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Abstract

Thanks to the excellent combination of physical, mechanical and thermal properties,
foam materials bring new possibilities to extend the range of the properties for enginee-
ring, which is limited by fully dense solids. In this study, a micromechanical modeling
based on Hill’s lemma (Hill’s lemma periodic computational homogenization approach)
is proposed for predicting the effective elastic properties of foam materials. An approach
based on Voronoi diagram is used to generate realistic periodic foam structures, including
regular and irregular open-cell structures, and irregular closed-cell structures.

First, the influences of morphological parameters of open-cell foams on the effective
elastic properties are studied. The generated structures allow representing the details of
the microstructure and cover a large range of foam materials for engineering purposes.
With the assessments, new generic analytical laws are proposed for Kelvin open-cell
foams by considering their morphological parameters. Second, the tomography images
are analysed to obtain the morphological description of the real irregular open-cell struc-
ture. With these morphological parameters, numerous numerical realistic structures are
generated. Specific statistic methods are proposed to determine the Representative Vo-
lume Element (RVE) for foam models. Third, the anisotropic irregular closed-cell foam is
studied. The numerical structures are generated with the morphological description of the
reconstructed tomography structure and the effective elastic properties of the closed-cell
foam models are estimated. The numerical results show the satisfying agreement with the
experimental results.

KEY WORDS: Foam, Morphology, Tomography, Periodic computational homogeni-
zation, Effective elastic properties, Representative volume element
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Résumé

Les matériaux cellulaires poreux de type mousse présentent un grand intérêt pour
de nombreuses applications. Leurs propriétés thermiques, mécaniques, acoustiques dé-
pendent fortement de leur microstructure complexe. Afin de mieux comprendre la rela-
tion microstructure/propriétés mécaniques de ces matériaux, une modélisation micromé-
canique basée sur une méthode d’homogénéisation périodique et le lemme de Hill est
proposée pour prédire les propriétés élastiques effectives de ces matériaux. Une approche
basée sur le diagramme de Voronoï est utilisée pour générer des structures de mousse pé-
riodiques réalistes plus ou moins irrégulières, couvrant une large gamme de matériaux.
Différents types de mousses à forte porosité sont générés, non seulement des matériaux
cellulaires à pores ouverts mais aussi des matériaux cellulaires à pores fermés. Des com-
paraisons avec des résultats issus de tomographie X d’architectures réelles 3D de mousses
valident ces approches de Voronoï.

Les simulations numériques permettent d’étudier l’influence des paramètres morpho-
logiques des mousses sur les propriétés élastiques effectives. De nouvelles lois analytiques
génériques de propriétés effectives sont déduites pour des mousses à cellules ouvertes de
type Kelvin. Une attention particulière est portée sur la détermination de l’élément de
volume représentatif (VER). Des méthodes statistiques spécifiques sont proposées pour
déterminer le VER approprié aux modèles de mousse. Dans le cas des mousses polymères
isolantes à cellules fermées irrégulières anisotropes, la confrontation avec des résultats
d’essais mécaniques confirme la validité des modèles développés.

MOTS CLÉS: Mousse, Morphologie, Tomographie, Homogénéisation périodique,
Propriétés élastiques effectives, Élément de volume représentatif.
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Notations

In this manuscript, the scalars are denoted by italic Roman letters, e.g. a, or italic
Greek letters, e.g. α. The vectors are denoted by bold italic Roman letters, e.g. u (ui in
index notation). The second-order tensors are denoted by bold italic Roman letters, e.g.
M (Mi j in index notation), or bold italic Greek letters, e.g. ε (εi j in index notation). The
fourth-order tensors are denoted by double-barred Roman letters, e.g. P (Pi jkl in index
notation).

The dot product is denoted by a single point, e.g. u ·v. According to Einstein sum-
mation convention, one has : u ·v = uivi. The dyadic product is denoted by ⊗, e.g.
u⊗ v = uiv j and ε⊗ ε = εi jεkl . The other tensor products are denoted with the points
and the number of points indicates the number of order of the contract product, e.g.
A ·u= Ai ju j, ε : σ = εi jσi j, P :A= Pi jklAkl .

The matrix representation of the components of a given tensor T in a chosen orthonor-
mal basis are denoted with brackets [T]. All the matrices and vectors used for the finite
element computation are also written with brackets.
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Introduction

Solid cellular-structured materials exist universally in nature, such as wood, cancel-
lous bone, coral, honeycomb, cork, etc. FIG. 1 shows various natural cellular materials.
With the study of such materials, people are becoming more and more interested in the
cellular structure due to its excellent properties. Over the years, numerous kinds of man-
made foam materials have been produced and used in various fields. Solid foams are a
medium composed of the two phases : solid and gas. Large amounts of solid materials
can be foamed : metals, plastics, ceramics, glasses and even composites.

 

FIGURE 1: Natural cellular materials : (a) cork ; (b) balsa ; (c) sponge ; (d) cancellous
bone ; (e) coral ; (f) cuttlefish bone ; (g) iris leaf ; (h) stalk of a plant [GIB 97].

The general introduction to foam materials are presented from different aspects in
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Section 1. In section 2, a review of the previous work in experimental and modeling
studies of mechanical properties of foam materials is introduced. The scope of the thesis
is reported in Section 3.

1 Introduction to foams

1.1 Productions of foams

The basic way to produce man-made solid foams is to generate air voids in a melt and
solidify at a specific rate to satisfy the structure and the properties. There are a variety of
processing routes to prepare foams, such as pouring the melt into a removable mould, gas
injection into a melt, and immersion of gas releasing blowing agents into a melt [BAN 03,
ASH 00, GIB 00].

In general, polymers are foamed by injecting gas bubbles into the liquid monomer
or hot polymer, which allows the bubbles to grow and stabilize, and then solidifying the
whole materials using cross-linking or cooling [GIB 97]. Either by mixing a blowing
agent or by mechanical stirring, the gas is injected into the polymer. In order to form va-
pour bubbles, physical blowing agents work via adding inert gases such as carbon dioxide
or nitrogen in the hot polymer at high pressure or by adding low melting point liquids such
as chlorofluorocarbon or methylene chloride into the polymer and volatilize on heating.
While for chemical blowing agents, additives are added either to decompose on heating
or to combine together when mixed to release gas [GIB 97].

Metallic foams are made using liquid or solid state processing [SHA 94, DAV 83].
Aluminium foams are produced using mechanical agitation of a mixture of liquid alu-
minium and silicon carbide particles. Liquid metals can be permeated around granules
which are removed after. Metals can be coated onto open-cell polymer foams using the
techniques, such as electroless deposition, electrochemical deposition and chemical vapor
deposition. Metal foams can also be manufactured by eutectic transformation. The pow-
der metal is mixed with a spacing agent which decomposes or evaporates in the powder
sintering method. For example, powdered metal can be mixed with powdered hydride,
and then evolve hydrogen as a gas and form the foam by compacting and heating to the
melting point of the metal. It is an important way to produce the single crystal silicon
foam material with the anodizing process [GIB 97].

The preparations of glass foams and polymer foams are parallel. Ceramic foams can
be made by infiltrating polymer foams with a slip while Carbon foams are made by graphi-
tizing polymer foams. Ceramic foams can also be made using chemical vapour deposition
onto a matrix of reticulated carbon foam. Cement foams are manufactured by mixing slur-
ries of cement with preformed aqueous foams, which are produced by mixing compressed
air [GIB 97].
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Introduction to foams

1.2 Structures of foams

Thanks to different manufacturing processes, solid foams can be divided into two
types of structures in general : open-cell structure and closed-cell structure. Sometimes
these two structures exist in a solid foam simultaneously. FIG. 2 shows a couple of foams
with different structures. For closed-cell foams, because of the presence of cell walls, the
fluid, such as air, trapped in cells is restricted to each cell, which leads that there is no
fluid flow throughout the foam structure. On the other hand, open-cell foams allow fluid
flow across the foam structure.

 

(a)

 

(b)

 

(c)

FIGURE 2: Examples of different structures of solid foams : (a) closed-cell carbon
foam [RUI 15] ; (b) open-cell nickel foam [FAN 17] ; (c) polyether foam with both open

and closed cells [GIB 97].

The structure of the foam has a significant influence on its behaviors. The general
structural parameters summarized in [SHU 98] are listed below :

• relative number of open cells

• relative foam density

• cell size
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Introduction

• cell shape, or geometrical anisotropy

• cell walls thickness and distribution of solid between struts and faces

• cell constituents

In this thesis, both open-cell foams and closed-cell foams are concerned. The in-
fluences of morphological parameters on the effective elastic properties of foams are stu-
died.

1.3 Properties and applications of foams
Solid foams have a series of properties, such as physical, mechanical and thermal

properties, which can be measured by the same methods as those used for fully dense
solids [GIB 97]. Foam materials bring new possibilities in terms of functional proper-
ties, which greatly extend the range of the properties for engineering. For example,
foams fill the gaps and push the limits of Ashby’s material performance map (shown
in FIG. 3 [ASH 13]) for mechanical properties.

This enormous extension of properties makes it possible to produce applications
which can not easily be made by fully dense solids. Due to the low thermal conducti-
vity, the largest single application for polymeric and glass foams is as thermal insula-
tion [PLA 05, COQ 06, BAI 08, KAE 10], which is cheap and reliable and can be better
than the expensive vacuum-based methods. Foams applied no matter in disposable cof-
fee cups, or in transport systems, in modern buildings and in the booster rockets for the
space shuttle all avail of the low thermal conductivity. The low strengths and large com-
pressive strains make foams excellent for energy absorbing applications. Foams used as
packages can absorb the energy of impacts generated by deceleration without subjecting
the contents to damaging stresses. Meanwhile the low density makes the package light,
which reduce handing and shipping costs. The low stiffness makes foams ideal for a wide
range of cushioning applications. Metallic foams are widely used in the automotive indus-
try due to their remarkable energy absorption [MIY 02, RAJ 08, ILU 13, JUN 15, FIS 16]
and vibration damping [YIN 14]. Many natural foam materials, such as wood, cancellous
bone and coral, support large static and cyclic loads for long periods of time [GIB 97].
People have been using the natural foams or the man-made structural foams inspired by
the natural ones. Moreover foams are also used as buoyancy materials [GIB 97], sandwich
panels [JIN 16], high-temperature applications [LU 99, FEN 04, GAU 07, MEY 16], ca-
talyst carrier [CIA 10], porous electrode for fuel cell [SIN 00, CIA 10] and so on.
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FIGURE 3: Ashby’s material map for the modulus-density space [ASH 13].

2 Review of previous work to foams

The name “cell” was proposed first by Robert Hooke to describe the repeti-
tive shape of foam materials when observing the structure of cork wood by micro-
scope [ROM 08]. [THO 42] considered the polyhedral tetrakaidecahedron as the cells
in order to obtain the most efficient foam structure by minimizing the cell wall
area. [PLA 73] made the contribution to creating the rules for the connectivity of the
cells in foam systems. Since then, studies on foam materials and their cells have never
stopped, including the study of mechanical properties of foams.

Experimental, theoretical and modeling studies on mechanics of foams have been
published in numerous pioneering work, such as [GIB 97, KRA 94, ZHU 97b, ZHU 97a,
SHA 94, MUK 99a, LU 99, HAR 99, GRE 98, WAR 97, MIL 00, HAN 98], etc. They
have contributed to a good understanding of a series of mechanics problems. They laid
the theoretical foundation for the study of the mechanical properties of foam materials
and provided guidance for the current investigation.

With the increasing demands for foam materials and the expanding fields of their
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applications, foam materials are attracting more and more attention. The studies on
their diverse behaviors are also expanding and deepening. [BAD 00, GAI 14, GAI 15,
BAR 14b, GON 05, JIN 16] focused on the deformation mechanisms, including the dif-
ferent stages of deformation, and the failure mechanism. [GON 05, CHE 15, SON 10,
LI 14b, GRE 00, MIR 16] analyzed the influence of the morphology on the mechanical
properties. [FIS 16, GAI 15, ILU 13, MIY 02, FAN 17, JUN 15, RAJ 08] concentrated
on the energy absorption applications of foams. Some interesting previous work in both
experimental studies and modeling studies will be introduced as follows.

2.1 Experimental studies
Usually the quasi-static response and dynamic loading are considered for experimen-

tal studies. And the complete deformation is taken into account in general, instead of focu-
sing on a stage. [NIE 00] studied the mechanical properties of open-cell aluminum foams
with different morphologies in compression. Density has been proven to be the primary
variable which controls the mechanical properties, which is shown in FIG. 4. Furthermore,
the differences in properties caused by different cell shape and size have been explai-
ned with theoretical models. [CAO 06] experimentally investigated the influence of cell

` 

FIGURE 4: Sress-strain curves with different densities and orientations for Al foam in
compression [NIE 00].

size on the quasi-static and dynamic compressive responses of open-cell aluminum foams
by MTS 810 system and split Hopkinson pressure bar, respectively. Besides the relative
density, the cell size also has a significant effect of the elastic moduli and compressive
strengths not only under quasi-static loading but also under dynamic loading. Moreover,
the cell size is also an important facto that affects the strain rate sensitivity of the foams.
The conclusion has been drawn that the foam with middle cell size has the highest elastic
modulus, the highest flow strength and the most significant strain rate sensitivity. Using
X-ray tomography, [JAN 09] observed the evolution of crushing in compression at slow
displacement rates along the rise and traverse directions. In both directions, a nearly linear
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Review of previous work to foams

response has been found initially, which is followed by an extensive load plateau. It starts
to enter the densification stage when the average strain is about 55%. The limit load, the
buckling and collapse of cells and collapsing bands have been analyzed to show the whole
crushing process. The typical compressive response is presented in FIG. 5. FIG. 6 cor-
responds the the full cross-section deformed configurations corresponding at each stage
in FIG. 5. FIG. 7 and FIG. 8 show the different deformed configurations of site A and site
B at different stages (site A and site B are marked in FIG. 6). [BAR 14b] studied the

 

FIGURE 5: Typical compressive response of an aluminum open-cell foam [JAN 09].

 

FIGURE 6: Sequence of full corss-section deformed configurations corresponging to each
stage in FIG. 5 [JAN 09].

direct and stationary impact of aluminum open-cell foams at impact speed in the range
of 20-160 m/s. At different impact speeds, foam specimens present different deforma-
tion mechanism. Planar shocks are observed at high velocities (60 m/s or higher) which
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FIGURE 7: Sequence of deformed configurations of site A corresponding to each stage
in FIG. 5 [JAN 09].

 

FIGURE 8: Sequence of deformed configurations of site B corresponding to each stage
in FIG. 5 [JAN 09].

propagates at well-defined velocities until the specimen is crushing. There is a linear rela-
tionship between the shock speed and impact speed. With the increase of impact velocity,
the compaction energy dissipation across the shock increases as well. When the impact
velocity is lower than 40 m/s, the deformation response is similar to that under quasi-
static crushing, and the compaction energy dissipation is significantly smaller than that
at high impact velocity. [GAI 15] investigated the energy absorption of open-cell foams
with different relative densities under both quasi-static crushing and dynamical impact.
Linear increases of the limit of plateau stresses and the energy absorbed have been found
under quasi-static crushing while the densification strains presents a linear decrease. The
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Review of previous work to foams

influence of the strain rates on the quasi-static and dynamic compression stress-strain
curves of foams has been exhibited in FIG. 9 in [WAN 06]. Similar investigations of the
effect of the strain rates can be also found in [YI 01, DAN 00, MUK 99b], etc.

 

FIGURE 9: Stress-strain curves of aluminum foams at different strain rates [WAN 06].

2.2 Modeling studies
Thanks to the complicated microstructure and unknown microstructural properties,

modeling and simulating the foams are quite difficult [ROM 08]. A representative unit
cell was usually considered to stand for the cellular structure. 2D foams have been mode-
led as honey comb structures [GIB 82b, WAR 87, OVE 98], while 3D foams have been
considered as cubic cells [GIB 82a], tetrahedral cells [WAR 88], pentagonal dodecahe-
drons [MEN 75], tetrakaidecahedrons [WAR 97, LI 14a], etc.

A BBC lattice model of tetrakaidecahedral cells has been generated to represent foams
in [ZHU 97a, MIL 99]. The contributions of cell face tensions and edge bending have
been discussed. The elastic and plastic properties have been analyzed. The influence of
non-uniform cell wall thickness on stiffness of Kelvin closed-cell foams has been discus-
sed in [GRE 00]. The stiffness of closed-cell cellular solids has been proven that is not
sensitive to the variations of the wall thickness. [CHE 15] also reported the similar inves-
tigation of cell wall thickness variation. The influence of the cell irregularity on the elastic
properties of open-cell foams has been investigated in [ZHU 00]. The more irregular the
foams are, their effective Young’s modulus and shear modulus are larger at constant ove-
rall relative density. While the bulk modulus decrease with the increase of degree of cell
irregularity. Poisson’s ratio shows independence. Different isotropic random closed-cell
foam models based on Voronoi tessellations and level-cut Gaussian random fields have
been generated in [ROB 01] and the dependence of the Young’s modulus and Poisson’s
ratio on density and microstructure has been computed. A power law E ∝ ρn(1 < n < 2)
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is used to describe the results for the closed-cell cellular materials. [GAN 05] estimated
the effect of the relative density on the Young’s modulus, Poisson’s ratio and bulk mo-
dulus of foams using the finite element analysis. The failure mechanism has also been
studied. In [LI 06], the influence of cell shape and strut cross-sectional area varations on
the elastic properties of three-dimensional open-cell foams has been analyzed. The dy-
namic crushing responses of 3D closed-cell foams based on Voronoi random model are
reported in [SON 10, LI 14b]. In the literatures, the influences of numerious variables,
such as relative density, inertia of cell walls, the cell shape irregularity, strain hardening
and impact loading on the plateau stress and the deformation model have been investiga-
ted. A new tetrakaidecahedra structure has been constructed in [NAM 10]. The evaluation
of the stiffness and mechanical response under large strain have been conducted. Com-
paring to the cruciform-pyramidal and cubic-spherical foam models, tetrakaidecahedral
foam has higher crushing resistance and energy absorption. In [GAI 12], foam structures
have been generated using realistic random soap froth with N3 cells. The ligaments are
modeled straight but with non-uniform cross sectional area distributions. The compres-
sive responses, including the complete response from the initial elastic regime to the ex-
tended stress plateau to densification, have been simulated in both the rise and transverse
directions. Random soap froth has been generated using the Surface Evolver software
in [GAI 14]. Appropriate distributions of solid are added to the linear edges of the cellular
structure to match those in the real foams. Beam elements are dressed for the ligaments.
The crush behavior including the formation and evolution, the force, the shock, the strain
and the energy absorbed have been studied. Hexagonal honeycombs have been generated
in [MOU 14] and the effects of cell wall material strain hardening and density functional
gradation on in-plane constant-velocity dynamic crushing response and impact behavior
have been investigated. Material point method has been used to study numerically the
influences of porous density and strain-rate effect on dynamical responses of aluminum
foam in [LIU 14]. The plateau stress level increases with the increase of the relative den-
sity, while the plateau width decreases. The influence of loading rate on the compressive
properties of open-cell foams has been numerically studied in [LI 14a]. The influence of
the impact velocity and the relative density on the deformation modes, energy absorption,
plateau stress and densification strain has been analyzed qualitatively. The failure modes
and patterns are found and proven to be caused by different impact velocities. The in-
fluence of the relative density and irregularity of Voronoi closed-cell foam models on the
elastic and plastic properties are reported in [BAR 14a]. A multiaxial “plasticity” crite-
rion of the simulation of the macroscopic behavior of light closed-cell foams is developed
in [YE 15]. Numerical calculations of relative Young’s modulus on computer-generated
Kelvin and random microstructures of closed-cell foams and inverse foams have been
performed in [PAB 18], where the numerical results have been compared to analytical
models. The differences of effective elastic properties between accurate volumetric mo-
dels and corresponding beam models of a Kelvin has been performed in [STO 13b]. They
also defined several morphological parameters and discussed the effect of these geometry
details on the elastic properties. By implicit functions, [STO 13a] proposed an approach
to generate models of ceramic open-cell foams with simple variable thickness objects. Ca-

10 Wenqi ZHU

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI043/these.pdf 
© [W. Zhu], [2018], INSA Lyon, tous droits réservés 



Scope of the thesis

vities within struts and nodes have also been taken into account. The numerical structures
are verified with CT data of real foams quantitatively. [STO 15] focused on the modeling
of the structure of foams. The geometric details, such as strut thickness variations, strut
curvature, node thickness, node and strut cavities, and anisotropy have been considered.
The influences of them have been studied using the finite element method together with a
computational homogenisation technique. Besides, [STO 16] also studied the the yielding
or failure of different ductile or brittle open-cell Kelvin foams with several local strength
and yield criteria.

