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A Full-System Finite Element Approach to Elastohydrodynamic Lubrication Problems:
Application to Ultra-Low-Viscosity Fluids

Abstract

In this thesis, a full-system finite element approach to elastohydrodynamic (EHD)
lubrication problems is introduced. EHD lubrication is a full-film regime where the pressure
generated in the conjunction is high enough to induce a significant elastic deformation of the
contacting bodies. Hence, it involves a strong coupling between hydrodynamic and elastic
effects. The non-linear system formed by the Reynolds’, linear elasticity and load balance
equations is solved using a fully-coupled Newton-Raphson procedure. This approach provides
outstanding convergence rates when compared with the semi-system one. A penalty method is
used to handle the cavitation problem that arises at the outlet of the contact. Appropriate
stabilized formulations are used to extend the solution to the case of highly loaded contacts.
The resolution process is then extended to account for non-Newtonian behaviour of the
lubricant and for thermal effects. The developed model is used to study the behaviour of EHD
contacts lubricated with Ultra-Low-Viscosity Fluids. The use of such fluids as lubricants
provides two main advantages: first, the frictional energy dissipation in the contact is reduced
and second, in machines that work with a low viscosity operational fluid and a lubricant, the
former can be used to fulfil both functions and thus the design and maintenance of such
machines would become easier and their performance would be improved.

Keywords: EHD lubrication, fully coupled nonlinear finite elements, ultra-low-viscosity lubricants.

Une Approche Eléments Finis avec Couplage Fort des Problémes de Lubrification
Elastohydrodynamique : Application aux Fluides de Trés Faible Viscosité

Résumé

Cette theése présente un modele éléments finis avec couplage fort des problémes de
lubrification ¢élastohydrodynamique (EHD). La lubrification EHD consiste en une séparation
complete des surfaces en contact par un film complet de lubrifiant dans lequel est générée une
pression suffisemment élévée pour engendrer une déformation élastique significative des
surfaces. Ainsi, un couplage fort entre les effets hydrodynamiques et les effets élastiques
s’établit. Le systeme non-linéaire formé par les équations de Reynolds, d’¢lasticité linéaire et
d’équilibre des charges est résolu de maniére couplée par une approche de type Newton-
Raphson. Cette approche permet d’avoir de trés bons taux de convergence par rapport a
I’approche classique avec couplage faible. Le probléme de frontiére libre de cavitation a la
sortie du contact est traité par le biais d’une méthode de pénalisation. Des formulations de
stabilisation appropriées sont utilisées pour étendre la résolution a des cas de contacts
fortement chargés. Ensuite, le comportement non-Newtonien du lubrifiant et les effets
thermiques sont pris en compte. Le modéle développé est utilisé pour étudier I'utilisation des
Fluides de Tres Faible Viscosité dans les contacts EHD. L’utilisation de tels fluides en tant
que lubrifiants offre deux avantages principaux: tout d’abord, la dissipation d’énergie dans le
contact par frottement est réduite et ensuite, dans le cadre de machines qui opérent avec un
fluide de fonction (généralement de faible viscosité) et un lubrifiant, le premier pourrait étre
utilisé pour remplir les deux fonctions. Cela permettrait une conception et une maintenance
plus faciles de la machine en plus d’une amélioration de ses performances.

Mots-Clés: Lubrification EHD, éléments finis nonlinéaires couplés, lubrifiants a trés faible viscosité.
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Résumé étendu

Introduction

Le frottement et I'usure font partie intégrante de notre vie de tous les jours. Ces deux
phénomenes ont lieu a chaque fois que deux corps rentrent en contact avec un mouvement
relatif I’un par rapport a D’autre. Ils s’avérent essentiels pour entreprendre des activités
quotidiennes fondamentales telles que: marcher, brosser ses dents ... Mais en général, dans un
systéme mécanique, le frottement et ['usure (bien que des fois essentiels) s’averent nocifs a
plusieurs niveaux. Le frottement méne a une consommation plus ¢élevée d’énergie dans le
systéme et ['usure a sa dégradation et la réduction de sa durée de vie. Ainsi, dans une machine
typique (moteur a combustion, turbine, compresseur ...) il est important de controler ces deux
phénoménes. D’un point de vue énergétique, réduire le frottement et par conséquent la
dissipation d’énergie dans les différents contacts d’un systéeme aide a améliorer son
rendement. D’un point de vue fiabilité, éviter la dégradation des surfaces (fatigue, fissurations
...) permet de rallonger la durée de vie du mécanisme et d’éviter sa défaillance. L’importance
de ces problémes dans les applications industrielles justifie les efforts qui ont ét¢ menés dans
le domaine de la Tribologie durant ce dernier siecle.

Un moyen de réduire le frottement dans un contact consiste a le lubrifier. En d’autres
termes, séparer les surfaces en contact par un film de lubrifiant, ce dernier pouvant étre
liquide, gazeux, voire méme solide. La mise en place et la préservation du film requiert une
génération de pression dans ce dernier. Quand celle-ci est assurée par un systeme externe (tel
un compresseur par exemple), la lubrification est dite « hydrostatique », tandis que si elle est
produite par le mouvement relatif des surfaces en contact, la lubrification est dite
« hydrodynamique ». Dans un contact lubrifié, les forces de frottement sont nettement moins
importantes que dans un contact sec car le mouvement relatif des surfaces est accomod¢ par le
cisaillement du film de lubrifiant. Une bonne compréhension et maitrise de ces contacts est
essentielle pour la conception des composants mécaniques afin d’établir des conditions
opératoires optimales et de rallonger leur durée de vie.

En général, on définit 3 régimes de lubrification, suivant I’ordre de grandeur du coefficient
de frottement correspondant (Courbe de Stribeck, voir Figure 0.1) :

e  Lubrification limite : une partie majeure de la charge a laquelle est soumis
le contact est supportée par le contact direct entre les aspérités des surfaces.
Ce régime se distingue par des coefficients de frottement relativement élevés.

e  Lubrification mixte : la charge est supportée a la fois par le contact direct

des aspérités et par le film lubrifiant. Le coefficient de frottement
correpondant est plus faible que celui du régime limite.

13



Résumé étendu

Lubrification complete : les surfaces en contact sont séparées par un film
complet de lubrifiant. Les coefficients de frottement sont relativement
faibles.

|
|
, Lubrification Lubrification

mixte compléte
\
i

| s .
Lubrification

| limite

Coefficient de frottement

Viscosité x Vitesse
Pression

Figure 0.1: Courbe de Stribeck présentant les différents regimes de lubrification

Cette étude concerne le régime de lubrification complete. On distingue 2 types de

lubrification:

Lubrification Hydrodynamique qui se manifeste quand la pression générée
dans le contact n’induit pas de déformation élastique des surfaces en contact.
Cela se produit typiquement dans les contacts conformes, caractérisés par des
larges surfaces de contact et ainsi des pressions faibles. Les paliers
hydrodynamiques sont représentatifs de ce type de lubrification (Voir Figure
0.2).

Lubrification Elastohydrodynamique (EHD), comme son nom 1’indique,
se produit quand la pression générée dans le film lubrifiant est suffisemment
¢levée pour induire une déformation élastique significative des surfaces en
contact. Ces déformations ont une influence importante sur la géométrie du
film et peuvent méme étre plus importantes que 1’épaisseur de ce dernier.
D’autre part, les propriétés rhéologiques du lubrifiant sont largement
affectées par les pressions élevées générées dans le film (la viscosité peut
varier de plusieurs ordres de grandeur). C’est typiquement le cas des contacts
non-conformes qui sont rencontrés par exemple dans les engrenages, les
roulements a rouleaux cylindriques ou aussi les roulements a billes (Voir
Figure 0.2).

(b) (© (D

Figure 0.2: Exemples de lubrification hydrodynamique: (a) palier hydrodynamique et de lubrification
¢élastohydrodynamique (b) engrenages, (c) roulement a rouleaux cylindriques et (d) roulement a bille
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L’¢étude envisagée dans cette thése concerne surtout ce dernier type de lubrification. Pour
étudier ces contacts, il n’est pas nécessaire de considérer la géométrie compléte souvent assez
complexe du systeme. Puisque 1’épaisseur de film et la taille du contact sont généralement
faibles comparés aux rayons de courbure locaux des surfaces en contact, la géométrie des
surfaces dans la zone de contact peut trés bien étre approximée par des paraboloides. Cette
approximation permet de simplifier énormément la géométrie du contact, qui se réduit au
contact entre un paraboloide et une surface plane.

En général, on distingue deux types de contacts EHD :

e Contacts linéiques : les éléments en contact sont considérés infiniment
longs dans une des directions principales. En fait, les rayons de courbure des
paraboloides dans cette direction sont infinis. Dans le cas d’un contact sec
non-chargé, les surfaces se touchent suivant une ligne. Si une charge est
appliquée, la zone de contact prend la forme d’une bande infiniment longue a
cause des déformations é€lastiques des surfaces. Ce genre de contacts a lieu
dans les engrenages a dentures droites ou dans les roulements a rouleaux
cylindriques par exemple (Voir Figure 0.2).

e Contacts ponctuels : I’approximation la plus courante est celle du contact
entre deux surfaces paraboliques ayant des rayons de courbure locaux
différents dans les directions x et y. La direction x est choisie de telle sorte a
coincider avec celle des vitesses des surfaces. Dans le cas d’un contact sec,
les deux surfaces se touchent en un point. Quand une charge est appliquée, la
forme de la zone de contact dépend du rapport des rayons de courbure des
deux surfaces dans les deux directions x et y. En général, c’est une ellipse.
C’est pourquoi ce type de contact est aussi appelé contact elliptique. Un
exemple d’un contact ponctuel est celui du contact entre la bille et la cage
d’un roulement a billes (Voir Figure 0.2). Le contact circulaire est un cas
particulier du contact elliptique ou les rayons de courbure des surfaces sont
les mémes dans les deux directions principales x et y.

La lubrification EHD des contacts circulaires fait 1’objet du théme principal de cette these.
Un intérét particulier est porté a ’utilisation des Fluides de Tres Faible Viscosité (FTFV) dans
ce genre de contacts. Cette étude est motivée par une demande industrielle de SKF ERC
implanté aux Pays-Bas. Cette demande se base sur plusieurs facteurs qui rendent 1’utilisation
de ces fluides en tant que lubrifiants assez intéressante pour différentes raisons dévelopées ci-
dessous.

Intéréts de I’utilisation des FTFV en tant que lubrifiants

Avant de traiter les avantages de I’utilisation des FTFV en tant que lubrifiants, il est
important de noter que I’ordre de grandeur de la viscosité de ces fluides est de 10™ Pa.s.
Comparés a I’eau ayant une viscosité de 10~ Pa.s, ou & 1’air dont la viscosité est de 10™ Pa.s,
les FTFV auxquels on s’intéresse ont donc une viscosité comprise entre celle de 1’air et celle
de I’eau.

Un aspect important de 1’utilisation des FTFV en tant que lubrifiants est 1’aspect
économique. Il s’agit ici d’économie d’énergie, qui est considérée de plus en plus de nos jours
comme un probléme environnemental. En effet, la dissipation d’énergie par frottement dans
un contact lubrifi¢ augmente avec la viscosité du lubrifiant. Fox [31] montre qu’une économie
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de 4% de consommation de carburant dans un moteur Diesel peut étre atteinte rien qu’en
jouant sur la viscosité du lubrifiant. Evidemment, les conditions opératoires du contact
deviennent plus séveres et les taux d’usure augmentent. Quoiqu’il en soit, un bon
fonctionnement du systéme pourrait étre obtenu en procédant a un traitement des surfaces en
contact de fagon a améliorer leur résistance a 1’usure. Une alternative permettant aussi
d’éviter la dégradation des surfaces consiste a ajouter un additif anti-usure au lubrifiant de
base.

D’un autre c6té, beaucoup de systémes mécaniques fonctionnent avec deux fluides
opératoires, chacun ayant un role différent. Le premier est le lubrifiant alors que le deuxiéme
(ayant généralement une faible viscosité) peut avoir différentes fonctions suivant le type de
machine concerné. Cela pourrait étre un fluide de transfert (caloporteur) comme dans une
pompe a chaleur ou un systeme de réfrigération par exemple, ou un combustible comme le
gasole dans un moteur a combustion interne ou le liquide cryogénique dans un moteur a
propulsion de fusée. Pour un bon fonctionnement de ce genre de machines, il est en général
préférable que ces deux fluides ne se mélangent pas. Pour cela, elles sont congues avec deux
systémes de circulation bien isolés, un pour chaque fluide. Non seulement cela rend leur
conception et leur maintenance plus complexes, mais leur taille et leur poids augmentent
aussi. Ainsi, il pourrait étre intéressant de n’avoir qu’un seul fluide qui puisse remplir les
deux fonctions a I’intérieur du systéme. Cela permettrait une conception et une maintenance
moins fastidieuses de la machine, qui comporterait ainsi un seul systéme de circulation.
Sachant que le lubrifiant ne pourrait presque jamais remplir la fonction du second fluide, la
seule solution envisageable consiste a utiliser le FTFV en tant que lubrifiant.

Lubrification EHD : apercu historique

Les premiéres étapes de la compréhension du phénoméne de lubrification datent du 19°™
siecle avec les travaux de Hirn [52] en 1854. Ensuite, en 1883, deux investigations
expériementales menées par Beauchamp Tower [111] en Angleterre et Nicoli Petrov [96] en
Russie mirent en évidence le fait que les surfaces rigides des solides en contact dans un palier
hydrodynamique étaient complétement séparées par un film fluide. Ainsi, il a été établi que
les forces de frottement dans de tels mécanismes sont gouvernées par les effets
hydrodynamiques et non pas par le contact direct entre les solides. En 1886, Reynolds [99]
¢tablit sa fameuse équation qui est désormais la base de toutes les théories de lubrification
actuelles. Elle exprime la relation entre la pression a I’intérieur du film lubrifiant, la géométrie
et la cinématique des parties en mouvement. La solution de cette équation, basée sur la théorie
des écoulements visqueux laminaires, confirme les observations antérieures de Tower et
Petrov. Au début du 20°™ siécle, Michell [89] et Kingsburry [75] firent un premier pas vers la
compréhension du phénomene de lubrification dans les paliers hydrodynamiques.

Quelques années plus tard, Martin [86] et Giimbel [44] appliquérent la théorie
hydrodynamique au cas des engrenages rigides. IIs furent surpris par le fait que les épaisseurs
de film prédites par leur analyse étaient trop petites par rapport a la rugosité des surfaces. Et
pourtant, le contact était bien protégé par un film complet de lubrifiant qui séparait les
surfaces. Il a fallu attendre 20 ans de plus avant ’apparition des principes fondamentaux de la
lubrification élastohydrodynamique avec les travaux de Ertel [24] et Grubin [39]. Introduisant
la théorie de Hertz [51] pour la déformation des massifs semi-infinis dans un contact sec ainsi
que la loi de Barus [7] pour la variation de la viscosité avec la pression, ils obtinrent des
épaisseures de film plus importantes que celles obtenues par Martin et Giimbel pour les
mémes conditions opératoires. Ainsi, les aspects fondamentaux de la lubrification
¢lastohydrodynamique furent révélés.
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Pendant la deuxiéme partie du 20°™ siécle, la communauté scientifique s’intéressa de plus
en plus aux problémes de lubrification. En méme temps, le développement des moyens
expérimentaux basés sur des techniques d’interférométrie optique, accompagné d’un énorme
progreés dans la résolution numérique des équations aux dérivées partielles grace a des
ordinateurs plus puissants et des algorithmes plus performants, permirent une compréhension
plus précise des phénomenes de lubrification. Ces développements ont mené 1’évaluation
précise de la distribution de 1’épaisseur du film de lubrifiant dans un contact EHD.

e Approche expérimentale

La validation des travaux théoriques requiert des résultats expérimentaux pour confirmer
certaines observations qualitatives telles que la séparation compléte des surfaces en contact
par un film de lubrifiant ou la distribution de pression a I’intérieur de ce dernier. Ces
expériences peuvent étre aussi utilisées pour confirmer des observations plus quantitatives
telles que la distribution exacte de I’épaisseur de film dans le contact. Au fil des années,
plusieurs techniques basées sur des principes physiques différents ont été développées. La
plus utilisée reste désormais I’interférométrie optique. Foord et al. [30], Gohar et Cameron
[36][37], Wedeven et al [119], Chiu et Sibley [19] ont noté en utilisant cette technique, la
forme particuliere en « fer a cheval » de la distribution de I’épaisseur de film dans un contact
ponctuel (Voir Figure 0.3). De nos jours, cette technique est bien plus développée avec des
capteurs optiques d’une résolution nettement meilleure, permettant ainsi de mesurer des
épaisseurs de film extrémement minces de l’ordre de quelques nanometres, comme le
montrent les travaux de Guangteng et al. [42] ou de Cann et al. [12][13][14].

Entree

Figure 0.3: Distribution de 1’épaisseur de film dans un contact EHD ponctuel obtenue par interférométrie
optique

L’interférométrie optique est limitée aux mesures d’épaisseurs de film. Les informations
concernant la distribution de pression sont obtenues par le biais d’une technique différente. En
effet, Safa et al. [102][103] et Baumann et al. [8] ont effectué¢ des mesures en utilisant des
micro-capteurs déposés sous vide sur I'une des surfaces du contact. Suivant le type de
capteur, cette technique permet la mesure de pression, épaisseur de film ou aussi de
température dans le contact. Plus récemment, une technique de Microspectrométrie Raman a
¢té introduite par Jubault et al. [69] pour mesurer précisemment les distributions de pression
dans les contacts lubrifiés.

Le développement parallele des techniques expérimentales et numériques permet
aujourd’hui une comparaison quantitative des distributions de pression et d’épaisseur de film
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et ainsi la validation des modeles numériques. Le paragraphe suivant expose les différentes
méthodes numériques trouvées dans la littérature pour la résolution du probleme EHD.

e Approche numérigue

Petrusevich [97] fut le premier a fournir une solution numérique complete du probléme
EHD. Il a remarqué la présence de la constriction de I’épaisseur de film a la sortie du contact
et celle du pic de pression qui lui est associée (Voir Figure 0.4).
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Figure 0.4: Contact EHD linéique: distributions d’épaisseur de film et de pression adimensionnées

Avec le progres technologique des ordinateurs, les solutions numériques firent leur
apparition donnant lieu a plusieurs formules analytiques liant les épaisseurs de film centrales
et minimales a différents parametres adimensionnés du contact. Parmi celles-ci, les plus
courantes sont celles de Hamrock et Dowson [46], Nijenbanning et al. [92] et Evans et Snidle
[25]. La solution numérique du probleme EHD n’est pas facile a atteindre puisqu’elle
implique la résolution d’un probléme fortement non-linéaire. Ce dernier est défini par trois
équations principales : I’équation de Reynolds (qui permet le calcul de la distribution de
pression hydrodynamique dans le film lubrifiant pour une géométrie donnée), I’équation
d’épaisseur de film (qui résulte de la superposition de la séparation des corps rigides, de la
géométrie initiale et de la déformation élastique des surfaces induite par la pression dans le
film) et 1’équation d’équilibre des charges (permettant de vérifier la convergence globale du
schéma numérique). Différentes approches numériques furent développées a cause des
difficultés de convergence rencontrées pendant le processus de résolution. Ces difficultés
sont, en partie, dues au couplage entre 1’équation de Reynolds et celle des déformations
¢lastiques des surfaces. Les différentes approches numériques peuvent étre classifiées en deux
catégories : les approches avec couplage faible et celles avec couplage fort.

o Couplage faible

Cette approche consiste a résoudre les différentes équations du probléeme EHD séparément
et a établir une procédure itérative entre leurs solutions respectives comme le montre la Figure
0.5. Parmi les premiers a avoir adopter cette approche, on cite Dowson et Higginson [22] dans
le cadre d’un contact lin¢ique. Ensuite, suivirent les travaux de Hamrock et Dowson
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[45][46][47][48] et de Ranger et al. [98] pour le contact circulaire et plus récemment,
Chittenden et al. [18] et Nijenbanning et al. [92] pour le contact elliptique. Ces modeles
étaient basés sur ce qu’on appelle la méthode directe. En d’autres termes, 1’équation de
Reynolds est résolue en fonction de la pression pour une géométrie de film donnée.
L’inconvénient majeur de ces modeles est la limitation en pression a moins de 1 GPa alors
que dans des contacts EHD réels, des pressions de 1’ordre de 2 ou 3 GPa peuvent étre
rencontrées. Afin de s’affranchir de cette limitation, Ertel [24] avait introduit auparavant ce
que 1’on connait sous le nom de méthode inverse. Contrairement a la méthode directe, la
méthode inverse consiste a résoudre I’équation de Reynolds en fonction de 1’épaisseur de film
pour un profil de pression donné. Dowson et Higginson [22] furent les premiers a développer
un algorithme pour trouver la solution numérique du probléme de contact EHD linéique basé
sur la solution inverse de 1’équation de Reynolds. Cette approche fut plus tard étendue au cas
des contacts circulaires par Evans et Snidle [26]. Malgré la robustesse de cette méthode dans
la zone centrale du contact ou la méthode directe souffrait de problemes de stabilité, la
solution demeurait instable dans les zones d’entrée et de sortie du contact. Plus tard, Kweh et
al. [76] ont introduit une approche hybride qui consistait a utiliser une combinaison des deux
méthodes : la méthode directe dans les zones d’entrée et de sortie du contact et la méthode
inverse dans la zone centrale. Un algorithme pratiquement similaire a été aussi présenté par
Seabra et Berthe [105][106]. Bien que cette approche ait permis I’extension de la solution du
probléeme EHD a des contacts fortement chargés, elle présentait plusieurs inconvénients. En
effet, résoudre 1’équation de Reynolds en fonction de I’épaisseur de film pour un profil de
pression donné requiert la résolution d’une équation cubique qui possede pratiquement trois
solutions. Ainsi, il fallait prendre soin de bien choisir la solution appropriée. En plus, la
relation employée pour mettre a jour le profil de pression, pour une épaisseur de film donnée,
¢tait basée sur I’intuition, son fondement physique n’était pas bien établi.

Initialiser les profils de pression et d’épaisseur de
film et la constante de I’épaisseur de film

Résoudre 1’équation de Reynolds afin d’obtenir
p la distribution de pression pour un profil et une
L constante d’épaisseur de film donnnés

Résoudre 1’équation d’épaisseur de film
pour un champ de pression et une

Mise & jour de la constante d’épaisseur de film donnés
constante de

I’épaisseur de film

A

Convergence de I’épaisseur
de film et de la pression

Non

Equilibre des charges

[ Post-traitement de la solution ]

Figure 0.5: Diagramme du schéma d’une approche par couplage faible utilisant une méthode directe

Une avancée majeure dans le domaine fut réalisée par Lubrecht [84][85], qui appliqua les
techniques multigrilles au probléme de lubrification EHD en utilisant une méthode directe.
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Cette technique apporte une nette amélioration au taux de convergence et permet ainsi de
réduire les temps de calcul. Elle est basée sur une certaine compréhension du comportement
en convergence des processus itératifs de résolution. En effet, les schémas itératifs réussissent
a réduire ’erreur dans la solution tant que cette derniére posséde une longueur d’onde du
méme ordre de grandeur que la taille du maillage. Dés que la longueur d’onde de I’erreur
devient plus grande que la taille du maillage, le processus itératif devient de plus en plus lent.
Afin de surmonter ce probléme, il suffit de transférer le processus de résolution sur une grille
plus grossiere. Ainsi, les techniques multigrilles consistent a faire des allers-retours du
processus itératif de résolution entre différents niveaux de grilles. Une réduction encore plus
importante des temps de calcul a été réalisée par Brandt et Lubrecht [9] qui introduisirent la
technique de Multi-Intégration permettant d’accélérer le processus de calcul intégral des
déformations élastiques. Ce travail a été encore amélioré au début des années 90 par Venner
[112][113][114] qui étendit le processus de résolution au cas des contacts fortement chargés
en appliquant un schéma de relaxation distributive en ligne. Ce travail fournit une alternative
efficace a la méthode inverse pour le cas de contacts fortement chargés et constitua ainsi une
base pour les travaux numériques dans le domaine de I’EHD pour les années a venir. Ju et al.
[68] introduisirent par exemple la méthode de convolution discréte par transformée de Fourier
rapide comme alternative pour le calcul de la déformation élastique des surfaces. Wang et al.
[117] prétendent que cette derniére est trois fois plus rapide que la méthode de Multi-
Intégration.

Les différents travaux cités dans ce paragraphe sont basés sur une discrétisation par
différences finies des équations EHD. Bien qu’en général cette méthode limite le processus de
discrétisation a des maillages structurés de forme rectangulaire avec des approximations
d’ordre faible, c’est la plus utilisée dans la modélisation des problémes de lubrification. Cela
est du au développement des techniques citées précédemment. Une méthode alternative a
laquelle il a été accordé beaucoup moins d’attention en EHD est la méthode des éléments
finis. Cette dernieére permet 1’utilisation de maillages non-réguliers non-structurés avec des
approximations d’ordre ¢levé. Un exemple d’application de cette méthode aux problémes
EHD est fourni dans [82][83]. Les auteurs appliquent la méthode directe tout en utilisant une
formulation de type Galerkin discontinue afin de stabiliser la solution de contacts linéiques
fortement chargés. A la connaissance de 1’auteur, cette méthode n’a pas encore été étendue au
cas des contacts ponctuels. Malheureusement, 1’utilisation d’éléments discontinus méne a des
systémes de plus grande taille. En effet, chaque point de discrétisation peut avoir plusieurs
valeurs nodales pour la méme variable: une pour chaque élément auquel il appartient. Hughes
et ses collaborateurs [60] ont aussi utilisé la méthode des éléments finis en combinant des
approches du 17 et du 2™ ordre de ’équation de Reynolds afin d’obtenir une résolution
efficace pour les problémes de contacts EHD linéiques faiblement et fortement chargés. En
fait, ’approche de 1° ordre, qui consiste a écrire 1’équation de Reynolds sous forme d’une
équation différentielle du 1° ordre, est uniquement stable dans la zone de fortes pressions
alors que ’approche de 2™ ordre est uniquement stable dans la zone de pressions faibles.
Ainsi, les auteurs proposérent d’utiliser une combinaison de 1’approche de 2™ ordre dans les
zones d’entrée et de sortie du contact et de celle de 1% ordre dans la zone centrale. Cela méne
a un processus de résolution stable indépendemment de la charge appliquée.
Malheureusement, 1’utilisation de ’approche de 1° ordre limite cette méthode dans tous les
cas a une configuration de contact linéique.

