξγ

)
.qi

γ.Φ
i

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ−rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)−ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j
)
+

N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
i
ϕ−rϕ)K

ji
ξγ
.qi

γ.Φ
i

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ

(
(ri

ϕ−rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)−ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j
)
+

N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
j
ϕ−rϕ)K

i j
ξγ
.q j

γ.Φ
j

(B.34)
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By regrouping the components of γ :

Cn =Cn
n +Cm

n =
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

εϕξ

(
(ri

ϕ− rϕ)K
i j
ξγ
.q j

γ.(Φ
i−Φ

j)− ri j
ϕ Ki j

ξγ
.q j

γ.Φ
j
)

+
N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
j
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
j

(B.35)

For a later simplification we can rewrite for m = 1

−
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

εϕξri j
ϕ Ki j

ξγ
.q j

γ.Φ
j =−

N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

εϕξri j
ϕ K ji

γξ
.q j

γ.Φ
j =−

N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

εϕξr ji
ϕ Ki j

γξ
.qi

γ.Φ
i

=
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

εϕξri j
ϕ Ki j

γξ
.qi

γ.Φ
i =−

N

∑
i j

n+m

∑
γ=1

Ki j
γθ
.qi

γ.Φ
i =−

N

∑
i j

n+m

∑
γ=1

K ji
γθ
.q j

γ.Φ
j =−

N

∑
i j

n+m

∑
γ=1

Ki j
θγ
.q j

γ.Φ
j

(B.36)

Thus :

Cn =
N

∑
i j 6=i

n

∑
ϕξ

n+m

∑
γ=1

εϕξ(r
i
ϕ− rϕ)K

i j
ξγ
.q j

γ.(Φ
i−Φ

j)−
N

∑
i j

n+m

∑
γ=1

Ki j
θγ
.q j

γ.Φ
j

+
N

∑
i j

n

∑
ϕξ

n+m

∑
γ=n+1

εϕξ(r
j
ϕ− rϕ)K

i j
ξγ
.q j

γ.Φ
j

(B.37)

Cθ =
N

∑
i j

n+m

∑
γ=1

Ki j
θγ
.q j

γ.Φ
i =

N

∑
i j

(
n

∑
γ=1

Ki j
θγ
.q j

γ.Φ
i +

n+m

∑
γ=n+1

Ki j
θγ
.q j

γ.Φ
i

)

=
N

∑
i j 6=i

(
n

∑
γ=1

(
Ki j

θγ
.q j

γ.Φ
i−Ki j

θγ
.qi

γ.Φ
i
)
+

n+m

∑
γ=n+1

(
Ki j

θγ
.q j

γ.Φ
i−Ki j

θγ
.qi

γ.Φ
i−

n

∑
ϕξ

εϕξKi j
θξ

ri j
ϕ .qi

γ.Φ
i
))

=
N

∑
i j 6=i

(
n

∑
γ=1

(
Ki j

θγ
.q j

γ.Φ
i+Ki j

θγ
.q j

γ.Φ
j
)
+

n+m

∑
γ=n+1

(
Ki j

θγ
.q j

γ.Φ
i−Ki j

θγ
.q j

γ.Φ
j−

n

∑
ϕξ

εϕξKi j
θξ

ri j
ϕ .qi

γ.Φ
i
))

(B.38)
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=
N

∑
i j 6=i

(
n

∑
γ=1

(
Ki j

θγ
.q j

γ.(Φ
i−Φ

j)−2.Ki j
θγ
.qi

γ.Φ
i
))

+
N

∑
i j 6=i

n+m

∑
γ=n+1

Ki j
θγ
.q j

γ.(Φ
i−Φ

j)+
N

∑
i j

n+m

∑
γ=n+1

Ki j
θγ
.qi

γ.Φ
i

=
N

∑
i j 6=i

n+m

∑
γ=1

Ki j
θγ
.q j

γ.(Φ
i−Φ

j)−
N

∑
i j 6=i

n

∑
γ=1

2.Ki j
θγ
.qi

γ.Φ
i +

N

∑
i j

n+m

∑
γ=n+1

Ki j
θγ
.qi

γ.Φ
i

=
N

∑
i j 6=i

n+m

∑
γ=1

Ki j
θγ
.q j

γ.(Φ
i−Φ

j)+
N

∑
i j 6=i

n

∑
γ=1

(K ji
θγ
+Kii

θγ).q
i
γ.Φ

i +
N

∑
i j

n+m

∑
γ=n+1

Ki j
θγ
.q j

γ.Φ
j

=
N

∑
i j 6=i

n+m

∑
γ=1

Ki j
θγ
.q j

γ.(Φ
i−Φ

j)+
N

∑
i j

n+m

∑
γ=1

Ki j
θγ
.q j

γ.Φ
j

(B.39)

Cn +Cθ =
N

∑
i j 6=i

n+m

∑
γ=1

Ki j
θγ
.q j

γ.(Φ
i−Φ

j)+
N

∑
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Using the same methods for introducing the spatial derivatives as in B.3 :
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B. Coarse Graining

To recapitulate :
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At last the torques can be identified from :

∂Jcg

∂t
=

n

∑
β

∂

∂rβ

(
mβ− vcg

β
Jcg
)
−

n

∑
βγ

εβγσβγ (B.44)
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