Finally, the reader is warned that some literary work mentioned in this chapter will
be mentioned again in the introduction to the following chapters in order to make each
chapter self-contained.

3 Scope of the thesis
On the basis of previous work, the present work aims to study the effective elastic

properties of foams systematically, including the study on the influence of the morphology
with a Voronoi-based method and the micromechanical modeling based on the proposed
Hill’s lemma periodic computational homogenization approach. The manuscript develops
in the following way :

• The first chapter deals with the relevant knowledge on homogenization, which in-
cludes the basic concepts of the constitutive equations and several symmetry classes
of materials, the concepts of homogenization and Representative Volume Element
(RVE), three classical types of boundary conditions, the bounding methods and
analytical models, and the usual computational homogenization approach.

• Considering that microstructures of foam models are generally simplified in pre-
vious literatures, the second chapter aims at investigating the influences of the mor-
phological parameters on the effective elastic properties of Kelvin open-cell foams.
The Hill’s lemma periodic computational homogenization approach is developed,
which has the significant advantages comparing to the usual methods. The inno-
vative approach based on Voronoi diagram for the generation of foam materials is
introduced. New generic analytical laws are deduced for Kelvin open-cell foams by
considering the morphological parameters.

• Due to the lack of specific methods for foam models in previous literatures, the
third chapter focuses on the determination of the RVE of irregular open-cell foam
models and the importance of choosing the RVE parameters, i.e. the number of rea-
lizations and the volume of RVE, on estimating the effective elastic properties. The
efficiencies of a number of approaches are compared and some recommendations
and improvements are proposed.

• The fourth chapter performs the investigations about the influences of the RVE pa-
rameters, the different kinematic modelings and the relative density on the effective

Wenqi ZHU 11

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI043/these.pdf 
© [W. Zhu], [2018], INSA Lyon, tous droits réservés 



Introduction

elastic properties of irregular closed-cell foam models. The simulation results of
our generated models are compared with those of the tomography reconstruction
model and the experimental results.

• Finally, the general conclusions are carried out with some prospects.

12 Wenqi ZHU
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Chapter 1

Homogenization for linear elasticity

In this chapter, the relevant knowledge on homogenization is
addressed. The first part introduces the basic concepts of the

constitutive equations and several important symmetry
classes of materials. The second part deals with the concepts

of homogenization and Representative Volume Element
(RVE), and three classical types of boundary conditions. The
third part focuses on the bounding methods and analytical

models for elastic properties. The last part presents the usual
computational homogenization approach, which will be

compared with our proposed approach in the next chapter.
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Basic concepts

1 Basic concepts

1.1 Constitutive equations
Focussing on the case of small perturbation, for elastic materials, Hooke’s law stands

for the material behavior and relates the unknown stresses and strains. The general equa-
tion for Hooke’s law is

σ = C : ε, (1.1)

whereσ is the second-order Cauchy stress tensor, ε is the second-order infinitesimal strain
tensor and C is the fourth-order elastic stiffness tensor, which consists of 81 components
for three-dimensional problems. One may also write it as

ε= S : σ, (1.2)

where the tensor S represents the inverse of tensor C, called the compliance tensor. One
can obtain

C :: S= I (1.3)

with I, fourth-order identity tensor operating on symmetric second-order tensors such
that :

I=
1
2
(
δikδ jl +δilδ jk

)
ei⊗e j⊗ek⊗el with i, j,k, l = 1,2,3. (1.4)

δ is the Kronecker delta function, defined as

δi j =

{
0 for i 6= j
1 for i = j

. (1.5)

Each component of stress σi j is linearly dependent upon every component of strain εkl
and vice versa. Since all directional indices may assume values 1, 2, and 3, one obtains 9
relations. Each of this relations involves on component of stress and nine components of
strain. Since the stress tensor is symmetrical, i.e. σi j = σ ji, only six of these equations are
independent. This is also valid for the strain. The stiffness tensor has the following minor
symmetries which result from the symmetry of the stress and strain tensor :

Ci jkl =C jikl =Ci jlk =C jilk, (1.6)

where Ci jkl are the components of the stiffness tensor. This reduces the number of inde-
pendent components from 81 to 36. Moreover, the existence of a unique strain energy
potential requires that Ci jkl =Ckli j. Hence the number of independent components in the
stiffness tensor reduces to 21.

For simplicity, it is useful to apply the modified Voigt notation to express the
3 × 3 × 3 × 3 stiffness tensor C as a 6 × 6 stiffness matrix [C] in a given frame.
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1. Homogenization for linear elasticity

Hence a symmetric second order tensor a can be represented in a vector form as
{a} =T {a11,a22,a33,

√
2a23,

√
2a13,

√
2a12} with ai j are its components in the basis

(ei)i=1,2,3. EQ. 1.1 can also be expressed as follows in the given frame :

σ11
σ22
σ33√
2σ23√
2σ13√
2σ12


=


C11 C12 C13

√
2C14

√
2C15

√
2C16

C22 C23
√

2C24
√

2C25
√

2C26
C33

√
2C34

√
2C35

√
2C36

Sym 2C44 2C45 2C46
2C55 2C56

2C66





ε11
ε22
ε33√
2ε23√
2ε13√
2ε12


. (1.7)

1.2 Material symmetries and anisotropy
Anisotropy stands for the directional dependence of material properties. The different

types of material anisotropy are determined by the existence of symmetries in the internal
structure of the material. The more the internal symmetries, the simpler the structure of
the stiffness tensor. Several important symmetry classes are introduced, corresponding the
anisotropy and the structure of the stiffness tensor.

1.2.1 Isotropic media

In the simplest symmetry case of an isotropic elastic solid, the stiffness tensor C can
be rewritten as follows :

C= 3kJ+2µK, (1.8)

with k bulk modulus and µ shear modulus. J and K are spherical and deviatoric fourth
order tensorial projectors, such that :

J=
1
3

δi jδklei⊗e j⊗ek⊗el (1.9)

and

K= I−J. (1.10)

In modified Voigt notation, [J] and [K] are the matrix representations of the classical
isotropy basis components of fourth order symmetric tensor, which can written as :

[J]=


1/3 1/3 1/3 0 0 0
1/3 1/3 1/3 0 0 0
1/3 1/3 1/3 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , (1.11)
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Basic concepts

and

[K]=


2/3 −1/3 −1/3 0 0 0
−1/3 2/3 −1/3 0 0 0
−1/3 −1/3 2/3 0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 . (1.12)

The stiffness tensor in modified Voigt notation has the form :

[C]=


C11 C12 C12 0 0 0

C11 C12 0 0 0
C11 0 0 0

Sym C11−C12 0 0
C11−C12 0

C11−C12

 . (1.13)

1.2.2 Cubic symmetric media

As the simplest anisotropic case, cubic symmetric media have 3 independent compo-
nents, and the stiffness tensor C can be written in the form :

C= 3kJ+2µaKa +2µbKb, (1.14)

where µa and µb are two shear moduli. Introduce the tensor W= e1⊗e1⊗e1⊗e1+e2⊗
e2⊗e2⊗e2+e3⊗e3⊗e3⊗e3 by considering e1, e2, e3 are the unit vectors in the three
orthogonal directions of cubic symmetry. Ka and Kb are defined as :

Ka =W−J (1.15)

and

Kb =K−Ka = I−W. (1.16)

The stiffness tensor in modified Voigt notation can be written as :

[C]=


C11 C12 C12 0 0 0

C11 C12 0 0 0
C11 0 0 0

Sym 2C44 0 0
2C44 0

2C44

 . (1.17)
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1. Homogenization for linear elasticity

1.2.3 Transversely isotropic media

Transversely isotropic media can be characterized by the existence of a single plane
of isotropy and one single axis of rotational symmetry, which is vertical to the plane. Any
plane containing the axis of symmetry stands for a plane of mirror symmetry. Assuming
that n is a unit vector parallel to the axis of transverse isotropy and iT = i−n⊗n is the
identity tensor in the transverse plane. The stiffness tensor of the transversely isotropic
media can be written in the form :

C=
[
E l +4(νl)2K

]
EL +2KJT +2

√
2ν

lK(F+T F)+2µtKT +2µlKL, (1.18)

where E l is the longitudinal Young’s modulus, νl is the longitudinal Poisson’s ratio, K is
the bulk modulus in the plane, µt and µl are the transverse shear modulus and longitudinal
shear modulus, respectively. The fourth-order tensors are defined as :

EL = n⊗n⊗n⊗n, (1.19)

JT =
1
2
iT ⊗ iT , (1.20)

F=
1√
2
iT ⊗n⊗n, (1.21)

KT = IT −JT (1.22)

and

KL =K−KT −KE , (1.23)

where IT is the fourth-order identity tensor in the transverse plane and KE =
1
6
(2n⊗n−

iT )⊗ (2n⊗n− iT ).
Supposing e3 is the axis of symmetry, the stiffness tensor in modified Voigt notation

for transversely isotropic media has the form :

[C]=


C11 C12 C13 0 0 0

C11 C13 0 0 0
C33 0 0 0

Sym 2C44 0 0
2C44 0

2C66

 (1.24)

with C12 =C11−2C66.
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Homogenization

1.2.4 Orthotropic media

Orthotropic media are characterized by three mutually orthogonal planes of symmetry.
If the axes of a Cartesian reference coordinate system (e1, e2, e3) are aligned within
the symmetry planes, the stiffness matrix of the orthotropic system has nine independent
components and reads :

[C]=


C11 C12 C13 0 0 0

C22 C23 0 0 0
C33 0 0 0

Sym 2C44 0 0
2C55 0

2C66

 . (1.25)

The compliance matrix can be written as :

[S]=



1
E11

−ν21

E22
−ν31

E33
0 0 0

−ν12

E11

1
E22

−ν32

E33
0 0 0

−ν13

E11
−ν23

E22

1
E33

0 0 0

0 0 0
1

2G23
0 0

0 0 0 0
1

2G31
0

0 0 0 0 0
1

2G12


, (1.26)

where Eii is the Young’s modulus along axis i, Gi j is the shear modulus in direction j on
the plane whose normal is in direction i, and νi j is the Poisson’s ratio that corresponds to
a contraction in direction j when an extension is applied in direction i.

2 Homogenization

2.1 The concept of Homogenization
Most “natural” materials as well as many engineering materials are heterogeneous.

A hypothesis of continuity of a material was introduced. In this hypothesis, the actual
constitution of the material is idealized to be continuous by a notion of statistical ave-
rage [KUR 04]. A homogeneous medium is then represented by considering every point
over the medium has identical properties (see FIG. 1.1). The concept of leading a “hete-
rogeneous” medium to be “homogeneous” is called homogenization.

For a heterogeneous medium, the heterogeneity manifests as the variations of the phy-
sical properties with different positions, which can be either continuous or discontinuous.
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1. Homogenization for linear elasticity

 

Homogenization 

Homogeneous medium Heterogeneous medium 

Macro composite 

FIGURE 1.1: Illustration : A macro composite, a heterogeneous medium from the com-
posite and the corresponding homogeneous medium.

For the foams, the variations of the properties are considered in a discontinuous way, i.e.
the properties vary at the interfaces between the solid phase and the air phase, and the
solid phase is homogeneous and isotropic.

2.2 Representative volume element

The various definitions of the representative volume element (RVE) have been pro-
posed for decades. [HIL 63] revealed that for a given material the “theoretical RVE”
is a sample should be large enough to include a sufficient number of microstructural
heterogeneities of the composite and to reflect the effective properties which are inde-
pendent of boundary conditions. [BER 68] emphasized the role of statistical homogeneity
in a volume-averaged sense. A review on analysis of composite materials can be found
in [HAS 83], where a scale separation principle was proposed as : LMICRO � LMINI �
LMACRO . LMICRO is the size of microstructural heterogeneities. LMINI is referring to the
size of the RVE, also called the mesoscale. LMACRO represents the size of the whole com-
posite. [SAB 92] pointed out that only if the homogenized moduli tend towards those of a
similar periodic medium can the classical RVE definition hold for a heterogeneous, i.e. the
response over a RVE should be independent of boundary conditions. [DRU 96] proposed
the idea of minimizing the RVE size, that the RVE is the smallest material volume to make
the apparent and effective properties consistent. From the practical standpoint, [GUS 97]
and [KAN 03] considered that the “numerical RVE” would be defined as the smallest
volume element which has the macroscopic properties. [GUS 97] proposed the first de-
termination criterion to estimate the stability of the apparent properties with the increase
of the heterogeneities. [KAN 03] presented that the number of random realizations of
the volume element (with satisfactory confidence in the results) is also necessary to the
RVE definition by algorithm. The effective properties would possibly be equal for small
RVEs after a sufficient number of realizations and large RVEs after fewer realization.
Furthermore, a method which can determine the minimal RVE size was proposed using
the ergodicity hypothesis [OST 98, OST 02]. Other RVE determination criteria have also
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Homogenization

been reported in [GIT 07, TRI 06, PEL 09, SAL 12, GHO 12, MOU 13].
In this dissertation, the statistical methods proposed in [KAN 03] and [MOU 13] are

implemented to determine the RVEs for random foams.

2.3 Boundary conditions
Consider a RVE Ω, made of an elastic bulk medium and a porous phase. Conditions

are prescribed at its boundary ∂Ω to estimate its overall properties. There are three classi-
cal types of boundary conditions [KAN 03, KAN 06, DIR 12] :

• Kinematic uniform boundary condition (KUBC) : The displacement u is imposed
at a point x belong to the boundary ∂Ω :

u= ε ·x ∀x ∈ ∂Ω. (1.27)

ε is a second-order macroscopic strain tensor which is symmetric and independent
of x. It implies that :

〈ε〉=̂ 1
Ω

∫
Ω

ε dΩ = ε. (1.28)

The sign =̂ denotes the definition of the left quantity. The macroscopic stress tensor
is then defined as the spatial average of the local stress field and obtained solving a
boundary value problem (BVP) with finite element method (FEM), for example :

σ=̂〈σ〉= 1
Ω

∫
Ω

σ dΩ. (1.29)

• Static uniform boundary condition (SUBC) : The traction vector is prescribed for
any point x on ∂Ω :

σ ·n= σ ·n ∀x ∈ ∂Ω. (1.30)

with σ a symmetric second-order macroscopic stress tensor which does not depend
on x. n denotes the vector normal to ∂Ω at x. It follows :

〈σ〉=̂ 1
Ω

∫
Ω

σ dΩ = σ. (1.31)

The macroscopic strain tensor is then defined as the spatial average of the local
strain field and obtained solving the BVP with finite element computation :

ε=̂〈ε〉= 1
Ω

∫
Ω

ε dΩ. (1.32)

• Periodic boundary condition (PBC) : The local strain field ε, at a point x wi-
thin the RVE can be divided into a macroscopic strain tensor ε, and a correction
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1. Homogenization for linear elasticity

field ε′, which stands for the presence of heterogeneities, i.e. ε(x) = ε+ ε′(x).
The fluctuations strain ε′ is derived from a fluctuations displacement field u′, i.e.
ε′ = 1/2

(
∇u′+T ∇u′

)
. The perturbation field u′ is a periodic field (its compo-

nents are equal over two opposite sides of the RVE). ε′ has a vanishing average
〈ε′〉= 0. It follows that the local displacement u can be decomposed for any point
x as :

u= ε ·x+u′ ∀x ∈Ω, u′ periodic. (1.33)

The traction vector σ ·n has opposite values at two homologous points on opposite
sides of RVE.

The periodic boundary condition is usually used for periodic heterogeneous media
and has been verified to be the most efficient in terms of convergence rate when the RVE
size increase in many studies [TER 00, KAN 03, LAR 11, NGU 12]. FIG. 1.2 presents
that the increase of the RVE size makes a better evolution of the average properties for all
three kinds of boundary conditions, and the periodic boundary condition shows a better
estimation than the other two boundary conditions. Because of the efficiency, the periodic
boundary condition is imposed in this thesis.

 

(a)
 

RVE size 
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e 
p
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PBC 

KUBC 

SUBC 

(b)

FIGURE 1.2: Illustration of the convergence property with the RVE size shown
in [NGU 12] : (a) RVE with different sizes ; (b) The convergence of average properties

with the increase of RVE size under different boundary condition types.

3 Analytical techniques for elastic properties
In this section, some bounding methods and analytical models for elastic predictions

are reviewed.
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Analytical techniques for elastic properties

3.1 Bounding methods
In order to model and estimate the effective elastic properties of composites precisely,

one must know :

• the individual elastic moduli of the constituents,

• the volume fraction of each constituent,

• the details of the geometry which show the distributions of the constituents.

Sometimes, the details of the geometry is difficult to obtain. The estimation of the upper
and lower bounds on the moduli is then used and considered if omit the details of the
geometry. The bounds are powerful and robust to present rigorous upper and lower limits
of the properties.

3.1.1 Voigt and Reuss bounds [VOI 89, REU 29]

A power law average of the constituents is defined based on a strictly empirical me-
thod :

M homϖ
= f1M

ϖ
1 + f2M

ϖ
2 + f3M

ϖ
3 + . . . (1.34)

where M hom is the effective property of the composite, Mi is the property of the ith
constituent, fi is the volume fraction of the ith constituent, and ϖ is a constant (equals to
-1 or +1 generally). The Voigt average is the upper bound :

M hom
V =

n

∑
i=1

fiMi. (1.35)

While the Reuss average is the lower bound :

M hom
R
−1

=
n

∑
i=1

fiM
−1
i . (1.36)

With the upper and lower bounds, an estimate of the actual property is considered as the
average of two, called the Voigt-Reuss-Hill average :

M hom
V RH =

M hom
V +M hom

R
2

.