Enfin, il est important de noter que, puisque I’approche avec couplage faible présentée

dans ce paragraphe se base sur une résolution séparée des équations EHD, une perte
d’informations est susceptible de se produire durant le processus itératif établi pour coupler
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leurs différentes solutions. Cette perte d’information est en général compensée par une sévere
sous-relaxation, menant ainsi a un faible taux de convergence du schéma itératif global.

o Couplage fort

L’approche couplage fort, comme I’indique son nom, consiste a résoudre les différentes
équations simultanément comme le montre le diagramme de la Figure 0.6. Différentes
méthodes trouvées dans la littérature pourraient étre classées dans cette catégorie. Par
exemple, les développements récents en « Computational Fluid Dynamics » (CFD) ou aussi
en « Fluide-Structure Interaction » (FSI) ont été appliqués au probleme EHD par Hartinger et
al. [50] et Yiping et al. [124] respectivement. Ces méthodes sont basées sur une résolution
compléte des équations de Navier-Stokes couplées aux équations d’élasticité linéaire pour le
calcul des déformations élastiques. Cette approche est relativement précise mais présente un
inconvénient majeur : les temps de calcul (un calcul typique d’un contact ponctuel pourrait
durer plus d’une semaine avec un maillage relativement grossier). Les résultats confirment
que les variations de pression dans I’épaisseur du film peuvent étre négligées comparé a celles
dans le plan du contact. L’avantage principal de ces méthodes est qu’elles permettent une
¢valuation exacte des fuites latérales du lubrifiant puisque le champ de vitesses complet de
I’écoulement est déterminé. De plus, le champ de contraintes dans les corps solides est aussi
obtenu. Cela pourrait s’avérer utile pour une étude en fatigue des composants. Mais, a cause
des temps de calculs trop longs, de nos jours et jusqu’a ce que les puissances des machines de
calcul deviennent bien plus importantes, ces méthodes demeurent peu adoptées.

et la constante de I’équation d’épaisseur de film

v

[ Résoudre le systeme formé par les équations EHD pour 1

[ Initialiser les profils de pression et d’épaisseur de film }

obtenir les profils de pression et d’épaisseur de film

v

[ Post-traitement de la solution ]

Figure 0.6: Diagramme du schéma d’une approche par couplage fort

Une autre approche assez intéressante consiste a utiliser la méthode de Newton-Raphson.
Les premiers a avoir employé cette méthode dans le cadre du probléme EHD furent Rhode et
Oh [93][101] qui résolverent le probléme EHD sous la forme d’une seule équation intégro-
différentielle en utilisant une approximation par éléments finis. Ce travail révéla I’important
potentiel de cette approche caractérisée par des taux de convergence extrémement rapides. En
effet, quelques itérations étaient suffisantes pour obtenir la convegence de la solution. Plus
tard, un mod¢le similaire fut introduit par Okamura [94]. Une version améliorée du modéle
d’Okamura fut introduite postérieurement par Houpert et Hamrock [57] pour le cas du contact
linéique. Cette méthode fut étendue au cas de contacts elliptiques par Hsiao et al. [58]. A
cause de la solution simultanée de toutes les mises a jour des valeurs nodales de pression,
I’implémentation de la condition de cavitation s’avere particulieérement compliquée. En effet,
pour le contact linéique, la position de la frontiére libre est introduite en tant qu’inconnue
supplémentaire a déterminer durant le processus de résolution. Puisque cette position consiste
en une seule inconnue, cela ne résulte pas en une complication sérieuse des équations. Par
contre, pour le contact ponctuel, la position de la frontiére libre varie sur le domaine de calcul
bidimensionnel. Ainsi, sa détermination méne a un modele bien plus complexe. En plus, dans
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tous ces travaux, le calcul des déformations élastiques se base sur une approche de type
massif semi-infini. Ainsi, la déformée en chaque point de discrétisation est reliée a tous les
autres points de discrétisation du domaine de calcul par le biais du calcul intégral. Cela
conduit a une matrice Jacobienne pleine, ce qui requiert des efforts de calcul importants pour
son inversion. Enfin, a fortes charges, la matrice Jacobienne devient pratiquement singulicre,
ce qui rend la solution des contacts fortement chargés difficile a atteindre. La combinaison du
traitement compliqué de la frontiere libre avec la matrice Jacobienne pleine qui devient
pratiquement singuliére a fortes charges a mené a 1’arrét du développement de cette méthode
pendant un certain temps.

Récemment, Evans et Hughes [27] introduisirent la méthode de « déflection
différentielle » qui fournit une équation différentielle (basée sur une approche massif semi-
infini) régissant la déformation ¢lastique des corps solides. Cette approche, contrairement a
I’approche massif semi-infini directe, a I’avantage d’avoir un caractere plus localisé. En effet,
I’opérateur différentiel tend trés rapidement vers zéro quand le point d’évaluation de la
déformation élastique s’¢éloigne du point d’application de la force. En pratique, les termes
matriciels deviennent de plus en plus négligeables en s’éloignant de la diagonale. Cela donne
une matrice Jacobienne moins pleine en appliquant une approche par couplage fort. Les
auteurs et leur équipe ont appliqué cette méthode au cas du contact linéique [61], puis ils I’ont
étendue au cas plus général du contact ponctuel [55][56]. Néanmoins, le systeme matriciel
avait conservé une largeur de bande relativement importante, et un traitement spécial a du étre
employé¢ pour résoudre le systeme d’équations couplées d’une maniere efficace.

Finalement, il est important de noter que, puisque 1’approche par couplage fort consiste a
résoudre les équations EHD simultanément, aucune perte d’informations ne se produit entre
leurs solutions respectives. Ainsi, la sous-relaxation n’est plus utile, ce qui explique (en
partie) les taux de convergence rapides du processus itératif.

Conclusion

Apres cet apercu bibliographique rapide des modeles numériques du probléme EHD, on
peut conclure que le solveur EHD « idéal » serait basé sur une résolution de type Newton-
Raphson avec couplage fort des différentes équations. Cela permettrait une résolution rapide
du probléme en seulement quelques itérations sans aucune perte d’information entre les
solutions des différentes équations. La discrétisation de ces équations serait réalisée par
¢léments finis, permettant ainsi 1’utilisation de maillages non-réguliers non-structurés ainsi
que des approximations d’ordre élevé. Cela méne a une taille de systémes matriciels réduite
ou les degrés de liberté¢ (ddl) sont répartis de facon optimale (un maillage fin est utilisé
uniquement la ou il y en a besoin). Le processus de résolution serait stable pour un vaste
domaine de conditions opératoires. Et finalement, la matrice Jacobienne du systéme
correspondant serait creuse et le traitement de la frontiére libre relativement simple.

Le but de ce travail est de concevoir ce solveur « idéal » dans le cadre des contacts
circulaires avec des surfaces lisses en régime stationnaire. Cette approche n’est en aucun cas
restreinte a ce cas de figure et pourra étre facilement étendue au cas des contacts linéiques ou
elliptiques sous régime transitoire. Mais dans le cadre de ce travail, on s’intéresse uniquement
au cas des contacts circulaires en régime stationnaire. Des modeles physiques seront
employés pour représenter le comportement rhéologique des lubrifiants. Ensuite, cette
approche sera étendue a une modélisation plus proche de la réalité prenant en compte les
effets non-Newtoniens et thermiques qui peuvent é&tre importants a des vitesses
d’entrainement et / ou de glissement élevées et / ou aussi a des fortes charges. La comparaison
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avec les modeles numériques existants et avec les résultats expérimentaux est une nécessité
afin de s’assurer que le modéle développé ne dévie pas de la réalité. Ainsi, les solutions
obtenues dans la partie numérique de ce travail seront dans la mesure du possible comparées
aux expérienes. L’approche développée sera utilisée pour étudier 1’utilisation des FTFV en
tant que lubrifiants dans les contacts EHD circulaires. Cette étude se positionne dans un cadre
de développement durable permettant de préserver I’environnement et de décélérer le
phénomeéne de réchauffement climatique. Ces problémes sont particulierement difficiles a
aborder expérimentalement a cause des trés faibles épaisseurs de film rencontrées. Ainsi une
¢tude numérique s’est avérée nécéssaire afin de pouvoir balayer un large domaine de
conditions opératoires.
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Approche isotherme Newtonienne

Ce chapitre constitue le cceur de cette thése. Il présente le modéle numérique développé
pour résoudre des problemes de contacts EHD circulaires en considérant une approche
isotherme Newtonienne. C’est la base de tout solveur EHD, a partir de laquelle une extension
vers une modélisation plus complexe et plus physique pourrait étre réalisée.

Comme indiqué dans le chapitre précédent, le but de ce travail est de concevoir le solveur
EHD «idéal » robuste sur un large domaine de conditions opératoires, en utilisant une
approche de type Newton-Raphson avec couplage fort et une discrétisation par éléments finis.
Les modeles basés sur une telle approche dans la littérature souffrent de trois problémes
majeurs: la matrice Jacobienne est pleine, elle devient pratiquement singuliére a fortes charges
et le traitement du probléme de frontiere libre s’avere particulierement difficile a gérer. Ici, on
fournit une solution a ces trois problémes, permettant ainsi de profiter des propriétés de
convergence rapide de ce modele.

La solution du premier probléme consiste a introduire une approche alternative a celle de
type massif semi-infini pour le calcul des déformations élastiques des corps solides. Cette
nouvelle approche consiste a utiliser les équations classiques de 1’¢lasticité linéaire afin de
calculer les déformations élastiques d’une structure tridimensionnelle ayant des dimensions
relativement grandes comparées a la taille du contact. On montre qu’un cube ayant pour
longueur d’aréte 60 fois la taille du rayon de contact Hertzien est convenable pour avoir une
configuration de type massif semi-infini. Contrairement a I’approche massif semi-infini
classique ou la déformation en chaque point de discrétisation est calculée par le biais d’une
double intégrale sur la zone de contact reliant ce point a tous les autres, ici, le caractére
différentiel des équations de 1’¢lasticité linéaire résolues par ¢léments finis donne un aspect
localisé au probleme. En effet, chaque point de discrétisation appartenant a un certain nombre
d’¢léments est uniquement li¢ aux noeuds appartenant a ces mémes €léments. Cela permet
d’avoir une matrice Jacobienne creuse (plus de 99% des termes sont nuls).

Le deuxiéme probléme est résolu par [’utilisation de formulations éléments finis
stabilisées. En effet, 1’équation de Reynolds est écrite sous forme d’une équation de
Convection / Diffusion avec un terme source fonction de la pression. La convection devient
dominante a fortes charges par rapport a la conduction. Or, la méthode des ¢léments finis avec
une formulation de type Galerkin classique est uniquement appropriée a la résolution de
problémes ou la conduction est dominante. Dans le cas contraire, cette derniére meéne a un
caractére oscillatoire de la solution. Ce probléme est surmonté par [’utilisation de
formulations spécifiques plus complexes, tel que « Streamline Upwind Petrov Galerkin »
(SUPG) [11] ou « Galerkin Least Squares » (GLS) [63]. Dans le cas d’un contact linéique,
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’utilisation de ces deux méthodes permet de stabiliser complétement la solution. L’avantage
des ces dernieres est qu’elles sont résiduelles. En effet, les termes rajoutés sont proportionnels
au résidu de I’équation résolue. Ainsi pour une solution convergée, les termes rajoutés sont
pratiquement nuls et la consistence de 1’équation de Reynolds est préservée. D un autre coté,
pour un contact circulaire, ces deux techniques réduisent largement I’amplitude des
oscillations sans toutefois obtenir leur disparition compléte. Afin d’éliminer complétement
ces oscillations, il est nécessaire de rajouter un terme supplémentaire de « Isotropic
Diffusion » (ID) [127]. Ce dernier n’est pas résiduel, mais on montre que son effet sur la
solution est négligeable.

Enfin, le troisieme probléme est surmonté par I’introduction d’une méthode de
pénalisation consistant a rajouter un terme supplémentaire a 1’équation de Reynolds. Ce terme
force les pressions négatives vers zéro et permet aussi d’avoir un gradient de pression nul sur
la fronticre libre ce qui permet de satisfaire la conservation de la masse dans le contact. Cette
méthode présente I’avantage d’une implémentation facile et directe.

Désormais, les inconvénients majeurs de cette approche sont surmontés. Les trois
équations du probléeme EHD (Reynolds, élasticité linéaire et équilibre des charges) sont
résolues simultanément par le biais de la méthode de Newton-Raphson en utilisant une
discrétisation par €léments finis. Les équations de 1’¢lasticité lin€aire sont résolues sur la
structure tridimensionnelle alors que I’équation de Reynolds est résolue sur une partie
bidimensionnelle de la surface de cette structure correspondant a la zone de contact.
L’équation d’équilibre des charges est rajoutée directement au systeme formé par les deux
équations précédentes en rajoutant une inconnue supplémentaire correspondant a la séparation
initiale des surfaces non-déformées. La complexité de ce modéle est la méme que celle du
modele multigrille, considéré jusqu’a présent comme étant le plus performant. D’un autre
coté, de par I'utilisation de la méthode des éléments finis qui permet 1’usage de maillages
non-réguliers non-structurés avec des approximations d’ordre élevé, la taille des systémes
obtenus par cette méthode est nettement inférieure a celle requise par le modele multigrille.
En effet, ce dernier ¢étant basé sur une discrétisation par différences finis des équations
correspondantes, un maillage régulier et structuré est exigé. De plus, de par le couplage fort
¢vitant la perte d’informations durant le processus de résolution itératif et 1'usage de la
méthode de Newton-Raphson connue pour ses propriétés de convergence rapide, la
convergence de ce modele est nettement améliorée par rapport au modele multigrille. Ainsi,
ayant la méme complexité que le modéle multigrille mais avec des tailles de systémes réduites
et des taux de convergence plus rapides, notre modele requiert une capacité mémoire et des
temps de calculs moins importants.
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Effets non-Newtoniens

Mis a part en théorie, un fluide « parfaitement» Newtonien n’existe pas réellement.
Néanmoins, en pratique, un fluide est considéré Newtonien quand il posséde une limite
Newtonienne relativement élevée. En d’autres termes, il peut supporter des taux de
cisaillement élevés avant que sa viscosité ne varie. Mais une fois la limite Newtonienne
atteinte, la linéarit¢ du comportement contraintes-déformations est perdue. Dans les
applications de lubrification, le lubrifiant peut étre soumis a des sollicitations extrémes. Dans
les roulements a billes ou les engrenages par exemple, la vitesse moyenne d’entrainement du
lubrifiant peut atteindre 100 m/s alors qu’il traverse le contact en seulement quelques
microsecondes. Les gradients de vitesse peuvent atteindre 107 s™' et des pressions de 1’ordre
de 2 ou 3 GPa peuvent étre rencontrées. Sous de telles conditions extrémes, la plupart des
fluides ont une réponse bien plus complexe que le simple comportement Newtonien. De nos
jours, la composition chimique de plus en plus compliquée des lubrifiants, qui inclue des
additifs polymeres ou d’autres substances rend leur comportement encore plus difficile a
modéliser. Différentes lois constitutives ont €té introduites pour représenter ces réponses
complexes telle que la loi de Carreau [15] ou le mod¢le non-linéaire de Maxwell [107][108]
qui sont dits de type « shear-thinning ». En effet, la viscosité des fluides obéissant a ces lois
diminue avec I’augmentation des contraintes de cisaillement, menant ainsi a une diminution
de I’épaisseur de film correspondante. Plus tard, Bair et Winer [5][6] introduisirent un autre
type de comportement non-Newtonien nommé « limiting-shear-stress ». Leur analyse se
basait sur des expériences de laboratoire utilisant des viscomeétres a fort taux de cisaillement.
I1 est important de noter que la liste des modéles cités ci-dessus n’est pas exhaustive et que
bien d’autres mod¢les peuvent étre retrouvés dans la littérature tel que Gecim et Winer [34]
qui est de type limiting-shear-stress ou aussi la loi en sinh de Ree-Eyring [28] de type shear-
thinning... Le but de ce travail n’est ni de valider, ni de comparer les différents modé¢les
rhéologiques, mais de fournir une approche unique permettant d’utiliser une grande variété de
lois constitutives.

Dans les contacts EHD, les taux de cisaillement dans le film lubrifiant sont souvent
importants et si ce dernier présente un comportement de type « shear-thinning », sa viscosité
peut diminuer de fagon significative avec I’augmentation du taux de cisaillement. Ainsi, faire
I’hypothéese que le lubrifiant est Newtonien quand il ne I’est pas pourrait étre dangereuse pour
la conception d’un composant mécanique puisque les épaisseurs de film seront surestimées.
Cela pourrait mener a une réduction sévere de sa durée de vie, voire méme dans le cas
extréme, a sa défaillance. Dans ce chapitre, on s’intéresse a l’influence des effets non-
Newtoniens sur la pression, 1’épaisseur de film et le frottement dans un contact EHD
circulaire en régime isotherme, lubrifi¢ par un fluide ayant un comportement de type shear-

thinning. Le mod¢le numérique est similaire a celui présenté dans le chapitre précédent sauf
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que I’équation de Reynolds classique est cette fois remplagée par 1’équation de Reynolds
généralisée prenant en compte les effets non-Newtoniens. Cette derniére peut aussi s’écrire
sous forme d’une équation de Convection / Diffusion avec un terme source en fonction de la
pression et le terme de convection devient dominant a fortes charges. Ainsi, les mémes
techniques de stabilisation sont employées pour obtenir la solution de contacts fortement
chargés. L’application de ce modele a des cas typiques de contacts EHD circulaires sous
différentes conditions opératoires révele ce qui suit:

e Globalement, le profil de pression dans le contact n’est pas affecté par les
variations du taux de cisaillement. Seul un effet mineur sur le pic de pression peut
étre observé. Ce dernier perd en hauteur lorsque le cisaillement augmente.

o Les épaisseurs de film et les coefficients de frottement sont réduits de fagon
significative a cause de la diminution de la viscosit¢ du lubrifiant avec le
cisaillement. Ainsi ces deux parameétres tribologiques sont surestimés par une
approche Newtonienne simple.

e Une approche non-Newtonienne permet de prédire des épaisseurs de film
réalistes, surtout a des conditions opératoires en vitesse faibles ou modérées. Par
contre, pour les vitesses €levées et probablement a cause d’effets thermiques qui
deviennent importants (méme dans la zone d’entrée du contact), les résultats
numériques dévient des expériences.

e Finalement, les coefficients de frottement prédits par une approche isotherme non-
Newtonienne sont réalistes uniquement a vitesse faible. Cela est probablement du
a I’'importance des effets thermiques dans la zone centrale du contact.

La comparaison des résultats obtenus avec les expériences permet de valider a la fois le
modele numérique et les modéles rhéologiques employés. Ainsi, on peut conclure que,
lorsqu’un fluide non-newtonien est utilisé en tant que lubrifiant, 1’approche isotherme non-
Newtonienne est efficace pour la détermination d’épaisseurs de film et de coefficients de
frottement pour des conditions opératoires en vitesse d’entrainement et / ou de glissement
faibles ou modérées. Par contre, a grande vitesse, cette approche n’est plus appropriée. Les
effets thermiques sont probablement responsables des différences observées entre les résultats
numériques et expérimentaux. Ces effets peuvent étre aussi importants dans un contact
lubrifi¢ par un fluide Newtonien. Ainsi, le chapitre suivant est dédi¢ a 1’étude des effets
thermiques dans les contacts EHD circulaires lubrifiés avec un fluide Newtonien ou non-
Newtonien.
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Effets thermiques

Sous des conditions opératoires extrémes, 1’¢lévation de température dans un contact EHD
peut devenir importante. Cela est susceptible de se produire quand les conditions opératoires
combinent plusieurs facteurs tels que des vitesses d’entrainement ou de glissement élevées,
une forte viscosité ou piézoviscosité du lubrifiant ou de fortes charges. Cette élévation de
température découle de deux sources de chaleur: le cisaillement de la couche mince de
lubrifiant et le réchauffement par compression, dii aux variations de pression dans la zone de
contact. Les conséquences sur le comportement du contact lubrifié ne peuvent plus étre
négligées. En effet, comme signalé¢ dans le chapitre précédent, négliger la génération de
chaleur dans un contact EHD opérant sous des conditions séveres meéne a la surestimation a la
fois des épaisseurs de film et des coefficients de frottement. Ceci parce que les variations de
température causent une variation de densité et, plus important, de viscosité du lubrifiant a
travers le film. L’intérét porté aux effets thermiques dans les problémes de lubrification EHD
commencga avec le travail théorique de Cheng [16][17]. La premiére solution numérique
complete du contact ponctuel fut obtenue par Zhu et Wen [125]. Depuis, plusieurs auteurs
proposerent différentes méthodes pour traiter ce probléme en considérant un fluide Newtonien
ou non-Newtonien comme Kim et Sadeghi [72], Guo et al. [43] ou aussi Liu et al. [80] qui
résolverent les équations de 1’énergie tridimensionnelles afin de déterminer les variations de
température dans le film lubrifiant. Une méthode alternative consiste a réduire le probleme de
transfer de chaleur tridimensionnel en un probléme bidimensionnel en faisant I’hypothése que
la distribution de température a travers 1’épaisseur de film a un profil parabolique. Cette
approche a été utilisée par plusieurs chercheurs tels que Salehizadeh et Saka [104], Wolff et
Kubo [120] et Kazama et al. [71] dans le cadre d’un contact linéique ou aussi Jiang et al. [65],
Lee et al. [77] et Kim et al. [73][74] dans le cadre de contacts ponctuels. Par contre, la
simplification qui consiste a considérer un profil de température parabolique dans 1’épaisseur
de film méne a des prédictions de température peu correctes, surtout dans la zone d’entrée du
contact, comme le montrent Kazama et al. [71]. Cela est di a la présence d’effets thermiques
convectifs complexes associés a des écoulements inverses importants dans cette zone.

Dans ce chapitre, on propose un modele pour étudier les effets thermiques dans un contact
EHD circulaire lubrifi¢ par un fluide Newtonien ou non-Newtonien. Cette étude est basée sur
la résolution des équations de 1’énergie tridimensionnelles appliquées aux corps solides et au
film lubrifiant. Le modele numérique est similaire a celui présenté dans les chapitres
précédents sauf que l’équation de Reynolds est cette fois remplacée par I’équation de
Reynolds sous sa forme la plus généralisée pouvant prendre en compte a la fois les effets non-
Newtoniens et les effets thermiques. Cette derniére peut aussi s’écrire sous forme d’une
équation de Convection / Diffusion avec un terme source fonction de la pression et le terme
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de convection qui devient dominant a forte charge. Ainsi, les mémes techniques de
stabilisation sont employées pour obtenir la solution des contacts fortement chargés.

Des cas typiques sont simulés en régime isotherme et thermique sous des conditions de
roulement pur et de roulement-glissement. Les résultats montrent clairement qu’a partir d’une
certaine limite en vitesse, il est nécessaire de prendre en compte les effets thermiques pour
une bonne estimation des €épaisseurs de film, et surtout du frottement. Le « shear-thinning » et
I’échauffement ont tous les deux un effet de réduction de 1’épaisseur de film quand la vitesse
de glissement augmente. Ils modifient aussi les profils de pression et d’épaisseur de film. En
effet, il a été montré dans le chapitre 3 que 1’effet non-Newtonien tend a diminuer la hauteur
du pic de pression sans avoir de répercusion significative sur la forme du profil d’épaisseur de
film quand le taux de roulement-glissement augmente. D’un autre coté, les effets thermiques
tendent non seulement a diminuer la hauteur du pic mais aussi a I’¢largir et le rapprocher de la
zone centrale du contact. Cela méne a un changement de la forme du profil d’épaisseur de
film, surtout dans la zone de sortie du contact ou la forme en « fer a cheval » gagne en largeur
sur sa partie centrale et s’amincit sur les bords. Ainsi, elle prend une largeur a peu pres
constante sur son étendue, comparé au profil isotherme ou elle est large sur les bords et mince
sur la partie centrale. Tous les résultats sont comparés a des données expérimentales montrant
un meilleur accord, par rapport a I’approche isotherme, entre les résultats thermiques et les
expériences, surtout a forte vitesse ou taux de glissement. Les comparaisons numériques /
expérimentales permettent a la fois de valider 1’approche numérique et les modeles
rhéologiques employés. Un accord remarquable est obtenu pour les résultats de frottement ou
I’approche isotherme s’est révélée surestimatrice des coefficients de frottement a forte vitesse.
Cela est surtout du aux effets thermiques dans la zone centrale du contact. Ces derniers sont
importants méme a des vitesses d’entralnement faibles ou modérées quand les taux de
glissement sont importants.
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FTFV en lubrification

Dans cette partie, le potentiel d’utilisation des FTFV en tant que lubrifiants dans les
contacts EHD circulaires est étudié. Comme mentionné dans 1’introduction, ces fluides
présentent deux aspects intéressants quand ils sont utilisés en tant que lubrifiants. Tout
d’abord, a cause de leur faible viscosité, ils ménent a une réduction de la dissipation d’énergie
par frottement dans les contacts lubrifiés. D’autre part, d’un point de vue purement pratique, il
est bien plus facile de concevoir et maintenir des machines opérant avec un seul fluide jouant
a la fois le réle du lubrifiant et du fluide opérateur (par exemple: moteurs a propulsion,
moteurs a combustion interne, pompes a chaleur ...). Cette possibilité se situe aussi dans une
stratégie de préservation de I’environnement et de développement durable. Par contre, a cause
de la viscosité tres faible de ces fluides, des épaisseurs de film relativement minces sont
susceptibles de se former dans la zone de contact. Le but du travail effectu¢ dans ce chapitre
est de déterminer s’il est possible de lubrifier « correctement » avec ce genre de fluides et
sous quelles conditions opératoires. Deux FTFV typiques sont considérés. Il est important de
noter que ces fluides n’ont jamais été d’intérét pour la communauté de Tribologie. Ainsi, leurs
propriétés rhéologiques sont trés peu connues. En fait, ces dernicres sont restreintes a des
domaines de pressions relativement faibles comparés a ceux rencontrés dans les applications
EHD. Pour cela, des mesures de viscosité et de compressibilit¢ ont été réalisées afin de
déterminer le comportement rhéologique de ces fluides sur un domaine de pression plus
important. Les résultats montrent que ces fluides ont non seulement des faibles viscosités
mais aussi des faibles piézoviscosités, de 1’ordre de 2 & 5 GPa™. Par ailleurs, de par leur faible
masse et taille moléculaire (de I’ordre de 5 A), ils présentent un comportement Newtonien sur
un large domaine de taux de cisaillement. D’autre part, ils ont une compressibilité
relativement élevée et inhabituelle comparé aux lubrifiants classiques qui obéissent souvent a
la loi de Dowson & Higginson.

Des calculs ont ét¢ mené pour ces deux fluides en utilisant le modele développé dans le
chapitre précédent prenant en compte les effets thermiques. Les calculs ont révélé qu’un
régime de vitesses €levées est indispensable pour un bon fonctionnement des contacts
lubrifiés avec ces fluides. Les comparaisons avec les expériences permettent a la fois de
démontrer la précision du modele TEHD développé et la validité des modeles rhéologiques
employés pour ces fluides. Les essais en roulement-glissement montrent que 1’influence des
effets thermiques sur les épaisseurs de film sont tres faibles a cause de la faible viscosité de
ces fluides. Ainsi les épaisseurs de film sont presque constantes en fonction des taux de
cisaillement. Ensuite, des formules analytiques d’épaisseur de film spécifiques a chaque
fluide sont développées. Ces dernicres peuvent étre utilisées directement par les ingénieurs
sans avoir a exécuter les calculs complets. Dans ce contexte, I’effet de la compressibilité

inhabituelle de ces fluides sur les épaisseurs de film est assez important comparé¢ aux
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applications EHD classiques ou les effets hydrodynamiques, générés surtout par la viscositg,
sont dominants. En effet, un changement de pente (dans une échelle log-log) des courbes
d’¢épaisseur de film en fonction de la vitesse d’entrainement est observé avec la variation de la
charge. Cela est attribu¢ a la compressibilit¢ inhabituelle de ces fluides. Afin de vérifier cette
hypothése, un fluide fictif ayant une viscosit¢ du méme ordre de grandeur que celle des
fluides étudiés mais une compressibilit¢ de type Dowson & Higginson a été utilisé pour
réaliser des calculs d’épaisseur de film. Pour ce fluide, les courbes d’épaisseur sont
parfaitement paralleles en fonction de la charge étudiée. Enfin une analyse de traction dans
ces contacts a révélé I’importante réduction de la dissipation d’énergie par frottement. Par
conséquent, une réduction de la consommation d’énergie dans le systéme mécanique
correpondant peut étre obtenue. Pour finaliser cette étude, un point reste a clarifier. En effet, a
cause des épaisseurs de film relativement faibles dans ces contacts, la durée de vie du
mécanisme correspondant sera probablement réduite. Il reste alors a quantifier quel est le
critere le plus important d’un point de vue économique: est-ce la réduction de la dissipation
d’énergie par frottement ou bien la réduction de la durée de vie du systeme? Cette question
dépasse 1’objectif de cette these et elle est par conséquent reportée pour de futures
investigations ...
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Conclusion genérale

Dans cette thése, une approche éléments finis avec couplage fort des problémes de
lubrification EHD a été développée, dans le cadre du contact circulaire avec surfaces lisses.
Un modele d’¢lasticité linéaire a été introduit pour le calcul des déformations élastiques des
corps solides sous la pression générée dans le film de lubrifiant. Cela conduit a une matrice
Jacobienne creuse du systéme non-linéaire global d’équations. Le probléme de frontiere libre
(de cavitation) qui se pose a la sortie du contact a été¢ géré de maniere directe par le biais
d’une méthode de pénalisation. Le processus de résolution a été étendu au cas des contacts
fortement chargés par I’utilisation de formulations ¢léments finis stabilisées de type
« diffusion artificielle ». Le systéme non-linéaire global d’équations est résolu suivant une
procédure de type Newton-Raphson. Cela conduit a des taux de convergence extrémement
rapides (quelques itérations seulement sont requises pour obtenir une solution convergée)
surtout comparés aux modeles classiques basé€s sur une approche de type couplage faible. Il a
aussi été montré que la complexité de ce modele est la méme que celle des modeéles basés sur
une discrétisation par différences finies et une résolution de type multigrille. Par contre, une
taille de systéme nettement plus petite a été obtenue, a cause de I’utilisation de maillages non-
réguliers non-structurés permis par la méthode des éléments finis. Ainsi la capacit¢ mémoire
requise et les temps de calcul sont réduits.