The Voigt and Reuss averages are taken as the ratio of average stress and strain within
the composite. The upper bound and lower bound respectively assume that the strain and
the stress are homogeneous in the composite, which are generally unknown and expected
to be nonuniform. It brings

Chom
V =

n

∑
i=1

fiCi = Shom
V
−1
. (1.37)

and

Chom
R
−1

=
n

∑
i=1

fiC−1
i = Shom

R . (1.38)
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1. Homogenization for linear elasticity

3.1.2 Hashin-Shtrikman bounds [HAS 63]

The Hashin-Shtrikman bounds allow to estimate the properties for an isotropic media
with only the volume fractions of the constituents. Meanwhile it is narrower than the
Voigt-Reuss bounds. For a composite with 2 materials, the bulk modulus k and the shear
modulus µ are given by :

kHS± = k1 +
f2

(k2− k1)−1 + f1

(
k1 +

4
3

µ1

)−1 (1.39)

and

µHS± = µ1 +
f2

(µ2−µ1)−1 +
2 f1(k1 +2µ1)

5µ1

(
k1 +

4
3

µ1

) . (1.40)

The upper bound is computed when k1 > k2 while the lower bound is computed when
k2 > k1.

A more general form for composites with more than two phases are [BER 93]

kHS+ = ϒ(µmax), kHS− = ϒ(µmin) (1.41)

and

µHS+ = Γ(ξ(kmax,µmax)) , µHS− = Γ(ξ(kmin,µmin)) , (1.42)

where

ϒ(z) =

〈
1

k(r)+
4
3

z

〉−1

− 4
3

z,

Γ(z) =
〈

1
µ(r)+ z

〉−1

− z,

ξ(k,µ) =
µ
6

(
9k+8µ
k+2µ

)
,

and 〈 〉 indicates volume average over the spatially varying k(r) and µ(r) of the consti-
tuents.
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Analytical techniques for elastic properties

3.2 Analytical models
3.2.1 Self consistent method

Usually bounding methods consider only the volume fraction of each constituent and
do not depend on any geometry. A more direct approach, namely the self consistent me-
thod, is available for the composites in which one phase is dispersion of ellipsoidal in-
clusions. This method is proposed originally by [HER 54] and [KRÖ 58] for aggregates
of crystals and reviewed and elaborated by [HIL 65] and [BUD 65]. This approach takes
into account the interaction of phases by considering each phase to be an inclusion in a
homogeneous medium which has the overall properties. The basic postulate of the self
consistent method shows that

σ(1)−σ = Chom
(
ε−ε(1)

)
, (1.43)

and the elementary relation between the phases and the overall average of stress is

f1

(
σ(1)−σ

)
+ f2

(
σ(2)−σ

)
= 0. (1.44)

Where the superscripts (1) and (2) as well as the subscripts 1 and 2 denote the inclu-
sion and matrix (the superscripts are used to avoid mixing with the directional indices).
According to the above two equations, there is

σ(2)−σ = Chom
(
ε−ε(2)

)
. (1.45)

Obviously, both the inclusion and the matrix are considered on the same footing. Taking
EQ. 1.43 and EQ. 1.45 together comes(

Chom +C(1)
)
ε(1) =

(
Chom +C(2)

)
ε(2) =

(
Chom +C

)
ε, (1.46)

which can be solved for the effective stiffness of the composite with various particle
shapes. This “self consistent scheme” performs well for the dispersed component at low
concentrations while the performance is poor at high concentrations when the difference
in modulus between the components is large. For the composite with a dispersion of elas-
tic spherical particulates, the effective bulk modulus khom and the effective shear modulus
µhom of the composite can be solved iteratively by the self consistent scheme :

khom = k2 +
f1khom(k1− k2)

khom +

(
3khom

3khom +4µhom

)
(k1− khom)

(1.47)

and

µhom = µ2 +
f1µhom(µ1−µ2)

khom +

(
6khom +12µhom

15khom +10µhom

)
(µ1−µhom)

, (1.48)

where k1 and µ1 are the bulk modulus and the shear modulus of the inclusion respectively,
k2 and µ2 are the bulk modulus and the shear modulus of the matrix respectively and f1 is
the volume fraction of the inclusion.
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1. Homogenization for linear elasticity

3.2.2 Mori-Tanaka method

The original method was proposed by [MOR 73] and [BEN 87] reformulated it in
a simpler version to apply it to composites. The key assumption of this model gives a
fourth order tensor to relate the average strain in the inclusion and the average strain in
the matrix. The homogeneous boundary conditions on the displacement u and the traction
σ can be written as :

u= ε0x and σ = σ0 ·n, (1.49)

where ε0 and σ0 are constant strain and stress tensors and n is the vector normal to the
external surface of the composite. With these dual set of boundary conditions, one can
have :

ε= f1〈ε(1)〉+ f2ε
(2) = ε0 (1.50)

and

σ = f1〈σ(1)〉+ f2σ
(2) = σ0 (1.51)

where 〈ε(1)〉 and 〈σ(1)〉 are the overall average strain and stress tensors in an individual
inclusion which are orientation dependent, while ε(2) and σ(2) are those in the matrix and
ε, σ are the overall average strain and stress tensors of the composite. With the idea of a
concentration matrix, the effective stiffness tensor is defined as

Chom = C(2)+ f1(C(1)−C(2))B1, (1.52)

where C(1) and C(2) are the stiffness tensors of different phases, “concentration factor”
B1 is the orientation dependent tensor which is defined as

ε(1) = B1ε
0. (1.53)

From the dilute approximation, one can obtain B1 ≡ Q, here Q can be writtern in terms
of Eshelby’s tensor P as

Q=

[
I+P

[
C(2)

]−1(
C(1)−C(2)

)]−1

(1.54)

and I is the identity tensor. This approximation is most valid at dilute concentrations
thanks to the neglect of particle interactions for the dilute model. Assuming in this method

ε(1) ≈Qε(2), (1.55)

and combining EQ. 1.52, EQ. 1.53 and EQ. 1.55, here comes

Chom = C(2)+ f1(C(1)−C(2))Q( f2I+ f1Q)−1. (1.56)
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Usual computational homogenization approach based on the finite element method

Finally, one can have

ε
(1)
kk

ε0
kk

= (3k2 +4µ2)/(3k1 +4µ2) (1.57)

and the effective bulk modulus

khom = k2 + f1(k1− k2)
k2

f2(k1− k2)α2 + k2
(1.58)

with

α2 =
3k2

3k2 +4µ2
. (1.59)

4 Usual computational homogenization approach based
on the finite element method

Over the years, computational homogenization approaches have been presented in
many works [MOU 98, FRI 12, KAN 03, HAI 08, ZOH 04, KAR 07, ODE 97, GEE 16,
DIR 12]. A model based on a multilevel finite element (FE2) technique has been develo-
ped for heterogeneous material [FEY 00]. [CAI 03] has proved that the finite element me-
thod (FEM) is a very efficient technique to solve the microstructural mechanics problems.
In this section, the usually used FEM-based computational homogenization approach with
the periodic boundary condition (presented in Section 2.3) is introduced. The numerical
results calculated by this approach will be compared with those by the proposed approach
in Section 4.2 of Chapter 2.

In elastic domain, the constitutive equation could be established as EQ. 1.7 :

σ11
σ22
σ33√
2σ23√
2σ13√
2σ12


=



Chom
11 Chom

12 Chom
13

√
2Chom

14

√
2Chom

15

√
2Chom

16
Chom

22 Chom
23

√
2Chom

24

√
2Chom

25

√
2Chom

26
Chom

33

√
2Chom

34

√
2Chom

35

√
2Chom

36
Sym 2Chom

44 2Chom
45 2Chom

46
2Chom

55 2Chom
56

2Chom
66





ε11
ε22
ε33√
2ε23√
2ε13√
2ε12


.

(1.60)

The approach consists in :

• impose 6 different macro-strains {εi j} ;

• compute the average stress {σi j} and derive the components of the effective stiff-
ness matrix [Chom].

From each calculation, one can obtain 6 components of the matrix. Given that there are
36 components in the matrix, 6 calculations are necessary. The detailed calculation pro-
cedures are listed in TAB. 1.1.
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1. Homogenization for linear elasticity
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Chapter 2

Effective elastic properties of regular
Kelvin open-cell foams

This chapter focuses on the influences of morphological
parameters on the effective elastic properties of regular

Kelvin open-cell foams. An innovative approach combined
with Voronoi diagram is developed to generate foam

structures. The morphological description allows to represent
the details of the microstructure and to cover a wide range of

open-cell foams which are usually used in engineering
applications. In order to estimate the effective elastic

properties, a micromechanical modeling based on Hill’s
lemma approach is proposed in this chapter. The effects of a
number of morphological parameters on the elastic effective

properties are studied. Considering the morphological
parameters, generic analytical laws are deduced for Kelvin

open-cell foams. The main results are published in the paper :
Zhu, W., Blal, N., Cunsolo, S., & Baillis, D. (2017).

Micromechanical modeling of effective elastic properties of
open-cell foam. International Journal of Solids and

Structures, 115, 61-72.
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Introduction

1 Introduction

It is difficult to model and compute the mechanical properties of foams, since those
of pores and matrix are different [DÜS 12]. Other heterogeneous materials also have
the same problem. Because the dimensions of macroscopic structure and constituent
vary greatly, it is difficult to evaluate such structures with considering all the details of
constituen. The earliest homogenization theoretical principle has been raised in [HIL 63]
and [HAS 62]. As discussed in the previous chapter, numerious numerical homogeni-
zation approaches have been published over the years, including the finite element me-
thod (FEM). [DÜS 12] pointed out that although FEM is versatile and widely used, it
requires vast computational work. A suitable microstructure and corresponding boun-
dary value problem have to be considered for each integration point of the finite ele-
ments in the macro-scale. As introduced in Section 4 in Chapter 1, in order to obtain
the full effective stiffness tensor, usually 6 independent numerical calculations are ne-
cessary [YUA 08, STO 16]. By formulating a variational statement with an asympto-
tic expansion, a model, named the variational asymptotic method for unit cell homo-
genization (VAMUCH), has been rasied by [YU 07a] for heterogeneous media which
have periodic structures (see Appendix A). The finite element implementation of VA-
MUCH [YU 07a, YU 07b, TAN 08a, TAN 08b, ZHA 14] has the advantage that with only
one calculation, the full effective stiffness tensor can be obtained without elementary loa-
dings, comparing with the usual FEMs.

A number of approaches have been raised to generate foam structures. Tomo-
graphic technique is a very important method and has been widely used in many
works [WAN 10, GAI 12, GAI 14, GAI 15]. By micrographies, [GON 05] studied the
morphology of polyester urethane foams and proposed a symmetric function to describe
the geometric characteristics. Using microtomography, [JAN 08] improved this approach
and proved that different shapes of strut cross section, such as Plateau border, triangular
and circular cross section, does affect the elastic properties of open-cell foam. The local
morphological characteristics of struts, such as the cavity structure, the closed cell win-
dows and the coatings, have been studied by generated models with a versatile dilation
method based on implicit functions in [STO 13a]. Based on the ’voro++’ code [RYC 09],
3D Voronoi structures have been generated to investigate the mechanical properties of
both regular and irregular closed-cell polymer foams under uniaxial and multiaxial loa-
dings in [BAR 14a] and [YE 15].

In previous works, microstructures of foam models are generally simplified. For
example, for closed-cell models, the thickness of the walls are assumed as a constant
value ; Another example, for open-cell models, struts of foam models are considered as
cylinders. In this chapter, a methodology is introduced which allows to generate realistic
foam structures by considering the details of microstructure. It permits to generate repre-
sentations of open-cell foam models by controlling a number of morphological parame-
ters. Inspired by VAMUCH, Hill’s lemma scheme is studied computationally to develop
a micromechanical modeling to estimate the elastic effective properties. Unlike the usual
FEMs which need 6 independent computations corresponding to 6 independent boun-
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2. Effective elastic properties of regular Kelvin open-cell foams

dary loadings, the main advantage of our proposed method is the ability to evaluate the
effective properties with only one finite element computation and without any specific ele-
mentary loadings, such as macro-stains. It can make the calculation efficient and cheap.
For regular Kelvin open-cell foams, the influences of the morphological parameters on
the effective elastic properties are investigated. New generic analytical laws are deduced
based on these estimations. The analytic laws have a satisfactory agreement with the nu-
merical results, which makes them have a guiding role in designing and producing Kelvin
open-cell foams. In addition, the influences of irregularity and cell size distribution of
irregular cellular foams are also studied.

2 Modeling of open-cell structure
A new methodology is introduced in this section to generate realistic foam struc-

tures with a high control of the morphological parameters. This generation me-
thodology, including the use of Voronoi diagram [RYC 09] and Surface Evolver
post-processing [BRA 92], is inspired by [KRA 03, KRA 04] for pure morphology
and [JAN 08] in study of mechanical properties. The methodology is realized by deve-
loping a Matlab code [MAT 16].

A certain amount of seeding points, corresponding to the cells of the final periodic
structure, are created first. The regular Kelvin structure are generated with regular cubic
centred distribution of seeding points. While for irregular structure, Random Sequential
Absorption algorithm [KRA 03] is applied to make sure that equal-sized spheres are dis-
tributed in the given space without overlapping. The centers of these spheres are actually
the seeding points. This algorithm ensure the minimum distance between any two seeding
points, followed the polyhedral regions partitions of the space with respect to seeding
points by Voronoi diagram [RYC 09]. In order to obtain more realistic structure, Surface
Evolver [BRA 92] is used to make the structure energetically stable. The entire chain
of the softwares (VORO++⇒ Surface Evolver) natively supports handling with periodic
structures. The data imported into MATLAB is the “unwrapped” periodic structure. Every
strut appears only once and their extreme points are not necessary to be aligned with the
bounding box. To assure the cut is perfectly periodic, the structure is partially replicated,
i.e. the parts of the structure that cross the bounding box are duplicated on all sides and
then a cut is made (see FIG. 2.1).

This methodology can be summarized as the following steps :

• Generate a pseudo-random lattice of seeding points ;

• Generate a Voronoi diagram of these points ;

• Stabilize the resulting cell structure in the Surface Evolver [BRA 92] ;

• Add polygonal struts along the resulting skeleton.

In order to represent the microstructure of foams, four morphological parameters are
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Modeling of open-cell structure

 

(b) (a) (c) 

FIGURE 2.1: (a) Unwrapped periodic structure ; (b) Structure with the duplicated parts
on the sides ; (c) Domain cut to periodic bounding box.

introduced. The first parameter CV , named coefficient of variation, is defined to describe
the dispersion of cell size distribution for irregular structures with CV = σdc/dc, where σdc

is the standard deviation of cell diameter and dc denotes average cell diameter (equivalent
sphere). The dispersions of cell size distributions with different CV s are shown in FIG. 2.2.
For CV = 0, the volume of each cell is same even if the structure is irregular.

Remark : In this thesis, the size distribution of cells is a Gaussian unimodal distribu-
tion by varying standard deviation.
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FIGURE 2.2: The dispersions of cell size distributions with different CV s.

Polygonal struts are added along the generated skeleton taking into account the other
morphological characters. The second morphological parameter is the relative density of
foam, ρhom/ρb, which has been proved to have the largest effect on properties of foams. In

Wenqi ZHU 33

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI043/these.pdf 
© [W. Zhu], [2018], INSA Lyon, tous droits réservés 



2. Effective elastic properties of regular Kelvin open-cell foams

this thesis, the superscript notations hom and b represent the homogenization and the bulk,
respectively. In this chapter, the relative densities of open-cell foam models are concen-
trated in the range [4%−14%], corresponding to practical applications in engineering.

The cross section of the strut can be considered as an equilateral triangle whose sides
are curved with certain curvature. The shape of the triangle is controlled by the third
morphological parameter q, named normalized curvature, which equals to the curvature
radius of the circumcircle of the triangle divided by the curvature radius of the sides. The
shape of the cross section can change from concave triangle to flat triangle and to circle
by varying q. The variation of the cross section shape is shown in FIG. 2.3.

 
FIGURE 2.3: The variation of cross section of strut.

The fourth parameter shows the variation of the cross-sectional area along the strut
axis of a random strut. At a axial position η = ‖x‖/l, the diameter of the circumcircle of
the cross section d(η), can be normalized by that at mid-span dmin, as the function :

d(η) = dmin

[
1+

(1− t)(2η−1)2

t

]
, (2.1)

where x is the local abscissa and l denotes the total length of the strut. The ratio of mi-
nimum to maximum diameter can be represented as t = dmin/dmax. Different longitudinal
profiles of struts can be obtained by varying t, named diameter ratio(see FIG. 2.4).

Notes that the relative density and the cell sizes of the foam model can keep constant
by changing the diameter of circumcircle of the cross section to accommodate the varia-
tions of q and t.

In this thesis, unless otherwise specified, the final structure is meshed with linear te-
trahedron solid elements using the commercial package ICEM CFD 16.2 [ANS 13].
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Computational periodic homogenization
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FIGURE 2.4: The variation of longitudinal profile of strut.

3 Computational periodic homogenization

3.1 Hill’s lemma for periodic media [SUQ 87]
A RVE of an open-cell foam Ω, which is made of an elastic bulk medium and a

porous phase, is considered. The effective elastic properties of the RVE are evaluated
with a computational periodic homogenization approach. Assume quasi-static evolutions,
neglected body forces and the linear elasticity framework for this approach. The local
fields fluctuate at the local scale x (x= xiei, where ei is the component of the euclidean
space) because of the heterogeneities. As said in Section 2.3, the local strain field ε, at x
within the RVE can be separated into two fields : a macroscopic field ε and a correction
field ε′, such that

ε(x) = ε+ε′(x). (2.2)

The macroscopic strain corresponds to the average of the local strain field over the RVE,
i.e. ε = 〈ε〉, while the fluctuation strain ε′ represents the presence of heterogeneities and
is derived from a local fluctuation displacement field u′, i.e.

ε′ = 1/2
(
∇u′+T ∇u′

)
. (2.3)

The perturbation field u′ is a periodic field, which means its components are equal over
two opposite sides of the RVE. It leads a vanishing average 〈ε′〉= 0. The local displace-
ment u can be written as

u(x) = ε ·x+u′ (x) in Ω, u′ periodic. (2.4)
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2. Effective elastic properties of regular Kelvin open-cell foams

Only considering the linear elasticity case, the local constitutive law is

σ (x) = C(x) : ε(x) , (2.5)

where σ(x) means the local stress tensor, C(x) denotes the local stiffness fourth order
tensor and the double dot ” : ” is double tensorial contraction product. Over the RVE, the
equilibrium conditions is such that :

div(σ) = 0 in Ω, σ ·n anti-periodic. (2.6)

The anti-periodicity denotes that the tensor vector σ ·n has opposite values at opposite
sides of the RVE. Then the macroscopic stress tensor is defined as the average of the local
strain field over the RVE, i.e. σ = 〈σ〉. Introduce two admissibility sets

K# = {v,v = e ·x+v′, v′ periodic} (2.7)

and

S# = {τ ,div(τ ) = 0 in Ω, τ = 〈τ 〉 and τ ·n anti-periodic}. (2.8)

According to the Hill’s lemma for periodic media [SUQ 87], for any local strain and stress
fields included in the periodic admissibility sets K# and S# respectively, the average of the
local internal work equals to the global work, i.e.