Tout d’abord, une approche isotherme Newtonienne a été considérée. Cette dernicre prédit
bien les épaisseurs de film dans un contact EHD pour un fluide Newtonien et des conditions
de vitesses faibles ou modérées. Par contre, si le lubrifiant a un comportement de type shear-
thinning, les épaisseurs de film sont surestimées. C’est aussi le cas si des conditions de
vitesses d’entralnement et / ou de glissement élevées sont considérées. Cela est du a la
dissipation thermique importante dans le contact qui tend a réduire la viscosité du lubrifiant.

Ensuite, une approche isotherme non-Newtonienne a ¢été développée en remplagant
I’équation de Reynolds classique par I’équation généralisée. Cette approche conduit a des
estimations d’épaisseur de film conformes aux mesures quand un lubrifiant non-Newtonien
est considéré. Par contre, bien qu’une estimation du frottement plus proche de la réalité soit
obtenue, 1’écart demeure significatif avec les résultats expérimentaux a des conditions de
vitesses modérées ou ¢levées.

Enfin, une approche thermique a été développée a la fois pour des lubrifiants a
comportement Newtonien ou non-Newtonien. Elle se base sur une résolution compléte des
équations de 1’énergie dans les corps solides et le film de lubrifiant. Cette approche montre un
trés bon accord entre les épaisseurs de film et les coefficients de frottement calculés et ceux
obtenus expérimentalement. En effet, la faible qualité des résultats de frottement obtenus avec
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I’approche isotherme non-Newtonienne a des fortes vitesses était due a 1’augmentation de
température dans la zone centrale du contact. Cette derniére n’affecte pas significativement
I’épaisseur de film qui se forme dans la zone d’entrée, mais a un effet important sur le
frottement a cause de la réduction de viscosité dans cette région.

Le modéle développé a été utilisé pour étudier le potentiel des Fluides de Trés Faible
Viscosité (FTFV) en tant que lubrifiants dans les contacts EHD circulaires. Il a €t¢ montré que
des conditions de vitesses €levées sont requises pour un bon fonctionnement de ces contacts.
Les courbes de frottement ont révélé 1I’'importante réduction de la dissipation d’énergie par
frottement dans ces contacts comparé a ceux lubrifiés avec des lubrifiants classiques.

Dans la mesure du possible, a chaque étape de cette étude, une validation expérimentale

des résultats numériques a été réalisée. Cela permet de valider a la fois le modéle numérique
et les modeles rhéologiques employés.
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Perspectives

En couvrant a la fois I’aspect numérique (la théorie derriére le développement de solveurs
EHD efficaces) ainsi que [’aspect ingénierie (1’application des solveurs a des situations
d’intérét pratique) cette thése est devenue un travail assez étendu. Cependant, malgré les
résultats et les réponses fournies dans les différentes parties de ce document, il reste de
nombreux sujets a étudier, de questions auxquelles il faut fournir des réponses et de nouvelles
problématiques a surmonter.

D’un point de vue numérique, bien que le modeéle présenté dans cette thése se soit montré
relativement puissant comparé¢ aux modeles classiques, il est loin d’atteindre sa capacité
maximale. En effet, le probléme élastique tridimensionnel peut étre 1’objet d’importantes
améliorations en réduisant sa taille grace a une analyse modale ou a I’application du principe
de la sous-structuration statique. Ce dernier réduirait le calcul des déformations élastiques a la
zone de contact bidimensionnelle. En réduisant encore plus la taille du mod¢le, la voie sera
libre pour 1’étude des surfaces rugueuses sous régime transitoire qui requiert une finesse de
maillage bien plus importante que les problémes traitant de surfaces lisses. En plus,
I’utilisation des équations de la mécanique des solides pour calculer les déformations
¢lastiques des surfaces en contact permet d’étudier des configurations difficiles, voire méme
impossible a étudier avec une approche de type massif semi-infini. On cite par exemple les
revétements de surface, les matériaux moux, la plasticité ...

D’un point de vue ingénierie, il serait intéressant d’aborder I’étude étendue des épaisseurs
de film et des coefficients de frottement a des charges faibles, modérées et fortes pour
différents types de lubrifiant en couvrant un large domaine de conditions opératoires, tout en
prenant en compte, dans la mesure du possible, la dépendence des propriétés thermiques des
différents matériaux avec la pression et la température. Cela n’a pas été fait durant ce travail a
cause d’un manque de données expérimentales, mais un important projet expérimental-
numérique est en train de se mettre en place. De telles études requicrent des collaborations
entre différentes institutions afin de déterminer avec précision les propriétés thermiques et
rhéologiques des lubrifiants. Le but final est de tirer des résultats obtenus des formules
analytiques robustes permettant aux ingénieurs de déterminer directement les épaisseurs
centrales et minimales de film sans avoir a exécuter les calculs complets. Dans I’idéal, ces
formules prendront en compte les effets thermiques et le comportement rhéologique complet
du lubrifiant, y compris les effets non-Newtoniens. Enfin, afin de conclure ’analyse du
potentiel d’utilisation des FTFV en tant que lubrifiants dans les contacts EHD, il reste a
quantifier quel critére est le plus important d’un point de vue économique: est-ce la réduction
de la dissipation d’énergie par frottement ou bien la réduction de la durée de vie du systéme?
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Hertzian contact circle’s radius
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Pressure-viscosity coefficient
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Dimensionless convection tensors for different Reynolds’ equations
Temperature-viscosity coefficient for the Cheng model

Dowson & Higginson density-temperature coefficient

Bulk modulus-temperature coefficient
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Depth of solid bodies for thermal problem
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Elastic deflection of the contacting bodies

Dimensionless elastic deflection of the contacting bodies
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Normal strain component in the i-direction

Strain tensor

Dimensionless diffusion coefficients for different Reynolds’ equations
Generalized Newtonian viscosity
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Film thickness
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1 Introduction

Friction and wear are part of our everyday’s life. They take place whenever two bodies
come into contact with a relative motion with respect to each other. They are essential for
undergoing our simple activities such as walking, brushing our teeth... But in general, in a
mechanical system, friction and wear (although sometimes essential) appear to be harmful at
many levels. Friction leads to a higher energy consumption of the system whereas wear can
shorten its’ life. Therefore, for any typical machine (combustion engine, turbine, compressor
...), it is important to control these two factors. From an energetical point of view, reducing
friction and therefore the power dissipation within the different contacts leads to an improved
efficiency of the machine. From a reliability point of view, avoiding any surface degradation
(fretting, cracks, fatigue ...) allows a considerable increase of the system’s life while at the
same time avoiding its failure. The importance of these problems in industrial applications
justifies the considerable efforts that have been carried out in the field of tribology over the
last century.

One way to reduce friction in contacts is lubrication. In other words, the contacting
surfaces are separated by a lubricant film. The lubricant can be liquid, gaseous or even solid.
The build up and preservation of the film require a pressure generation inside it. When this
pressure is generated by an external system (like a compressor for example), the lubrication is
called “hydrostatic”. On the other hand, when it is generated by the relative motion of the
contacting surfaces the lubrication is called “hydrodynamic”. In a lubricated contact, friction
forces are less important than in the dry case because the relative motion of the surfaces is
accommodated by the lubricant shear. The good understanding of the behaviour of such
contacts is essential for the design of mechanical components in order to establish optimal
operating conditions and therefore increase their life.

Mixed I Full film
lubrication lubrication

i Boundary

lubrication

Friction coefficient

Viscosity - Velocity

Pressure

Figure 1.1: Stribeck curve for the different lubrication regimes
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1 Introduction

In general, three lubrication regimes are defined according to their range of friction
coefficients (Stribeck curve, See Figure 1.1):

Boundary lubrication: a major part of the load is supported by the direct
contact of the surface asperities. This regime is characterized by a high
friction coefficient.

Mixed lubrication: the load is supported by both the direct asperities contact
and the lubricant film. The friction coefficient for this regime is lower than
for boundary lubrication.

Full film lubrication: the contacting surfaces are separated by a complete
lubricant film. Friction coefficients are relatively low.

Our study mainly concerns the full film lubrication regime. When a complete lubricant
film separates the contacting surfaces, two different types of lubrication are defined:

Hydrodynamic lubrication (HL) which takes place when the pressure
generated within the contact is relatively low and does not enhance a
significant elastic deformation of the contacting surfaces. This is typically
the case of conformal contacts which are characterized by large contact
surfaces and therefore low pressures. Journal bearings are representative of
this type of lubrication (See Figure 1.2).

Elastohydrodynamic lubrication (EHL), as indicated by its name, takes
place whenever the pressure generated in the lubricant film is high enough to
induce a significant elastic deformation of the contacting surfaces. These
deformations have an important influence on the geometry of the lubricant
film and their amplitude can be greater than the film thickness. Moreover,
the rheological properties of the lubricant are highly affected by the high
pressure generation (the viscosity can increase by several orders of
magnitude). This is typically the case of non-conformal contacts that can be
encountered in spur gears, cylindrical roller bearings, or also ball bearings
for example (See Figure 1.2).

(b) (c) (d)

Figure 1.2: Examples of hydrodynamic lubrication: (a) journal bearing and elastohydrodynamic lubrication:
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1 Introduction

The study carried out in this thesis is mainly focused on this last type of lubrication. When
studying these contacts, it is not necessary to consider the often rather complex geometry of
the contacting machine elements. Since the film thickness and contact width are generally
small compared to the local radius of curvature of the running surfaces, the surface geometry
in the contact area can be accurately approximated by paraboloids. This approximation allows
a simplification of the contact geometry. The latter can be reduced to the contact between a
paraboloid and a flat surface.

In general, two types of EHL problems are distinguished:

e Line contacts: the contacting elements are assumed to be infinitely long in
one of the principal directions. In fact, the radius of curvature of the
paraboloids approximating the surfaces in this direction is infinitely large. In
the unloaded dry contact situation, the surfaces touch along a straight line. If
a load is applied, a strip shaped contact region is formed because of the
elastic deformations. Figure 1.3 shows the most widely used approximation
of the line contact situation: two parabolically shaped surfaces with local
radii of curvature R; and R, moving with surface velocities u; and u>
respectively. Such contacts take place in spur gears or cylindrical roller
bearings for example (See Figure 1.2). The equivalent geometry corresponds
to a contact between a cylinder and a plane. The equivalent radius R of the
cylinder is given by:

1 1.1 6.1)
R R R
\R
Z \\
w
) h(x)T — P
X
—u

Figure 1.3: EHL line contact and the equivalent reduced geometry

e Point contacts: the most widely used approximation of the more general
point contact situation corresponds to a contact between two parabolically
shaped surfaces with local radii of curvature R;, and R, in the x-direction
and R;, and R, in the y-direction. The x-direction is chosen to coincide with
the direction of the surface velocities u; and u,. In the dry contact situation,
both surfaces nominally touch at one point in the unloaded situation. When a
load is applied, the shape of the contact region depends on the ratio of the
radii of curvature in the x and y-directions of the two bodies. In general, it is
an ellipse, and therefore this type of contact is also referred to as an elliptical
contact. An example of a point contact is the contact between the ball and
the inner or outer raceway of a ball bearing (See Figure 1.2). A special case
of an elliptical contact is the circular contact which occurs if the radii of
curvature of the contacting elements in both principal directions are equal.
The reduced equivalent geometry of point contacts corresponds to a contact
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between a single paraboloid with radii of curvature R, and R, and a flat
surface (See Figure 1.4). R, and R, are generally referred to as the reduced
radii of curvature in the x and y-direction respectively. They are defined as

follows:
1 1 1
- =
Rx 1x R2x 62
1 1 1 6.2)
- = —
R R R

I\

—>u
<) h(x,y) i

—>Uu;

Figure 1.4: EHL point contact and the equivalent reduced geometry

The EHL of circular contacts will be the main topic of this thesis. A particular interest is
shown for lubrication with Ultra-Low-Viscosity Fluids (ULVF). This study is motivated by
an industrial demand from the SKF Engineering and Research Centre. This demand is based
upon many practical reasons that are briefly listed below.

1.1 Why lubricate with ULVF?

Before dealing with the advantages of ULVF in lubrication, we mention that the order of
magnitude of the viscosity of these fluids is 10™ Pa.s. Compared to water that has a viscosity
of 10° Pa.s, or air that has a viscosity of 107 Pa.s, the ULVF fluids that we are interested in,
have a range of viscosities varying between those of air and water.

An important aspect of using ULVF as lubricants is the economical issue of energy saving
which is also more and more considered nowadays as an environmental issue. As a matter of
fact, the energy dissipation in a lubricated contact due to friction forces increases with the
viscosity of the lubricant. Fox [31] shows that a 4% economy of fuel consumption in a Diesel
engine could be reached by simply reducing the viscosity of the lubricant. Clearly, the contact
conditions become more severe and the wear rates of the contacting surfaces increase.
Nevertheless, a good functioning of the system can be obtained by applying a surface
treatment to the contacting bodies in such a way to increase their resistance to wear. Another
alternative to avoid surface degradation consists in adding some anti-wear additives to the
lubricant.

On the other hand, many mechanical systems operate with two working fluids, each
having a different function. The first one is the lubricant, while the second (that generally has
a low viscosity) can have different functions depending on the type of machine. It could be a
heat transfer fluid in heat pumps or refrigeration systems for example, or a combustion fluid
such as fuel in combustion engines or cryogenic liquids for rocket propulsion engines. For a
good functioning of such systems, it is highly preferable that the two working fluids do not
mix. This is why these machines are generally designed with two isolated circulation systems,
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one for each fluid. Not only does this make the design and maintenance of these machines
more complicated, but it also leads to an increase of their size and weight. Thus, it would be
interesting to have one working fluid that can fulfil the two different functions inside the
system. This would allow an easier design and maintenance of the machine that would
include only one circulation system. Knowing that a lubricant could almost never fulfil the
function of the second working fluid, the only solution would be to use the ULVF as a
lubricant.

1.2 EHL, a historical review

The first steps of understanding the lubrication phenomenon go back to the 19" century
with the works of Hirn [52] in 1854. Then, in 1883, two experimental investigations lead by
Beauchamp Tower [111] in England and Nicoli Petrov [96] in Russia made it clear that the
rigid surfaces of the contacting bodies in a hydrodynamic journal bearing were fully separated
by a fluid film. Thus, it was demonstrated that the friction forces in such a mechanism are
governed by hydrodynamics and not by the direct contact between the solids. In 1886,
Reynolds [99] established the famous Reynolds’ equation which is the basis of all actual
lubrication theories. It expresses the relationship between the pressure in the lubricant film,
the geometry and the kinematics of the moving parts. The solution of this equation, based on
the theory of viscous laminar flows, confirms the observations made by Tower and Petrov. At
the beginning of the 20™ century, Michell [89] and Kingsburry [75] made a first step towards
understanding the phenomenon of lubrication in hydrodynamic journal bearings.

A few years later, Martin [86] and Giimbel [44] applied the hydrodynamic theory to the
case of rigid gears. Surprisingly, the results they obtained predicted very small film
thicknesses compared to the surface roughness. Nevertheless, the contact was well protected
by a full lubricant film that separated the surfaces. It took 20 additional years to witness the
appearance of the fundamentals of elastohydrodynamic lubrication with the works of Ertel
[24] and Grubin [39]. Introducing Hertz [51] theory for the deformation of semi-infinite
elastic bodies under dry contact conditions along with the Barus [7] pressure-viscosity law,
they calculated larger film thicknesses compared to those obtained by Martin and Giimbel for
the same operating conditions. Thus, the fundamental features of elastohydrodynamic
lubrication were revealed.

The second part of the 20" century witnessed an increasing interest of the scientific
community in lubrication problems. At the same time, the development of experimental
technology based on optical interferometry techniques along with the progress in numerical
resolution of partial differential equations due to more powerful computers and more
performing algorithms allowed the accurate understanding of lubrication phenomena. These
developments lead to a deeper knowledge of the film thickness distribution in an
elastohydrodynamic (EHD) contact.

1.2.1 Experimental work

The validation of theoretical works requires experimental results to confirm some
qualitative findings such as the full-film separation of the contacting surfaces or the shape of
the pressure distribution throughout the film. These experiments can also be used to confirm
more quantitative results such as the film thickness distribution. Over the years, several
techniques based on different physical principles have been developed. The most popular one
is the optical interferometry. Foord et al. [30], Gohar and Cameron [36][37], Wedeven et al
[119], Chiu and Sibley [19] noticed by using this technique, the particular horseshoe shape of
the film thickness distribution in an EHD point contact (See Figure 1.5). Nowadays, this
technique is more developed with much more accurate optical sensors allowing the
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measurement of very thin film thicknesses reaching the order of a few nanometres as shown
in the works of Guangteng et al. [42] and Cann et al. [12][13][14].

Figure 1.5: Film thickness distribution in an EHL point contact using optical interferometry

Optical interferometry is limited to film thickness measurements. Information regarding
the pressure distribution is obtained by a different technique. In fact, Safa et al. [102][103]
and Baumann et al. [8] performed measurements using micro transducers, vacuum deposited
on one of the running surfaces. Depending on the type of transducer, this technique allows the
measurement of pressure, film thickness or also temperature in the conjunction. More
recently, a Raman Microspectrometry technique was introduced by Jubault et al. [69] to
measure accurate pressure distributions in lubricated contacts.

The parallel development of experimental and numerical techniques allows today the
quantitative comparison of pressure and film thickness distributions and thus the validation of
numerical models. In the next section, we shall have an overview of the different numerical
techniques that have been used in the literature for the modelling of EHL problems.

1.2.2 Numerical work

Petrusevich [97] was the first to provide a full numerical solution of an EHL contact. He
noticed the presence of the film thickness constriction and the associated pressure spike at the
outlet of the contact (See Figure 1.6).
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Figure 1.6: Smooth EHD line contact: non-dimensional film thickness and pressure distributions
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With the advance of computer technology, numerical solutions emerged giving several
analytical formulas linking central and minimal film thicknesses to various non-dimensional
parameters in the contact. Among those we cite Hamrock and Dowson [46], Nijenbanning et
al. [92] and Evans and Snidle [25]. The numerical solution of the EHD problem is not easy to
reach because it involves the resolution of a highly non-linear problem. This problem is
defined by three main equations: the Reynolds’ equation (allows the computation of the
hydrodynamic pressure field in the lubricant film for a given geometry), the film thickness
equation (resulting from the superposition of the rigid body separation, the initial geometry
and the elastic deformation of the surfaces induced by the pressure in the lubricant film) and
the load balance equation (that ensures the global convergence of the numerical scheme).
Various numerical approaches emerged because of convergence difficulties encountered
during the resolution of the problem. These difficulties are, in part, due to the coupling
between the Reynolds’ equation and the elastic deformation of the surfaces. The different
numerical approaches can be classified within two main categories: the semi-system approach
and the full-system approach.

1.2.2.1 Semi-system approach

This approach consists in solving the EHL equations separately and establishing an
iterative procedure between their solutions as shown in the flow diagram of Figure 1.7. One
of the first to use this approach were Dowson and Higginson [22] for the line contact
problem. Then followed the pioneering work of Hamrock and Dowson [45][46][47][48] and
Ranger et al. [98] for the circular contact and more recently, Chittenden et al. [18] and
Nijenbanning et al. [92] for the elliptical contact. These models were based on what is known
as the direct method i.e. Reynolds’ equation is solved as a function of pressure for a given
film geometry. A severe drawback of these models was the pressure limitation to less than 1
GPa whereas in real life EHL contacts, pressures can raise up to 2 or 3 GPa. In order to
overcome this limitation, Ertel [24] had introduced earlier the so-called inverse method.
Contrarily to the direct method, the inverse method consists in solving Reynolds’ equation to
compute the film thickness for a given pressure profile. Dowson and Higginson [22] were the
first to develop an algorithm for the numerical solution of the EHL line contact problem based
on the inverse solution of Reynolds’ equation. This approach was later extended to circular
contacts by Evans and Snidle [26]. Despite the robustness of this method in the contact region
where the direct method suffers from stability problems, the solution remains unstable in the
inlet and outlet regions of the contact. As a matter of fact, Kweh et al. [76] introduced a
hybrid approach which consists in using a combination of both methods: the direct one in the
inlet and outlet parts of the contact, and the inverse one in the central contact region. A
basically similar algorithm was presented by Seabra and Berthe [105][106]. Although this
approach was successful in extending the solution of EHL problems to highly loaded contacts,
it suffered from major drawbacks. In fact, solving Reynolds’ equation as a function of film
thickness for a given pressure profile requires solving a cubic equation which basically has
three solutions. Therefore, a good care should be given for the choice of the appropriate
solution. Moreover, the relation used for updating the pressure profile, given a certain film
thickness, is based on experience and insight. Its physical foundation is not well established.

A major step forward in the field was made by Lubrecht [84][85], who applied multigrid
techniques to lubrication problems using the direct method. This technique provides a faster
convergence rate of the solution, and therefore, reduced computational times. It is based on a
certain understanding of the convergence behaviour of iterative resolution processes. In fact,
iterative schemes succeed in smoothing the error of the solution only when the latter has a
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wavelength of the order of the mesh size. When the wavelength of the error is much larger
than the mesh size, the iterative process becomes very slow. A solution to this problem
consists in transferring the resolution process to a coarser grid. Thus, Multigrid techniques
consist in switching the iterative resolution process back and forth on different grid levels
whenever it is required. Further computation time reductions were achieved by Brandt and
Lubrecht [9] introducing the so-called Multi-Level Multi-Integration (MLMI) technique for
which the computation of the elastic deformation integrals was fastened. This work was
further improved at the beginning of the 90’s by Venner [112][113][114] who extended this
method to the case of highly loaded contacts by applying a distributive line relaxation
scheme. This work provided an efficient alternative for the inverse method in the case of
highly loaded contacts and laid the foundation in numerical modelling of EHL problems for
the years to come. A further development in this approach was the introduction of the so-
called Discrete Convolution Fast Fourier Transform (DC-FFT) method for the elastic
deformation evaluation by Ju et al. [68]. This method is claimed to be three times faster than
the MLMI method according to Wang et al. [117].

Initial pressure and film thickness
profiles and film thickness constant

v

Solve Reynolds’ equation to get pressure
:Ldistribution for given film thickness profile

and film thickness constant

v

Solve the film thickness equation for a
given pressure and a given film
thickness constant

Update film
thickness constant

A

Convergence of film
thickness and pressure

Load balance

[ Get solution for postprocessing ]

Figure 1.7: Flow diagram of a semi-system approach using the direct method

The different works cited in this section are based on a finite difference discretization of
the EHL equations. Although in general this method limits the discretization process to
regular structured rectangular meshes using low order approximations, it is the most widely
used one in EHL modelling. This is due to the development of the efficient techniques cited
above. An alternative method that has been given less attention in EHL is the finite element
method. This method enables the use of non-regular unstructured meshing along with high
order approximations. An example of the application of this method to EHL problems is
given in [82][83]. The authors apply the direct method using a Discontinuous Galerkin
formulation in order to stabilize the solution of highly loaded line contacts. To the author’s
knowledge, this method has not yet been extended to the point contact case. Unfortunately,
the use of discontinuous elements leads to larger size systems. In fact, every discretization
point may have several nodal values for the same variable: one for every element it belongs
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to. Hughes and coworkers [60] have also used the finite element method by combining first
and second-order Reynolds’ approaches in order to get efficient solutions for both lightly and
heavily loaded line contacts. In fact, the first-order approach, which consists in writing
Reynolds’ equation as a first-order differential equation, is only stable in high pressure areas
whereas the second-order approach is only stable in low pressure areas. Therefore, the authors
proposed to use a combination of the second-order approach in the inlet and outlet areas of the
contact whereas in the central area a first-order approach is used. This provides a stable
solution for any load case. Unfortunately, the use of the first-order approach limits this
method in any case to the line contact problem.

Finally, note that since the semi-system approach presented in this section is based on a
separate resolution of the EHL equations, a loss of information occurs during the iterative
procedure established to couple the different solutions. This loss of information needs to be
compensated by severe underrelaxation, which leads to a slow convergence rate of the
iterative process.

1.2.2.2 Full-system approach

The full-system approach, as indicated by its name, consists in solving the different EHL
equations simultaneously as shown in the flow diagram of Figure 1.8. Different methods
found in the literature can be classified within this category. For example, the recent
developments in Computational Fluid Dynamics (CFD) modelling or Fluid-Structure
Interaction (FSI) have been applied to EHL problems by Hartinger et al. [50] and Yiping et al.
[124] respectively. The latter are based on the resolution of the full Navier-Stokes equations
coupled with the linear elasticity equations for the elastic deformation calculation. This
approach is quite accurate but is also very time consuming (calculations may last more than
one week for typical point contact cases using a relatively coarse mesh). The results clearly
confirm that the pressure variation across the film thickness can be neglected compared to the
variations in the contact plane. The main advantage of these methods is that the exact amount
of side leakage can be evaluated since the complete velocity field in the lubricant film is
computed. Moreover, the exact stress field can be obtained in the contacting bodies. This can
be useful for a fatigue study of the components. But, because of the large computational
efforts, nowadays and until computer power becomes much more developed, these methods
will still be of impractical relevance.

profiles and film thickness constant

v

[ Solve the system formed by EHL equations to get }

[ Initial pressure and film thickness }

pressure and film thickness distributions

v

[ Get solution for postprocessing ]

Figure 1.8: Flow diagram for a full-system approach

Another interesting method is the Newton-Raphson method. It was first used by Rhode
and Oh [93][101] who solved the EHL problem as one integro-differential equation using a
finite element discretization. This work revealed the outstanding potential of this method that
ensures the convergence of the solution within only a few iterations. Later on, a similar model
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was provided by Okamura [94]. An improved version of the model of Okamura was later
provided by Houpert and Hamrock [57] for the line contact case. This method was later
extended to the case of elliptical contacts by Hsiao et al. [58]. Because of the simultaneous
solution of all pressure updates, the implementation of the cavitation condition is rather
tedious. In fact, for the line contact case, the location of the exit boundary is introduced as a
separate unknown to be solved for in the iterative process. Since this location consists in only
a single unknown, this does not result in a serious complication of the equations. However, in
the point contact case, the location of the exit boundary varies over the two-dimensional
computational domain which results in a more complex model. Moreover, in all these works,
the elastic deflection calculation is based on a half-space approach. Therefore the elastic
deflection at any discretization point is related to all the other points of the domain by means
of the integral calculation. This results in a full Jacobian matrix which requires a huge
computational effort in order to invert it. Finally, at heavy loads, the Jacobian matrix becomes
practically singular which makes the solution of heavily loaded contacts hard to reach. It is
believed that the combination of the tedious treatment of the free boundary problem with the
full Jacobian matrix that becomes singular for heavy loads was the main reason behind the
cease of development of this method for a while.