〈τ : e〉= τ : e, for (v,τ ) ∈K#×S# with e=
1
2
(
∇v+T ∇v

)
. (2.9)

3.2 Finite element implementation of Hill’s lemma approach (HL-
FEM)

Suppose that v ∈ K# is a virtual displacement field and σ is a local stress field asso-
ciated to the displacement u solution of the equilibrium state over the RVE, i.e. σ =C : ε
with ε= ε+ε′. Since the fields v and σ belong to the admissibility sets K# and S# respec-
tively, the Hill’s lemma works. Furthermore, it can be applied in two virtual fields. On the
one hand, if one considers a virtual fluctuation periodic fields v∗, it comes v = ε ·x+v∗
and the Hill’s lemma yields to〈

ε′ : C : ε(v∗)
〉
+ 〈ε : C : ε(v∗)〉= 0 ∀v∗ periodic. (2.10)

On the other hand, if one considers a virtual macroscopic strain field ε∗ which makes
v = ε∗ ·x+u′, then the Hill’s lemma gives〈

ε′ : C : ε∗
〉
+ε : 〈C〉 : ε∗ = σ : ε∗ ∀ε∗. (2.11)

Using the modified Voigt notation, C, ε and σ could be simplified to matrix [C], vector
{ε} and {σ}, respectively. The elementary fluctuation strain vector can be related to the
periodic displacement for a finite element discretization of the RVE as :

{ε′}= [B]{u′}, (2.12)
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Computational periodic homogenization

where [B] is the matrix which relates strains and displacements and {u′} is the periodic
elementary displacement vector. In the discretized formulation, EQ. 2.10 and EQ. 2.11
can be written as{

[K]{u′}+ [F ]{ε}= {0}
T [F ]{u′}+ [C]{ε}= {σ}

, (2.13)

with 
[C]=

1
V

∫
Ω
[Cb]dx (6×6 matrix)

[F ]=
1
V

∫
Ω
[B]T [Cb]dx (N×6 matrix)

[K]=
1
V

∫
Ω
[B]T [Cb][B]dx (N×N matrix)

, (2.14)

where N denotes the degrees of freedom of the RVE and [Cb] is the elastic stiffness matrix
of the bulk. In our case, the periodic boundary condition can be written as follows if the
RVE is imagined as a cube whose side length equals to 1 :

u′
(

x1 =−
1
2
,x2,x3

)
= u′

(
x1 =+

1
2
,x2,x3

)
, (2.15)

u′
(

x1,x2 =−
1
2
,x3

)
= u′

(
x1,x2 =+

1
2
,x3

)
, (2.16)

u′
(

x1,x2,x3 =−
1
2

)
= u′

(
x1,x2,x3 =+

1
2

)
, (2.17)

where the origin of the local coordinate is the center of RVE. FIG. 2.5 illustrates two sets
of corresponding nodes (A+-A− and B+-B−) on the boundary surfaces in a 2D perspec-

tive for clarity. Slave the nodes on the positive boundary surfaces (i.e., xi =+
1
2
, i= 1,2,3)

to the corresponding nodes on the opposite negative boundary surfaces (i.e., xi =−
1
2

) and

generate two selection matrices, [Sc] and [Ss], to assemble all the independent active de-
grees of freedom of these two node categories, respectively. The periodic displacement
fields of arbitrary two corresponding nodes are the same according to EQ. 2.15-EQ. 2.17,
which makes the periodic boundary condition for the discrete formulation have the form :

[S]{u′}= {0}, with [S]= [Sc]− [Ss]. (2.18)

In [YU 07a, TAN 08a], the computational homogenization method is proposed with
no need to impose boundary loadings. The idea of the approach is computing an explicit
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2. Effective elastic properties of regular Kelvin open-cell foams
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FIGURE 2.5: Illustration of the corresponding nodes on the boundary surfaces.

expression of the effective stiffness without the post-processing of the averaged fields,
which is always necessary with elementary loadings for the usual method (e.g. [STO 16]).
Indeed, the first equation of the discretized Hill’s lemma, i.e. EQ. 2.13(1) results in the
constrained linear problem :

[K]{u′}=−[F ]{ε} under the constraint [S]{u′}= {0}. (2.19)

By Lagrange Multiplier method, one can obtain :[
K TS
S 0

]{
u′

λ

}
=−

[
F
0

]
{ε}, (2.20)

where {λ} is the Lagrange multiplier. Obviously, the fluctuation displacement field {u′}
linearly depends on {ε} :

{u′}= [A]{ε}, (2.21)

where [A] (N × 6 matrix) is a macroscopic strain-to-fluctuation displacement operator.
Similarly to the VAMUCH method [TAN 08a], {ε} can be considered as a variable sym-
bol and one only needs to compute the localization-like operator [A] rather than imposing
6 independent elementary loadings {ε} and solving the associated finite element boun-
dary volume problems (run 6 FE computations). It should be noticed that the operator
[A] is not the localization tensor A, which usually links the local and global strains in
homogenization, i.e. ε= A : ε [MIC 99].
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Numerical study

Substituting EQ. 2.21 into EQ. 2.13(2), one can obtain

{σ}=
(
[C]+T [F ][A]

)
{ε}= [Chom]{ε}. (2.22)

Obviously [Chom] is the required effective stiffness matrix instead of specific {u′}. The
same result can be obtained using the framework of the VAMUCH method (shown in
Appendix A). EQ. 2.22 also exhibits that the effective stiffness tensor is a correction of the
Voigt bound 〈[C]〉= [C] with the induced fluctuation contribution T [F ][A]. The effective
stiffness [Chom] can be explicitly obtained with only one finite element computation.

Remark :

• As mentioned, this approach is based on the discrete formula of the Hill’s lemma
raised in [MOU 98], where a stress prescribed approach is considered that the fluc-
tuation field can be obtained by solving EQ. 2.13 and the effective properties can
be derived then if one imposes the overall stress. While for our proposed approach,
the system (EQ. 2.13) is proposed to solve directly and [Chom] can be computed
directly without calculating the local fields.

• If necessary, the local fields can be obtained with the macroscopic fields and the
localization operator [A], e.g. ε(x) = ε+ε′ (x)⇒ {ε}= {ε}+ [A]{ε}..

• HL-FEM can be considered as the VAMUCH method with different formulations
of homogenization equations.

• The approach is only applied to small deformation theory now.

4 Numerical study
A reference model (see FIG. 2.6) is generated with morphological parameters(

ρhom/ρb = 6%,q = 1, t = 1,Kelvin
)

and bulk properties (Young’s modulus of bulk Eb =

70 GPa and Poisson’s ratio of bulk νb = 0.3) corresponding to the metallic bulk. The in-
fluences of a number of parameters are investigated by comparing with the reference
model in the following sections.

4.1 Mesh sensitivity
Meshing is always a key point for finite element analyse. The result is more accurate

when the mesh size is smaller (the number of elements is more). If the number of elements
is infinitely many, the result is supposed to be infinitely close to the real value. With this
conception, a linear relation between the number of elements and the effective property is
raised to estimate the convergence using the empirical criterion [ROB 00, GAT 05] :

Chom
i j =C0

i j +
aa
Ne

, (2.23)
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2. Effective elastic properties of regular Kelvin open-cell foams

 

𝑒1 𝑒3 

𝑒2 

FIGURE 2.6: The reference model
(
ρhom/ρb = 6%,q = 1, t = 1,Kelvin

)
.

where Chom
i j is a component of the effective elastic stiffness matrix, C0

i j stands for its
convergence value, aa means a constant and Ne denotes the number of elements.

When the reference model is meshed with 245,006 linear solid elements, the obtained
effective elastic stiffness matrix in the cubic frame (e1,e2,e3) is :

[Chom]=


769.07 554.98 555.08 ∼ 0 ∼ 0 ∼ 0

768.74 554.94 ∼ 0 ∼ 0 ∼ 0
768.69 ∼ 0 ∼ 0 ∼ 0

Sym 161.99 ∼ 0 ∼ 0
161.93 ∼ 0

161.91

(MPa) .

One can see that there are only three independent components in the matrix, which
proves Kelvin foam models are cubic symmetrical. Chom

11 , Chom
12 and Chom

44 are necessary
to obtain the effective elastic properties of Kelvin foam models. For clarity, the relations
between Chom

i j and the number of elements are plotted in FIG. 2.7 as example. The green
points are the computational results with different numbers of elements and the dashed
fitting line is plotted based on EQ. 2.23 with the computational results. The intersection
point of the fitting line and Y axis, i.e. the red point in the figure, denotes the convergence
result. This method is used throughout the entire thesis to reduce the mesh discretization
error.

4.2 Validation by usual FEM
With the commercial FE package Abaqus 6.11-2 [Aba 11], the usual FEM is perfor-

med to validate the proposed HL-FEM. The periodic boundary condition [YAN 99] is also
imposed on the reference model in Abaqus to make sure the continuity.

Bulk properties are set as same as in Section 4.1. One can see in TAB. 2.1 that the
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FIGURE 2.7: The relation between Chom
i j and the number of elements for the reference

model
(
ρhom/ρb = 6%,q = 1, t = 1,Kelvin

)
.

numerical results obtained by two approaches are exactly the same, which makes HL-
FEM validated.
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2. Effective elastic properties of regular Kelvin open-cell foams

TABLE 2.1: The comparison of the effective properties obtained by HL-FEM and Abaqus.

Approach Chom
11 (MPa) Chom

12 (MPa) Chom
44 (MPa)

HL-FEM 765.37 555.70 79.99
Abaqus 765.37 555.70 79.99

4.3 RVE sensitivity
In order to study RVE sensitivity, two models with the same morphological parameters

as the reference model are generated, which contains different numbers of cells. The first
model actually is the reference model, named Model 1# with two cells. The second model
contains sixteen cells, named Model 2#. FIG. 2.8 shows the structures of these two models.
It should be explained clearly that, there are eight neighbour cells at the eight corners
of the cubic unit cell in Model 1#, which share struts with the center cell. Hence there
are two Kelvin cells in Model 1#. Similarly, Model 2# contains sixteen cells in total.
Bulk properties are set as same as mentioned in Section 4.1. TAB. 2.2 demonstrates the
effective elastic properties of two models. One can see that the differences between the
properties of two models are negligible, which proves that the number of cells has no
obvious influence on the effective elastic properties for Kelvin open-cell models under
the periodic boundary condition. For our study, small RVE like the reference model is
enough. Hence the following investigations will be mainly performed on the small RVE.

 

𝑒1 𝑒3 

𝑒2 

Model 1# Model 2# 

FIGURE 2.8: Illustration of Model 1# and Model 2#.
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Parametric study

TABLE 2.2: The comparison of the effective properties between Model 1# and Model 2#.

Model Chom
11 (MPa) Chom

12 (MPa) Chom
44 (MPa)

Model 1# 765.37 555.70 79.99
Model 2# 764.85 552.16 80.32

5 Parametric study
By varying Eb, ρhom/ρb, t, q and CV , the influences of these five parameters are inves-

tigated in this section. The numerical computations are performed with the assumption
that νb = 0.3.

5.1 Effect of Young’s modulus of bulk
For the reference model, the normalized properties Chom

11 /Cb
11, Chom

12 /Cb
12 and Chom

44 /Cb
44

are verified to be constant and independent of the variation of Eb from 40 GPa to 100
GPa. Therefore, Eb defaults to 70 GPa in the following investigations, which corresponds
to aluminum bulk.

5.2 Effect of relative density
In [GIB 97, ZHU 00, STO 15, ROB 01, BAR 14a, KÖL 16] etc, numerous ana-

lytical formulas among varieties of mechanical properties and relative density have
been raised. FIG. 2.9 shows the comparison between our numerical results and
the data of [STO 15] for Kelvin open-cell models. The models used have the
morphological parameters (q = 1, t = 1,Kelvin) and six different relative densities(
ρhom/ρb = {4%;6%;8%;10%;12%;14%}

)
. Effective Young’s modulus (Ehom), effec-

tive shear modulus (µhom) and effective Poisson’s ratio (νhom) are compared and they
are calculated from the effective elastic stiffness matrix with the following equations for
Kelvin foam models :

Ehom =

(
Chom

11 −Chom
12
)(

Chom
11 +2Chom

12
)

Chom
11 +Chom

12
, (2.24)

µhom =Chom
44 , (2.25)

ν
hom =

Chom
12

Chom
11 +Chom

12
. (2.26)
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2. Effective elastic properties of regular Kelvin open-cell foams

In the figure, the deviation between our results and Storm’s is less than 3% for effective
Poisson’s ratio, while the deviations are between 8% and 25% for effective Young’s modu-
lus and effective shear modulus. It may be caused by the difference in the microstructure
of Kelvin open-cell models.

The evolutions of the normalized effective elastic properties Chom
11 /Cb

11, Chom
12 /Cb

12 and
Chom

44 /Cb
44 with the relative density are shown in FIG. 2.10. One can see that the varia-

tions of these three normalized properties caused by relative density are obvious but dif-
ferent for the low density foams. Clearly, Chom

12 /Cb
12 increase linearly while Chom

11 /Cb
11 and

Chom
44 /Cb

44 have quadratic increase with the increase of relative density.
We propose the following equations with four coefficients (φ1;φ2;φ3;φ4) to point out

the relations between each effective elastic property and the relative density :

Chom
11

Cb
11

= φ1

(
ρhom

ρb

)2

+φ2

(
ρhom

ρb

)
, (2.27)

Chom
12

Cb
12

= φ3

(
ρhom

ρb

)
, (2.28)

Chom
44

Cb
44

= φ4

(
ρhom

ρb

)2

. (2.29)

5.3 Effect of normalized curvature
The effect of normalized curvature is investigated with the variation of q in the range

[−0.3,1]. The study is performed on the models
(
ρhom/ρb = 6%, t = 1,Kelvin

)
. Introduce

the deviation indicator, ei j =
Chom

i j −C∗0i j

C∗0i j
, in order to present clearly the effect of normalized

curvature on three effective properties. Here C∗0i j denotes the corresponding property of
the reference model

(
ρhom/ρb = 6%,q = 1, t = 1,Kelvin

)
. It is clear in FIG. 2.11 that the

variation of e12 is very small, which means the normalized curvature has the negligible
effect on Chom

12 in the whole range. The effect of the normalized curvature on e11 and e44,
especially on e44, is significant in the range [−0.3,0.25], while it is much smaller in the
range (0.25,1].

By fitting with the computational results, four linear functions φ1 (q), φ2 (q), φ3 (q)
and φ4 (q) are obtained for Kelvin open-cell foams with constant diameter struts :

φ1 =−0.135q+1.009
φ2 =−0.0122q+0.091
φ3 = 0.0116q+0.222
φ4 =−0.179q+1.045

. (2.30)

44 Wenqi ZHU

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI043/these.pdf 
© [W. Zhu], [2018], INSA Lyon, tous droits réservés 



Parametric study

 

0

0.006

0.012

0.018

0.024

0.03

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

HL-FEM

Storm

𝜌hom 𝜌b  

𝐸
h
o
m

𝐸
b

 
 

(a)

 

0

0.004

0.008

0.012

0.016

0.02

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

HL-FEM

Storm

𝜌hom 𝜌b  

𝜇
h
o
m

𝜇
b

 
 

(b)

 

0

0.1

0.2

0.3

0.4

0.5

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

HL-FEM

Storm

𝜌hom 𝜌b  

νh
o
m

 

(c)

FIGURE 2.9: Evolution of (a) effective Young’s modulus, (b) effective shear modulus and
(c) effective Poisson’s ratio with respect to the relative density.

The evolutions of the normalized effective elastic properties with the relative density
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FIGURE 2.10: Effect of the relative density for the models (q = 1, t = 1,Kelvin) on the
normalized properties.

of the analytical laws (al) (EQ. 2.27-EQ. 2.29 and EQ. 2.30) and the computational results
(cr) are plotted in FIG. 2.12. Three sets of data with (q = {−0.3;0.5;1}) are given in the
figures for clarity. The mean relative errors of Chom

11 /Cb
11, Chom

12 /Cb
12 and Chom

44 /Cb
44 are

2.06%, 1.95% and 6.08% respectively for all data.
Remark : Here, relative error means its absolute value.

5.4 Effect of diameter ratio

10 values in the range [0.33,1] are considered as the diameter ratios, which
permit to cover the common ones. The study is carried out on the models(
ρhom/ρb = 6%,q = 1,Kelvin

)
. The whole range of diameter ratio can be separated into

two parts by dashed lines shown in FIG. 2.13. In part 1©, the diameter ratio changes from
0.33 to 0.7, which stands for the struts with the large difference between the maximum
and minimum diameter. The struts are flatter in part 2© when the diameter ratio varies in
the range (t ∈ (0.7,1]). All three effective elastic properties have significant increase with
the increase of diameter ratio in part 1©, while the variations of them are much smaller in
part 2©.

Similarly, four functions φ1 (t), φ2 (t), φ3 (t) and φ4 (t) are obtained for Kelvin open-
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FIGURE 2.11: Effect of the normalized curvature for the models(
ρhom/ρb = 6%, t = 1,Kelvin

)
on the deviation indicators.

cell foams with circular cross section struts by fitting :


φ1 = 7.147t3−16.885t2 +12.895t−2.334
φ2 = 0.0114t +0.0765
φ3 =−0.291t2 +0.518t +0.00234
φ4 = 2.866t3−7.496t2 +6.411t−0.897

. (2.31)

FIG. 2.14 compares the evolutions of the normalized properties with the relative den-
sity between the analytical laws (EQ. 2.27-EQ. 2.31) and the computational results. Four
sets of data with (t = {0.33;0.38;0.43;1}) are shown in the figures. The analytic laws
show a satisfying agreement with the computational results. The mean relative errors of
Chom

11 /Cb
11, Chom

12 /Cb
12 and Chom

44 /Cb
44 are 2.47%, 1.75% and 3.04% respectively for all data.

With the satisfactory agreement presented in FIG. 2.14 and FIG. 2.12, EQ. 2.27-
EQ. 2.29 have been proven to be appropriate for Kelvin open-cell foams with t or
q by taking into account the morphological functions (φ1 (t) ;φ2 (t) ;φ3 (t) ;φ4 (t)) or
(φ1 (q) ;φ2 (q) ;φ3 (q) ;φ4 (q)).
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FIGURE 2.12: Evolutions of (a) Chom
11 /Cb

11, (b) Chom
12 /Cb

12 and (c) Chom
44 /Cb

44 with respect
to the relative density by the analytical laws (al) and the computational results (cr) with

(q = {−0.3;0.5;1}).
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FIGURE 2.13: Effect of the diameter ratio for the models
(
ρhom/ρb = 6%,q = 1,Kelvin

)
on the deviation indicators.