Recently, Evans and Hughes [27] introduced the so-called “Differential Deflection”
method which provides a differential equation for the elastic deflection problem based on the
half-space approach. This approach, contrarily to the direct half-space one, has the advantage
of being more localized. In fact, the differential operator quickly tends towards zero when the
calculation point of the elastic deflection moves away from the point of application of the
force. In practice, the matrix terms become more and more negligible as they move away
from the diagonal. This gives a less full matrix when applying a full-system resolution. The
authors and their co-workers applied this method to the line contact case [61] and then
extended it to the more general point contact case [55][56]. However, the system matrix of the
latter still had a large bandwidth, and a special coupled iterative technique had to be used in
order to solve the coupled equations efficiently.

Finally, since the full-system approach solves the EHL equations simultaneously, no loss
of information occurs between their different solutions. Therefore, underrelaxation is no
longer required. This is the main reason behind the outstanding convergence rates of the
iterative process.

1.3 Outline of the thesis

After this brief literature review focused on the numerical modelling of EHL problems,
one could conclude that the “ideal” EHL solver would be based on a Newton-Raphson full-
system resolution of the different equations. This allows a fast solution of the problem within
a few iterations without any loss of information occurring between the solutions of the
different equations. The discretization of these equations would be realized using finite
elements, enabling thus the use of non-regular unstructured meshing along with high order
approximations. This leads to smaller size systems where the degrees of freedom (dofs) are
optimally distributed (fine meshing is used only where needed). The resolution process would
be stable for a wide range of load conditions. And finally, the Jacobian matrix of the
corresponding system of equations would be sparse and the treatment of the free boundary
problem straightforward. The aim of this thesis is to build this “ideal” EHL solver in the case
of steady-state smooth circular contacts. This approach is not restricted to steady-state circular
contacts and can be easily extended to the case of line or elliptical contacts under transient
regime. But, within the scope of this thesis, only steady-state circular contacts are of interest.
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From a physical point of view, appropriate realistic models of lubricants’ rheological
behaviour are used. Then, this approach is extended to a more physical modelling, taking into
account non-Newtonian and thermal effects which can be important at high entrainment and /
or sliding speeds and / or also at high load operating conditions. Comparisons with existing
numerical models and experimental data are a necessity if one wants to make sure the model
does not deviate from reality. Hence, most of the test cases computed in the numerical part of
this work have been compared to experimental results. The developed approach is used to
study the ULVF lubrication problems which are to be considered more and more seriously in
the scope of “decelerating” the global warming phenomenon and preserving the environment.
Such problems are quite difficult to handle experimentally because of the very thin films that
are encountered. Thus, a numerical approach appears to be necessary if the study is to be
carried out over a wide range of operating conditions.

First, chapter 2 describes EHL theory and equations for the steady-state isothermal
Newtonian circular contact situation. Reynolds’, the film thickness and the load balance
equations are given. The different laws describing the variation of the lubricant’s viscosity
and density with both pressure and temperature are listed. All equations are given in their
regular and dimensionless forms.

Then, chapter 3 provides a detailed description of the numerical model established to get a
robust EHL solver in the case of a steady-state isothermal circular contact lubricated with a
Newtonian fluid. The Reynolds’, film thickness and load balance equations are solved
simultaneously using a Newton-Raphson scheme. This model uses a new way to take into
account the elastic deflection of the contacting surfaces based on the classical linear elasticity
equations. The free boundary problem is treated in a straightforward manner using a penalty
method. The solution process is then extended to highly loaded contacts by writing Reynolds’
equation as a convection / diffusion equation (as a function of pressure) with a source term
and using special stabilized finite element formulations. The complexity and convergence
properties of this model are then studied and compared to classical finite difference multigrid
based ones. A comparative study with the latter is carried out in order to validate the current
approach and demonstrate its efficiency. This model provides a solid basis that can be
extended towards a more physical modelling of EHL contacts. In this section, line contact
results are provided for demonstrative purposes.

Since most lubricants do not behave as Newtonian fluids, chapter 4 is devoted to the
extension of the previous model to account for the non-Newtonian behaviour of the lubricant.
The solution process is extended to highly loaded contacts using a similar procedure to the
one described earlier. A complex rheological modelling is introduced showing that the film
thickness comes a lot closer to experimental results than would be predicted by a simple
Newtonian approach especially at low or moderate speed operating conditions. However, at
high entrainment and / or sliding speeds, they start showing a slight discrepancy with
experimental data. This is due to the appearance of significant thermal effects in the inlet
area of the contact. Friction coefficients are also overestimated by this approach at moderate
or high speed operating conditions. This is due to thermal effects, in this case, in the central
area of the contact. The latter have a significant influence on friction whereas film
thicknesses are mostly affected by the temperature increase in the inlet area.

In chapter 5, an extension of the previous model to account for thermal effects in both

Newtonian and non-Newtonian lubricant configurations is considered. Again, a numerical
stabilization procedure is used to extend the solution to the case of highly loaded contacts. A
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full 3D modelling of heat convection and conduction within the contact is considered. This
approach shows that both film thicknesses and friction coefficients can be accurately
estimated over a wide range of speed operating conditions.

In chapter 6, the model described above is used to study the EHL of ULVF in circular
contacts. Two typical lubricants are considered. A series of test cases is carried out showing
that such lubricated contacts can only work under high speed and moderate load operating
conditions. It is also shown that the traction coefficients are relatively low compared to
contacts lubricated with a more classical lubricating oil or grease. This confirms the
economical aspect of the use of these fluids as lubricants discussed in the first section of this
chapter.

Finally, a general conclusion on the numerical modelling of EHL problems and the use of
ULVF as lubricants in such contacts is established. As a result of covering both the numerical
mathematical side (the theory behind the development of efficient EHL solvers) as well as the
engineering side (the application of the solvers to situations of practical interest), this thesis
has become quite an extensive work. However, in spite of all the results and answers provided
in the different sections of this document, there are still many subjects to be studied, questions
that remain unanswered and new issues to be addressed. This is why this document ends with
a brief outline of some interesting topics for future research.
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2 EHL theory and equations

In this section, a mathematical model describing the steady-state isothermal EHD circular
contact situation is established. As mentioned before, the model consists of three equations:
The Reynolds’equation that relates the pressure in the lubricant film to the geometry of the
conjunction and the velocities of the moving surfaces, the film thickness equation for the
computation of the total gap separating the surfaces and finally, the load balance equation
requiring that the total generated pressure in the lubricant film balances the externally applied
normal load. Because of the high pressures in the lubricant film, the variation of the lubricant
properties such as viscosity and density must be taken into consideration. Hence, the model is
completed with some relations describing the dependence of both viscosity and density on
pressure.

2.1 Reynolds’ equation

Reynolds’ equation is obtained by applying the full Navier-Stokes equations to thin film
flows considering the following simplifying assumptions:

1- Body forces are negligible

2- No slip at the boundary surfaces

3- The lubricant flow is laminar (low Reynolds number)

4- Inertia and surface tension forces are negligible compared to viscous forces
5- The lubricant is Newtonian

6- The film thickness is small compared to the dimensions of the contact

7- The lubricant’s viscosity and density are constant across the film thickness

Figure 2.1: Fluid flow between two moving surfaces

Consider the situation displayed in Figure 2.1 corresponding to a flow between two
moving surfaces z=z, (x,y,t) and z=2z/(x,y,t) with surface velocity vectors
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2 EHL theory and equations

U,= {u oV p,wp} and U, = {us,vs,ws} respectively. Since circular contacts are considered,

the lower and upper surfaces correspond then to the plane and spherical surfaces of the
equivalent reduced geometry respectively (See Figure 1.4). The previous assumptions lead to
a simplified form of the Navier-Stokes equations. The conservation of momentum equations
become:

6_p _ ot
ox 0Oz
0
8_p _9% (2.1)
oy 0Oz
»_,
0z
With:
. ou, i ov,
To=HY=u—— and 7, =puy =p— (2.2)

0z 1574

Where u, and v, are the velocity field components of the lubricant flow in the x and y-

directions respectively. The following no-slip boundary conditions are assumed:

u,=u V=V w,=w atz:zp(x,y,t)

Uy =Ug, V,=V, W, =W atz:zs(x,y,t)

If the lower surface is taken as a reference, in other words, if z, is considered as the
origin of the z-axis (z, =0and0<z<hwithh=2z —z andw, =0), then the integration of

egs. (2.1) twice with respect to z using the associated no-slip boundary conditions gives the
velocity field of the lubricant:

h—z z

1 op

uf=ﬂaz(z—h)+ up+Zus 03
1 op h—z z .
v, =——z(z—h)+ v, +—v,
2u Oy h

Now, if we consider a steady-state condition, the mass continuity equation for a
compressible flow is given by:

0
om, M 2.4)
ox 0Oy

Where: m, :I;1 puydz and m, :Ioh pv,dz
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Replacing the velocity components by their expressions given in eqgs. (2.3), and
considering that surface velocities are parallel to the x-axis and do not vary in space, the mass
continuity equation becomes:

3 3
O(phop), Ofph dp =12um3(ph) (2.5)
ox\ u ox) oy\ u oy ox
u +u
Where: u, =—+——
2
In a more compact form eq. (2.5) also reads:
o(ph 3
v(evp) =21 i = (2.6)
ox 12u,u

Equation (2.6) is known as Reynolds’ [99] equation. It describes the pressure variation
throughout the lubricant film as a function of the operating conditions for a given film
geometry (described by the film thickness %). The left hand side term is known as the
“Poiseuille term” with respect to “Poiseuille flows” which are pressure induced flows,
whereas the right hand side term is known as the “Couette term” with respect to “Couette
flows” which are induced by the surface entrainment of the fluid.

2.2 Film thickness equation

The film thickness equation results from the superposition of a constant known as the rigid
body displacement /4, the initial undeformed geometry and the elastic deformation o (x, y) of

the contacting surfaces induced by the pressure generation within the lubricant film:

2 2

h(x,y):h0+2); +2);€ +5(x,y) (2.7)

x y

Where R, and R, are the equivalent radii of curvature in the x and y-direction

respectively. The latter were previously described in egs. (6.2). Since circular contacts are
considered, then R =R, =R and the film thickness equation becomes:

X+

h(x,y)=h,+ 7k

+5(x,y) (2.8)

The computation of the elastic deflection term o (x, y) is given in details in the next

chapter.

2.3 Load balance equation

The external load applied to the contact is totally supported by the lubricant film.
Therefore, the equilibrium of forces requires that the total pressure generated in the contact
domain €, balances the external applied load F:
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[ p(x.y)d=F 2.9)

QC
This equation is satisfied by adjusting the constant parameter of the film thickness
equation A,.

2.4 Lubricant’s properties

In EHD contacts, the important increase of pressure and temperature may lead to a
significant variation of the lubricant transport properties. Two properties are of particular
interest for the lubricant film build-up: viscosity and density. The viscosity of a typical
lubricant can vary by several orders of magnitude with pressure increase whereas the density
dependence on pressure is less spectacular. However, it has a direct impact on film thickness.
In general, temperature effects are less important than those induced by pressure, but in many
cases, not negligible. When a non-Newtonian lubricant is considered, viscosity may also vary
with shear stress. In this section, the various laws of variation of viscosity and density for a
Newtonian lubricant with both pressure and temperature are listed. Although, up to here, only
the isothermal case is considered, it is important to provide the temperature dependence of the
lubricant properties because, in practice, the surrounding or ambient temperature 7 of a
system (which is considered to be the lubricant temperature 7 in an isothermal approach) may
be different from the reference temperature 7% used to evaluate these properties.

2.4.1 Density variations

In this section, the density variations with pressure (p) and temperature (7) are

considered. Two models are given: the Dowson & Higginson [23] model and the Tait [53]
[54] equation of state:

2.4.1.1 Dowson & Higginson

This model is the most used density variation relationship in EHL. It is expressed by the
following mathematical expression:

0.6x10 p

m—ﬁm (T-T,) (2.10)

p(paT)sz |:1+
Where p( p,T ) is the lubricant’s density at a given pressure p and temperature 7,
Pr = p( p=p,=0,T=T, R) is the zero-pressure density at the reference temperature 7 and

Py 1s the density-temperature coefficient. This equation is not always accurate and does not

have any physical foundation (it is strictly empirical) but it is used because of its simple
mathematical form and its non-dependence on the lubricant type.

2.4.1.2 Tait equation of state

The Tait equation of state is written for the volume V relative to the volume at ambient
pressure Vy. The density data is obtained by simply inverting it:
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LA S 1+ (1+K,) @2.11)
v, 1+K, K,

The initial bulk modulus K, and the initial pressure rate of change of bulk modulus K
are assumed to vary with temperature according to:

K, =Ky, exp(=BT) (2.12)
K=K, exp(B;T) (2.13)

The volume at ambient pressure Vj relative to the ambient pressure volume Vy at the
reference temperature 7, is assumed to depend on temperature according to:

V.
L =1+a, (T-T,) (2.14)
VR

The density relationship to pressure and temperature can be deduced from the previous
equations by a simple manipulation:

Vel (Ve oL 1
p(p’T)_pR(ﬂ_pR(Vo VJ pR(Vo/VR V/VJ 1)

This model is of more physical relevance but is clearly much more complicated than the
Dowson & Higginson simple relationship and requires specific characterization and data.

2.4.2 Viscosity variations

In this section, the viscosity variations with pressure and temperature are considered. Four
different models are given: Cheng [16], Roelands [100], Modified WLF [123] and the
Doolittle [21] free volume model:

2.4.2.1 Cheng

The Cheng relationship is the most widely used viscosity model in EHL. It is not very
accurate, especially at high pressures, and does not have any physical foundation. But, its
simple mathematical form makes it interesting to use in EHL solvers:

I 1 p
#(p.T)= g exp(ampwm [;—FRJW ;J (2.16)
Where ,u( p,T ) is the wviscosity at a given pressure p and temperature 7,
My = ,u( p=pp=0,T=T, R) is the ambient pressure viscosity at a reference temperature 7.

This model is more known under its isothermal form (with 7 =T, = cst) called the Barus [7]
law:
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1(p)=pzexp(ap) with a=q, +% (2.17)
This relationship is restricted to relatively low pressures beyond which, the predicted
viscosities are often too high compared to experimental data as pointed out by Vergne [116].
2.4.2.2 Roelands

A more accurate viscosity-pressure-temperature relationship was proposed by Roelands
under the following form:

u(pT)= st (1n<uR>+9~67>{”(ns.lxmgp)z”[f = ]
R

[5.1x10‘9(lncz,uR)+9.67ﬂ

S :ﬂRoe(TR_138)
" In(py)+9.67

Where: Z, = (2.18)

This equation can be sufficiently accurate for moderately high pressures beyond which,
again some discrepancy with experimental data may be observed as pointed out in [116].
Finally, note that both the Cheng and Roelands models do not have any physical relevance
and they are strictly empirical.

2.4.2.3 Modified WLF

A more physical model was initially proposed in the field of polymer physics by William,
Landel and Ferry (WLF) [29] based on the time-temperature equivalence principle. The latter
stipulates that it is possible to represent the different rheological parameters of a fluid on one
and only one “master curve”. The latter is associated to a reference temperature corresponding
to the glass transition temperature of the fluid 7,. Yasutomi, Bair and Winer [123] later

provided a modified version of the WLF model that can be extended to a very wide pressure
and temperature domain while keeping the same good accuracy:

p(p.T) =g, 10 )
’ g
(2.19)
with: Tg(p):Tg(0)+Alln(1+A2p)
F(p)=1-B,In(1+B,p)

4,,4,,B,,B,,C, and C, are constants characterizing each fluid and g, is the viscosity at
the glass transition temperature 7, . The function 7, ( p) represents the variation of the glass

transition temperature with respect to pressure based on experimental data whereas F ( p)

represents the variation of the thermal expansion coefficient with pressure. Harrison [49]
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showed that the WLF model is equivalent to the free volume model which is the basis of the
Doolittle formula shown next.

2.4.2.4 Doolittle

Another physical viscosity-pressure-temperature model, based on the free volume
principle and valid over a wide range of pressures and temperatures, is defined by the
Doolittle relationship:

Ve
v 1
1-R,

oR

ﬂ(p’T):ﬂReXp BRO V V -
— — R —=
VR OVooR

(2.20)

The relative occupied volume with respect to the reference state is given by the following
relationship:

e =las (T-T,) (2.21)

R

B and R, are constants characterizing a given lubricant, whereas V' /V, is defined by a

given equation of state. This model is often associated to the Tait equation of state (See
section 2.4.1.2). Together they are known as the Tait-Doolittle free volume density and
viscosity model.

The WLF and Tait-Doolittle models are much more accurate than the Dowson &
Higginson, Cheng and Roelands models especially at high pressure values. Still, they have
been rarely used in EHL modelling because of their complex mathematical formulation and
their dependence on several parameters which leads to more tedious experimental
characterization.

2.5 Boundary conditions

The solution of differential equations generally depends on the boundary conditions of the
system. Up so far, the only differential equation is the Reynolds’ equation, it requires a
specification of the independent variable p on the boundary 0€Q), of the contact domain €.

Generally, it is admitted that p equals the ambient pressure at the boundary of the contact
domain. In practice, it is defined as zero and thus, the pressure solved for corresponds to the
pressure rise above the ambient level value:

p=0 on 0Q, (2.22)

Moreover, since the lubricant is assumed to be at liquid state inside the film, pressures
lower than the vapour pressure are physically impossible. The fluid will cavitate and the
pressure will remain constant and equal to the vapour pressure. Since in most situations the
vapour pressure of the lubricant is of the same order of magnitude as the ambient pressure
which is very small compared to the contact pressure, the Reynolds’ [99] cavitation boundary
condition requires that:
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p=20 on Q,  and p=Vp-n, =0 on the cavitation boundary (2.23)

Where 7, is the outward normal vector to the outlet boundary of the contact also called

cavitation boundary. It is clear that determining the exact location of this boundary (specified
by the appearance of negative pressures in the solution of Reynolds’ equation) is a free
boundary problem since the pressure distribution is not known “a priori”. This free boundary
problem requires a specific treatment that shall be discussed in details in the next chapter.
Finally, it is important to note that the first part of eq. (2.23) ensures that the cavitation of the
lubricant and the film break-up at the outlet of the contact are taken into account, whereas the
second part ensures the mass conservation of the lubricant flow.

2.6 Dimensionless equations and parameters

Writing EHL equations in a dimensionless form offers the advantage of handling
independent variables close to unity. This provides a better conditioning and hence an easier
resolution of the system of equations. The different equations listed in the current chapter are
written in a dimensionless form using the Hertzian dry contact parameters. Hertz’s [51] theory
gives the pressure profile, the geometry of the contact region and the elastic deformation of
the contacting elements in the case of a dry contact between two parabolically shaped elastic
bodies. In the case of a circular contact, the Hertzian pressure profile is given by:

xY Y ’ : 2 2
p(x,y)= ph\/l—(;) —(;j if (x"+y <a (2.24)

0 otherwise

Where p, is the maximum Hertzian pressure given by:

_3F
2ra’

P, (2.25)

And a denotes the radius of the contact circle:

a= 3/322? (2.26)

Where F is the external applied load, R the reduced radius of curvature and E’is the
reduced elastic modulus of the contacting bodies defined as:

| 2.27)
L e
+ S
E,  E

Where (E p,up) and (ES,US) are the material properties (Young’s modulus and Poisson’s

coefficient) of the planar and spherical surface respectively.
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2.6.1 Dimensionless equations

First, let us define the following dimensionless variables:

X

X = Py IR 5 _oR
a

y __p __H
y== p=t o - p=L p=*£ (2.28)

2

Py, a Pr Hr

Using these variables, the EHL equations can be written in their dimensionless form.
Reynolds’ equation (2.6) becomes:

o(pH) pH’ ond 4 12u, 11, R

=0 with ¢ = :
HA a py

V-(eVP)- (2.29)

Associated to the following boundary conditions:

P>0 on Q, P=0 on 0Q, and P=VPrs, =0 on the cavitation boundary (2.30)

Where 7, is the outward normal vector to the cavitation boundary. The film thickness
equation becomes:

X +Y?

H(X,Y)=H,+ +5(X,Y) (2.31)

And finally, the load balance equation in dimensionless form is:

.[P(X,Y)dQ=2Tﬁ (2.32)

The lubricant properties’ dimensionless equations are derived from their dimensional form
in a straightforward manner by dividing each property by its value at the reference state. The
set of equations (2.29) to (2.32) along with the dimensionless lubricant properties’ equations
defines the system of equations used in practice in EHL solvers in the case of an isothermal
circular contact lubricated with a Newtonian lubricant.

2.6.2 Dimensionless parameters

So far, the number of parameters defining an EHL contact almost reaches a dozen between
the load, speed, material and lubricant properties parameters. For the sake of simplicity, it
would be preferable if this number can be reduced. This is why Hamrock & Dowson [47]
used combinations of these parameters to introduce a set of three dimensionless parameters
that completely define a typical circular contact EHL problem. Those are the load parameter
W5, the material properties parameter G,,, and the speed parameter U ,,, defined as:

F , Mo,
WHD :W’ GHD =akF and UHD :ﬁ (233)
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Where z, = p(p=pz=0,T=T,) and T, is the ambient temperature. Moes [90] further

reduced the number of dimensionless parameters by combining the three previous parameters
to define only two: the load parameter M and the material properties parameter L, defined as:

~3/4 1/4

M =W,,(2U,;,) and  L=G,,(2U,,) (2.34)

The previous two parameters are sufficient to define any EHL circular contact. In other
words, if two different contacts have the same values of M and L (even if all the operating
parameters are not the same) they would have the same dimensionless film thickness
properties.

2.7 Conclusion

In this chapter, we introduced the theory behind isothermal EHD circular contacts
lubricated with a Newtonian lubricant. First, the different equations were listed in their
dimensional form: the Reynolds’ equation that is deduced from the Navier-Stokes equations
by applying some simplifying assumptions, the film thickness equation which reflects the
geometry of the contact and the load balance equation which ensures that the correct load is
considered. Then different viscosity and density models were listed describing the variations
of the lubricant’s properties with pressure and temperature. These equations completely
describe the lubricant flow within the contact, and in practice, they are solved in their
dimensionless form shown in the last section of the chapter.

Now that the mathematical model behind EHL is defined, we move on to describe its
resolution. Since this model consists of complex non-linear differential equations, it cannot be
solved analytically and a numerical resolution of the system of equations has to be
considered. In the next chapters, the numerical models used in this work are described. As a
first step, an isothermal Newtonian approach is considered.

62



3 lIsothermal Newtonian approach

This chapter is the core of this thesis. It presents the detailed numerical model developed
to solve EHD circular contact problems considering an isothermal Newtonian approach. This
is the basis of every EHL solver from which an extension to a more complicated and physical
modelling can be achieved.

The goal is to model the contact between two “spherical” surfaces under a prescribed
external load (See Figure 1.4). Both contacting bodies are elastic and have constant surface
velocities. However, an equivalent geometry is used where only one of the bodies is
considered elastic while the other is rigid. The former accommodates the total elastic
deflection of both contacting elements. Surface separation is ensured by a complete lubricant
film. Thermal effects are neglected and the lubricant is assumed to behave as a Newtonian
fluid. Since smooth circular contacts with surface velocities in the x-direction only are
considered, the problem is symmetric with respect to the zx plane. This symmetry is taken
into account in order to reduce its size.

Remark: Some line contact results are shown (when needed) for demonstrative purposes.
3.1 Introduction

The numerical model developed in this work for the solution of the isothermal EHD
circular contact problem is based on a full-system nonlinear finite element resolution of the
EHL equations: the Reynolds’ equation, the elastic deflection and the load balance equations.
As we shall see next, the first two are partial differential equations whereas the last one is an
ordinary integral equation. It has been pointed out in the first chapter that models based on
such an approach have always suffered from three major drawbacks: the full Jacobian matrix,
the fact that it becomes practically singular at heavy loads and the tedious treatment of the
free boundary problem. In the following sections, a solution to each of these problems is
provided. The first one is avoided by the introduction of a classical finite element model for
linear elasticity as an alternative to the half-space approach in the elastic deflection
computation. The second problem is solved by using stabilized finite element formulations
and the last one by applying a penalty method.

3.2 Elastic deformation
The alternative approach for computing the elastic deformation of the contacting bodies

consists in solving the classical linear elasticity equations on a three-dimensional cubic
structure with appropriate boundary conditions (See Figure 3.1).
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Figure 3.1: Geometry of the EHL problem

Let Q be the interior domain of the structure, 0Q its boundary, Q_ the part of the upper

boundary that corresponds to the contact domain and 0Q, its boundary.
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Figure 3.2: Equilibrium of forces on an elemental volume

These equations are derived from the equilibrium of forces on an elemental volume of the
material considered (See Figure 3.2):

0
oo, N T, N or,. +F =0
Ox oy oz
0 0 0
i + Ty + Cye +F =0 (3.1)
ox o oz 7
0
aTVz T}’Z _,’_ao-zz +F :0
ox Oy 0z

Where F, F, and F, are body forces in the x, y and z-directions respectively. Neglecting
the body forces (F, = F, = F, =0), the system of equations (3.1) can be written as follows:
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O-xx z-)cy sz
V.o=0 with o=|7, o, 7, (3.2)
T

Xz yz zz

The previous equation is solved to find the displacement vector U :{u,v, w} on the

computational domain Q by using the generalized Hooke’s law to replace the stress tensor o
by its expression as a function of the strain tensor &, and the compliance matrix C:

g)oc j/xy 7xz
o=Cs (U) where &=y, &, 7, (3.3)
7/3(2 7/)/2 822
) ou ov ow ou Ov ou ow ov  ow
With: ¢ . =—, ¢, ,=—, €.=—, V,=—"+—> Ve="+t_—andy =—+—
ox 7 oy Oz Yooy ox 0z Ox 0z Oy

In practice equation (3.3) is rearranged under the following form (Voigt’s notation):

1-v v 0 0
1-v 0 0
O &
= v 1-v 0 0 0 -
Oy _ €y
o E o o o =2 0 ||,
“l=(1+0)(1-20) 2 , . (3.4)
T _
» 0 0 0 0o =2 »
7T, 2 Y,y
z., 0 0 0 0 o ! _22“ a

D

Where D is the compliance matrix for a homogeneous isotropic material. It is written as a
function of the material’s Young’s modulus £ and Poisson’s coefficient v . The resolution of
eq. (3.2) on the computational domain Q is associated with the following boundary
conditions:

U=0 at the bottom boundary o€,
o, =—P at the contact area boundary Q_ (3.5)
c,=0 elsewhere

Again, these equations are solved in dimensionless form using the dimensionless space
coordinates defined earlier: X =x/a, Y=y/a andZ=z/a. In order to simplify the
computational model, an equivalent problem is defined to replace the elastic deformation
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computation for both contacting bodies under the same pressure distribution. This
simplification consists in assuming that one of the bodies is rigid while the other
accommodates the total elastic deflection of both surfaces. The material properties of the
latter are given by (See Appendix A):

[Ep(l+us)+Es(1+up)} Rp,

o (3.6)

Ep(l+us)+Es(l+up)

Note that the dimensionless total elastic deflection of the contacting elements is nothing
else but the absolute value of the Z-component of the displacement vector U:

5(X.Y)=|w(X.Y) (3.7)

Remark: The elastic deformation problem described above is solved using a finite element
approximation. Therefore, from a numerical point of view, every discretization point
belonging to a certain number of finite elements is only related to its neighbouring points
belonging to these elements. This is why the Jacobian matrix of the global non-linear system
of equations is sparse.

3.3 The free boundary problem

As pointed out in the previous chapter, a free boundary problem arises at the outlet of the
contact. In a semi-system approach it is treated in a straightforward manner by putting to zero
all the negative pressures that arise during the iterative resolution process. This ensures a
positive pressure distribution on the computational domain €, and a zero pressure and

pressure gradient at the free boundary. This satisfies the Reynolds’ boundary conditions
(2.30). Unfortunately, such a treatment is not possible when using a Newton-Raphson full-
system approach because of the simultaneous update of all the unknowns at each iteration. An
alternative approach, known as the penalty method was introduced to EHL problems by Wu
[121]. This approach introduces an additional penalty term to the Reynolds equation (2.29)
that becomes (in dimensionless form):

V-(£VP)- —-£-P7=0 (3.8)

Where & is an arbitrary large positive number and P~ = min(P,O) corresponds to the

negative part of the pressure distribution. Note that the penalty term (—&- P~ ) has no effect
where P >0 and the consistency of Reynolds’ equation is preserved. However, in the outlet
region of the contact, where P <0, the penalty term dominates eq. (3.8), provided that the
arbitrary constant £ has a sufficiently large value. Hence, the negative pressures are forced

towards zero by the presence of the penalty term and the physical constraint that P >0 over
the entire computational domain is automatically satisfied. Wu also showed that this approach
satisfies the Reynolds’ boundary conditions and thus the mass flow rate conservation
throughout the contact. In addition, this method is very straightforward and easy to
implement.

66



3 Isothermal Newtonian approach

Remark: In practice, negative pressures never become zero, but they get very close to zero
(and become negligible) depending on the value of the arbitrary constant &. The larger this
value is, the closer the negative pressures come to zero (for more details the reader is referred
to section 3.7.2).

3.4 Finite element formulation

The full-system approach used in this work consists in solving Reynolds’ equation (3.8),
the linear elasticity equations (3.2) and the load balance equation (2.32) simultaneously. In
Reynolds’ equation, the dimensionless film thickness H is replaced by its expression given in
eq. (2.31) whereas the dimensionless viscosity z and density p are replaced by one of the
expressions provided in section 2.4. The Reynolds’ and linear elasticity equations are partial
differential equations to which a standard Galerkin formulation is applied whereas the load
balance equation is an ordinary integral equation that is added directly to the system along
with the introduction of an additional unknown H,. Hence, the unknowns of this model are

the pressure distribution P, the elastic deformation of the contacting elements U = {u,v, w}

and the film thickness constant H,.

3.4.1 Galerkin formulation

A standard Galerkin formulation is applied to Reynolds’ and the linear elasticity
equations. The latter is obtained by multiplying each equation by a given weighting function
(Wp and Wy respectively) and integrating it over the corresponding domain of application.
Finally, integration by parts is applied to the equations revealing thus the boundary terms. For
the sake of simplicity, the zero boundary terms are omitted. The load balance equation is also
multiplied by a given weighting function W, and then added directly to the resultant system

of equations which becomes:
Find (P,U,H,)€ S, xS, xR such that V(WP,WU,WHO ) e S, xS, xR, one has:

—EVP-VWPdQ+jﬁHaWP
8l X

dQ— [ &-PW,dQ=0
B (3.9)

D= Deem,

~Ce, (U)-&, (W, )dQ+ [ —P-ii W, dQ=0
QC

PWHOdQ—%”WHO =0

De—ry,

Where: S, ={PeH'(Q,)/P=00n0dQ | and S, ={UeH'(Q)/U=00n0Q,}

Note that Reynolds’ equation is solved on the two-dimensional contact domain €,
whereas the linear elasticity equations are solved on the three-dimensional domain Q.
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3.4.2 Approximated formulation

Let us now write the discrete form of the previous system of equations. Consider
Q' :{Ql, ,Qne} a finite element partition of Q such that: Q :u;"’zlﬁe, Q=0uUdQ,
Q,=0Q,00Q, and Q, NQ, =¢ if e#e'. n, denotes the total number of elements in the
partition while 0Q and 0€2, denote respectively the boundaries of the domain Q and the
clement Q,. Let Q_, be the set of elements defined by Q, ={Q, N Q. /Q_ =D} and let n,,
be the total number of elements belonging to Q. Let S) =S, and S} S, . The discrete

functions P" and U" defining these spaces have the same characteristics as their analytical
equivalents P and U defined in the previous section with the only difference that P" e L'
and U" e L' where L' and L' are the sets of interpolation polynomials of degrees equal to
I and [ respectively defined within each element Q.. The approximate functions

P"" and U"" (within an element ¢) of P and U respectively, are given by:
Phle) _ ZB(@ NPZ. and Uh(e) — ZUi(e) NUi (3 10)
i=1 =l

Where P and U are the nodal values of P and U respectively, associated to the
interpolation functions N, and N, within the element e (7, and n, being their respective

numbers). The weighting functions W, and W,, are approximated in a similar way by

w!"" and W respectively:

Wi =S WO N, and W=D WON, (3.11)

i=1 i=1

Where W\ and W are the nodal values of W, and W, within the element e
respectively. The discrete form of the system of equations (3.9) is obtained by replacing the
field variables P and U by their discrete equivalents P”" and U” respectively and the
weighting functions W, and W, by W, and W) respectively:

Find (Ph,Uh,HO)eSf;xSl'j xR such that V(W;’,WU”,WHO)ESﬁng xR, one has:

h
[-zvP".vwlda+ [ pH W,
Q! ox

Qh

[~Ce,(U")-&,(W))dQ+ [ —P"-ii W]dQ=0
o ol

dQ- [ &-PrwldQ=0
% (3.12)

[ P'w, a0~y —0
Qh 0 3 0
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Again, for the sake of simplicity, the zero boundary integrals have been omitted. The
unknowns of the discrete system of equations (3.12) are the nodal values of P and U and the
value of the film thickness constant parameter /,,.

Remark: The finite element method for the solution of partial differential equations can be
the subject of several handbooks on its own and it reaches beyond the scope of this thesis.
Nevertheless, if the reader is interested in deeper details, he can refer to any of the classical
finite element handbooks such as [59], [62] or [126].

3.4.3 Stability issues

The solution of Reynolds’ equation is known to be unstable in the central contact area
(high pressure region) for highly loaded contacts [22][25][45][84][112]. In this section, we
provide a method to cure these instabilities that lead to an oscillatory behaviour of the
solution. In fact, let us rewrite the Reynolds’ equation in a different way:

pap, ot

R(P)=—-V-(£VP)+ H
(P) (EVP)+H TP oy

=0 (3.13)

Let B =, in the line contact case or S :[ By ,BY] in the circular contact case with

pBy=H Z—'I; and S, =0. Finally, let O = —,52—)[? , then eq. (3.13) can be written:

R(P)= -V-(£VP)+ B-VP -0 =0 (3.14)
N AN ~ J\ )

«Diffusion»  «Convection» «Source»

In this section, line contacts are also studied for demonstrative purposes. The penalty term
is not mentioned for the sake of simplicity and because it is nil in the region of interest of this
section (high pressure region). But keep in mind that this term should be added to eq. (3.14)
during the resolution process. Note that eq. (3.14) is the Reynolds’ equation in compact
notation for both line and circular contacts. For the line contact case, the differential operators
are unidirectional in the X-direction whereas in the circular contact case they are bidirectional
(in the X and Y-directions).

Equation (3.14) has the form of the classical convection / diffusion equation (applied to P)
with a source term Q. We can clearly identify the diffusion term (left) with a diffusion
coefficient £ and the convection term (centre) with the convection operator £ -V . For highly
loaded contacts, & becomes very small. In fact, p exhibits a slight increase while x is
increased by several orders of magnitude and H becomes smaller. Therefore, the convection-
like term in eq. (3.14) becomes dominant. It is well known that the standard Galerkin
formulation, associated with the finite element method is suitable only when the diffusion
term is dominant [11][33][63][64][127]. In fact, the central differencing property of the
Galerkin method is well suited only for elliptic problems (dominated by diffusion). When
convection becomes dominant, the standard Galerkin formulation is no longer appropriate and
gives rise to spurious oscillations in the solution. One way to get rid of these oscillations is
obtained by using appropriate stabilized formulations. A various number of these techniques
can be found in the literature such as “artificial diffusion” [11] [63] [95] or “Discontinuous
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3 Isothermal Newtonian approach

Galerkin” methods [66][67]. In the following, we propose the use of “artificial diffusion”
techniques to cure the spurious oscillations of the solution for highly loaded contacts.

3.4.3.1 Line contact

As mentioned earlier, in the case of a highly loaded contact, Reynolds’ equation becomes
convection-dominated. The solution exhibits an oscillatory behaviour (See Figure 3.3, Left).
In order to overcome such a problem Brooks and Hughes [11] introduced the so called
Streamline Upwind Petrov Galerkin (SUPG) method. The discrete weak variational form for
the SUPG method applied to Reynolds’ equation (3.14) is given by:

Find P" € S}, such that VW, € S}, one has:

jEVP"-VW,fdQ+j(ﬁ-VPh—Q)W;dQ (3.15)
Q! Q!
+n jR 2(B-VW))dQ=0
e=l

The first two terms represent the standard Galerkin method applied to Reynolds’ equation
while the last term represents the additional term that is added to the interior Q, of each
discretization element. The latter has a stabilizing effect on the spurious oscillations of the

solution as can be seen in Figure 3.3 (Centre). The oscillations completely vanish and the
pressure profile becomes smooth.

Another interesting technique was proposed by Hughes et al. [63] based on the fact that
stabilization terms may be obtained by minimizing the square of the equation’s residual. It is
called the Galerkin Least Squares (GLS) method. The discrete weak variational form for this
method is given by:

Find P" € S}, such that VI¥) € S, one has:
jgvph VW, dQ+j(ﬂ VP" - Q)W dQ (3.16)

o
+n > [ Rr(P (/3 VW) - v-(ww,f))m:o

e= Q

Standard G |J rkan SURG GLS

MI.\\%\MM ﬂﬂ.‘}};}‘.’f } ]_ N N
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. ol : . oL . . .
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Figure 3.3: Heavily loaded line contact problem and the effect of stabilization. Left: Standard Galerkin,
Centre: SUPG, Right: GLS (p;,=3 GPa, 4z~=0.012 Pa.s, =23 GPa'and u=u,=1m/s)
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Once again, we can identify the standard Galerkin formulation in the first two terms and
the additional last term that aims at stabilizing the oscillatory behaviour of the solution as can
be seen in Figure 3.3 (Right). The most important feature of SUPG and GLS is that both are
residual based techniques. In other words, they do not affect the solution of the original
problem. Actually, the additional terms vanish at the converged solution (R=0) and
therefore the consistency of Reynolds’ equation is preserved. The definition of the tuning
parameter 7 remained “intuitive” for a long time. An example of a theoretical formulation
was introduced by Hughes [64] in the mid 90’s. Since, several formulations have been
proposed by various authors. In this work we shall adopt the definition given by Galedo et al.
[33] who provided an extension of this parameter to high order approximations:

h€
T= 2|,B|Z§(Pe)
, 1 (3.17)
with: Pezw?; and g(Pe):COth(Pe) —P_e

Where h, and Pe are respectively the characteristic length and the local Peclet number of

the element e. Pe defines the convection-to-diffusion ratio inside an element e. Whenever
Pe>1, convection becomes dominant and stability problems mentioned earlier are likely to
occur.

Figure 3.3 shows a typical case of a heavily loaded steel-steel line contact with a Hertzian
pressure of 3 GPa and a mean entrainment velocity of 1m/s. The lubricant has an ambient

pressure viscosity z, of 0.012 Pa.s and an equivalent viscosity-pressure coefficient ¢« of

23GPa™'. The cylinder’s radius is 15 mm. Lagrange quintic elements are used for the

hydrodynamic problem and quadratic elements for the elastic part with a mesh density of 400
elements in the Hertzian contact region (-1< X <1).

Remark: Using fifth order elements for the hydrodynamic problem, as an alternative to
refining the mesh, allows having a good precision for its solution without inducing any
unnecessary increase in the number of dofs of the two-dimensional (line contact case) or
three-dimensional (circular contact case) elastic problem.

The total number of dofs in this case is 23000, where only 2000 dofs are dedicated to the
hydrodynamic part and the rest to the elastic calculation. This is to be expected since the
former is one dimensional while the latter is two dimensional. The Dowson & Higginson
formula and the WLF model were used as density-pressure and viscosity-pressure

relationships respectively. The WLF constants are: 4, =19.17 °C, 4, =4.07x10~ MPa™',
B =023, B,=0.0249 MPa™', C,=16.04, C, =18.18 °C, T, (0)=-73.86 °C, u, =10"Pa.s

and 7 =40 °C. The solution exhibits an oscillatory behaviour when a Standard Galerkin
formulation is used. On the other hand, the use of SUPG or GLS formulations smoothes out
this spurious behaviour.

Remark: A plane strain analysis is employed for the elastic deflection problem in the line
contact case. In fact, since the contact is considered infinitely long in the y-direction, strain

components in this direction are assumed to be zero (¢, =y, =7., =0).
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3.4.3.2 Circular contact

In the case of a heavily loaded circular contact problem, the same behaviour is observed
for a standard Galerkin formulation and the solution exhibits serious oscillations in the central
area of the contact as can be seen in Figure 3.4 (Left). The SUPG and GLS formulations are
the same as those given in eqs. (3.15) and (3.16) respectively. But in this case, both methods
only succeed in reducing the amplitude of the oscillations without completely smoothing them
out as can be seen in Figure 3.4 (Centre). In the two dimensional case of the convection /
diffusion equation, it is of common use to add additional terms to the stabilized SUPG or GLS
formulations such as “Isotropic Diffusion (ID)” terms [127]. The latter succeed in smoothing
out the remaining oscillations without a significant perturbation in the solution of the original
problem. These terms are defined as:

1D=n2 | p,-dhez—f'VP"-VW: o (3.18)
= Q.

The coefficient p,, represents the relative amount of “Isotropic Diffusion” with respect to

the original method. The terms in eq. (3.18) are added to the stabilized SUPG or GLS
formulations given in egs. (3.15) and (3.16) respectively. This completely smoothes out the
remaining oscillations as can be seen in Figure 3.4 (Right).
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Figure 3.4: Heavily loaded circular contact problem (M=9435, L=9) and the effect of stabilization. Left:
Standard Galerkin, Centre: SUPG/GLS, Right: SUPG/GLS+ID

Figure 3.4 shows the case of a heavily loaded steel-steel point contact with a Hertzian
pressure of 3 GPa and a mean entrainment velocity of 1 m/s. The same lubricant is used as in
the line contact case with the same viscosity-pressure and density-pressure relationships (See
previous section). The ball’s radius is 12.7 mm and the corresponding Moes dimensionless
parameters are: M=9435 and L=9. Again Lagrange quintic elements are used for the
hydrodynamic problem and quadratic elements for the elastic part. The total number of dofs is
75000 where 35000 dofs are dedicated to the hydrodynamic part and the rest to the elastic
calculation (note that the difference in the number of dofs between the two parts of the
problem is less spectacular than in the case of a line contact). The solution exhibits an
oscillatory behaviour when a Standard Galerkin formulation is used. The use of SUPG or
GLS formulations reduces these oscillations without completely smoothing them out. And
finally, the addition of “Isotropic Diffusion” terms eliminates the remaining oscillations in the
solution ( p,, is set to 0.5).
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It is important to note that the ID terms are non-residual based and therefore the
consistency of the Reynolds equation is lost. But, fortunately, the addition of these terms to
the stabilized formulations does not significantly affect the solution of the original problem as
can be seen in Figure 3.5. In order to evaluate the effect of these terms on the solution of the
circular contact problem, a test case was carried out under the same conditions mentioned
earlier with the only difference that the Hertzian pressure is taken to be 0.68 GPa (M=111 and
L=9). This allows getting the standard Galerkin solution (the contact is not heavily loaded) in

order to compare it to the stabilized GLS formulation with / without addition of “Isotropic
Diffusion”.
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Figure 3.5: Effect of « Isotropic Diffusion » on the dimensionless pressure solution of Reynolds’ equation
in the case of a circular contact (M=111 and L=9)

Figure 3.5 shows the dimensionless pressure profile along the central line in the X-
direction for the case mentioned earlier. Globally, the additional ID terms do not significantly
affect the solution (Left). By zooming on the pressure spike’s region (Right) we can note that
a slight difference can be observed in this region. Finally, note that the more “Isotropic

Diffusion” is added, the more the pressure spike is affected. In fact, for p, =0.5, the
pressure spike deviates from that of the standard Galerkin or GLS solutions more than for
P =0.25. The dimensionless central and minimum film thicknesses H. and H,, along with

their corresponding relative deviations for the different formulations with respect to the
standard Galerkin solution are reported in Table 3.1:

H, H, (4H/H). (4H/H)
Standard Galerkin 0.137462 0.074807 - -
GLS 0.136897 0.074519 0.41 % 0.38 %
GLS+HID (p;g=0.25) 0.136752 0.074469 0.52% 0.45 %
GLSHID (pig=0.5) 0.136608 0.074419 0.62 % 0.52 %

Table 3.1: Effect of « Isotropic Diffusion » on the dimensionless film thickness results in the case of a
circular contact (M=111 and L=9)

Table 3.1 clearly confirms that the effect of the additional ID terms on the film thickness

results is also negligible and that, again, the more ID is added, the more the solution is
affected.

3.5 Newton-Raphson procedure

Now that the stabilized formulations of Reynolds’ equation have been defined, after
adding the penalty term, they should replace the original Reynolds’ equation in system (3.12).
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Note that, a unique formulation can be used for both lightly and heavily loaded contacts since
the stabilized formulations introduced earlier do not affect the solution of the former.

Remark: The symmetry of the problem is taken into account. Hence, the linear elasticity
problem requires a symmetry boundary condition on the symmetry plane ZX
(U-n=0&v=00n0Q, ). Similarly, Reynolds’ equation requires an additional symmetry

boundary condition (VP-7i =0 < 0P/dY =0 on 6Q,, ) and the computed dimensionless load
should equal /3 instead of 27/3.

A Newton-Raphson procedure is applied to the non-linear system of equations formed by
the stabilized Reynolds equation, the linear elasticity equations and the load balance equation.
This system can be rewritten under the following matrix form:

R, (P,U,H,)=0
J,P+J,,U=0 (3.19)
J31P = F;

Where (P,U ,HO) is the vector containing the nodal values of P and U, and the constant
film thickness parameter H, (subscripts and superscripts are dropped for convenience).
R, (P,U,H,) denotes the discrete weak form of the non-linear stabilized Reynolds’
equation. It is approximated by its linear part L, , R, (6P,8U,6H,) at (P,U,H,)

obtained by a first order Taylor expansion:

LP’U’HO Rb'tab (5P’ §U’ §HO) = Rstab (P7 U> HO ) + aRstab é‘P
PU H,
oR - (3.20)
+ stab 5U + stab 51_10
ou | U.H, OH U,
Let: J;, = aR—SMb o = aR_mb and J; = R
8P PU.H, aU P.U.H, aHO i,

The elasticity and load balance equations are already linear and therefore they are strictly
equivalent to their linear part at (P,U, H, ). Starting with an initial guess (PO,U °. H 8) of the

solution, the linearized system of equations to solve at the i iteration of the Newton
procedure is defined by:

Ly oty Ry (6P, 68U, 6H; ) = 0
Find (6P, 6U",6Hy ) such that:J,, (P~ + 6P )+, -(U™ +6U") =0 (3.21)
Jy (P +6P)=F,
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Where (5Pi,5U i,é’Hé) is an increment vector. The Hertzian pressure and elastic

deformation profiles or a previously stored solution are a good estimate for (PO,U 0).

Replacing L, OP',oU i,5Hé) by its expression provided in eq. (3.20), the system

- i i Rstab (

of equations (3.21) becomes:
i-1

i-1 i

J11 J12 J13 opP _Rstab (P’U’Ho)
Iy J, @ oU + =4 —J,P-J,,U (3.22)
J, @ @| |0H, F,—J,P

The matrix on the left hand side is the Jacobian matrix where we can identify the coupling
terms J;2, Ji3, J2; and J3;. We remind the reader that in the present approach the Jacobian
matrix is sparse (more than 99 % of the terms are zeros), and therefore the computational
effort or memory usage required for inverting it are far less important than for a full matrix.

Remark: A semi-system approach does not explicitly take into account the coupling terms.
Nevertheless, a weak coupling is established between the Reynolds, linear elasticity and load
balance equations by determining the coupling terms for each equation from the last solution
of the other two equations. Thus an iterative process is realized between the three equations.
This leads to a loss of information that is compensated by underrelaxation and consequently a
slow convergence rate of the solution is obtained.

The Newton procedure consists in solving the linearized system of egs. (3.22) at every
iteration i and adding the result (5Pi,5U " SH (’)) to the vector (PH,U HH é’l) obtained at the

previous iteration:

i i-1 i

P SP
=JUu | +{sU (3.23)
H, SH,

N

This procedure is repeated until the convergence of the solution is reached i.e. until the
Euclidian norm of the relative residual error vector falls below 10°. The linearized system of
equations is solved using a direct solver. The detailed matrix form of system (3.22) is given in
Appendix B.

3.6 Convergence and complexity

As was mentioned earlier, a full-system approach provides a faster convergence rate than a
semi-system one. In fact, underrelaxation is no longer needed since no loss of information
occurs during the coupling process. A typical line / circular contact case requires roughly
between 5 to 20 Newton iterations depending on the smoothness of the solution (e.g.: smooth
or severe pressure spike). This is far smaller than the total number of iterations required by a
semi-system approach. This result is to be expected, since Newton’s method is known to
exhibit fast convergence rates when the initial guess for the solution is chosen suitably
(quadratic convergence may be expected if consistent linearization is held).
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Line Contact

Point Contact

n t.ou / Newton iteration (s) n t.ou / Newton iteration (s)
5217 (= ngp) 0.347 (= ter) 7 862 (= Dyer) 2.875 (= twy)
10 441 0.578 17 841 7.765
17 946 1.022 21873 10.078
21563 1.094 30 733 15.234
24 405 1.276 46 194 29.344
26 389 1.403 64977 43.532
42 384 2.158 67 755 50.281

Table 3.2: Calculation time for one Newton iteration as a function of the total number of dofs for typical
line / circular contacts

Finally, we studied the complexity of the present model. Table 3.2 gives the calculation
time for one Newton iteration (using a 2 GHz processor), for both typical line and circular
contact problems, as a function of the total number of dofs n. These results are used to plot the
overall global complexity of the algorithm as shown in Figure 3.6.
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Figure 3.6: Overall complexity of the numerical scheme

Figure 3.6 shows that the complexity of a line contact problem approaches O(n) while for
a point contact it is O(n.In(n)), where n is the total number of dofs in the system. This is the
same complexity as multigrid models with a semi-system approach and a finite difference
discretization. But in the present approach, a reduced size of the problem is obtained. This is
mainly due to the use of the finite element method which enables non-regular non-structured
meshing. Therefore, fine meshing is used only where needed as can be seen in Figure 3.7 and

Figure 3.9.
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Figure 3.7 shows a typical meshing of the contact area (_, delimited by its boundaries
0Q2, and 0, for a circular contact problem. Note that the mesh is coarse in the inlet and

outlet regions of the contact where the solution shows small variations. On the other hand, a
fine mesh is used in the central (Hertzian) contact area where the pressure gradients are more
important. Finally, a finer mesh is used at the outlet of the central contact area where the
pressure spike and film thickness constriction are generally observed. Thus a good capture of
the severe pressure gradients that occur in this area is obtained. A more quantitative proof of
the precision of the current model and its relatively small size compared to finite difference
models is provided in the following section.

3.7 Quantitative analysis

In this section, a thorough quantitative analysis of the current model is described. First, the
geometrical and mesh properties are studied. Then, the effect of the penalty term on the
pressure and film thickness solutions is analyzed. Finally, a comparative study with a finite
difference based model (using multigrid techniques) is carried out for a typical circular
contact case. The latter validates the current approach and proves its efficiency.

3.7.1 Geometry and mesh considerations

The geometry of the current model is discussed below along with its mesh characteristics.
Since the problem is symmetric, only half of the domain is represented in Figure 3.9 where
the symmetry boundary o€ splits the cube with respect to the ZX-plane.

3.7.1.1 Dimensions of the structure

The size of the 3D structure should be large enough compared to the size of the contact
area that extends from X=-4.5 to 1.5 and Y=-3.0 to 0.0 so that the boundary conditions of eq.
(3.5) (that correspond to a semi-infinite media) would stand. This stems from the physical
reality of an EHD contact where the size of the contact is very small compared to the size of
the contacting bodies. In order to determine the appropriate dimensions of the structure, a test
case is carried out with a Hertzian pressure distribution applied in the contact region.

09 — MLMI
------ 20x10x20

L V  60x30x60
600x300x600

Non-dimensional elastic deformation

A% Ex) ) FE] £ as [E]
X

Figure 3.8: Effect of the cube’s size on the elastic deformation calculation

Remark: Because of the use of dimensionless variables, the geometry of the contact is
independent of the operating conditions. This is one of the reasons behind the use of
dimensionless variables and equations.
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3 Isothermal Newtonian approach

Figure 3.8 shows the dimensionless elastic deformation in the contact area along the
central line in the X direction. The cube’s dimensions reported in this figure are
dimensionless. It is clear that the size of the cube’s side should be at least 60 times the
Hertzian contact radius so that the elastic deformation would agree with the solution given by
the classical Multi-Level Multi-Integration (MLMI) method [9] applied to a half-space
approach. Note that beyond 60x30x60, any increase in the dimensions of the structure would
be useless. Therefore, this size will be adopted in our current model. However, even if a
600x300x600 size is taken, the number of degrees of freedom (dofs) remains practically the
same because, as we shall see in the next section, in the regions away from the contact, the
mesh size is proportional to the dimensions of the structure.

3.7.1.2 Effect of the mesh size

In order to investigate the effect of the mesh size on the precision of the elastic
calculation, the same test is run for different mesh cases. The elements’ size is kept constant

in the contact area (Qc) while several mesh coarsenings were tested in the remaining part

(Q-9Q,). Figure 3.9 shows two extreme cases: a normal mesh (left) and an extremely coarse
one (right).

Figure 3.9: Meshes in the regions away from the contact (left: normal, right: extremely coarse)

1 T T
0.9
—MLMI (257x129=33153)
0.8F
H Normal (68982)
el o - = Coarse (36606)
E h — Coarser (28122)
= —E ) 5
b 0.6 Extra Coarse (19353)
E ——Extremely Coarse (15861)
EN
E]
-]
2 04r
o
E]
T osf
=]
Z
0.2
0.1
i i i
9]_5 -35 <25 -1.5 0.5 0.5 1.5

Figure 3.10: Effect of the mesh size on the elastic deformation calculation
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Figure 3.10 shows that even for an extremely coarse mesh the loss of precision in the
elastic deformation calculation is still negligible especially in the inlet region of the contact
where the film thickness is built up. Therefore, in our calculations, this mesh case will be
adopted. This leads to a considerable decrease in the size of the system and the computational
time. The number of degrees of freedom (dofs) is reported between brackets in the legend of
Figure 3.10.

3.7.2 Penalty term analysis

In section 3.3, it was pointed out that the free boundary problem that arises at the outlet of
the contact is treated by applying a penalty method. The latter consists in adding to Reynolds’
equation a penalyzing term that forces the negative pressures towards zero. In this section, the
effect of this term on the pressure and film thickness solutions is analyzed. For this purpose a
typical steel-steel ball on plane contact with a load of 100 N, a mean entrainment velocity of
0.8 m/s and a ball radius of 16 mm is considered. The dimensionless Moes parameters for this
case are: M=200 and L=10. The lubricant is assumed to be compressible. Its density varies
with pressure according to the Dowson & Higginson formula. The Roelands model is used for

viscosity-pressure dependence with g, =0.04 Pa.s, a=22GPa' and T=Tg=cst. The
parameter p,, is taken to be 0.5. Lagrange quintic elements are used for the hydrodynamic

problem and quadratic elements for the elastic part. The mesh size is approximately equal to
0.5 in the inlet and outlet regions of the contact and 0.05 in the central area. In practice, the
penalty term’s parameter & in eq. (3.8) is taken as:

E=&xh} (3.24)

Where & is an arbitrary large positive number. The values of the central and minimum

film thicknesses, the outlet absicca of the contact (location of the free boundary X,,,) on the
central line in the X-direction and the minimum pressure are listed in Table 3.3 as a function

of the value of ¢, .

é:o Hc Hm Xout (YZO) Ml}’l(P)

10° 0.082198 0.038382 0.9870 -3.0092. 102
10* 0.082214 0.039267 1.0403 -2.5630. 107
10° 0.082215 0.039298 1.0589 -9.5199. 107
10® 0.082215 0.039298 1.0602 -6.5941. 107

Table 3.3: Effect of the penalty term on the pressure and film thickness solutions

It is clear that a minimum value of & is required in order to get converged pressure and

film thickness solutions. In fact, note that beyond & =10°, any increase of the value of this

parameter is useless and does not lead to any significant changes in the solution. Finally, note
that the larger this parameter is, the closer the negative pressures get to zero.