5.5 Effect of irregularity and dispersion of cell size distribution

The influences of the irregularity and the dispersion of cell size distribution are dis-
cussed simply in this section. The study of irregular open-cell foam will be expanded in
detail in the next chapter.

As [KAN 03, PEL 09] introduced, the behavior of a random small volume element of
irregular foams will not be isotropic even if the microstructure is expected to be macro-
scopically isotropic. In order to obtain the isotropic behavior, one way is to use a large
enough RVE and the other way is to take into account the statistical mean value with suf-
ficient realizations for small RVE [KAN 03]. The number of realizations and the size of
the RVE should be balanced. In order to show the effect of the irregularity and the dis-
persion of cell size distribution, Kelvin open-cell model and irregular open-cell models
with different CV s (CV = {0;0.05;0.1}) are considered, which are illustrated in TAB. 2.3.
Both regular Kelvin model and irregular models have same number of cells and same
morphological parameters

(
ρhom/ρb = 6%,q = 1, t = 1

)
.

For RVEs with fixed volume and microstructures expected to be macroscopically iso-
tropic, the overall isotropy would be achieved after a sufficient number of realizations.
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FIGURE 2.14: Evolutions of (a) Chom
11 /Cb

11, (b) Chom
12 /Cb

12 and (c) Chom
44 /Cb

44 with respect
to the relative density by the analytical laws (al) and the computational results (cr) with

(t = {0.33;0.38;0.43;1}).
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Parametric study

TABLE 2.3: Illustration of Kelvin structure and irregular structures with different CV s.

Model Structure

Kelvin

 

CV = 0

   

CV = 0.05

   

CV = 0.1

   

Hence the statistical mean of effective stiffness matrix is given by :

[Chom]=
1
nr

nr

∑
m=1

[Chom]m, (2.32)

where nr means the number of realizations and [Chom]m is the obtained effective stiffness
matrix of the mth realization. In order to determine whether the number of realization is
sufficient, the difference in the mean effective stiffness matrix between two consecutive
realization step is computed [DÜS 12], such that :

ζconv =

∥∥∥[Chom]nr
− [Chom]nr−1

∥∥∥
Frob∥∥∥[Chom]nr−1

∥∥∥
Frob

, (2.33)
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2. Effective elastic properties of regular Kelvin open-cell foams

where ‖•‖Frob is the FROBENIUS norm. The number of realizations is considered to be
sufficient if ζconv < 3×10−3. For every CV , the required number of realizations is around
25.

In order to quantify the overall isotropy of the effective behavior, the overall isotropy
criterion is introduced [GAT 05] :

ζiso

(
Chom

)
=

∥∥∥Chom−Piso

(
Chom

)∥∥∥∥∥∥Chom
∥∥∥ , (2.34)

where ‖T‖=T ::T is a norm of symmetric fourth order tensors and Piso (T) is a projection
over the isotropic frame of the symmetric fourth order tensors, i.e.

Piso (T) =
T :: J
J :: J

J+
T :: K
K :: K

K. (2.35)

Using the Voigt modified matrix notations, Eqs. 2.34 and 2.35 have the form that

ζiso

(
[Chom]

)
=

∥∥∥[Chom]−Piso

(
[Chom]

)∥∥∥
Frob∥∥∥[Chom]

∥∥∥
Frob

, (2.36)

and

Piso

(
[Chom]

)
=

tr
(
[Chom][J]

)
tr ([J][J])

[J]+
tr
(
[Chom][K]

)
tr ([K][K])

[K], (2.37)

with tr the trace of the matrix. The mean effective stiffness matrix is considered isotropic
when ζiso

(
[Chom]

)
< 2%. The obtained Piso

(
[Chom]

)
is regarded as the final isotropic

matrix.
All models are meshed with almost 430,000 elements. The comparison of Chom

11 , Chom
12

and Chom
44 of Kelvin model and irregular models is shown in TAB. 2.4. One can see that the

difference of three mean effective properties is great between Kelvin model and irregular
models, while the difference among irregular models with different CV s is negligible.
It can be concluded that in the range [0,0.1], the effect of the dispersion of cell size
distribution is not obvious on effective elastic properties.
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Conclusion

TABLE 2.4: The comparison of mean effective properties among Kelvin model and irre-
gular models (CV = {0;0.05;0.1}).

Chom
11 (MPa) Chom

12 (MPa) Chom
44 (MPa)

Kelvin 769.35 542.73 84.25
CV = 0 710.37 504.30 103.04

CV = 0.05 709.98 505.48 102.25
CV = 0.1 709.27 502.99 103.14

6 Conclusion
In this chapter, a methodology is introduced to generate realistic open-cell foam struc-

tures. A micromechanical modeling based on Hill’s lemma is developed to numerically
compute the effective elastic properties of foam materials with no need to impose boun-
dary loadings. In addition, the effects of morphological parameters on regular Kelvin
open-cell foams are analysed. The main conclusions are listed here :

1. A Hill’s lemma based computational homogenization approach is proposed to eva-
luate the effective elastic properties numerically. The approach is limited to linea-
rized elasticity with small perturbations strictly so far. The HL-FEM has the same
advantages as VAMUCH [YU 07a] comparing to usual FEM-based approaches :
with only one calculation, the full effective elastic stiffness matrix can be obtained
without elementary loadings. This approach has been validated by comparing with
usual computational homogenization approach realized by Abaqus.

2. Four morphological parameters, i.e. the relative density, the cell size distribution
and the way the solid distributed along cell struts (characterized by normalized
curvature q and diameter ratio t) allow to stand for the microstructure of open-
cell foams. The influences of these morphological parameters on effective elastic
properties are investigated. For regular Kelvin open-cell foams, relative density is
the most influential parameter. Strut minimum to maximum diameter and strut cross
section are also proven to have significant effects in the certain range. For irregular
open-cell foams, there is no obvious effect of the dispersion of cell size distribution
in the current range. With the assessments, new generic laws for Kelvin open-cell
foams are raised to describe the relations among the effective elastic properties, the
relative density and the diameter ratio or the normalized curvature. The analytical
laws have a good agreement with the numerical results.
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Chapter 3

Effective elastic properties of periodic
irregular open-cell foams

Following the investigation of regular Kelvin open-cell foams
in the previous chapter, we concentrate on the irregular

open-cell foams in this chapter. In order to generate realistic
periodic irregular open-cell structures, the tomography slices
of the real irregular open-cell sample are analyzed to obtain
its morphological description. Hill’s lemma computational

homogenization approach is still used to estimate the effective
elastic properties. In this chapter, due to the random

distribution of cells, the determination of the RVE and the
importance of choosing the RVE parameters, i.e. the number

of realizations and the volume of RVE, on the accuracy of
models are focused on. The efficiency of different approaches
is discussed while some recommendations and improvements

are raised. The main results are published in the paper :
Zhu, W., Blal, N., Cunsolo, S., & Baillis, D. (2018). Effective

elastic properties of periodic irregular open-cell foams.
International Journal of Solids and Structures.
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Introduction

1 Introduction
X-ray tomography has been verified as a powerful non-destructive approach which can

supply directly the images of the heterogeneous materials at the relevant scale [BAB 07].
With tomography slices, [MAI 03] described the microstructure of cellular mate-
rials. [BAD 00] created the realistic open-cell nickel foams by tomography technique and
investigated the Young’s modulus, the compression yield stress and the tensile fracture
stress of this foam material. The results have also been compared to the model presented
in [GIB 97]. The computed X-ray tomography can be used not only to characterize mi-
crostructures of foams, but also to observe the evolution of dynamic crushing in compres-
sion experiments [JAN 09]. Since the structures reconstructed by tomography are usually
non-periodic and it is difficult to impose the periodic boundary condition on non-periodic
structure (see Appendix B), Voronoi diagram is often performed to generate periodic foam
structures [BAR 14a, YE 15, BAI 17] so that the periodic boundary condition could be
imposed easily.

In this chapter, the structure of the real irregular open-cell foam is reconstructed by
micro-computed tomography and its morphological characterizations are analyzed by
iMorph [BRU 08]. Using the Voronoi diagram approach, the numerical periodic irregu-
lar open-cell structures with the same morphological features as the real foam are gene-
rated by considering the tomography data. Hill’s lemma computational homogenization
approach is still used to predict the effective elastic properties. Two RVE determination
approaches [MOU 13, KAN 03] are carried out and their efficiency and accuracy are dis-
cussed. Specific methods are proposed for foam models based on these two approaches.

2 Modeling of irregular open-cell structure from tomo-
graphy slices

2.1 Morphological analysis of open-cell foam
FIG. 3.1 presents a typical tomography slice of the aluminum foam and the recons-

tructed microstructure by micro-computed tomography. The resolution of the tomography
slices and the nominal porosity are 22 µm per voxel and 94%, respectively.

2.1.1 Characterization of the geometry - covariance function

In order to characterize stationary and ergodic media, the covariance function and re-
levant integral range have been raised as the basic statistical descriptors [MAT 75]. Consi-
dering a set X , the covariance function C(X ,h) represents the probability of two points x
and x+h belonging to set X , and it can be written as :

C(X ,h) = P{x ∈ X ,x+h ∈ X}, (3.1)

where the vector h means the space of these two points. Assuming h = ‖h‖, for h = 0,
C(X ,0) stands for the solid volume fraction of set X , while for h→ +∞, the covariance
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3. Effective elastic properties of periodic irregular open-cell foams

 

15 px 

(a)

 

(b)

FIGURE 3.1: Tomographic data of the irregular open-cell structure : (a) slice of the sample
(571×571 px2) ; (b) 3D rendering after reconstruction (571×571×484 px3).

has an asymptotic value which is the square of the solid volume fraction. If the asymp-
totic value can be obtained before h→ +∞, for example when h = A , then the points
are considered not correlated with the space larger than A [MAT 71], and this space A
is the covariance range. The covariances of the microstructure of the irregular open-cell
sample in three directions are illustrated in FIG. 3.2. From the figure, one can see the
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Modeling of irregular open-cell structure from tomography slices

covariance range, i.e. the intersection of the covariance functions and the asymptotic va-
lue, is about 55 px. Furthermore, the microstructure is considered geometrically isotropic
because three covariance functions are similar in three directions.
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FIGURE 3.2: Covariance functions in three directions of solid phase of open-cell sample
microstructure.

2.1.2 Morphological parameters

Recall four morphological parameters (introduced in previous chapter) which can re-
present the microstructure of open-cell foam models :

• Relative density, ρhom/ρb, is the solid volume fraction.

• Coefficient of variation, CV , stands for the dispersion of cell size distribution of
irregular structures. One has CV = σdc/dc, where σdc is the standard deviation of
equivalent cell diameters and dc denotes average cell diameter.

• Normalized curvature, q, shows the shape of cross section of strut. By controlling q,
the shape of cross section can vary from circle (q = 1) to convex triangle(1 > q > 0)
to flat triangle (q = 0) and to concave triangle (0 > q >−0.5).

• Diameter ratio, t, describes the variation of the cross section area of along the strut
axis and t = dmin/dmax, where dmin and dmax are the minimum and maximum dia-
meter of the strut.
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3. Effective elastic properties of periodic irregular open-cell foams

In order to obtain the morphological parameters of the structure of the irregular open-
cell sample, the tomographic slices are analyzed using the free software iMorph. The
equivalent cell diameters show a Gaussian unimodal distribution with dc = 2892 µm and
CV = 3.39%. In the previous chapter, the normalized curvature q and the diameter ra-
tio t demonstrate their significant influences on the effective elastic properties of open-
cell foams. Hence these two parameters are necessary to be cosidered when generating
structures. Two analytical relations among q, t and stereological parameters are proposed
in [CUN 17] as :

4Ssur/d2
o = 1.11q+1.52, (3.2)

do +di

2d j,max
= t

2
3 , (3.3)

where Ssur denotes the strut cross section surface, do stands for the strut cross
section circumcircle diameter, di represents the strut cross section incircle diame-
ter and d j,max is the strut junction maximum diameter. FIG. 3.3 illustrates these
stereological parameters. These parameters can be obtained directly by the cross
section measurement function and the strut junctions measurement function of
iMorph. Finally, the morphological parameters of the irregular open-cell sample are(
ρhom/ρb = 6.4%;CV = 3.4%;q = 0.36; t = 0.34

)
.

 

𝑑𝑜 

𝑑𝑖 

𝑆𝑠𝑢𝑟  

circumcircle 

incircle 

strut cross section 

(a)

      

 

𝑑𝑗, 𝑚𝑎𝑥 

circumscribed sphere 

(b)

FIGURE 3.3: (a) Illustration of Ssur, do and di in the case q= 0 (flat triangle cross section) ;
(b) Illustration of d j,max.
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Modeling of irregular open-cell structure from tomography slices

2.2 Generations of numerical structures
With the obtained morphological parameters, five sets of numerical structures with

different sizes are generated by Matlab [MAT 16]. FIG. 3.4 presents the illustration of
structures for Set A∗, Set B∗, Set C∗, Set D∗ and Set E∗, respectively. Table 3.1 introduces
the characterizations, i.e. the domain dimensions and the number of cells, of each set. The
ratio of the number of cells to the volume of the structure keeps constant for each set,
which is determined by morphological analysis.

  

 

 

 

 

(a) (b) (c) 

(d) (e) 

FIGURE 3.4: Illustration of numerical irregular open-cell structure (ρhom/ρb = 6.4%) for
(a) Set A∗ ; (b) Set B∗ ; (c) Set C∗ ; (d) Set D∗ and (e) Set E∗.
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3. Effective elastic properties of periodic irregular open-cell foams

TABLE 3.1: Characterizations of each set of open-cell structures (ρhom/ρb = 6.4%).

Domain dimensions (px3) Number of cells
Set A∗ 307×307×307 20
Set B∗ 400×400×400 44
Set C∗ 450×450×450 63
Set D∗ 500×500×500 86
Set E∗ 600×600×600 149

3 RVE determination approach

Two approaches proposed in literatures are introduced in this section and will be per-
formed to determine two RVE parameters : the number of realizations nr and the RVE
volume V .

3.1 Kanit’s relation for linear properties [KAN 03]

As presented in [MAT 71], the integral range for set X can be written as follows since
covariance function (EQ. 3.1) is integrable :

An =
1

C(X ,0)−C(X ,0)2

∫
Rn

(
C(X ,h)−C(X ,0)2)dh, (3.4)

where n signifies the dimension of the space. The parameters estimated in An have a
good statistical representativeness. Moreover [KAN 03] put forward that A can predict
the fluctuation (or equivalently variance in statistics) of any arbitrary scalar variable.

Since the covariance functions shows a statistically morphological isotropy in FIG. 3.2
and the bulk property is isotropic as well, the overall effective property of irregular open-
cell foams is expected to be isotropic. Hence according to EQ. 1.8, the effective stiffness
matrix can be represented by the effective bulk modulus khom and the effective shear
modulus µhom as :

Chom = 3khomJ+2µhomK. (3.5)

Recall that J and K stand for the classical isotropy basis components of isotropic fourth
order symmetric tensors.

The statistical mean values of effective elastic moduli khom and µhom with nr realiza-
tions are given by :

zhom =
1
nr

nr

∑
m=1

zhom
m , (3.6)
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RVE determination approach

where z denotes k or µ, and m means the mth realization. The variance D2
z (V ) of its mean

value z(V ) over the volume V is calculated as :

D2
z (V ) =

1
nr−1

nr

∑
m=1

(
zhom

m − zhom
)2

. (3.7)

The total number of realizations of each set is required to make sure that the mean ef-
fective elastic moduli zhom and their variances D2

z (V ) do not vary any longer up to given
precisions (less than 0.2% for the mean moduli and 1% for the variances in our case),
such that :

eZ =
|Znr −Znr−1|

Znr−1
6 p, (3.8)

where Z stands for zhom or D2
z (V ), and p equals to 0.2% or 1%.

For a random function z(x), a function is proposed in [KAN 03] as :

D2
z (V ) = D2

z ×
(

A3

V

)α

. (3.9)

Here D2
z is the point variance of z(x) and A3 is the integral range of z(x). Considering

the relative density ρhom/ρb and the elastic modulus zb of the bulk, for foam models, the
point variance D2

z can be written as [CAI 94] :

D2
z =

ρhom

ρb

(
1− ρhom

ρb

)(
zb
)2

. (3.10)

Substituting EQ. 3.10 into EQ. 3.9, the variance can be represented as a function of the
relative density, the property of the bulk, the volume of RVE and the integral range :

D2
z (V ) =

ρhom

ρb

(
1− ρhom

ρb

)(
zb
)2
(

A3

V

)α

. (3.11)

While in practice, a given error ε must be considered for the determination of the volume
of the RVE. The absolute error of the mean value after nr realizations of volume V is
deduced with the interval of confidence, such that :

εabs =
2Dz(V )√

nr
. (3.12)

Then the relative error εrela is :

εrela =
εabs

zhom
=

2Dz(V )

zhom√nr

. (3.13)
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3. Effective elastic properties of periodic irregular open-cell foams

The relations between two RVE parameters, nr and V , could be derived from the
above equations. If one fix the RVE volume V , then the required number of realizations
nr is given by :

nr(V ) =

(
2zb

εrelazhom

)2
ρhom

ρb

(
1− ρhom

ρb

)(
A3

V

)α

. (3.14)

Similarly, if the required number of realizations nr is fixed, the smallest corresponding
RVE volume V can be evaluated as :

V (nr) =

[(
2zb

εrelazhom

)2
ρhom

nrρb

(
1− ρhom

ρb

)]1/α

A3. (3.15)

In order to determine the RVE of a given microstructure (for fixed
number of realizations) or the required number of realizations (for fixed
RVE volume), the following steps should be performed [KAN 03] :

1. Generate numerous realizations of the given microstructure for different sets ;

2. Calculate the effective elastic stiffness matrix of each realization ;

3. For each set, estimate the mean values (EQ. 3.6) and the variances (EQ. 3.7) and
evaluate if the number of realizations meets the stabilization criterion EQ. 3.8.

4. Calculate the integral range A3 and the power α (EQ. 3.11), and derive the relation
between two RVE parameters according to EQ. 3.14 or EQ. 3.15. One can obtain
either the number of realizations with the volume of RVE or the volume of RVE
with the number of realizations.

3.2 Moussaddy’s algorithm [MOU 13]
[MOU 13] proposed the algorithm based on the combination of criteria which belong

to two groups of criteria to analyze fiber models. The first group contains the criteria of
the number of realizations, and the second one contains the criteria of the RVE volume
(number of fibers in their paper). The determination criteria are introduced first and the
general algorithm is presented after as follows.

3.2.1 Criteria of number of realizations

A number of criteria are assessed to make sure the number of realizations is large
enough to have confidence in the mean effective properties.

Isotropy criterion : If the microstructure is expected to be macroscopically isotropic,
although the individual realization is not isotropic for small volume element, the overall
isotropy would be obtained after a sufficient number of realizations. Since the isotropy
criterion has already been introduced in Section 5.5 in Chapter 2, we do not repeat here.
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RVE determination approach

It should be noticed that there are several isotropy indices in the previous literatures but
there is no agreement on the value of the tolerance.

Confidence criterion : The criterion is studied to determine if the 95% confidence
interval relative error with a certain number of realizations is under a pre-set tolerance,
such that :

ζcon =
I95%
zhom /2

zhom
6 tol. (3.16)

In this chapter, tol is the pre-set fixed tolerance and set as 5% according to [MOU 13].
I95%
zhom represents the 95% confidence interval of the effective elastic modulus which is

derived as :

I95%
zhom = IT S

σzhom
√

nr
. (3.17)

Here IT S denotes the inverse of Student’s T cumulative distribution function with (nr−
1) degrees of freedom. σzhom stands for the standard deviation of the effective elastic
modulus.

3.2.2 Criteria of RVE volume

In order to investigate the accuracy of the RVE volume, different criteria are performed
for each set.

Deviation criterion : By computing the standard deviation, the deviation criterion
shows the degree of discretization of the effective elastic modulus :

δdev =
σzhom

zhom
6 tol. (3.18)

Averaging variations criterion : The averaging variations criterion has been propo-
sed [MOU 13] since it can reduce the cost of the RVE determination. In previous criteria,
only the arithmetic mean value of the effective elastic modulus zhom is taken into account.
In the averaging variations criterion, both the arithmetic and harmonic means are conside-
red. The arithmetic mean is introduced before (EQ. 2.32) and the harmonic mean effective
elastic stiffness matrix can be written as :

[Chom]=

(
1
nr

nr

∑
m=1

[Chom
m ]

−1
)−1

. (3.19)

The average of two means is considered as the average property after nr realizations :

ẑhom =
zhom + zhom

2
. (3.20)
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3. Effective elastic properties of periodic irregular open-cell foams

This criterion presents the RVE is found only when the difference between the average
property ẑhom and zhom or zhom is under the tolerance 5% :

δave =

∣∣∣∣∣ ẑhom− zhom

ẑhom

∣∣∣∣∣=
∣∣∣∣∣ ẑhom− zhom

ẑhom

∣∣∣∣∣6 tol. (3.21)

Effective property error : The effective property error with respect to the properties
of the largest volume has the form :

δerr =
|zhom(V )− zhom(Vmax)|

zhom(Vmax)
6 tol, (3.22)

where Vmax indicates the largest volume.

3.2.3 Determination algorithm

For Moussaddy’s algorithm, each RVE determination Method (M) contains
a combination of both a criterion of number of realizations and a crite-
rion of RVE volume. Hence a total of 6 methods can be estimated, and
they are named as : Mζisoδdev

, Mζisoδave and Mζisoδerr , Mζconδdev
, Mζconδave ,

Mζconδerr . Similarly, the following steps are necessary for each method :

1. From small volume, generate and solve realizations until a criterion in the first
group (number of realizations) is satisfied ;

2. If a criterion in the second group (volume of RVE) is satisfied, the RVE is found ;
Otherwise, increase the volume and repeat from step 1.

4 Numerical simulation
The bulk properties of aluminum are set as Young’s modulus Eb = 70 GPa and Pois-

son’s ratio νb = 0.3. The generated geometries are meshed with linear tetrahedron solid
elements in the commercial package ICEM CFD 16.2 [ANS 13] and solved by Hill’s
lemma approach (realized by Matlab [MAT 16]). The convergence approach is still used
to reduce the mesh discretization error.

For Set E∗, the obtained overall effective elastic stiffness matrix after 25 realizations
in the frame (e1,e2,e3) is :

[Chom]=


531.71 308.67 310.26 ∼ 0 ∼ 0 ∼ 0

533.69 310.94 ∼ 0 ∼ 0 ∼ 0
532.93 ∼ 0 ∼ 0 ∼ 0

Sym 228.60 ∼ 0 ∼ 0
229.86 ∼ 0

228.70

(MPa) .
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Results and discussion

Meanwhile the isotropy criterion ζiso equals to 0.46%, which means the effective stiff-
ness matrix can be considered isotropic. Hence [Chom] can be rewritten equivalently as
follows :

[Chom]= 3khom[J]+2µhom[K], (3.23)

with khom = 384.45 MPa and µhom = 113.41 MPa.

5 Results and discussion

5.1 Influence of RVE parameters
The influence of the number of realizations is studied by evaluating the evolutions of

the effective elastic moduli. The evolutions of khom and µhom as a function of the number
of realizations for Set D∗ is reported in FIG. 3.5(a). Both two mean effective elastic moduli
have same tendency, i.e. gradually converging after small perturbations. Similar tendency
can be observed on the other four sets. FIG. 3.5(b) plots the evolutions of khom for all five
sets. It is obvious from the figure that in general the evolution trends to converge earlier
with the increase of RVE volume. The convergence values of all sets are very close, except
for Set A∗ (higher). As explained in [KAN 03] and [MOU 13], the bias is caused by the
deterministic size effects (e.g., boundary effects).

The convergent khom/kb and µhom/µb of each set with sufficient realizations estimated
by EQ. 3.8 are shown in FIG. 3.6. From the figure, it is clear that both khom/kb and
µhom/µb of Set A∗ are higher than those of the other sets.

5.2 Results of Kanit’s method
5.2.1 Estimation of the relation between the RVE parameters

The point variances of the elastic moduli D2
k and D2

µ equals to 2.04×108 (MPa)2 and
4.34×107 (MPa)2 with the previous data. FIG. 3.7 plots the variance ratios D2

k(V )/D2
k and

D2
µ(V )/D2

µ as a function of the volume respectively. In the figure, the simulation data are
indicated as the points and the analytical law (EQ. 3.9) is named as “model”. In [KAN 03],
the differences between the simulation data and the fitting law are significant for the RVEs
which are biased by boundary effect. Hence in our case, the fittings are carried out without
the biased Set A∗, while the simulation data of Set A∗ is still shown in the figure. One can
see the analytic law fits well with the numerical results from the figure, which verifies the
law is appropriate for the foam models. Table 3.2 gives the parameters A3 and α for two
effective elastic moduli.

It should be noticed that in [KAN 03], the integral range has been used to investigate
the RVE of Voronoi mosaic microstructures of inclusions-matrix materials. The integral
range has been proven that can be considered as a morphological parameter and has the
order of magnitude similar to the size of the heterogeneity in the RVE. In our case, one
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FIGURE 3.5: Evolution of the mean elastic property as a function of the number of reali-
zations : (a) khom and µhom for Set D∗ ; (b) khom for each set.

can imagine FIG. 3.1(a) as a slice of the inclusion-matrix microstructure as well, where
the cross-sections of the struts are equivalent to the “inclusions” (or heterogeneities) and
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FIGURE 3.6: Evolution of the normalized mean property as a function of the RVE vo-
lume.

the porous is equivalent to the matrix. The similar orders of magnitude of the equivalent
“inclusion” and the integral range are found, which makes sure that the integral range is a
pure morphological parameter.

TABLE 3.2: The integral range A3 and the coefficient α for the effective elastic moduli
khom and µhom, which are estimated by fitting with EQ. 3.9 (ρhom/ρb = 6.4%).

Effective elastic modulus Integral range A3 (px3) Coefficient α

khom 102.30 0.95
µhom 101.75 0.97

With the obtained parameters (A3 and α) and EQ. 3.14, Table 3.3 shows the required
number of realizations to evaluate the overall effective elastic moduli khom and µhom for
each set for a given εrela. From the table, one can see that for the foam models, the mini-
mal number of realization of khom is always larger than that of µhom for each set. Hence
the number of realizations of khom determines that of the set for the given εrela. Further-
more, it can be noticed that comparing with the minimal number of realizations showed
in [KAN 03], only a small number of realizations are required to obtain the accurate ove-
rall effective elastic moduli for the foam models. In the same way, the smallest volume
with nr realizations for a given εrela can also be estimated. For example with εrela = 1%
and 1 realization, one should consider V = 2.57×1010 px3 for khom, and V = 1.36×1010
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FIGURE 3.7: Evolution of the variance ratio D2
z (V )/D2

z as a function of the RVE volume.

px3 for µhom. Even if taking into account εrela = 5%, the needed volume is still over
5×108 px3. Computing such a large model by FEM will be extremely expensive. Hence
considering smaller models with a sufficient number of realizations is a better strategy.
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Results and discussion

Moreover, Kanit’s relation can be regarded as the criterion to evaluate the number of rea-
lizations for each set or to evaluate the volume for a given number of realizations with
εrela, which will be discussed in the following section.

TABLE 3.3: Minimal number of realizations estimated to obtain the effective elastic mo-
dulus for each set (ρhom/ρb = 6.4%).

Relative error εrela = 1% εrela = 2% εrela = 5%
khom (Set A∗) 655 164 27
µhom (Set A∗) 388 97 16
khom (Set B∗) 307 77 13
µhom (Set B∗) 180 45 8
khom (Set C∗) 219 55 9
µhom (Set C∗) 128 32 6
khom (Set D∗) 162 41 7
µhom (Set D∗) 94 24 4
khom (Set E∗) 96 24 4
µhom (Set E∗) 56 14 3

5.2.2 Influence of relative density

The relative density has been proven as the most influential parameter on the effec-
tive elastic properties in the previous chapter. Hence it is interesting to study its influence
on the analytic relation. The contrastive models are generated with the same parameters
except ρhom/ρb = 4%. In the same way, the overall effective elastic moduli of the contras-
tive models are estimated and the results are khom = 245.45 MPa and µhom = 45.36 MPa.
Table 3.4 and 3.5 report the parameters A3 and α, and the required number of realizations
for each set for the contrastive models. Comparing with Table 3.2 and 3.3, it can be ob-
served that the parameters A3 and α change with the variance of the relative density, and
the minimal numbers of realizations are larger for the models with the smaller relative
density.

TABLE 3.4: The integral range A3 and the coefficient α for the contrastive models
(ρhom/ρb = 4%).

Effective elastic modulus Integral range A3 (px3) Coefficient α

khom 102.22 0.96
µhom 101.54 1.05
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3. Effective elastic properties of periodic irregular open-cell foams

TABLE 3.5: Minimal number of realizations for the contrastive models (ρhom/ρb = 4%).

Relative error εrela = 1% εrela = 2% εrela = 5%
khom (Set A∗) 813 204 33
µhom (Set A∗) 319 80 13
khom (Set B∗) 380 95 16
µhom (Set B∗) 139 35 6
khom (Set C∗) 271 68 11
µhom (Set C∗) 96 24 4
khom (Set D∗) 200 50 8
µhom (Set D∗) 39 18 3
khom (Set E∗) 119 30 5
µhom (Set E∗) 39 10 2

5.3 Results of Moussaddy’s algorithm
5.3.1 Analysis of criteria of number of realizations

The variation of the isotropy criterion ζiso with the increase of the number of reali-
zations for each set is shown in FIG. 3.8. As expected, the larger the RVE is, the more
isotropic it shows. For Set A∗, even with a great number of realizations, ζiso can just reach
2%, while for Set E∗, only an individual model presents the better isotropy and ζiso is
close to 1%. For different sets, the convergence values of the isotropy criterion are dif-
ferent with a sufficient number of realizations. As said before, the convergence value of
Set A∗ just reaches 2% while for Set C∗, Set D∗ and Set E∗, the values are around 0.5%.
Therefore it is difficult to define the tolerance of ζiso. In our case, the overall stiffness
matrix is considered isotropic when ζiso 6 1%. This tolerance is strict for Set A∗ and Set
B∗, while for Set C∗, Set D∗ and Set E∗, the required numbers of realizations are 5, 5 and
2, respectively.

The evolution of the confidence criterion error ζcon as a function of the number of
realizations for five sets is plotted in FIG. 3.9. The errors of khom and µhom are calculated
for each set. It shows from the figure that in general, the confidence criterion error reduces
with increasing the number of realization, no matter for different effective elastic moduli
or for different sets. For models with smaller volume, more realizations are needed in
general to make the error satisfy the tolerance. Assuming that for all criteria (except ζiso),
the tolerance 5% should be satisfied for both elastic moduli. Hence the required numbers
of realizations are 23, 16, 10, 11 and 10 for five sets, respectively.

5.3.2 Analysis of criteria of RVE volume

The influence of the RVE volume on the volume criteria δdev, δave and δerr is presented
in FIG. 3.10. All errors are evaluated with the same number of realizations which satisfies
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FIGURE 3.8: Evolution of ζiso as a function of the number of realizations for five sets.

the confidence criterion ζcon for each set. The tolerance 5% is proposed for the fiber
models, however this value is not appropriate for δdev and δave for the foam models. The
tolerance 5% is strict for δdev while too slack for δave. From FIG. 3.10(a), the tendency of
the curves shows δdev reduces with the increase of RVE volume in general. δave has the
similar tendency. On the other hand, tol = 5% is appropriate for δerr. One can see clearly
in FIG. 3.10(c) that δerr of khom of Set A∗ is significant, and δerr of µhom of Set A∗ is also
close to 5%.

5.3.3 Determination of RVE parameters

Following the method introduced in Section 3.2.3, the RVE parameters are found by
each method and listed in Table 3.6. As mentioned in Section 5.3.2, since tol = 5% is
strict for δdev, no set satisfies δdev 6 5%. Hence the methods which include δdev, i.e.
Mζconδdev

and Mζisoδdev
, can not determine the RVE. While tol = 5% is too slack for δave,

each set satisfies δave 6 5%. Therefore for the methods including δdev, only the criteria of
the number of realizations works in determining the RVE, and these criteria can not avoid
the bias occurring on the small models. Since tol = 5% is appropriate for δerr, it can
determine the volume of RVE well. While for Mζisoδerr , although it determines the RVE
quickly, i.e. with only 2 realizations, the errors are large between the obtained effective
elastic moduli (khom = 359.23 MPa and µhom = 111.23 MPa) and the convergent results
(khom = 384.45 MPa and µhom = 113.41 MPa). Hence the combination method Mζconδerr

seems to be the most appropriate method for the foam models.
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FIGURE 3.9: Evolution of ζcon as a function of the number of realizations for (a) Set A∗ ;
(b) Set B∗ ; (c) Set C∗ ; (d) Set D∗ and (e) Set E∗.
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FIGURE 3.10: Evolution of (a) δdev, (b) δave and (c) δerr as a function of the RVE volume.
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3. Effective elastic properties of periodic irregular open-cell foams

TABLE 3.6: Number of realization nr and RVE set determined by each method (M) with
tol = 5% for all criteria except ζiso 6 1%.

Mζconδdev
Mζconδave Mζconδerr Mζisoδdev

Mζisoδave Mζisoδerr

nr - 23 16 - 5 2
Set - Set A∗ Set B∗ - Set C∗ Set E∗

5.4 New suggestions of the determination of the RVE
The evaluations of the RVE parameters, i.e. the number of realizations and the RVE

volume are two essential steps in order to determine the RVE. Since Mζconδerr is the most
appropriate method for the foam models, several criteria are proposed to compare with
the two criteria used in Mζconδerr , i.e. ζcon and δerr.

5.4.1 Determination of the number of realizations

The comparison is performed on Set B∗ (since determined by Mζconδerr) to show the
accuracy and efficiency in determining the number of realizations among :

• Confidence criterion : The confidence criterion ζcon is carried out with tol = 5%.

• Kanit’s relation : Assume that Kanit’s relation (EQ. 3.14) is a criterion of number
of realizations ζKanit , and the relative error is also set as εrela = 5%. Following this
criterion, the needed number of realizations is given by EQ. 3.14.

• Convergence criterion [DÜS 12] : As mentioned in Section 5.5 in Chapter 2, the
convergence of the realizations is determined by computing the difference of the
mean effective elastic stiffness matrix between two consecutive realizations :

ζconv =

∥∥∥[Chom]nr
− [Chom]nr−1

∥∥∥
Frob∥∥∥[Chom]nr−1

∥∥∥
Frob

6 3×10−3.

Table 3.7 shows the needed number of realizations and the mean effective elastic
moduli evaluated by different criteria for Set B∗. The numbers of realizations found by
three criteria are close and all of them are small (less than 17). The obtained mean effective
elastic moduli are similar as well. The same results can be found on the other four sets.
Hence all three criteria are consider to evaluate the effective elastic properties of the foam
models efficiently and accurately.

5.4.2 Determination of the volume of RVE

The comparison of the errors of khom is conducted with the RVE volume and the
number of realizations determined by ζcon ( 23, 16, 10, 11 and 10 for Set A∗, Set B∗, Set
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Results and discussion

TABLE 3.7: The comparison of the required numbers of realizations and the obtained
properties for Set B∗.

nr khom (MPa) µhom (MPa)
ζcon 16 380.73 118.65

ζKanit 13 386.95 118.35
ζconv 15 381.94 118.10

C∗, Set D∗ and Set E∗, respectively). The errors are determined by the following criteria
of RVE volume :

• Effective property error : As previously introduced, it corresponds to EQ. 3.22.

• Kanit’s relation : Kanit’s relation is always used to determine the number of rea-
lizations with a fixed volume or determine the volume with the fixed number of
realizations for a given error. Since the volumes of the five sets are fixed and the
numbers of realizations are determined as well, it can be used as a criterion to eva-
luate the relative error by considering :

δKanit =
2kb

khom

√
ρhom

nrρb

(
1− ρhom

ρb

)(
A3

V

)α

6 5%. (3.24)

• Convergence criterion (new) : The effective property error δerr is proven to be a
good criterion. However if the number of realizations is few, the results of the lar-
gest volume are not very credible. The convergence criterion δconv, which is similar
as EQ. 3.8 and EQ. 2.33, is then proposed. The difference of khom between two
consecutive volume sizes is calculated as :

δconv =

∣∣∣khom
Si+1
− khom

Si

∣∣∣
khom

Si

6 5%, (3.25)

where Si+1 and Si stand for the two consecutive sets.

Table 3.8 reports the comparison of the errors determined by different criteria for khom.
For Set A∗, all three errors are larger than 5%, which means all the criteria can avoid the
very small RVE like Set A∗.

5.4.3 Synthesis on the determination

After the above discussion, one can see that in our case, ζcon, ζKanit and ζconv are effi-
cient and accurate criteria in determining the number of realizations, and δerr, δKanit and
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3. Effective elastic properties of periodic irregular open-cell foams

TABLE 3.8: The comparison of the errors for khom combined with the set (volume) and
the number of realizations determined by ζcon (23, 16, 10, 11 and 10 for each set, respec-

tively).

Set A∗ Set B∗ Set C∗ Set D∗ Set E∗

δerr 6.61% 0.37% 0.20% 1.45% -
δKanit 5.33% 4.38% 4.68% 3.83% 3.10%
δconv 6.54% 0.17% 1.25% 1.47% -

δconv can evaluate the volume of RVE well. Hence for the foam models, the RVE determi-
nation methods combined these criteria are proposed as : Mζconδerr , MζconδKanit , Mζconδconv ,
MζKanitδerr , MζKanitδconv , Mζconvδerr , MζconvδKanit and Mζconvδconv . The determination of RVE fol-
lows the algorithm in Section 3.2.3 and the obtained RVEs are listed in Table 3.9. The
RVEs found by the proposed methods are similar and seem reasonable.