3.7.3 Validation and comparison with FD multigrid based model

A comparative study between the present finite element model and the semi-system finite
difference (with multigrid techniques) model is established in order to validate the current
approach and demonstrate its efficiency. For this purpose, a representative test case
corresponding to a fairly loaded circular contact problem is taken from [115] in order to
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3 Isothermal Newtonian approach

compare the results and efficiency of both models. The lubricant properties and operating
conditions are the same as described in the previous section. The test is carried out for several
mesh sizes and the results are reported in Table 3.4. In fact, for the finite difference based
model, the mesh diameter /4, is constant throughout the contact domain and equal to 0.046875,
0.0234375 and 0.01171875 for the three cases mentioned in Table 3.4 respectively whereas
for the current model, 4, is variable, and approximately equal to 0.5 in the inlet and outlet

regions of the contact in the three test cases whereas in the central part of the contact it is
approximately equal to 0.15, 0.075 and 0.05 respectively.

Venner & Lubrecht [115] Current model
N° dofs H. H, Nior N° dofs H. H, Nior
16 770 (128x128 mesh) 0.07887 0.03712 153 18 313 0.080950  0.038818 11

66 306 (256x256 mesh) 0.08093  0.03848 107

39 836 0.081845  0.039165 13
263 682 (512x512 mesh)  0.08144  0.03876 80

76 249 0.082215  0.039298 14

Table 3.4: Comparison of the current model with the Venner & Lubrecht [115] model for a typical circular
contact case (M=200 and L=10)

Table 3.4 gives the dimensionless central and minimum film thicknesses obtained by both
the Venner & Lubrecht and the current models for the test case described earlier using
different mesh densities. The number of iterations N, required by each model to reach the
converged solution is also reported. For the multigrid based model, N;., corresponds to the
equivalent number of iterations that would be carried out over the finest mesh level given in
the left column. The total number of dofs for the Venner & Lubrecht model is divided by 2
with respect to the number given in [115] because this model does not take into account the
symmetry of the problem (e.g.: 66306=(256+1)x(256/2+1)x2 ). Note that even for a total
number of 18313 dofs, the solution given by the current model can be considered sufficiently
accurate compared to the finest mesh case considered here. Also note, compared to the
Venner & Lubrecht model, the much smaller number of iterations that is required to get a
converged solution. This reveals the outstanding convergence rate mentioned earlier.

The 3D dimensionless pressure profile for this case is given in Figure 3.11 (Left) and the

corresponding plot of the dimensionless pressure and film thickness profiles along the central
line in the X-direction are shown in Figure 3.11 (Right).
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Figure 3.11: Result for M=200 and L=10: 3D dimensionless pressure profile (Left), dimensionless pressure
and film thickness profiles along the central line in the X-direction (Right)
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This test allows the validation of the method presented in this chapter and confirms that
the size of the system of equations to solve can be reduced compared to finite difference
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based models. Moreover, as we saw earlier, the same complexity as the latter is obtained with
faster convergence rates. Therefore, memory storage and computational time are considerably
reduced. A typical circular contact resolution takes “roughly” between 1 and 3 minutes on a
personal computer with a 2 GHz processor whereas a line contact solution is obtained in less
than 10 seconds.

3.8 Conclusion

This chapter presented a finite element resolution of the fully-coupled isothermal
elastohydrodynamic circular contact problem. A linear elasticity approach for computing the
elastic deformation of the contacting bodies is used. This leads to a sparse Jacobian matrix for
the non-linear system of equations to be solved. Suitable stabilization techniques are used to
extend the solution to the case of highly loaded contacts and a penalty method is used to
handle the free boundary problem efficiently. The complexity of the numerical scheme is
shown to be the same as for classical semi-system schemes using for instance Multigrid
techniques and a finite difference discretization of the corresponding equations. The use of the
finite element method allows the use of variable unstructured meshing and different types of
elements / approximations within the same model which leads to a reduced size of the
problem. Moreover, the use of the full-system Newton procedure provides faster convergence
rates, leading thus to a considerable decrease in the computational time, effort and memory
usage.

This model forms the core of the EHL solver from which an extension to a much more
physical and practical modelling can be achieved as we shall see in the rest of this thesis. In
fact, most real life lubricants do not behave as Newtonian fluids. This is why in the next
chapter an extension of this model to account for non-Newtonian effects is developed.
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4 Non-Newtonian effects

Besides in theory, an “ideal” Newtonian fluid does not really exist. However, in practice, a
fluid is considered Newtonian when it has a relatively high Newtonian limit (it can sustain
high shear rates before showing any viscosity variations). But, if the Newtonian limit is
reached, the linear (Newtonian) shear-stress / shear-strain dependence is lost. In lubrication
applications, the lubricant can be submitted to extremely severe conditions. In ball bearings or
spur gears for example, the mean entrainment speed of the lubricant within the conjunction
may reach 100 m/s while it goes through the contact in a few microseconds. The velocity
gradients may reach 10’ s™' and pressures up to 2 or 3 GPa may be encountered. Under such
extreme conditions, most fluids have a far more complex response than the simple Newtonian
one. In addition, the increasingly complex chemical composition of today’s lubricants which
include polymer additives and other blends makes their behaviour rather complicated.
Different constitutive laws have been introduced throughout the years to represent these
complex fluid responses such as Carreau [15] or also the non-linear Maxwell model
[107][108] which are considered as shear-thinning models. In fact, the corresponding fluids’
viscosities decrease with the increase of shear stress leading thus to a decrease of the
corresponding film thickness. Later on, Bair and Winer [5][6] introduced a different type of
non-Newtonian behaviour: limiting-shear-stress. Their analysis was based on primary
laboratory experiments using constant pressure stress-strain apparatus and high-shear
viscometers. It is important to note that the list of previously cited models is not exhaustive
and many others can be found in the literature e.g. Gecim and Winer [34] limiting-shear-stress
model, the Ree-Eyring shear-thinning sinh-law [28] ...

In EHL problems, shear stresses in the lubricant film are often important and if the latter
has a shear-thinning behaviour, its viscosity may exhibit an important decrease with the
increase of shear stress. Hence, assuming that it is Newtonian may be dangerous for the
design of a mechanical component because film thicknesses would be overestimated. This
could lead to a severe reduction in the life of the component or even, in the extreme case, to
its failure. In this chapter, non-Newtonian effects on pressure, film thickness and traction in
isothermal EHL circular contacts lubricated with a shear-thinning fluid are studied.

4.1 Lubricant properties

A non-Newtonian lubricant’s density varies with pressure and temperature according to
the different models described in section 2.4.1. However, in addition to the variation with
pressure and temperature, its viscosity also exhibits a variation with shear stress that varies
throughout the lubricant film (the assumption that the viscosity of the lubricant is constant in
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4 Non-Newtonian effects

the film thickness does not hold anymore). Thus, a generalized Newtonian viscosity can be
defined by 7 = f(p,T,7,) such that:

T,=17, 4.1)

Where 7, and y, are the equivalent shear stress and shear rate inside the lubricant film
respectively, defined as:

Q:Jé+§, and n:J@+@, 4.2)

Equation (4.1) is a particular case of the non-linear Maxwell model [107][108] where the
elastic effects are neglected. In fact, a significant amount of friction is generated in EHL
conjunctions such that the shear stresses are usually large enough for the non-linear viscous
flow to dominate the strain rate in the lubricant film. The function f could stand for any of

the known generalized Newtonian models such as the sinh-law [28], the Carreau [15] model
... In this work, we shall use the Carreau model which takes into account the second
Newtonian plateau that can occur at very high shear rates (See Figure 4.1).
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Figure 4.1: Typical behaviour of a shear-thinning lubricant

Despite being a powerful shear-thinning constitutive law, the Carreau model has been
seldom used in EHL applications because of its’ non reversible form giving the equivalent
shear stress as a function of the equivalent shear rate. Recently, a modified version of this
equation, well suited for EHL solvers, was provided by Bair [1]. The latter gives a reversed
form where the equivalent shear rate is a function of the equivalent shear stress and the
rheological parameters. The corresponding generalized Newtonian viscosity is written under
the following form:

n=p+— (4.3)
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4 Non-Newtonian effects

Where G, is the liquid critical shear stress, f. and n. are two constant parameters.
4, and p, are the low and high shear limiting viscosities respectively. Equation (4.3) is a

good approximation of the classical Carreau law for values of n. ranging from 0.3 to 0.8,
which is the range of interest in EHL applications. The variation of 7 with pressure and

temperature is implicitly expressed by the variations of the first and second Newtonian
viscosities y; and p, with these parameters according to the relationships given in section

2.4.2. In this chapter, since an isothermal approach is considered, the temperature T
throughout the film thickness is assumed to be constant and equal to the ambient (inlet)
temperature (7 =1 = cst).

Since the lubricant’s viscosity cannot be considered as a constant through the thickness of
the lubricant film, a new Reynolds’ equation that integrates the viscosity variations in the film
thickness has to be introduced.

4.2 Generalized Reynolds’ equation

A generalized Reynolds’ equation was introduced by Najji [91] for contacts lubricated
with a non-Newtonian lubricant. This equation has the advantage of not being restricted to a
particular non-Newtonian law and can be used with any model provided that the latter is
written as a function of the generalized Newtonian viscosity defined above. Compared to the
classical Reynolds’ equation, this equation takes into account the viscosity variations in the
film thickness. It is obtained in a similar way by integrating the simplified Navier-Stokes
equations (2.1) reminded below:

P _07.

ox Oz

8_p - 82'_Zy (4.4)
oy 0Oz

P _o

Oz

The shear stress components are replaced this time by their expressions derived from the
projection of eq. (4.1) in the x and y-directions given by:

Guf Gvf

T =777}ZX=778—Z and 7, =71y, =77—Z 4.5)

The integration of equations (4.4) twice with respect to z associated to the surface velocity
no-slip boundary conditions (u, =u ,,v, =w,=0atz=z, and u, =u_,v, =w,=0atz=z)

gives the velocity field of the lubricant:

U, :2—];( Zidz—ir%j+77€(us —up)r%+up

0 rJo 0

n n, n n (4.6)
v:a_p(rzdz_@r@)
Toay\Yon T pllog
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1 d: 1 1
Where:—:jh—z, —,zj‘oh%dz and n—::foh

77(3 0 77 77@

2
Z—dz
n

Note that the shear rate components y, and y_, are obtained by deriving these velocity

components with respect to z:

V.. :la—p[z—ij+i(us —up)

Ox !
n n.) 1 @.7)
. 19
fo =122
noy\ 1.
Finally, replacing u, and v, in the mass continuity equation reminded below:
o, O o with m = [ pudz and m = [ pv.d 4.8
. + =0 wit mx—jo pu dz an my—jo pv,dz (4.8)

by their expressions given in (4.6) gives the generalized Reynolds’ equation that reads:

5]

V-(&'Vp)- — =0 (4.9)

Where: &' = p(iﬂ— UZJ
n

e e

For the same practical reasons mentioned in section 2.6, it is preferable to solve this
equation in a dimensionless form. Let 77 and Z be the dimensionless generalized Newtonian

viscosity and space dimension defined as:

g= =+t and Z=2 (4.10)

Using the dimensionless variables defined in eq. (4.10) along with those mentioned in
section 2.6, the generalized Reynolds’ equation can be written in a dimensionless form given

by:
)|

V-(£'VP)- X =0 (4.11)
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— 773 — 2 2
Where: EE&[é—%} ﬂ':R—ﬂf, _L= ldTZ, é=réd2 and é: 1ZTdZ
A\ 7, pa  n, 'n oo np n, *°n

Note that if the generalized Newtonian viscosity 77 is replaced by the Newtonian one u
eq. (4.11) becomes the classical Reynolds’ equation. Finally, eq. (4.11) can be written in the
following form:

R'(P):—V-(E'VP)+H(MS —@(us —up)jg—;zS—;

.
_ (4.12)
G{H(us —%(us —u, )H
p— 776
=0
e ox
B B G{H(us TZf(us—up)ﬂ
Let: B, =H|u —ﬂ(u —u ) %P and Q'=-p e
X s —; K P a 8X
Then eq. (4.12) becomes:
R'(P)=-V-(€VP)+p'-VP-0Q'=0 (4.13)

Hence, the generalized Reynolds’ equation also has the form of a classical convection /
diffusion equation (applied to P) with a source term Q. The diffusion coefficient is &' and

the convection tensor is 5’ .

4.3 Finite element procedure

The system of EHL equations formed by the generalized Reynolds’ equation, the linear
elasticity and the load balance equations is solved using a similar Newton-Raphson approach
as described in chapter 3 (See section 3.5). The finite element formulations for this system are
not reminded here. Those are similar to the ones provided in chapter 3 since the generalized
Reynolds’ equation also has the form of a convection / diffusion equation. The free boundary
problem is also treated by applying a penalty method and for heavy loads, the problem
exhibits similar instability features as described in the previous chapter. This can be seen in
Figure 4.2 where a test case is carried out with a typical shear-thinning lubricant for a steel on
glass circular contact with surface velocities of 1m/s for both surfaces and a load of 1000N
which corresponds to a maximum Hertzian pressure of 1.66 GPa. Note that, in practice, this
case can never be realized on an experimental apparatus because glass would not withstand
such a load. The Tait-Doolittle free volume model is used to express the density and viscosity
dependence on pressure. The lubricant properties can be found in Table 4.1. It has an
equivalent pressure-viscosity coefficient of 18.53 GPa™'. The Moes parameters for this case
are M=1718 and L=7. These are computed using the zero-pressure low-shear limiting
viscosity value at ambient temperature.
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Figure 4.2: Stabilization effects on circular EHD contacts lubricated with a non-Newtonian lubricant
(M=1718, L=7, p)=1.66 GPa)

It is clear that a standard Galerkin formulation leads to an oscillatory behaviour of the
solution. The generalized Reynolds’ equation can also be written in the convection / diffusion
form, and thus, a similar stabilization technique as described in chapter 3 is used to avoid the
spurious behaviour of the solution in the central area of the contact. The stabilized
formulations are not reminded in this section, those are the same as the ones provided in
chapter 3 and for more details the reader is referred to section 3.4.3. Applying GLS or SUPG
formulations reduces the amplitude of these oscillations without completely smoothing them
out (See Figure 4.2). And finally, adding the ID terms to the GLS or SUPG formulations
completely smoothes out the remaining oscillations.

4.4 Global numerical procedure

The same numerical procedure as described in the previous chapter is employed with only
a few slight differences. At every Newton resolution, the integral terms in the generalized
Reynolds’ equation are computed using the solution of the previous resolution. Thus an
iterative linearization process is established as shown in the flow diagram of Figure 4.3. This
iterative process is repeated until the convergence of the solution is obtained i.e. in this case,
until the maximum absolute difference between the pressure solutions at two consecutive
resolutions falls below 107

[ Initial value for Hy, P, U and 7, ]

v
[ Compute integral terms ]4—
v

Solve the fully coupled problem using
Newton’s method to get pressure and film
thickness distributions
v

[ Compute new 7, and 5 ]

[ Get solution for ]

postprocessing

Figure 4.3: flow diagram for the numerical modelling of an isothermal EHL circular contact lubricated with
a non-Newtonian lubricant
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The cross film integration process is carried out over a meshed lubricant film’s geometry
using Simpson’s quadrature method. The meshing of the lubricant film in the contact plane is
similar to that of the contact area €2 while the film thickness is partitioned into 10 elements

of the same size. The initial values of the pressure profile P and the elastic deflection profile
U correspond to those of a dry / Hertzian contact or a suitable previously stored solution. The
equivalent shear stress 7, in the lubricant film is computed using the analytical formulas of
eqs. (4.2) and (4.5) where the equivalent shear rates are replaced by their expressions
provided in (4.7) and the generalized Newtonian viscosity by its expression given in (4.3). As
for the initial value of 7., it is obtained by assuming the lubricant is Newtonian and using the
initial values of P, U and H,.

It is clear that the global numerical procedure requires more computational efforts than the
one for the Newtonian approach and consequently more cpu time is required. Roughly
speaking, for a typical case, the calculations may take between 10 to 20 minutes on a personal
computer with a 2 GHz processor.

4.5 Results and validation

In order to reveal the importance of non-Newtonian effects on the behaviour of EHD
contacts, two typical shear-thinning lubricants are used to run some test calculations. The first
one (Squalane + PIP) is formed by a mixture of Squalane and 15% wt of PolylsoPrene (PIP).
It is representative of the polymer blended multigrade gear and engine oils. The second is a
highly viscous PolyAlphaOlefin (PAO 650).

45.1 Squalane + PIP

The rheological properties and operating conditions for the Squalane + PIP cases are
provided in Table 4.1. The former are taken from [2].

Lubricant properties Material properties Operating conditions
112=0.0705 Pa.s B=42 E,=81 GPa T=T=T=313 K
127=0.0157 Pa.s R=0.658 0,=0.208 R=12.7 mm
G.=0.01 MPa K’=11.29 E=210 GPa F=23N
n=0.8 K=1.007837 GPa 0,~0.3 pi=0.47 GPa
£.=2.198

Table 4.1: Material / lubricant properties and operating conditions for the test cases of Squalane+PIP

Steel-on-glass contacts are considered with a contact load of 23 N which corresponds to a
Hertzian pressure of 0.47 GPa. The variations of the lubricant’s density and viscosity are
represented by the Tait-Doolittle free volume model. The film temperature is considered
constant and equal to the ambient temperature of 313 K. Both pure rolling and rolling-sliding
cases are considered. For the pure rolling cases, the mean entrainment speed of the contacting
surfaces varies from 0.1 to 4.64 m/s whereas for the rolling-sliding cases it is kept constant
with a Slide-to-Roll Ratio (SRR) varying from 0 to 0.6 (three different constant mean
entrainment velocities are considered: 0.18, 0.74 and 1.47 m/s). The Slide-to-Roll ratio is
defined as:

sliding velocity o u,-u,

SRR = (4.14)

mean entrainment velocity - l(
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The non-Newtonian effects on pressure, film thickness and traction are studied in the
following. Where possible, comparisons of the different results with experimental data are
carried out in order to validate both the numerical and rheological models. The experimental
measurements are carried out on a ball-on-disk apparatus.

45.1.1 Pressure

The dimensionless pressure distributions along the central line in the X-direction for a
constant mean entrainment velocity of 1.47 m/s and different slide-to-roll ratios are provided
in Figure 4.4. The latter were computed using both a Newtonian and non-Newtonian
approach. The Newtonian solution is obtained using the approach described in the previous
chapter and approximating the viscosity of the lubricant by its low-shear limiting value.
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Figure 4.4: Non-Newtonian effects on pressure (u,,=1.47 m/s, p;=0.47 GPa, M=30 and L=7.8)

Note that when the lubricant is assumed to be Newtonian only one curve is shown for the
three different values of the slide-to-roll ratio. This is because, in terms of velocities, the
classical Reynolds’ equation depends only on the mean entrainment speed which happens to
be constant for the three cases shown here. Also note the much higher value of the pressure
spike that is predicted by a Newtonian approach compared to the one predicted by the shear-
thinning model. On the other hand, when a non-Newtonian approach is considered, it is clear
that, globally, the pressure distribution is not affected by the increase of sliding. The only
“barely” noticeable difference can be observed in the pressure spike’s region. The latter
“slightly” loses in height when the SRR is increased.

45.1.2 Film thickness

The film thickness curves (for central and minimum film thickness denoted by 4. and A,
respectively) under pure rolling regime as a function of the mean entrainment speed are
shown in Figure 4.5 along with their experimental equivalent. The Newtonian curves are
obtained using the approach described in Chapter 3. It is clear that a Newtonian solution
highly overestimates film thicknesses when the lubricant has a shear-thinning behaviour. On
the other hand, the non-Newtonian curves show a much better agreement with experimental
data. Note that at low speed operating conditions, a very good agreement between the non-
Newtonian solution and measurements is obtained whereas a small discrepancy can be
observed at high speeds. This is believed to be a consequence of thermal effects which
become more important under such operating conditions. This can also be observed in Figure
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4.6 where it is shown that for low and moderate mean entrainment speed conditions (0.18 and
0.74 m/s respectively) the agreement between numerical and experimental results is very
good for the different values of the SRR considered. However, at high mean entrainment
speed (1.47 m/s), a slight discrepancy can be observed.
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Figure 4.5: Film thickness curves for Squalane + PIP lubricated contacts under pure rolling regime
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Figure 4.6: Film thickness curves for Squalane + PIP lubricated contacts under rolling-sliding regime

Finally, note the moderate decrease of the film thickness when the SRR is increased. This
is characteristic of non-Newtonian lubricants which exhibit a viscosity decrease when
sheared. Thus a consequent film thickness reduction is obtained. This feature cannot be
observed by a simple Newtonian approach which assumes a constant lubricant viscosity as a
function of shear stress. In fact, the latter would have given constant film thicknesses
whatever the SRR was. This is to be expected since the classical Reynolds’ equation depends
only, in terms of velocities, on the mean entrainment speed u,,.

The discrepancy observed in Figure 4.5 between the Newtonian and non-Newtonian film
thickness curves under pure-rolling regime is strangely important considering the relatively

small decrease in film thickness with the SRR observed in Figure 4.6. This feature is typically
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4 Non-Newtonian effects

an inlet effect. In fact, Figure 4.7 clearly shows that, in the inlet region, the difference in
equivalent shear stress 7, between the pure rolling case and the rolling-sliding cases is very

small especially near the solid surfaces. This is because, in this region, due to the important
film thickness, the “Poiseuille” component of the equivalent shear stress dominates the
“Couette” one. However, in the central area of the contact where the film thickness is much
smaller, the “Couette” term is dominant and therefore an important difference in shear stress
is observed between the pure-rolling case and the different rolling-sliding ones. This does not
significantly affect the film thickness which is known to be built up in the inlet area of the
contact but it has an important effect on friction as shall be discussed later.
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Figure 4.7: Shear stress profiles along the central line of the contact in the x-direction at different Z
locations and for different values of the SRR for Squalane + PIP lubrictated contacts (u,=1.47 m/s)
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Figure 4.8: Dimensionless zero pressure viscosity variations of Squalane + PIP with shear stress

Also note that, for a value of the equivalent shear stress 7, of 1 MPa (which is the order of
magnitude observed in the inlet area for the pure-rolling and rolling-sliding cases), the
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4 Non-Newtonian effects

viscosity of the Squalane + PIP mixture looses practically more than half its value (See Figure
4.8). This leads to the important film thickness decrease with respect to the Newtonian case
where the viscosity is considered to be constant as a function of the equivalent shear stress.

45.1.3 Traction

In this section, the traction behaviour of Squalane + PIP lubricated contacts is studied.
Figure 4.9 shows the traction curves as a function of the SRR, for two mean entrainment
velocities: 0.74 and 1.47 m/s.
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Figure 4.9: Newtonian, non-Newtonian and experimental traction curves for Squalane + PIP lubricated
contacts

The traction coefficient in the x-direction evaluated at the mid-layer plane of the lubricant
film is defined by:

dQ

Traction Coefficient = % (4.15)

The Newtonian and Non-Newtonian results are provided in Figure 4.9 along with the
experimental ones. It is clear that a Newtonian approach highly overestimates friction
coefficients in contacts lubricated with a shear-thinning lubricant. The non-Newtonian results
are closer to the experimental ones, but still, an important discrepancy is observed when the
SRR is increased beyond 0.1. This is believed to be a consequence of thermal effects in the
central area of the contact which can be important even at low or moderate entrainment speed
when high sliding velocities are considered. This barely affects the film thickness which is
known to be mainly built up in the inlet region of the contact, but it has a significant effect on
friction coefficients because of the viscosity decrease with the increase of temperature in this
area.

45.2 PAO 650

The rheological properties and operating conditions for the PAO 650 cases are provided in
Table 4.2. The former are taken from [4]. Steel-on-glass contacts are considered with a
contact load of 32 N which corresponds to a Hertzian pressure of 0.528 GPa. The variations
of the lubricant’s density and viscosity are represented by the Tait-Doolittle free volume
model. The film temperature is considered constant and equal to the ambient temperature of
348 K. Both pure rolling and rolling-sliding cases are considered. For the pure rolling cases,
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4 Non-Newtonian effects

the mean entrainment speed of the contacting surfaces varies from 0.003 to 0.5 m/s whereas
for the rolling-sliding cases it is kept constant with a SRR varying from 0 to 0.5 (three
different constant mean entrainment velocities are considered: 0.03, 0.13 and 0.26 m/s).

Lubricant properties Material properties Operating conditions
urr=1.42Pa.s  p;z=0 Pa.s B=4.422 E,=81 GPa T=Tx=Ty=348 K
G~=0.031 MPa R~=0.6694 0,=0.208 R=12.7 mm
n.~=0.74 K’=12.82 E=210 GPa F=32N
=2 K;=1.4252 GPa 0,=0.3 p,=0.528 GPa

Table 4.2: Material / lubricant properties and operating conditions for the test cases of PAO 650

The non-Newtonian effects on film thickness and traction are studied in the following.
Where possible, comparisons of the different results with experimental data are carried out.
The experimental measurements are carried out on a ball-on-disk apparatus.

45.2.1 Film thickness

The central and minimum film thickness curves under pure rolling regime as a function of
the mean entrainment speed are shown in Figure 4.10 along with their experimental
equivalent. The Newtonian curves are obtained using the approach described in Chapter 3.
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Figure 4.10: Film thickness curves for PAO 650 lubricated contacts under pure rolling regime

Again, it is clear that the Newtonian solution highly overestimates film thicknesses when
the lubricant has a shear-thinning behaviour. On the other hand, the non-Newtonian curves
show a much better agreement with experimental data. This can also be observed in Figure
4.11 which shows the rolling-sliding film thickness curves for two different mean entrainment
speeds (0.03 and 0.13 m/s). A very good agreement between numerical and experimental
results is obtained for the different values of the SRR considered. Finally, also note the shear-
thinning effect characterized by a moderate decrease of the film thickness when the SRR is
increased. This feature cannot be observed by a simple Newtonian approach which assumes a
constant lubricant viscosity as a function of shear stress. In fact, for a given mean entrainment
speed, the latter predicts constant film thicknesses whatever the SRR was. This is to be
expected since the classical Reynolds’ equation depends only, in terms of velocities, on the
mean entrainment speed u,,.
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Figure 4.11: Film thickness curves for PAO 650 lubricated contacts under rolling-sliding regime for two
different mean entrainment speeds: u,,=0.03 m/s (left) and u,,=0.13 m/s (right)

Note that, in this case, because of the light loads and low entrainment speeds that are
considered, the operating conditions can be considered isothermal. This explains the slightly
better agreement that is obtained with experimental data compared to the Squalane + PIP test

cases.

45.2.2 Traction

In this section, the traction behaviour of PAO 650 lubricated contacts is studied. Figure

4.12 shows the traction curves as a function of the SRR, for three mean entrainment
velocities: 0.03, 0.13 and 0.26 m/s.
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Figure 4.12: Newtonian, non-Newtonian and experimental traction curves for PAO 650 lubricated contacts
for three different mean entrainment speeds: u,=0.03 m/s (left), u,=0.13 m/s (centre) and u,,=0.26 m/s (right)

The Newtonian and Non-Newtonian results are provided in Figure 4.12 along with the
experimental ones. Again, it is clear that a Newtonian approach highly overestimates friction
coefficients in contacts lubricated with a shear-thinning lubricant. However, in this case, non-
Newtonian results are in perfect agreement with experimental ones. This is because, as stated
above, thermal effects are absent since only low speed operating conditions are considered.

4.6 Conclusion
In this chapter, shear-thinning effects on EHL of circular contacts are studied. The

classical Reynolds’ equation is replaced by a generalized one, taking into account the
lubricant’s viscosity variations in the film thickness due to shear. These variations are
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modelled by a powerful shear-thinning model (Carreau) that takes into account the second
Newtonian plateau that can occur at very high shear rates. Two typical shear-thinning
lubricants (Squalane + PIP and PAO 650) are used to model isothermal EHL contacts under
pure rolling and rolling-sliding regimes. Comparisons between numerical and experimental
results validate both the employed numerical approach and rheological models. The main
observations are summarized below:

e Globally the pressure profile in the contact is not affected by the increase of shear.
Only a slight effect can be observed on the pressure spike which looses in height
with the increase of the SRR.

e Film thicknesses and friction coefficients are significantly reduced because of the
viscosity decrease of the lubricant due to shear. Hence, both are highly
overestimated by a simple Newtonian approach.

¢ A non-Newtonian approach predicts realistic film thicknesses especially at low
and moderate speed operating conditions. However, at high speeds, and probably
due to thermal effects which become important (even in the inlet area of the
contact), some deviation with experiments may be observed.

¢ Finally, traction results predicted by an isothermal non-Newtonian approach are
only realistic at low speed operating conditions. It is believed that this stems from
the importance of thermal effects in the central area of the contact.

Thus we can conclude that, when a non-Newtonian lubricant is used, the isothermal non-
Newtonian approach is efficient for film thickness and traction calculations at low or
moderate entrainment and / or sliding speed operating conditions. However, at high speeds, it
is no longer appropriate. It is believed that thermal effects are responsible for the
discrepancies observed with experimental results in these cases. These effects can also be
important when the contact is lubricated with a Newtonian lubricant. This is why the next
chapter is dedicated to the study of thermal effects on EHD circular contacts lubricated with
either a Newtonian or a non-Newtonian lubricant.
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At severe operating conditions temperature increase in EHD conjunctions may become
important. This is more likely to occur when contact conditions combine several factors such
as high sliding or mean entrainment speeds, high viscosity or viscosity-pressure dependence
of the lubricant and heavy loads. This temperature elevation stems from two heat sources: the
shear heating of the lubricant thin layer and the compressive heating due to pressure
variations in the contact area. The consequences on the lubricated contact’s behaviour cannot
be neglected anymore. In fact, as was pointed out in the previous chapter, neglecting the heat
generation in EHD contacts working under severe conditions leads to an overestimation of
both film thicknesses and traction coefficients. This is because temperature variations cause
density, and more importantly, viscosity variations throughout the lubricant film. The interest
in thermal effects for EHD lubrication first appeared with the pioneering theoretical work of
Cheng [16][17]. The first full numerical solution for the point contact problem was obtained
by Zhu and Wen [125]. Since then, several authors proposed different methods to deal with
this problem assuming a Newtonian or a non-Newtonian lubricant such as Kim and Sadeghi
[72], Guo et al. [43] or also Liu et al. [80] who solved the three dimensional energy equation
in order to determine the temperature variations throughout the lubricant film. An alternative
method consists in reducing the 3D heat transfer problem to a 2D one by assuming a parabolic
temperature distribution across the film thickness. This approach was used by many workers
such as Salehizadeh and Saka [104], Wolff and Kubo [120] and Kazama et al. [71] for the line
contact case or also Jiang et al. [65], Lee et al. [77] and Kim et al. [73][74] for point contact
problems. However, the parabolic temperature profile simplification leads to temperature
predictions that are not accurate especially at the inlet of the contact as shown by Kazama et
al. [71]. The reason lies in the occurrence of complex thermal convective effects which are
associated with important reverse flows in this area.

In the current chapter, some efforts are dedicated to the study of thermal effects on EHD
circular contacts lubricated with either a Newtonian or non-Newtonian lubricant. This study is
based on the solution of the 3D energy equation applied to the contacting elements and the
lubricant film. But before, a new generalized Reynolds’ equation is introduced to account for
thermal effects.

5.1 Generalized Reynolds’ equation with thermal effects

Because of the temperature variations in the contact, not only the viscosity of the lubricant
varies in the film thickness but also its density. Hence, the assumption that the latter is
constant throughout the film thickness doesn’t stand anymore and a new Reynolds’ equation
has to be introduced to account for these variations. This equation was developed by Yang
and Wen [122]. It is derived in a similar way as the classical Reynolds’ equation or the

97



5 Thermal effects

generalized one developed in chapters 2 and 4 respectively. In other words, the starting point
is again the simplified Navier-Stokes equations reminded below:

8_p _ ot
ox 0Oz
or
» =—= (5.1)
oy 0Oz
PD_y
0z
The shear stress components are replaced by their respective expressions:
ou, v,
= NYV= 7 and 7, _777zv—778— (5.2)

The integration of the simplified Navier-Stokes equations twice with respect to z
associated to the surface velocity no-slip boundary conditions (u, =u,,v, =w,=0atz=z,

and u, =u,,v, =w, =0atz =z) gives the velocity field of the lubricant:

f f
0 z , (2dz = d.
uf:é(fo% Ze' .[0 ﬂJ—i_ne(u —u )I0;Z+up

vfza—p( Zdz- nej.%j
ay\’n om0

Note that, so far, the same equations are obtained as in the previous chapter for the
isothermal case. This is because up to this point, only viscosity variations in the film thickness
are considered. In fact, density variations interfere only in the mass continuity equation:

(5.3)

om, Om ) h h
ax' +Ey=0 with m_ =.[0 pufdz and m, =J.O ,vadZ (5.4)

In this case, since density is no longer constant in the film thickness, it cannot be moved
out of the integral and replacing the velocity field components in equation (5.4) by their
expressions provided in equations (5.3) gives the Generalized Reynolds’ equation of Yang
and Wen:

Ve Vp)_aa_izo (5.5)
o L(p) (P Py e,
Where: ’ _”m(W] , [771_ 7 Po P = u ) Pe—jopdz
" h zz'dz’ 1 hd 1 hzd
e N R [F i s
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Equation (5.5) is the most general form of Reynolds’ equation. It is valid for both
Newtonian and non-Newtonian lubricants (for a Newtonian lubricant the generalized
Newtonian viscosity 77 is replaced by the Newtonian one ). It takes into account the
variations of both viscosity and density across the film thickness. In fact, the changes in
density are due to temperature variations across the lubricant film whereas the changes in
viscosity stem from both temperature and (when a generalized Newtonian lubricant is
considered) shear rate variations across the film. Moreover, both density and viscosity are
allowed to vary with pressure and temperature throughout the contact domain according to the
relationships presented in chapter 2. Note that if the temperature in the lubricant film is
assumed to be constant and equal to the ambient temperature (7 =7, = cst) equation (5.5)

reduces to the generalized Reynolds’ equation (4.9), and furthermore, if the generalized
Newtonian viscosity 7 is replaced by the Newtonian one g, this equation reduces to the

classical Reynolds’ equation presented in chapter 2.

Using dimensionless variables, equation (5.5) can be written in the following
dimensionless form:

o(pH)
V-(&"VP)-————+=0 5.6
(&"VP)-—— (56)
_ 3 _ _ ,
?’:(gj i” (@j :@_ﬁe” /1”:”’"]5 Hg
nJ, A n), n, ap,
on\u —u |+pu
5 [P ) 2t p.=],paz
Where: u,
—, (l_zdZ —y [V _gzZdZ
e:.[op.[ 7 dz Pe= op.[o TdZ
o 1 _12dz
n. °°n Y0 q

Finally, let p,=p (P,T =T0) be the two dimensional function defined on the contact
domain Q_and describing the density variations over the latter with respect to pressure

considering a constant temperature 7' =7} . Equation (5.6) can be written as follows:

5]

oX

R"(P)=-V-(&"VP)+
(5.7)

. 2
:-V(?’VP)_F(p_)H%a_P_F ,0—0 0
Po
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Let: gy = (&]H% and Q"=-p, S—OX

Po
Then eq. (5.7) becomes:
R"(P)z—V-(E" VP)+/3”-VP—Q”:O (5.8)

Hence, the generalized Reynolds’ equation with thermal effects also has the form of a
classical convection / diffusion equation (applied to P) with a source term Q". The diffusion

coefficient is £” and the convection tensor is 3" .

5.2 Thermal model

Temperature variations in the contact are modelled by applying the 3D energy equation to
both the contacting elements and the lubricant film. This equation stems from the equilibrium
of energy (conservation of heat fluxes) on an elemental volume (See Figure 5.1).

oT
—k— T
A . + pcw
—k or + pcuT
ox
>=——>
> X

/—kaa—T + pevT

) y

Figure 5.1: Equilibrium of heat fluxes on an elemental volume

Considering that heat transfer mainly occurs by conduction and convection (radiation is
neglected), the heat balance applied to the elemental volume under steady-state regime gives:

—i[ka—Tj—i ka—T —i(ka—Tijpc ua—T+v8—T+wa—T =0, (5.9)
oy\ oy ) oz\' 0z ox oy 0z

Where u, v, and w are the velocity field components of the considered medium, % its
thermal conductivity, p its density, c its heat capacity and Q; a given heat source. Equation
(5.9) is the general form of the energy equation under steady-state regime. In compact
notation, this equation becomes:

~V-(kVT)+pcUVT-0Q, =0 (5.10)
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Note that equation (5.10) has the form of the classical convection / diffusion equation as a
function of 7" with a source term Q;. When applied to the solid bodies s and p that have zero
velocity components in the y and z-directions (v, =v, =w, =w, =0) and zero heat source,

equation (5.9) gives:

0 or) o or\) o oT oT
-k, —|-=|k,— |-=—| k,— |+ — =0 Solid
ax( p ax] ay( p ayj az( p 82] ppcpupﬂaxJ ( Ool1 P)

—i(ks 8_Tj _9 k, or —i(ks O_T) +p.c.u, (8_TJ =0 (Solid s)
ox ox ) oy oy ) Oz oz ox

Finally, when applied to the lubricant film, equation (5.9) gives:

—i(ka—Tj—i ka—T —g(ka—Tjﬂoc ufa—T+vfa—T+wfa—T =0, (5.12)
ox\ ox) oy\ oy ) 0z\' 0Oz Tox oy oz ‘

Where £ is the lubricant’s thermal conductivity and c its heat capacity. As mentioned
earlier, two heat sources are present in the lubricant film: the compression of the fluid and its
shear. These heat sources are described by the following mathematical expressions:

au. Y (ov. Y
Qw,,,p=—za—p(u Py, P J and Qshw—n[(ij +[i” (5.13)

(5.11)

por\ "ox oy 0z 0z

Many authors such as, for example, Lin et al. [79], Kim et al. [74], Guo et al. [43] and
Cheng [17] show that heat convection in the film thickness and conduction in the film plane
can be neglected compared to the convection in the film plane and conduction in the film
thickness respectively. This is a consequence of the relatively small dimension of the
lubricant film in the thickness direction (z) compared to the other two directions (x and y).
Hence, equation (5.12) reduces to:

o(,oT oT oT
——(k—j+pc[ufa+vf 5] =Q.omp T Ostear (5.14)

The geometrical domains of solids p and s are taken as infinite layers with a finite
thickness d sufficiently large to have a zero temperature gradient in the medium’s depth. The
origin of the global coordinates system is located at the centre of the Hertzian contact area on
the plane’s surface. The energy equations for the solids s and p are associated to the following
boundary conditions:

T(x,.v.2)=T,, T(x,y,—d)=T,, T(x,y,h+d)=T, (5.15)
At the outlet boundaries, no boundary condition is required for the hyperbolic energy

equations of solids s and p. Similarly, equation (5.14) requires a boundary condition in the
inlet where u , > 0 while for negative values of u, the boundary condition is unnecessary:

T(xm,y,z)zT0 if uf(xm,y,z)ZO (5.16)
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On the two lubricant-solid interfaces, heat flux continuity boundary conditions must be
satisfied to ensure an energetic equilibrium of the system:

Gl

0z |y "0zl

o7 o7 (5.17)
k— =k —

Oz |,_,-  Oz|_»

Again, for practical reasons, all these equations are written and solved in their
dimensionless form obtained using the dimensionless variables provided previously along
with new ones defined as:

. p=2
a

T =

z/h  in the lubricant domain
and Z= (5.18)

|~

z/a  in the solid bodies' domains

Thus, the dimensionless energy equations for solids s and p and the lubricant film are:
o(k,or ) o(k,or) o (k,oT oT .

—| == = | = = |+ — (=0 Solid
GX[a aX] 8Y(a ov ) az\a 0z ) P\ ax (Selidp)

O (k oT\ o (k. oT\ o (k oT oT .
| = e | = |+ pcu, | — |=0 (Solid s)
oX\aoX ) oY\ a oY) oZ\ a o7 STl oX

_ _ _ 5.1
o (menoTY, (o o) e
az\ e oz | PP\ ax T oy
T 60 = Rl au. Y (ov,Y
—ga—/gph (uf 6_P+ v, G_P) + WI’;RS L 4| L (Lubricant film)
p oT "oX '0Y) Hoa oz oz
In compact notation, the previous system of equations becomes:
k, - L ,
-V FVT +p,c,U,-VT =0 (Solid p)
k, = S .
—V-(—SVT]+IDSCSUS VT =0 (Solid ) (5.20)
a
—V'(E'VT)-F pRﬁc]})Uf VT = Qcomp +0,..,  (Lubricant film)

Where:
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— 2 2
—~ T op oP oP — TR | Ou, ov,
y = —— = —tVv,— d = R ) +| —=
Qeony poT P (”f ox an and Oy H* |\ oz oz

In dimensionless form, the corresponding boundary conditions become:

{T‘(X Y,Z)=1, T(X.,Y,-D)=1, T(X,Y,1+D)=1 (Solidss and p) 52
. :

T(x,.Y,Z)=1 if u (X,.Y,Z)>

in?

(Lubricant film)

Finally, the heat flux continuity equations on the two solid-lubricant interfaces become:

wer| _, o

HaoZ|, . '0Z|, (5.22)
wer| _, o

HadZ|, . ~0Z|,.

The systems of equations (5.19), (5.21) and (5.22) completely describe the temperature
variations in the contacting elements and the lubricant film. This problem is also symmetric
with respect to the XZ-plane and this symmetry is taken into account in order to reduce its
size. This implies adding a symmetry boundary condition on the symmetry plane given by:

k. — Lo

——VT-ii+p,cU,T-1i=0 (Solid p)
a

KT it pel Teii=0 (Solid 5) (5.23)
a

16T 10T R oT =
/D il — L h+ U,T-n=0 (Lubricant film
{a 0X aodY Ha’ az} Pl T =0 :

Taking into consideration that the normal vector to the symmetry plane 7 = {O 1 0} and

that v =w,=v,=w, =w,=0 and that v is also zero on the XZ-plane, the system of

f
equations (5.23) reduces to:

k, oT
22 ) Solid
oy ( p)
k oT
~52 =0 (Solids 5.24
a oY ( ) ( :
_kor =0 (Lubricant film)
a oY

The set of differential equations describing temperature variations in the contact
associated to the set of boundary conditions provided above are solved using a finite element
approximation of the temperature field. The finite element procedure is described in details in
the following section.
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Remark: The thermal expansion of the solid bodies p and s is neglected in the current
analysis.

5.3 Finite element procedure

In this section, the finite element procedure for both the EHL and thermal models is
described:

5.3.1 EHL model

The system of EHL equations formed by the generalized Reynolds’ equation with thermal
effects, the linear elasticity and the load balance equations is solved using a similar Newton-
Raphson approach as described in chapter 3 (See section 3.5). The finite element formulations
for this system are not reminded here. Those are similar to the ones provided in chapter 3
since the generalized Reynolds’ equation with thermal effects also has the form of a
convection / diffusion equation. The free boundary problem is treated by applying a penalty
method and for heavy loads, the solution of the generalized Reynolds’ equation with thermal
effects exhibits similar instability features as described in chapters 3 and 4. The same
stabilization techniques are used to avoid them (based on a convection / diffusion form of
Reynolds’ equation). This can be seen in Figure 5.2 where a test case is carried out for a steel
on glass circular contact lubricated by Squalane + PIP with surface velocities of 1m/s for both
surfaces and a load of 1000N which corresponds to a maximum Hertzian pressure of 1.66
GPa. Note that, in practice, this case can never be realized on an experimental apparatus
because glass would not withstand such a load. The Tait-Doolittle free volume model is used
to express the density and viscosity dependence on pressure and temperature. The lubricant’s
propelrties are given in Table 5.1, it has an equivalent pressure-viscosity coefficient of 18.53
GPa.

Standard Galerkin GLS / SUPG GLS /SUPG+ D

Figure 5.2: Stabilization effects on circular thermal EHD contacts (M=1718, L=7, p;=1.66 GPa)

The stabilized formulations will not be reminded in this section, these are the same as
those provided in chapter 3 and for more details the reader is referred to section 3.4.3. Again,
it is clear that a standard Galerkin formulation leads to an oscillatory behaviour of the
solution. Applying GLS or SUPG formulations reduces the amplitude of these oscillations
without completely smoothing them out. And finally, adding the ID terms to the GLS or
SUPG formulations completely smoothes out the remaining oscillations.
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5.3.2 Thermal model

In section 5.2, it was mentioned that the geometrical domains of solids p and s correspond
to infinite layers with a finite thickness sufficiently large to have a zero temperature gradient
at the depth D. In practice, the geometrical domain of the lubricant film extends like for solids
pand s from —4.5< X <1.5 and —3 <Y <0 while its height Z € [0,1] (See Figure 5.3). The

height of solids p and s is D. Kaneta et al. [70] and Wang et al. [118] suggest that, in most
cases, a depth D of 3.15 is enough to ensure a zero temperature gradient in the regions far
from the contact surface.

Solid s

]
»><

3> &
<

1
1
1
1
1
1
1
r
1
1
i

Figure 5.3: Geometrical domain for the thermal problem

Let Q= {QS vQ uQ f} be the geometrical domain of the thermal problem defined by

the assembly of the geometrical domains of solids s and p and the lubricant film with an
external boundary 0Q = {GQS Vo, VoQ, —dQ  —0Q /p}' 0Q , and 0Q ; are the interface

boundaries between the lubricant film and solids s and p respectively. The Galerkin
formulation of the system of equations (5.20) is given by:

Find T e S~ such that VI, € S-, one has:

k, - _ k, __
[=2VT - vw.dQ- [ p,e,TU,- VW dQ+ | [——pVT+ppcpTUp]-ﬁ W,dQ=0
o, 4 Q, o0 a

J'%VT.VWTdQ— j p.c,TU, -VW.dQ+ j (—%vf +p,c.TU, ] i WodQ=0 (5.25)
Qs Qs 0Q
[ (k-NT)-VWd0+ [ ppeT,TU, - VW dQ
Qf Qf
+ '[ (_EVT'FPRECT;)TUJ‘)% WTdQ = I (Qcomp +Qshear)WTdQ
oQ, Q

Where: S, = {7_“ cH' (Q) / T =1 on the inlet boundaries on}
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In practice, these equations are solved in their discrete form. Consider
Q"=1Q,.,0 =0 uQ_UQ. a finite element partition of Q (See Figure 5.4) such
1 pe se fe p

that: Q=U"Q,, Q=QudQ, Q =Q udQ, and Q, "Q, =¢ if e=e'. n, denotes the
total number of elements in the partition such that n, =n” +n’ +n/ while 0Q and 0Q,
denote respectively the boundaries of the domain € and the element Q. Unstructured non-
regular tetrahedral meshing is employed with a fine mesh only where required. Let S, = S,

such that the discrete function 7" defining this space has the same characteristics as its
analytical equivalent T with the only difference that T" e L' where L' is the set of
interpolation polynomials of degree / defined within each element Q. The discrete

functions 7""of T and thm of W within an element e are expressed by:
7 i

=S'TON, and " =D WO N, (5.26)

i=1 i=1

Th(e)
Where 7, and W\ are the nodal values of T and W respectively, associated to the

interpolation functions N within the element e. n; being the number of degrees of freedom
for temperature in the element e.

(b)

Figure 5.4: Meshing of the thermal problem’s geometry (a) solid bodies and lubricant film (b) lubricant film

The discrete form of the system of equations (5.25) is obtained by replacing the field
variable T and the weighting function W by their discrete equivalents T" and WT” :

106



5 Thermal effects

Find 7" S; such that ‘v’th € S;, one has:

al, a al,

|

o,

Qha

il

oQh,

h h
Qf Q%

o,

jkPVT" VwldQ- [ p,e,T'U,-VIW}dQ

j SLvTt.vwldo - jchU VW!dQ

[ (&-vT")-vw}dQ+ [ pupeT,T'T, - VI}dQ

( ”VT”+chUjﬁWT”dQ=O

(5.27)

( =VT"+pcT" Uj i WrdQ=0

+ [ (kNT"+ popelyT'T, )it WEAQ= [ (0. + Oy ) Wh AR

h
QF

Note that the boundary integrals at the interior elements cancel out with each other and
only the exterior boundary integrals remain. These are replaced (where needed) by their
corresponding expressions given by the boundary conditions. The unknowns of the previous

system of equations are the nodal values f of the temperature field. The solution of the

thermal problem exhibits instability features at high Peclet numbers. This may occur for
example at high speed operating conditions as shown in Figure 5.5. The latter shows a typical
example of a temperature distribution through the contacting solids and the lubricant film on
the central line of the contact in the z-direction obtained for a contact operating at high speeds.
It corresponds to a circular glass on steel contact, lubricated with Squalane + PIP with a load
of 23 N and surface velocities u, =5 m/s and u, =15 m/s .

315 T T T T T T T T
— ——Standard Galerkin
—SUPG
3145+ -
(_______39_“_d_9 ______ > (_______591'92 ______ >
314+ -
M \
H
313.5¢ -
A
/""Jr’-\-\ ! Y
313 —— L :
- + \;‘7 \.\ .
-~
. N
Lubricant film e
312.5 1 1 1 1 1 1 1 1
- -2 -1 0 1 2 3 4
z

Figure 5.5: Stabilization effects on the solution of the energy equations applied to the contacting elements
and lubricant film of an EHD circular contact
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The standard Galerkin formulation leads to a spurious behaviour of the solution whereas
the SUPG formulation completely smoothes out the oscillations. In this case, no additional ID
terms are required. The SUPG formulation is the same as described in chapter 3. For more
details, the reader is referred to section 3.4.3.

5.4 Global numerical procedure

The global numerical procedure for thermal EHL (TEHL) modelling is much more
complex than for the isothermal case. The starting point consists in defining initial values for
P, U, Hy, T and 7.. The initial values for the pressure profile P and the elastic deflection
profile U correspond to those of a dry / Hertzian contact or a suitable previously stored
solution. The equivalent shear stress 7, in the lubricant film is computed using the analytical
formulas of eqs. (5.2) where the equivalent shear rates are replaced by their analytical
expressions obtained by deriving the lubricant’s velocity field components with respect to z
and the generalized Newtonian viscosity by its expression given in (4.3). As for the initial
value of 7., it is obtained by assuming the lubricant is Newtonian and using the initial values
of P, U, T and Hy. The initial temperature field is taken to be constant and equal to the
ambient temperature 7)) throughout the contacting solids and the lubricant film.

[ Initial value for Hy, P, U, T and 7, ]
v
[ Compute integral terms }<
v
Solve the fully coupled EHD problem to get pressure
and film thickness distributions for a given
temperature profile 7 using Newton’s method
v
[ Compute new 7, and ]

Converged P

Solve fully coupled thermal problem to get temperature
distributions in contacting solids and lubricant film for a
given pressure P and lubricant’s velocity field U,

v

[ Compute new Uy, ]

Converged T

[ Get solution for postprocessing ]

Figure 5.6: Flow diagram of the thermal EHL (TEHL) model

After the initial values of the different variables are defined, the system formed by the
generalized Reynolds’ equation with thermal effects, the linear elasticity and the load balance
equations is solved using a Newton-Raphson procedure. At every Newton resolution, the
integral terms in the generalized Reynolds’ equation with thermal effects are computed using
the solution of the previous resolution (the cross film integration process is similar to that
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described in section 4.4). Thus an iterative procedure is introduced. It is repeated until the
convergence of the solution is obtained i.e. in this case, until the maximum absolute
difference between the pressure solutions at two consecutive resolutions falls below 107.
Then, the system formed by the energy equations of the contacting elements and the lubricant
film is solved. The three equations are solved simultaneously for a given pressure profile P

and lubricant’s velocity field Uf. The latter is computed for a given viscosity distribution

obtained using the last pressure and temperature solutions. Thus, an iterative procedure is
established. The new value of the lubricant’s velocity field is computed using the new
pressure and temperature distributions. The latter is then injected in the energy equations for a
new resolution. This is repeated until the convergence of the temperature solution is obtained
i.e. in this case, until the maximum relative difference between the temperature solutions at
two consecutive iterations falls below 107.

Finally, since the temperature solution is obtained for a given pressure distribution and
vice versa, a final test is realized to check that the effects of the variations of any of the two
solutions on the other one has become negligible i.e. to ensure the convergence of the global
algorithm with respect to the coupling procedure. The same convergence criteria as listed
above are employed.

The global numerical procedure is described in the flow chart of Figure 5.6. More
computational efforts and consequently cpu time are required than for an isothermal approach.
In fact, for a typical case, the calculations may take “roughly” between 30 to 60 minutes on a
personal computer with a 2 GHz processor.

5.5 Exploration and validation of the model

In this section, a series of test cases under both isothermal and thermal conditions was
carried out in order to validate the current approach and reveal the importance of thermal
effects on both Newtonian and non-Newtonian lubricated contacts. The Newtonian case is
briefly discussed whereas more attention is given to the non-Newtonian case where several
results are developed and analyzed. The results are compared with experimental data which
allows the validation of both the numerical and rheological models. Isothermal results are
obtained using the procedures presented in chapters 3 and 4.

5.5.1 Newtonian lubricant

First, we shall deal with the case of a liquid with a high Newtonian limit, owing to a low
(92 Kg/Kmol) molecular weight: Glycerol. This liquid is not expected to shear-thin in the
inlet region of the contact [3]. The rheological properties and operating conditions for this
fluid are given in Table 5.1. The rheological properties have been derived from [10] and [20]
whereas the thermal properties can be found in [78]. Both viscosity and density of Glycerol
have relatively low pressure dependence. Therefore, the simple Cheng equation is appropriate
to define the viscosity-pressure-temperature relationship. As for the density-pressure-
temperature dependence, the Tait equation of state is used.

Both isothermal and thermal results were obtained for pure rolling and rolling-sliding
conditions for a contact between a steel ball and a glass plane. For the pure rolling case the
mean entrainment velocity covers the range of 0.3 to 4.75 m/s while for the rolling-sliding
conditions it keeps a constant value of 0.38 m/s with a slide-to-roll ratio varying from 0 to 1.8.
This case was deliberately chosen to correspond to a lightly loaded contact (p,=0.5 GPa) in
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order to show that thermal effects are not restricted to highly loaded contacts and high speeds
and sliding velocities. These can have a relative importance even for lightly loaded contacts

with moderate speed conditions.

Lubricant properties Material properties Operating conditions
1z=0.2803 Pa.s c=2400 J/Kg.K p,=2510 Kg/m’ p=7850 Kg/m’ T,=Tx=313 K
0=5.4 GPa Kyz=12.43 GPa k=1.114 W/m.K k=46 W/m.K R=12.7 mm
P=7468.75 K fx=0.0035 K c,~858 J/Kg.K c=470 JJKg.K F=30N
=0 GPa'l.K K op=4.5432 E,~81 GPa E~=210 GPa 2,=0.5 GPa
pr=1260 Kg/m® /’x=0.0018 K™ v,=0.208 0,=0.3
k=0.29 W/m.K a,=5.2x10" °C”!