TABLE 3.9: The RVE parameters determined by the proposed methods for the foam mo-
dels.

nr Set
Mζconδerr 16 Set B∗

MζconδKanit 16 Set B∗

Mζconδconv 16 Set B∗

MζKanitδerr 13 Set B∗

MζKanitδconv 13 Set B∗

Mζconvδerr 15 Set B∗

MζconvδKanit 15 Set B∗

Mζconvδconv 15 Set B∗

6 Conclusion
This chapter focuses on the study of effective elastic properties of irregular open-cell

foams. The main conclusions are :

1. The morphological description of the real irregular open-cell sample are obtained
by analyzing the reconstructed tomography structure. It allows to generated realistic
periodic irregular open-cell structures which have the same morphological parame-
ters as the real sample. Hill’s lemma computational homogenization approach is
still used to predict the effective elastic properties. The low computational cost is
very useful for the study of irregular models which needs numerous realizations.
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Conclusion

2. Two RVE determination approaches are performed to estimate the accurate effective
elastic properties of irregular open-cell models. From the results, one can see that
both RVE parameters, i.e. the number of realizations and the RVE volume, should
be evaluated using the appropriate criteria for the determination of RVE. Kanit’s
analytic model could reflect the relation between the number of realizations and the
RVE volume well. The obtained parameters A3 and α changes with the variance of
the relative density. The required number of realizations increases when the relative
density of foam models decrease. The results shows that the required number of
realizations is not large even for the models with small volume. Hence choosing
relatively smaller models with a sufficient number of realizations seems to be a
better strategy. Moussaddy’s algorithm helps to intuitively understand the variation
tendency of each elastic modulus with both two RVE parameters. While not all
criteria are appropriate for foam models. The effective elastic properties of the foam
models can be evaluated accurately and efficiently by both approaches. Specific
methods for foam models are proposed for the determination of the RVE.
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Chapter 4

Effective elastic properties of periodic
irregular closed-cell foams

After studying the open-cell foams, we will deal with the
closed-cell foams in this chapter. The effective elastic

properties of irregular closed-cell foams are still predicted
with the Hill’s lemma computational periodic homogenization

approach. With the morphological parameters obtained by
analysing the tomography images, the numerical structures

are generated by the Voronoi-based approach. The influences
of the kinematic modelings, the RVE parameters and the

relative density on the effective elastic properties are studied.
The comparison of the energy density is performed between
the homogenized model and the tomography reconstruction
model. The satisfying agreement between the homogenized

results and the experimental results are observed.
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Introduction

1 Introduction
The mechanical properties of closed-cell foams have been investigated widely re-

cently. The tension-tension and compression-compression cyclic properties have been
measured in [HAR 99] to show the fatigue failure mechanism of the closed-cell alumi-
nium alloy foam. [SON 10, LI 14b] contribute to the understanding of the dynamic cru-
shing responses of 3D closed-cell foams based on Voronoi random model. The influences
of the cell shape irregularity, relative density, inertia of cell walls, strain hardening and
impact loading on the plateau stress and the deformation model have been studied. The
influence of the relative density and irregularity of Voronoi closed-cell foam models on
the elastic and plastic properties are reported in [BAR 14a]. A multiaxial “plasticity” cri-
terion of the simulation of the macroscopic behavior of light closed-cell foams is de-
veloped in [YE 15]. For us, we focus more on the elastic behavior of closed-cell foam.
In [ROB 01], different isotropic random closed-cell foam models based on Voronoi tes-
sellations and level-cut Gaussian random fields are generated and the density and micro-
structure dependence of the Young’s modulus and Poisson’s ratio have been computed.
The results can be described by a power law E ∝ ρn(1 < n < 2) for the closed-cell cellu-
lar materials. [GRE 00] studies the influence of non-uniform cell wall thickness on elastic
stiffness of Kelvin closed-cell structure. It shows that the stiffness of closed-cell cellular
solids is not sensitive to the variations of the wall thickness. The similar investigation
of cell wall thickness variation is reported by [CHE 15], and the effect of cell size va-
riation on the stiffness of closed-cell structure foams using Laguerre tessellation models
has also been studied. [MIR 16] focuses on the influence of internal pores distribution
on the elastic properties of closed-cell aluminium foam by conducting monotonic com-
pression test. [PAB 18] carried out numerical calculations of relative Young’s modulus on
computer-generated Kelvin and random microstructures of closed-cell cellular materials
and inverse foams. The numerical results are compared to several analytical models.

In this chapter, the tomography slices of the irregular closed-cell sample are analysed
to obtain the dispersion of cell size distribution and the anisotropy. With the morpholo-
gical description, numerical irregular closed-cell structures are generated by the recent
approach based on Voronoi diagram. The Hill’s lemma computational homogenization
approach is used to predict the effective elastic properties of irregular closed-cell foam
models. The influence of the RVE parameters, the kinematic modelings and the relative
density are analyzed. The homogenized results are compared with the results of the to-
mography reconstruction model and the experimental results.

2 Modeling of irregular closed-cell structure

2.1 Material and its properties
The material used in this chapter is a modified Polyvinylchloride (PVC) cross-linked

cellular foam made by AIREX R©. The nominal density is 200 kg/m3, referred as C70.200.
A typical tomography slice of the irregular closed-cell foam and the structure obtained by
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4. Effective elastic properties of periodic irregular closed-cell foams

micro-computed tomography are shown in FIG. 4.1. The resolution of the sample are 3
µm per voxel.

 
(a)

 

𝒆1 𝒆3 

𝒆2 

(b)

FIGURE 4.1: Tomographic data of the irregular closed-cell structure : (a) a tomography
slice (400×400 px2) ; (b) 3D rendering after reconstruction.

Due to different production processes, the properties of PVC could be very different.
In [ASH 05], the Young’s modulus of PVC is 2140-4140 MPa and the density is 1300-
1580 kg/m3. In the following studies, the relative density of the foam is set as 15% first,
and its influence on the effective elastic properties will be estimated in the certain range
in Section 3.3. The Young’s modulus and the Poisson’s ratio of PVC are set as 4000 MPa
and 0.33, respectively [ASH 05, YE 15].
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Modeling of irregular closed-cell structure

2.2 Morphological description

Three morphological parameters will be considered when generating realistic nume-
rical irregular closed-cell structures : 1. the relative density ρhom/ρb ; 2. the coefficient of
variation CV , which represents the dispersion of cell size distribution ; 3. the anisotropy of
the structure. The last two parameters are introduced in detail in the following sections.

2.2.1 Dispersion of cell size distribution

The volume of each cell can be measured directly by the software iMorph [BRU 08].
Considering the cells equivalent to the spheres, the distribution of the normalized cell dia-
meters (by the average diameter) exhibits a Gaussian unimodal shape (shown in Section
2.3). By analysing σdc and dc, the coefficient of variation CV can be estimated as 0.136. It
should be noticed that the analysis of the dispersion of cell size distribution is performed
on fully contained cells.

2.2.2 Anisotropy

Due to performance needs or other reasons, sometimes foams can exhibit anisotro-
pic behavior. Same investigation of covariance functions is performed on the tomography
slices of the closed-cell sample to verify if the microstructure is isotropic or not. FIG. 4.2
shows the covariance of the microstructure of the irregular closed-cell foam in the or-
thogonal coordinate system (e1, e2, e3). From the figure, the microstructure seems to be
isotropic since the covariance functions are similar along three directions. While nume-
rous blurs are observed when analysing the tomography slices. FIG. 4.3 is a typical slice
which have several blurs marked in red arrows or circle. These blurs may be caused by
beam hardening in reconstruction and can lead to errors because they are also considered
as solid parts when studying the covariance functions. This is also why the relative density
obtained in FIG. 4.2, i.e. 21.44%, is much larger than that analyzed in Section 2.1.

Another method is used to verify the isotropy, i.e. analysing the matrix of iner-
tia [DIL 05]. Cells of the tomography structure are considered equivalent to ellipsoids
and the anisotropy of the whole structure is quantified directly by the commercial FE pa-
ckage Abaqus 6.11-2 [Aba 11]. For simplicity, the matrix of inertia is normalized by the
first component of the main diagonal, i.e.

[I∗C]=

 1.00 ∼ 0 ∼ 0
∼ 0 1.01 ∼ 0
∼ 0 ∼ 0 1.00

 .
The eigenvalues of this matrix are approximately equal.

Hence, the tomography structure is considered to be geometrically isotropic by both
methods.
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FIGURE 4.2: Covariance functions in three directions of solid phase of closed-cell sample
microstructure.

 

FIGURE 4.3: Illustration of the blurs in the tomography slice which leads to the error.

2.3 Generations of numerical models

The Voronoi-based approach, which has been used for open-cell structures before,
is applied to numerically generate periodic irregular closed-cell structures. For closed-
cell structures, the cells obtained by Surface Evolver will be “separated”, i.e. every face
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Modeling of irregular closed-cell structure

is duplicated and each of the two copies is grouped with other connected faces, each
group constituting the boundaries of one of the original cells. Each cell-group can then
be assigned with a displacement vector. One can see in FIG. 4.4 that with an opportunely
chosen set of displacement vectors, a wall with the chosen thickness between cells can be
represented. For the full cell structure, the role of displacement vectors can be observed
in FIG. 4.5. After that, the displaced cells are used to carve holes in a cubic bounding box
thus resulting in the finalized constant thickness closed-cell structure.

 (a)

(b)

FIGURE 4.4: Original (a) and exploded (b) cell structure. Colors identify cells. Walls are
pattern filled.

The cell size distribution of the tomography structure is plotted with the blue curve
in FIG. 4.6. The numerical closed-cell structures are generated, trying to match coefficient
of variation of the equivalent cell diameter distribution. The matching is realized by in-
putting the required quantity in the algorithm directly rather than by means of an iterative
process. The distribution of the normalized cell diameters of the numerical structure, i.e.
the red curve in the figure, makes a great consistency with the blue curve. Two curves
have a shared area fraction of 93.47% quantitatively.

Like the previous chapter, in order to study the influence of the RVE parameters (the
number of realizations and the RVE volume), five sets of numerical closed-cell structures
with different volumes are generated. FIG. 4.7 and Table 4.1 show the illustration and the
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FIGURE 4.5: Full cell structure showing the space between cells (wall thickness) in 3D.
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FIGURE 4.6: Normalized cell diameter distributions of the tomography structure and the
numerical structure, as calculated by iMorph.
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Modeling of irregular closed-cell structure

characterization of each set respectively. The ratio of the number of cells to the volume of
models is kept constant, which is obtained by morphological analysis.

   

  
 

(d) (e) 

(c) (b) (a) 

𝒆1 𝒆3 

𝒆2 

FIGURE 4.7: Illustration of numerical irregular closed-cell model for (a) Set A ; (b) Set
B ; (c) Set C ; (d) Set D and (e) Set E.

TABLE 4.1: Characterizations of each set of closed-cell structures.

Domain dimensions (px3) Number of cells
Set A 200×200×200 30
Set B 250×250×250 58
Set C 300×300×300 100
Set D 350×350×350 159
Set E 400×400×400 238
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4. Effective elastic properties of periodic irregular closed-cell foams

3 Results and discussion

3.1 Influence of kinematic modeling

In addition to solid elements, shell elements are also used to mesh closed-cell foam
models [CAT 08, BAR 14a, YE 15, CHE 15]. It is interesting to compare the elastic pro-
perties of solid model and shell model. In FIG. 4.8, the same models (300×300×300 px3

with 100 cells) are meshed with 304,341 3-node triangular general-purpose shell elements
(FIG. 4.8(a)) and 891,823 linear tetrahedron solid elements (FIG. 4.8(b)). Unlike the mo-
del with solid elements, it is difficult to obtain the effective elastic stiffness matrix of
the model with shell elements. Hence the tensile simulation and the shear simulation are
carried out on both models by applying the displacements on one surface along different
directions while “clamping” the opposite surface along the corresponding directions and
testing the force ( FIG. 4.9 shows 2D perspective for simplicity). The simulations are
realized by the commercial FE package Abaqus 6.11-2 [Aba 11]. The periodic boundary
condition is imposed on both models, and for the shell model, the periodicity of the rota-
tion of the corresponding nodes is also considered. The thickness of the shell elements is
uniform, and both models have the same relative density.

FIG. 4.10 and FIG. 4.11 show the deformations of both shell model (with 304,341
elements) and solid model (with 891,823 elements) after the certain displacement for the
tensile test along direction 11 and the shear test along direction 12 respectively with von
Mises equivalent stress map. From the figure, the deformations of two models are similar
with similar von Mises equivalent stresses in general, whether for the tensile simulation
or the shear simulation. The difference may be caused by the different kinematic mo-
dels (will be analyzed in the following paragraphs), small structural differences and the
different numbers of elements.

Tensile responses and shear responses along direction 11 and direction 12 respectively
of two models are compared in FIG. 4.12. The simulation results are the convergent values
of the data with different number of elements for both models. One can see from the figure
that whether for the tension or the shear, the solid model is stiffer than shell model. The
relative errors are 12.77% for the tension and 13.37% for the shear.

The similar results can be observed in [STO 13b] that the differences in the effective
elastic properties are over 10% between solid open-cell foam models and beam open-cell
foam models. The underestimation of the stiffness for the beam model has been conside-
red and the reasons has been analyzed as [STO 13b] :

• the moment of inertia at the nodes is much larger for solid models than beam mo-
dels ;

• the free bending length of the struts decrease for solid models.

Shell model is the same as beam model that neglects the material concentration since the
elements are connected at the middle of the elements and the bodies of the elements don
not interact with each other.
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Results and discussion

 

(a)

 

(b)

FIGURE 4.8: An original overall isotropic model is mesh with (a) 304,341 shell elements
and (b) 891,823 solid elements, respectively.

3.2 Influence of RVE parameters
Stochastic realizations are performed as well to take into account the microstructure

irregularities of the studied closed-cell foams. For Set D, the overall effective elastic stiff-
ness matrix after 5 realizations in the frame (e1,e2,e3) is :

[Chom]=


340.51 153.47 152.84 ∼ 0 ∼ 0 ∼ 0

342.91 153.08 ∼ 0 ∼ 0 ∼ 0
341.62 ∼ 0 ∼ 0 ∼ 0

Sym 188.02 ∼ 0 ∼ 0
186.56 ∼ 0

187.24

(MPa) .

Wenqi ZHU 91

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI043/these.pdf 
© [W. Zhu], [2018], INSA Lyon, tous droits réservés 



4. Effective elastic properties of periodic irregular closed-cell foams
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(a) (b) 

FIGURE 4.9: Illustration of (a) tensile simulation and (b) shear simulation in a 2D pers-
pective.

The isotropy criterion ζiso of the overall effective matrix after 5 realizations is deduced as
ζiso = 0.28%. It indicates that the homogenized behavior can be assumed isotropic. Hence
the effective elastic stiffness tensor can be equivalently written as :

Chom = 3khomJ+2µhomK,

with the overall effective bulk modulus khom = 215.98 MPa and the overall effective shear
modulus µhom = 93.89 MPa. Due to the isotropic property, one just needs to focus on khom

and µhom in the following studies.
The influence of the number of realizations nr on the effective elastic properties of the

closed-cell foams is estimated first. FIG. 4.13 shows the evolutions of the mean effective
elastic moduli with the increase of the number of realizations for Set A. One can see
even for the smallest models, the variances of both moduli are negligible with a very few
realizations. Same tendency can be observed on the other sets. Comparing to the open-cell
foams studied in the previous chapter, the variance of the closed-cell foam studied in this
chapter is much smaller, which makes the determination of RVE in the previous chapter
meaningless for the closed-cell foams.

The evolutions of khom and µhom with the increase of the volume of RVE is given
in FIG. 4.14. All data are the convergence values. In the figure, one can see for each
effective elastic modulus, the difference among all 5 sets are very small. No bias caused
by boundary effects is observed on these models. Since any set can represent this series
of numerical models, define that the results of Set B are used in the following studies.

3.3 Influence of relative density
The influences of the relative density is studied in this section. As said in Section

2.1, according to [ASH 05], the density of PVC bulk varies from 1300 kg/m3 to 1580
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(b)

FIGURE 4.10: Deformations of (a) shell model and (b) solid model for the tensile test
along direction 11 with von Mises equivalent stress map.

kg/m3, which makes the corresponding relative density vary from 12.66% to 15.38% gi-
ven that the foam density equals to 200 kg/m3. Hence different models are generated as
Set B except with different relative densities (12.7%, 13.7%, 14.6% and 15.3%). Since
the numerical models have been proven to be very stable in Section 3.2, for each rela-
tive density, four realizations are estimated and the mean results are used to show the
influence. The evolutions of the effective elastic moduli with the relative density are pre-
sented in FIG. 4.15. It may be a non-linear evolution for a large range of the relative
density, however in this case, the evolution can be considered linear in the current small
range .
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(a)
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FIGURE 4.11: Deformations of (a) shell model and (b) solid model for the shear test
along direction 12 with von Mises equivalent stress map.

3.4 Comparison with tomography model

The comparison of the effective elastic properties between the tomography model
(FIG. 4.1(b)) and the homogenized model is performed in this section. The relative density
of the tomography model is set as 15%. The kinematic boundary conditions are imposed
on the tomography model instead of the periodic boundary condition, since the structure
is non-periodic. As introduced before, the tensile simulation and the shear simulation
are carried out on models by applying the displacements on one surface along different
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FIGURE 4.12: Comparison of the tensile response and the shear response between shell
model and solid model.
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FIGURE 4.13: Evolutions of khom and µhom as a function of the number of realizations
for Set A.

directions while “clamping” the opposite surface along the corresponding directions. The
tomography model is meshed with 654,303, 969,394 and 1,596,850 linear tetrahedron
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FIGURE 4.14: Evolution of khom and µhom as a function of the RVE volume.
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FIGURE 4.15: Effect of the relative density on the effective elastic moduli.

solid elements respectively and the convergence values are used to compare as well. The
finite element simulations are realized by Abaqus. FIG. 4.16 shows the deformations of
the tomography (with 1,596,850 elements) after the certain displacement for the tensile
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Results and discussion

test and the shear test respectively with von Mises equivalent stress map.

 

𝒆2 

𝒆1 

(a)

𝒆1 

𝒆2 

(b)

FIGURE 4.16: Deformations of the tomography model for (a) the tensile test and (a) the
shear test with von Mises equivalent stress map.

The overall macroscopic energy 〈ψ〉 =
〈

1
2
σ : ε

〉
=

1
2
σ : ε of the tomography mo-

del, which is obtained by Abaqus simulation, is compared to the homogenized derived
behavior. Indeed, with Abaqus simulations, one can compute

〈ψ〉= 1
|Ω|

Ne

∑
e=1

ψe (4.1)
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4. Effective elastic properties of periodic irregular closed-cell foams

and

〈σ〉= 1
|Ω|

Ne

∑
e=1
σe, (4.2)

where e means the element index and ψe is the element strain energy. On the other hand,
the overall energy within the elastic RVE can be written for macroscopically isotropic
media as :

ψ
hom =

σ
2
m

2khom
+

σ
2
eq

6µhom
(4.3)

where σm (resp. σeq) corresponds to the macroscopic hydrostatic (resp. equivalent) stress
obtained with Abaqus. According to the previous computations, khom and µhom for the
homogenized model are 216.14 MPa and 93.21 MPa, respectively.

For uniaxial tension or shear without the periodic boundary condition, all other
components of the average stress {σ} can be considered 0 compared to σi j. For
example, for the two cases in FIG. 4.9, the average stresses are T{σ11,0,0,0,0,0} and
T{0,0,0,0,0,

√
2σ12}. Hence the evolutions of the energy density with the overall macro-

scopic stress component σi j are compared between the tomography model (a real non-
periodic microstrucure) and the homogenized model (derived with the periodicity boun-
dary condition assumptions) in FIG. 4.17. Besides, two numerically generated models are
also tested under the kinematic boundary conditions, similarly to the tomography model.
Both of them have the same size and statistical morphology description as the tomography
model. While one is generated with geometrically periodic boundaries, and the other is
generated with non-periodic boundaries. FIG. 4.17(a) shows the evolutions of the energy
density with σ11 and FIG. 4.17(b) presents those with σ12. In the figures, the points are
the simulation results of the real tomography model, named “Tomo”, and the results of the
simulations with the numerical generated microstructures models, named “Num-P” and
“Num-NP” respectively. The corresponding results of the homogenized model are drawn
with the solid lines, named “Hom”.

From the figures, one can see whether for the tensile test or for the shear test, the tomo-
graphy model has the responses similar to the numerical models with periodic boundaries
or non-periodic boundaries. It turns out that the numerically generated models do not bias
the the real tomography model. Furthermore, for the tensile test, the difference between
the homogenized model and the tomography model is negligible. While for the shear test,
the difference in energy density is much more significant. It seems that shear is more sensi-
tive to the periodic boundary condition than tensile for the RVE with V = 400×400×400
px3.

From the results, the tomography model is not large enough to have correct results
without the periodic boundary condition.
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FIGURE 4.17: The evolution of the energy density as a function of (a) σ11 and (b) σ12 for
each model.
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4. Effective elastic properties of periodic irregular closed-cell foams

3.5 Comparison with experimental results

Experiments are performed explicitly to obtain the macroscopic responses. The illus-
tration of the specimens for different tests is shown in FIG. 4.18. The cubic specimen is
prepared for the compression test, while the shear test is performed using the Arcan me-
thod [ARC 78, HUN 97, COG 11] with the “Batman” type specimen. It consists of two
flanges in half-moon shape and is gripped in a loading frame with the load applied via
the faces to avoid the potential problem of instability associated with edge loading and to
obtain pure shear in the central part of the specimen. In the experiments, the local stain is
measured by digital image correlation technique [CHU 85]. FIG. 4.19 is an example of the
measurement of the strain field during the shear test using the software Icasoft [MGU 97].

(a)

 
(b)

FIGURE 4.18: Illustration of (a) the cubic specimen for compression test and (b) the
“Batman”-shaped specimen for shear test.

The macroscopic response curves are plotted in FIG. 4.20. Although these curves
reflect the complete deformations, we focus on the elasticity in this study. Meanwhile,
the corresponding effective elastic moduli of the homogenized model are drawn with the
black lines in the figure. Since the density of the samples studied can not be obtained
accurately, the bars here stand for the range of the effective elastic moduli caused by
different relative densities in their certain range (12.66%-15.38%). Considering for the
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Results and discussion

 

FIGURE 4.19: Illustration of the shear deformation of the âĂIJBatmanâĂİ-shaped speci-
men.

experimental results, each elastic modulus is determined by measuring the slope of the
beginning of the stress-strain curve, one can see the homogenized results have a good
agreement with the experimental results.
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FIGURE 4.20: Stress-strain curves of the macroscopic compression and shear tests (the
effective elastic moduli obtained by numerical simulations are drawn with the black lines).
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4. Effective elastic properties of periodic irregular closed-cell foams

4 Conclusion
In this chapter, the study of the effective elastic properties of the irregular closed-cell

foams are performed. The main conclusions are following :

1. By analysing the tomography slices, the dispersion of cell size distribution and the
anisotropy of the real irregular closed-cell foam are obtained. Using the approach
based on Voronoi diagram, realistic periodic irregular closed-cell foam structures
are numerically generated with the morphological parameters.

2. Hill’s lemma computational homogenization approach is used to predict the effec-
tive elastic properties of the closed-cell foam models. The closed-cell foam models
require only a small amount of realizations to reach convergence. The comparison
between the same structure with different kinematic modelings is carried out. The
model with solid elements is stiffer than that with shell elements. The influence of
the relative density on the effective elastic moduli are studied. The approximately
linear evolution is found in the small range. The energy density is investigated to
compare the homogenized models with the tomography reconstruction model wi-
thout the periodic boundary condition. It permits to point out that the tomography
sample is not large enough to obtain the correct results. The homogenized results
are compared with the experimental results, where a satisfying agreement is achie-
ved.
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General conclusions and prospects

Conclusions

In this thesis, the effective elastic properties of foams have been investigated. The
main body of the work is based on numerical simulations, which are realized by the Hill’s
lemma periodic computational homogenization approach. In addition, the recent approach
based on Voronoi diagram is used to generate a variety of foam structures, which are able
to represent the details of the microstructure. The major achievements are highlighted
below, followed with some prospects.

I- A Hill’s lemma based periodic computational homogenization approach (HL-FEM)
is developed to predict the effective elastic properties numerically, which is strictly
limited to linear elasticity with small perturbations at present. Comparing with usual
approach, the current HL-FEM can obtained the complete effective elastic stiffness
matrix with only one finite element calculation and without boundary loadings, such
as macro-strains. The validation of HL-FEM is performed by usual method.

II- The approach based on Voronoi diagram permits to generate numerical structures
with a number of morphological parameters, i.e. the solid fraction, the cell size dis-
tribution and the anisotropy for both open-cell structures and closed-cell structures ;
the way the solid distributed in cell struts (characterized by the diameter ratio and
the normalized curvature) for open-cell structures. It allows to study the influences
of these morphological parameters and combine with the morphological analysis of
the real foam samples.

III- The effects of the morphological parameters on effective elastic properties of Kel-
vin open-cell foams are investigated. The relative density is proved to be the most
influential parameter. The way the solid distributed in cell struts also has significant
influence. There are obvious differences in the effective elastic properties between
the regular Kelvin structures and irregular structures, while it seems that for irregu-
lar structures, changing the dispersion of cell size distribution in the certain range
has no obvious influence.
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General conclusions and prospects

IV- RVE determination approaches are performed to obtain the accurate effective elas-
tic properties of irregular open-cell models. Both RVE parameters (the number of
realizations and the RVE volume) should be determined using appropriate crite-
ria. With Kanit’s analytic law, the relationship between the number of realizations
and the RVE volume is estimated for irregular open-cell foams. The parameters of
the law change with the variance of the relative density, and the required number
of realization is larger for the models with smaller relative density. Moussaddy’s
algorithm reflects well the variation tendency of each elastic modulus with RVE
parameters. Specific methods are proposed to determine the RVE for foam models.

V- The investigated closed-cell foam models show stability. The comparison between
the same structure with different kinematic modelings is carried out, which shows
the model with solid elements is stiffer. By varying the relative density in the cer-
tain range, the approximate linear evolution of the effective elastic moduli is found.
The comparison of the energy density is performed between our generated models
and the tomography model without the periodic boundary condition. It shows in
the elastic phase, the anisotropic model shows the different sensitivities to the per-
iodic boundary condition along different directions. The numerical results have a
satisfying agreement with the experimental results.

Prospects
I- As an efficient approach, Hill’s lemma periodic computational homogenization ap-

proach is proposed and implemented for predicting the effective linear elastic pro-
perties of foams in this thesis. It is possible and interesting to expend the field of
its application. First, in addition to mechanical properties, this approach has the
potential to estimate other properties, i.e. thermal properties, dielectric properties,
magnetic properties, piezoelectric properties, etc. Second, besides linear properties,
this approach has the potential to predict the non-linear properties. Third, the re-
search object can also be extended to other composite materials.

II- It is easy to impose the periodic boundary condition on the models with periodic
structures. While the geometrical periodicity cannot always be satisfied for some
structures, for example tomography reconstruction structures. We have verified that
some existing methods of imposing the enforced periodic boundary condition are
not appropriate for the high-porosity foam models (see Appendix B). It will be
interesting to develop a method which can impose an enforced periodic boundary
condition on the high-porosity model with non-periodic structure.

III- The details of the morphology of foam models need to be studied further. Although
a number of morphological parameters have already been considered, there are still
some simplifications. For example, for open-cell foams, the average diameters of
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General conclusions and prospects

the cross sections of strut are considered uniform. While for closed-cell foams, the
thicknesses of the walls are uniform as well.
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Appendix A

The variational asymptotic method for
unit cell homogenization (VAMUCH)

The theoretical formulations, which are basis mathematical formulations of this
work, have been presented in great detail on the work of [YU 07a]. Hence, the neces-
sary equations will be presented. For elastic RVE, the strain energy density within the
RVE [YU 07a] is :

ψ
hom =

〈
1
2
ε : C : ε

〉
, (A.1)

The variational statement for RVE can be formulated as seeking the minimum value of
the following functional based on finite element discretization :

ψ
hom =

1
2
{ε}T 〈C〉{ε}+{u′}T

[F ]{ε}+ 1
2
{u′}T

[K]{u′}. (A.2)

Therefore, one could obtain :

∂ψhom

∂{u′} = 0, (A.3)

which leads to

[K]{u′}=−[F ]{ε}, i.e. {u′}= [A]{ε} (A.4)

Finally, the macroscopic energy becomes

ψ
hom =

1
2
{ε}T (〈C〉+T [A][F ]

)
{ε}≡ 1

2
{ε}T [Chom]{ε}. (A.5)
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Appendix B

Enforced periodic boundary condition

[YUA 08] presented a master/slave method for implementing the periodic boun-
dary condition for non-periodic mesh. By enforcing the displacement field at intersec-
tions, [TYR 07] imposed the periodic boundary condition for a periodic 2D unit-cell with
arbitrary non-periodic mesh. The Lagrange interpolation and the cubic spline interpo-
lation were used by [NGU 12] to enforce strongly the periodic boundary condition on
arbitrary finite element meshes of periodic and random materials in the 2-dimensional
or 3-dimensional cases. By iteration, [WOJ 17] adopted a fixed point method to solve the
problem that the geometries of the images of rocks or generated samples are non-periodic.

In this section, the polynomial interpolation and the fixed point method are attempted
to enforce periodic boundary condition on non-periodic high porosity structure.

1 Polynomial interpolation
In [NGU 12], the method based on polynomial interpolation is implemented not only

on the arbitrary meshes of periodic structures but also on the non-periodic structures.
Since it is not difficult to realize the first case and we are more interesting in the second
case, the non-periodic structure will be discussed next.

After meshing a non-periodic structure with linear tetrahedron solid elements, the
nodes can be categorised into three sorts :

1. the nodes belong to the corners ;

2. the nodes belong to the edges without corners ;

3. the nodes belong to the surfaces without the edges or corners.

For the first sort : If there is a node on every corner, the periodic boundary condition
is imposed as usual. If there is no node on one or more corners, the periodic boundary
condition will not be considered because of the lack of periodicity.

For the second sort : The elements on the edges can be imagined as segments. Since the
elements are linear and solid, the periodic displacement of a point inside an element can
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B. Enforced periodic boundary condition

be represented by those of two endpoints. Considering three real nodes and an imaginary
node on edges (FIG. B.1), node A# is on an edge while node B# and node C#, which belong
to same element, are on the opposite edge. The imaginary node A

′
which corresponds to

node A# is between node B# and node C#. As said before, the periodic displacement of
A
′
can be written as u′

A′
= sBu

′
B# + sCu

′
C# . The shape functions sB and sC are determined

by the positions of the nodes. The correspondence between A# and A
′

leads to u′A# =
sBu

′
B# + sCu

′
C# .

 

A# A′ 

C# 

B# 

+ − 

FIGURE B.1: Illustration of the positions and the relations of four nodes.

For the third sort : Comparing with the second one, the only difference is that the
periodic displacement of the node A# on a surface is represented by those of three nodes
B#, C# and D# on the opposite surface, i.e. u′A# = sBu

′
B# + sCu

′
C# + sDu

′
D# .

However taking into account the actual situation, i.e. the high porosity, only a few
nodes have their corresponding nodes inside the elements on the opposite boundaries,
while most of the corresponding nodes are outside. FIG. B.2 shows the the elements
on two opposite surfaces of a non-periodic structure, which are marked in red and blue
respectively. From the figure, one can see the overlapping areas account for only a small
part. If only consider the nodes which have the corresponding nodes inside the elements,
the periodic boundary condition will be imposed on a very small number of nodes. If
consider all nodes, the above method will be based on interpolation and extrapolation as
well. And the periodic displacement of a node, for example node A#, will be determined
by those of the nodes closest to the corresponding node A

′
. Because of the high porosity,

sometimes the distances among the nodes are very large, which will cause errors.
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Fixed point method

 

FIGURE B.2: The elements on two opposite surfaces.

2 Fixed point method
[WOJ 17] adopted the fixed point method to deal with non-periodic models. A layer

is added around the cubic sample (FIG. B.3), so the periodic boundary condition is easy
to be imposed. The stiffness matrix of the layer is defined as same as the stiffness matrix
of the bulk initially. For every iteration, the stiffness matrix of the layer [Clayer] is updated
as :

[Clayer][ii] = [Chom][ii−1] (B.1)

where ii is the iteration number and [Chom] is the overall stiffness matrix of the RVE
(sample+layer). The stop criterion γstop is :

γ
stop =

∥∥∥[Clayer][ii]− [Chom][ii]

∥∥∥
Frob∥∥∥[Chom][ii]

∥∥∥
Frob

< 10−4. (B.2)

In [WOJ 17], this method is efficient for sandstone microstructures with low porosity
(4.6%). Kelvin open-cell structures (q = 1, t = 1) with domain dimension 2× 2× 2 are
chosen to study since they are periodic and the verifications are easy to performed. The
influences of several parameters are investigated in the following sections. The bulk pro-
perties are set as the Young’s modulus Eb = 70 GPa and the Poisson’s ratio νb = 0.3.
FIG. B.4 presents the section view of the combination of the Kelvin open-cell structure
(q = 1, t = 1,ρhom/ρb = 6%) and A layer.
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B. Enforced periodic boundary condition

 

+ = 

Sample (non-periodic) Layer RVE 

FIGURE B.3: Illustration of the fixed point method.

 

FIGURE B.4: Illustration of the Kelvin open-cell structure surrounded by a layer.

2.1 Influence of relative density

Kelvin open-cell structures (q = 1, t = 1) are defined with 6 different relative densities(
ρhom/ρb = {4%;6%;8%;10%;12%;14%}

)
. For each model, the fixed point method is

carried out and verified by imposing the periodic boundary condition directly on the mo-
del. The layer thickness of each model is 0.06 and the global mesh size of each RVE is
0.06.

For the model with ρhom/ρb = 6%, the stiffness matrix obtained by imposing the
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Fixed point method

periodic boundary condition directly in the cubic frame (e1,e2,e3) is :

[Chom
direct]=


783.94 538.81 538.90 ∼ 0 ∼ 0 ∼ 0

783.33 538.71 ∼ 0 ∼ 0 ∼ 0
782.86 ∼ 0 ∼ 0 ∼ 0

Sym 88.56 ∼ 0 ∼ 0
88.65 ∼ 0

88.59

(MPa) .

While by the fixed point method, the stiffness matrix is :

[Chom
FPM]=


150.79 77.67 77.48 ∼ 0 ∼ 0 ∼ 0

151.39 77.67 ∼ 0 ∼ 0 ∼ 0
151.20 ∼ 0 ∼ 0 ∼ 0

Sym 27.95 ∼ 0 ∼ 0
27.97 ∼ 0

28.01

(MPa) .

The difference between two stiffness matrix can be evaluated by :

δ =

∥∥[Chom
direct]− [Chom

FPM]
∥∥

Frob∥∥[Chom
direct]

∥∥
Frob

. (B.3)

FIG. B.5 shows the evolution of δ with the relative density. From the figure, one can see
the foam model is affected by the layer significant because of the low relative density (or
high porosity). δ is close to 1 when the relative density is very small. With the increase of
the relative density, δ decreases rapidly, which means the effect of the layer weakens since
the foam model becomes “strong”. According to the tendency, when the relative density
reaches about 24%-30%, the error between the results is close to 0, while the relative
density (95.4%) in [WOJ 17] is far more than the range.

2.2 Influence of layer thickness
Layers with different thicknesses

(
llayer = {0.06;0.09;0.12}

)
are added respectively

around the Kelvin open-cell structure (q = 1, t = 1,ρhom/ρb = 6%) and the global mesh
size of RVE is 0.06. FIG. B.6 shows the evolution of δ with the normalized layer thickness
by the side length of the structure. From the above discussion, it is known that the layer
has a great influence on the high porosity model. Increasing the thickness of the layer is
equivalent to weakening the foam model. There is no doubt that δ will increase as the
increase of the layer thickness.

2.3 Influence of number of elements
The layer is added around the Kelvin open-cell structure (q = 1, t = 1,ρhom/ρb = 6%)

and the thickness is fixed at 0.06. The global mesh sizes are 0.06, 0.05, 0.045 and 0.04,

Wenqi ZHU 113

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2018LYSEI043/these.pdf 
© [W. Zhu], [2018], INSA Lyon, tous droits réservés 



B. Enforced periodic boundary condition

 

0.40

0.55

0.70

0.85

1.00

0 0.04 0.08 0.12 0.16

𝜌hom 𝜌b  

𝛿
 

FIGURE B.5: Effect of the relative density on δ.
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FIGURE B.6: Effect of the normalized layer thickness on δ.

corresponding to 29,452, 49,657, 76,369 and 110,494 elements for the foam model res-
pectively. FIG. B.7 shows the evolution of δ with the number of elements of foam model.
From the figure, one can see with the increase of number of elements, the difference bet-
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Conclusion

ween the results obtained by two methods is more obvious and the convergent value of δ

is about 0.866.
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FIGURE B.7: Effect of the number of elements of foam model on δ.

3 Conclusion
For the high porosity foam models, the existing methods of imposing the enforced

periodic boundary condition are not appropriate since the high porosity. There is only
a small amount of bulk phase on the boundaries and its distribution is scattered, which
will cause errors with the polynomial interpolation. Furthermore, the high porosity makes
foam models too “weak” to be affected by layers significantly when using the fixed point
method.
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B. Enforced periodic boundary condition
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