Table 5.1: Lubricant properties and operating conditions for the Newtonian test cases

Figure 5.7 shows the central and minimum film thickness curves as a function of the mean
entrainment velocity under pure rolling conditions. Note that, in this case, isothermal and
thermal results are almost the same up to 1 m/s. Beyond this speed, the two solutions diverge
from each other due to thermal effects which become important at high speeds, even under
pure rolling regime. Also note the good agreement between the numerical results and
experimental data. At low speed (here, less than 1 m/s), both isothermal and thermal results
show a very good agreement with the experimental results, while at high speed, the isothermal
results show some discrepancy with experiments. On the other hand, thermal results are in
good agreement with experimental ones under any operating conditions. Finally, note the
change in the slope of the thermal film thickness curves beyond the speed limit of 1 m/s. This
is characteristic of the appearance of thermal thinning.

h (m)

he {Isothermal)
—=—=hc {Thermal)

+ he (Experimental)
— hmin (Izothermal)
———hmin (Thermal)

¢ hmin (Experimental)

3.0 40 5.0

1.0
Um (m/s)

2.0

Figure 5.7: Film thickness as a function of the mean entrainment velocity for the Glycerol case under pure
rolling conditions (p,=0.5 GPa)

Figure 5.8 shows the central and minimum film thickness curves for a constant mean
entrainment velocity (u, =0.38m/s) as a function of the slide-to-roll ratio. An isothermal

approach predicts a constant film thickness with respect to the SRR. This is to be expected
since the classical Reynolds equation depends only, in terms of velocities, on the mean
entrainment speed. On the other hand, a thermal approach shows a clear decrease in the film
thickness when the SRR increases. This is because when the sliding velocity becomes
important, shear heating acts on reducing the viscosity of the lubricant which leads to a
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decrease in the film thickness. This is observed in both thermal and experimental results
which exhibit a better agreement compared to isothermal and experimental ones.

-7
32710 ' ' |
I+ 4 T e T |
X -
2.8} C
hc (Isothermal)
26| | —=-he (Thermal) |
% 245 | —— hmin (Tsothermal) |
— ——hmin (Thermal)
225 | o hmin (Experimental) |
| |
Wwoo o © e
1.8F T T T —
1.6 ' | I
. 03 1 1.5 2
SRR

Figure 5.8: Film thickness as a function of the slide-to-roll ratio for the Glycerol case with a constant mean
entrainment velocity (#,=0.38 m/s, p,=0.5 GPa, M=36.8 and L=2.3)

Finally, note that the “slight” remaining differences between experimental and numerical
results may be due (in part) to two different phenomena: first, the proper thermal signature of
the experimental apparatus which depends on the design and environment of the latter and
second, Glycerol has a high water absorption potential from the surrounding ambient air
which may cause its viscosity to vary with room humidity both during viscosity and film
thickness measurements.

5.5.2 Non-Newtonian lubricant

For the non-Newtonian case, the Squalane + PIP mixture is used again under the same
operating conditions of the previous chapter. This allows the separation of thermal effects
from non-Newtonian ones since both often have the same consequences. This separation is
impossible to obtain experimentally since both phenomena are intimately related. However,
numerically, non-Newtonian effects can be isolated by simply studying the isothermal case
and thermal effects can be extracted by comparing the thermal solution to the isothermal one.

Lubricant properties Material properties Operating conditions
1, 7=0.0705 Pa.s a,=7.52x10™ °C"! p,=2510 Kg/m’ Tw=T;=313 K
42£=0.0157 Pa.s K’pr=11.29 k,=1.114 W/m.K R=12.7 mm
G=0.01 MPa Bx=0K" ¢,=858 J/Kg.K F=23N
n=0.8 Kz=8.375 GPa E,=81 GPa =0.47 GPa
B=2.198 B=0.006765 K! v,=0.208
B=4. pr=818 Kg/m’ ps=7850 Kg/m’
R;=0.658 =0.13 Wm.K k=46 W/m.K
£=-9.599x10™ °C"! c=1700 J/Kg.K ¢=470 J/Kg.K
E=210 GPa
v~0.3

Table 5.2: Material / lubricant properties and operating conditions for the test cases of Squalane + PIP

111



5 Thermal effects

The rheology of Squalane + PIP is much more complex than Glycerol and requires more
advanced rheological models for an accurate determination of the changes in viscosity and
density with respect to the variations in pressure, temperature and shear stress. The
rheological properties and operating conditions are reminded in Table 5.2. The rheological
properties are taken from [3] whereas the thermal properties can be found in [78]. The Tait-
Doolittle free volume model is used for viscosity and density-pressure-temperature
dependence and the Carreau model for viscosity-shear stress dependence. The high-shear
limiting viscosity at ambient pressure 4, , is considered to be the ambient pressure viscosity

of pure Squalane.

Results are obtained for pure rolling and rolling-sliding conditions for a contact between a
steel ball and a glass plane. For the pure rolling case the mean entrainment velocity covers the
range of 0.1 to 4.64 m/s while for the rolling-sliding conditions it keeps a constant value of
1.47 m/s with a varying slide-to-roll ratio (SRR). Thermal effects on pressure, film thickness
and traction are investigated.

5.5.2.1 Temperature

Before discussing pressure, film thickness and traction results, it is interesting to have a
look at the temperature variations in the lubricant film which are, in part, responsible for the
reduction in viscosity that leads to a decrease in both film thickness and traction. Figure 5.9
shows the temperature variation (D7) profiles across the film thickness at different X
locations on the central line in the x-direction for four different values of the SRR (-0.45,
0.45,-1and 1).

Temperature variations are more important in the case of [SRR|=1 than for |[SRR|=0.45,
revealing thus the higher heat generation due to shear heating. We can also see that in the two
cases, temperature on the plane’s surface is higher than on the sphere’s one. This is to be
expected since the plane is made out of glass which has much lower thermal diffusivity

(k/pc) and effusivity (4/kpc) than steel. So, if the two surfaces had the same velocity the

ball’s surface is expected to have a lower temperature because steel has a higher ability to
exchange energy with its surrounding than glass. However, up to a certain limit, as long as
heat conduction is the dominant factor in the thermal behaviour of the contact, this is still true
even if the surface velocity of the glass plane was higher than that of the steel ball (this
happens to be the case here for SRR<0). And for positive values of the SRR, since the surface
velocity of the ball is higher than that of the plane, and knowing that steel has a higher
volumetric heat capacity ( pc) than glass, then heat removal from the ball by convection is

also more important than for the plane. This makes the difference in surface temperature
between the two bodies more pronounced than for SRR<0. Also note the slightly higher
temperature increase for negative values of the SRR compared to their equivalent positive
ones. This is because, for negative values of the SRR, the surface velocity of the steel ball is
the lower one. Hence, less heat is removed by convection from the contact area. Finally, note
the increase in the temperature of the lubricant as it enters the contact until it reaches its
maximum in the central area before decreasing as the lubricant goes out of the contact. In this
outlet region, for positive values of the SRR, a reverse in the orientation of the temperature
variation parabola is observed. This reveals the importance of the compressive cooling effect
that occurs in this area where an important negative pressure gradient is encoutered.
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Figure 5.9: Temperature profiles across the film thickness at different X locations on the central line in the
x-direction for four different values of the SRR (-0.45, 0.45, -1 and 1) with Squalane + PIP used as lubricant
(u,=1.47 m/s, p;,=0.47 GPa, M=30 and L=7.8)

Next, the effects of these variations in temperature on pressure, film thickness and traction
results are investigated.

5.5.2.2 Pressure

In this section, the combined effects of temperature and non-Newtonian behaviour of the
lubricant on pressure are studied. And mostly, by comparison with the corresponding
isothermal results provided in section 4.5.1.1, temperature effects can be isolated. Figure 5.10
shows that when thermal effects are taken into account, globally, the pressure distribution
exhibits a weak decrease in the central contact area when the SRR is increased. Since the load
balance should be satisfied, this is generally compensated by a small increase of the pressure
in the width of the contact. This was observed in experiments by Jubault et al. [69]. It is also
shown in Figure 5.11 where we can note a pressure increase in the contact width in the y-
direction with the increase of the SRR.
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Figure 5.10: Combined non-Newtonian and thermal effects on pressure for the Squalane + PIP case
(u,=1.47 m/s, p;=0.47 GPa, M=30 and L=7.8)
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Figure 5.11: Combined thermal and non-Newtonian effects on the width of the contact for the Squalane +
PIP case (u,=1.47 m/s, p;=0.47 GPa, M=30 and L=7.8)

Concerning the pressure spike, not only does it loose in height due to shear-thinning when
the SRR is increased, but, due to thermal effects, it also gains in width and moves towards the
centre of the contact. This has a direct consequence on the shape of the film thickness profile
especially in the horseshoe area at the outlet of the contact. The variations in the film
thickness shape are discussed more into details in the following section.

5.5.2.3 Film thickness

For pure rolling tests, the central and minimum film thickness curves for isothermal,
thermal and experimental results are shown in Figure 5.12. As for the Newtonian case, up to a
given velocity limit (in this case 2 m/s) isothermal and thermal results are practically the
same. Beyond this value, the two curves slightly diverge from each other revealing thus the
appearance of important shear heating. Note the exceptional agreement between thermal and
experimental results.
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Figure 5.12: Film thickness curves as a function of the mean entrainment velocity under pure rolling
conditions for the Squalane + PIP case (p,=0.47 GPa)
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Figure 5.13: Film thickness curves as a function of the SRR for a constant mean entrainment velocity for
the Squalane + PIP case (u,=1.47 m/s , p,=0.47 GPa, M=30 and L=7.8)

Figure 5.13 shows the film thickness curves as a function of the SRR. The film thickness
continuously decreases with the increase of the SRR for both isothermal and thermal
approaches. This decrease is more important in the thermal case since the combined non-
Newtonian and thermal effects are superposed, and both have a thinning effect on the film
thickness. Also note, especially in the case of central film thicknesses, the good agreement
between thermal and experimental results.

In Figure 5.14, in addition to the central and minimum film thicknesses, the minimum film
thickness on the central line in the x-direction /., curves for both isothermal and thermal
approaches are shown. In the thermal case, when the SRR is increased, /., approaches the
global minimum film thickness 4. Therefore, the horseshoe shape at the outlet of the
contact which originally has large ends and a narrow central region, gains in width on its
central part and starts having an almost constant width. The change in shape of the horseshoe
due to thermal effects was also observed in the experiments of Jubault et al. [69].
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Figure 5.14: Thermal effects on the global film thickness shape for the Squalane + PIP case (u,=1.47 m/s,
pi=0.47 GPa, M=30 and L=7.8)

Figure 5.15: Isothermal film thickness contour plots as a function of the SRR for the Squalane + PIP case
(u,=1.47 m/s, p;,=0.47 GPa, M=30 and L=7.8)
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Figure 5.16: Thermal film thickness contour plots as a function of the SRR for the Squalane + PIP case
(u,=1.47 m/s, p;,=0.47 GPa, M=30 and L=7.8)

By examining Figure 5.16, one can see in the contour plots for the thermal cases that when
the SRR grows, the horseshoe looses in width on its end parts and becomes larger on its
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central part. Thus, it comes closer to having a global constant width. This could not be
observed by a simple isothermal approach where the difference between /.y, and Ay, 1s
almost constant whatever the slide-to-roll ratio was (See Figure 5.14). This is also observed
on the isothermal contour plots in Figure 5.15 where the horseshoe has practically the same
shape for the different slide-to-roll ratios.

Finally, note that the “slight” remaining differences between experimental and numerical
results may be due (in part) to the proper thermal signature of the experimental apparatus
which depends on the design and environment of the latter.

5.5.2.4 Traction

Figure 5.17 shows the isothermal, thermal and experimental traction curves as a function
of the slide-to-roll ratio for two different constant mean entrainment velocities of 0.74 m/s
and 1.47 m/s. It is clear that an isothermal approach, as was pointed out in the previous
chapter, is not appropriate for estimating friction in an EHL contact at high speed operating
conditions. In fact, it overpredicts friction coefficients whereas a thermal approach shows a
good agreement with experimental data.
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Figure 5.17: Traction curves as a function of the SRR for two different mean entrainment velocities of 0.74
m/s (M=50 and L=6.5) and 1.47 m/s (M=30 and L=7.8) for the Squalane + PIP case (p,=0.47 GPa)

The discrepancy between the isothermal and experimental results is mainly due to thermal
effects in the central area of the contact which are important even at low or moderate speed
operating conditions (See Figure 5.9). Although, in such cases, this might have a relatively
mild importance on the film thickness which is built up at the inlet of the contact, it has a
significant effect on friction coefficients because of the viscosity decrease with the increase of
temperature in this area.

Finally, note that the isothermal curves predict a higher traction coefficient for the higher
mean entrainment velocity whatever the SRR was. This does not reflect the physical reality
since the experimental points (and the thermal curves) show that this is true only up to a
certain value of the SRR (here = 0.5). Beyond this value, the tendency is inverted and the
friction coefficient for the higher mean entrainment velocity becomes lower. This reveals the
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5 Thermal effects

appearance of important thermal effects at high speed operating conditions. In this case,
beyond SRR = 0.5 and for u,=1.47 m/s, the latter have more influence on the traction

coefficient than frictional shear whereas for u, =0.74 m/s, frictional shear is dominant.

5.6 Conclusion

In this chapter, the modelling of temperature variations in EHD circular contacts
lubricated with either Newtonian or shear-thinning lubricants is presented. A generalized
Reynolds’ equation that takes into account thermal effects is presented. The same stabilization
techniques that were presented in chapter 3 can be used to extend the solution to highly
loaded contacts. Temperature variations are computed by applying the energy equation to the
contacting bodies and the lubricant film. This equation can be written under the form of a
pure convection / diffusion equation and at high Peclet numbers, a SUPG formulation is used
to get a stable solution.

Some typical test cases were simulated under isothermal and thermal operating regimes
for both pure rolling and rolling-sliding conditions. It is shown that beyond a certain limit of
speed operating conditions, it is necessary to take into account shear heating for a good
estimation of film thickness and, more importantly, friction. Both shear-thinning and thermal
effects have a film-thinning effect when the sliding velocity is increased. They also modify
pressure and film thickness distributions. In fact, it was shown in chapter 4 that shear-thinning
effects tend to decrease the height of the pressure spike without any significant change in the
shape of the film thickness distribution when the slide-to-roll ratio is increased. As for
thermal effects, not only do they act on decreasing the height of the pressure spike, but, they
also provide a gain in its width and its approach towards the centre of the contact. This leads
to a change in the film thickness profile, especially in the outlet region where the horseshoe
shape becomes wider at its central part and less large at its ends. Thus, it has an almost
constant width compared to the isothermal shape where the horseshoe is large at the ends and
narrow in the central region. All the results were compared to experimental data showing a
better agreement between thermal results and experiments especially at high speeds or sliding
velocities. Comparisons between numerical and experimental results validate both the
employed numerical approach and rheological models. A remarkable agreement was obtained
for friction results where the isothermal approach was shown to overestimate traction
coefficients in the contact at high speed operating conditions. This is mainly because of
thermal effects in the central area of the contact which are important even at low or moderate
mean entrainment speed operating conditions when high sliding velocities are considered.
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6 ULVF as lubricants

In this section, the potential use of ULVF as lubricants is studied. As mentioned in section
1.1, such fluids present two important aspects in engineering applications when they are used
as lubricants. First, due to their low viscosity, they lead to reduced energy dissipation by
friction in lubricated contacts. Second, from a practical point of view, it is much easier to
design and maintain machines operating with only a single fluid serving as a lubricant and an
operating fluid (e.g.: propulsion engines, car engines, heat pumps ...). All in all, this falls
within a strategy of preserving the environment and trying to decelerate the global warming
phenomenon. However, because of the very low viscosity of these fluids, thin lubricant film
layers are expected to be built up in the contact area. The aim of this work is to investigate
wether it is possible or not to lubricate “correctly” with such fluids and under what range of
operating conditions. The underlying motivation of this study stems from an interest in the
topic shown by SKF Engineering and Research Centre in the Netherlands. However, this
subject is classified as confidential and thus the real engineering application and some
specific details are not revealed in this thesis. Still, this does not prevent from going through a
thorough scientific investigation of the problem. Two typical ULVFs are considered. In the
following, they are referred as “Fluid A” and “Fluid B”. It is worth noting that such fluids
have almost never been of interest for the tribological community. Furthermore, their
rheological properties are poorly known. In fact, these are restricted to a small range of
pressure conditions compared to the range of interest in EHL applications. This is why some
measurements are carried out in order to determine both the viscosity and density of “Fluid
A” and “Fluid B” at a more important pressure range. The results are reported in Appendix C.

6.1 How about inertia effects?

Generally, in liquid flows, when low viscosity fluids are considered or also when high
velocities take place, inertia effects might become important and cannot be considered as
negligible anymore. The appearance of these effects is characterized by high values of the
Reynolds number associated to the flow. The latter expresses the ratio of inertia forces over
viscous forces and is written in general under the following form:

_ Inertia forces pV L

Re (6.1)

Viscous forces U

Wh p: Fluid's density V. Characteristic velocity of the flow
ere:
A : Fluid's viscosity L : Characteristic length of the flow
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6 ULVF as lubricants

When the value of Reynolds’ number is below a given critical value (Re <Re,), the

corresponding flow is considered laminar and inertia effects negligible. However, when the
Reynolds’ number exceeds the critical value, inertia effects become important and these have
a significant influence on the flow characteristics. If it is further increased, turbulent regime
may appear beyond a certain limit.

Inertia effects are rarely encountered in tribological applications because of the
“relatively” small characteristic lengths (film thicknesses) of the corresponding flows and the
generally high viscosity of classical lubricants. However, in journal bearings lubricated by a
low viscosity lubricant or also in gas bearings working under high speed operating conditions
inertia effects might become important and a turbulent regime might even arise [32]. In such
cases, the simplifying assumptions of the classical lubrication theory are not valid anymore
(pressure is not constant over the film thickness, the normal velocity becomes of the same
order of magnitude as the rest of the velocity components ...). Hence, the classical Reynolds
equation is not representative of the lubricant flow within the contact anymore. The latter has
to be replaced by the generalized Reynolds equation with inertia effects or even the Navier-
Stokes equations if a turbulent regime is encountered. Since very low viscosity fluids are
considered in this section, one might wonder if inertia effects have to be considered or not,
especially that high speed operating conditions are probably required in order to have a
sufficient film thickness that prevents the direct contact between asperities. In order to clarify
this point, an order of magnitude analysis is carried out for a typical EHD circular contact
lubricated with a ULVF. The characteristic length which corresponds to the film thickness is
considered to be 100 nm, the characteristic velocity which in this case corresponds to the
mean entrainment speed is taken as 10 m/s. Typical values for the zero-pressure density and
viscosity of a ULVF are 1500 Kg/m® and 5.10 Pa.s. The value of the critical Reynolds’
number for a flow between two parallel plates Re, =2000—2500. This is the closest

configuration to a typical EHL circular contact. Thus the Reynolds’ number that corresponds
to an EHD circular contact lubricated with a typical ULVF is estimated as follows:

-7
Re PVEL_ 1500><10>:10
Y7, 5-107

=3« Re,_ =2000-2500

Note that the “safer” zero-pressure value of the viscosity has been used in this case. The
latter is far smaller than the actual value that is encountered within the contact (especially in
the central area). This way, the analysis is valid for both the inlet and central regions of the
contact. It is clear that the value of the typical Reynolds’ number for ULVF lubricated
contacts is far smaller than the critical value. Hence, the flow within the corresponding
conjunctions can be considered laminar and inertia effects negligible. The classical lubrication
theory that has been used so far is still valid in this case.

6.2 Is it possible to use ULVF as lubricants?

In this section, a thorough investigation is carried out in order to reveal wether it’s
possible or not to use ULVFs as lubricants and under what operating conditions. “Fluid A”
and “Fluid B” are considered for this analysis. Owing to their small molecular weight (100-
150 Kg/Kmol) and size (<5 A) both fluids have a Newtonian behaviour. The TEHL model
developed in the previous chapter is used. Film thickness computations are carried out for
both pure rolling and rolling-sliding conditions. The mesh diameter is approximately equal to
0.5 in the inlet and outlet regions of the contact and 0.075 in the central area. Lagrange quintic
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6 ULVF as lubricants

elements are again used for the hydrodynamic problem and quadratic elements for the elastic
one. The total number of dofs is about 40 000. The properties of the different materials that
are used in this chapter are listed in Table 6.1. The pure rolling cases are run for a steel ball on
a glass plane configuration whereas the rolling-sliding cases are run for steel-on-steel
contacts. The ball’s radius is taken as R=12.7 mm. For “Fluid A”, the ambient temperature
T,=10 °C whereas for “Fluid B”, 7= T = -0.5°C. Figure 6.1 and Figure 6.2 show the central
and minimum film thickness curves respectively as a function of the mean entrainment speed
for both fluids under pure rolling conditions and for different values of the load.

Steel Glass Fluid A Fluid B
E=210 GPa E=81 GPa k=0.077 W/m.K k=0.011 W/m.K
0=0.3 v=0.208 c=1019 J/Kg.K =815 J/Kg.K
k=46 W/m.K k=1.114 W/m.K pr=1465.2 Kg/m® pr=1379.5 Kg/m®
c=470 J/Kg.K =858 J/Kg.K 1z=0.465 mPa.s 1x=0.268 mPa.s
p=7850 Kg/m’ p=2510 Kg/m’ Tx=24.5 °C Tx=-0.5°C

Table 6.1: Properties of Steel, Glass, “Fluid A” and “Fluid B”

"Fluid A" "Fluid B"

100.0 b

hc (nm)
hc (nm)

1.0 10.0 40.0 1.0 10.0 40.0
um (m/'s) um (m/s)

Figure 6.1: Central film thickness curves for a steel-on-glass contact on a log-log scale as a function of the
mean entrainment speed for “Fluid A” (left) and “Fluid B” (right) (F=10 N/ p;,=0.36 GPa, F=50 N / p;=0.61
GPa, F=250 N / p;=1.05 GPa)

"Fluid A" "Fluid B"

1000}

10.0

hmin (nm)

1.0 10.0 40.0 1.0 10.0 40.0
um (m/'s) um (m/s)

Figure 6.2: Minimum film thickness curves for a steel-on-glass contact on a log-log scale as a function of
the mean entrainment speed for “Fluid A” (left) and “Fluid B” (right) (F=10 N / p;=0.36 GPa, F'=50 N / p;=0.61
GPa, F=250 N/ p;=1.05 GPa)

121



6 ULVF as lubricants

Note that, in practice, the 250 N load case can never be realized on an experimental
apparatus because glass would not withstand such a load. It is considered that beyond 10
molecular layers (5 nm), the theory of continuum mechanics that has been used throughout
this work is valid. In fact, Granick [38] noticed that for n-dodecane, which has a relatively
more important molecular size and weight than the considered ULVF, the bulk properties of
the lubricant flow were the same as those predicted by a continuum approach down to 4 nm.
This is confirmed by the observations of Georges et al. [35] who showed that this was true for
n-dodecane and n-hexadecane down to 2.5 and 4.4 nm respectively. In EHL applications, the
same observations were made by Guangteng and Spikes [40][41] and also Matsuoka and Kato
[87](88] who showed that the continuum approach is valid down to approximately 10
molecular layers. When thinner films are considered, the analysis becomes more complex
since it involves additional parameters that are neglected by the continuum approach such as
surface tensions, solvation forces, chemical reactions ... In this case alternative methods are
introduced to study such contacts e.g. Tichy [109][110]. Hence, the reader should be aware
that the less than 5 nm film thicknesses that are presented in Figure 6.2 have no physical
relevance. Moreover, even the best finished surfaces have a surface roughness of a few
nanometers and therefore a direct contact between asperities is likely to occur. Thus, a simple
EHL analysis would not stand anymore and a “mixed lubrication” analysis would have to be
considered when film thicknesses fall below the 5 nm limit.

In order to answer the question that is addressed in the title of this section, it is considered
that a minimum surface separation of 10 nm is sufficient to ensure reasonably “safe”
functioning of a high-quality ball bearing. Note that, generally, high speed operating
conditions (up to 10 or 20 m/s) are required for a “safe” film separation especially for “Fluid
B” which has a lower viscosity than “Fluid A”. Moreover, as the load is increased, the
minimum required entrainment speed increases. Note that thermal effects on the film
thicknesses are negligible even at very high speed operating conditions. In fact, the curves in
Figure 6.1 and Figure 6.2 are “straight lines” in the log-log scale without any change in slope
even at very high speeds. This is because of the ultra small viscosity of these fluids. This
feature can also be seen in Figure 6.3 and Figure 6.4 which show the central and minimum
film thickness variations with the sliding velocity. It is clear that even under pure sliding
conditions (SRR=2), the decrease in the film thickness due to thermal effects is very small.
The reader is reminded that both “Fluid A” and “Fluid B” are considered as Newtonian and
thus, do not exhibit viscosity variations with shear stress.
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Figure 6.3: Central film thickness curves for steel-on-steel contacts as a function of the SRR for “Fluid A”
(left) and “Fluid B” (right) (#=20 N / p,=0.68 GPa, F=50 N / p,=0.93 GPa)
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Figure 6.4: Minimum film thickness curves for a steel-on-steel contact as a function of the SRR for “Fluid
A” (left) and “Fluid B” (right) (F=20 N / p;,=0.68 GPa, F=50 N / p;=0.93 GPa)

Finally, note that the film thicknesses generated by “Fluid A” are generally higher than
those by “Fluid B”. This is to be expected since the former has a higher viscosity than the

latter.

6.3 Experimental validation

In order to validate both the numerical approach and the rheological models that have been
used in this chapter, a few film thickness measurements have been carried out using a steel-
on-glass ball-on-disk apparatus. The measurements were realized for “Fluid A” under pure-
rolling regime, considering a load of 30 N (p,=0.52 GPa) on a range of speed conditions that
goes from 1 to 2 m/s. Accurate higher speed measurements are difficult to reach because of
the very low viscosity of the lubricant which prevents its good return into the contact area,

leading thus to some starvation problems. The central and minimum film thickness results are
reported in Figure 6.5.
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Figure 6.5: Experimental validation of steel-on-glass film thickness results for “Fluid A”

The agreement between experimental data and numerical results can be considered more
than satisfactory, considering that the resolution of the former is of a few nanometers.
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6 ULVF as lubricants

6.4 Film thickness formulae for ULVF

Because of the small viscosity, the weak viscosity-pressure dependence of ULVF and the
fairly high loads that are studied in this chapter, one might expect that the elastic-isoviscous
asymptote that was introduced by Venner [112] for cases of large values of M and L=0 would
be appropriate to estimate the film thickness generated by these fluids in EHD contacts (M
and L are the Moes parameters that were introduced in section 2.6.2). This formula was
developed for central film thickness and has the following mathematical expression:

h =1.96RJ2U,, M (6.2)

Figure 6.6 shows the central film thickness curves for the pure-rolling steel-on-glass cases
mentioned in section 6.2 as predicted by numerical resolution and by the elastic-isoviscous
asymptote in equation (6.2) for both “Fluid A” and “Fluid B”.
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Figure 6.6: Comparison of central film thickness curves for steel-on-glass contacts under pure-rolling
regime predicted by TEHL numerical resolution and the elastic-isoviscous asymptote for “Fluid A” (left) and
“Fluid B” (right) (F=10 N / p,=0.36 GPa, F=50 N / p,=0.61 GPa, F=250 N / p;=1.05 GPa)
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Figure 6.7: Comparison of central film thickness curves for steel-on-glass contacts under pure-rolling
regime predicted by TEHL numerical resolution and the elastic-isoviscous asymptote for “Fluid C” (F=10 N/
pi=0.36 GPa, F=50 N/ p;=0.61 GPa)
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The elastic-isoviscous asymptote fits reasonably well the numerical results especially for
“Fluid B”. However, for “Fluid A”, the fit is less accurate. This is because the latter has a
higher pressure-viscosity coefficient and is thus further from the isoviscous extreme.
Moreover, the unusual density-pressure dependence of these fluids leads to unusual film
thicknesses that cannot be predicted by classical formulae. In fact, if for the same operating
conditions a less viscosity-pressure dependent fluid (“Fluid C”) is considered with
a=05GPa"', u,=0.5mPas and a Dowson & Higginson-like compressibility, the fit

between numerical results and the elastic-isoviscous asymptote would be much more accurate
as can be seen in Figure 6.7. Hence some specific formulae have to be developed to predict
central and minimum film thickness in EHD contacts lubricated by ULVF. Because of the
different compressibility of “Fluid A” and “Fluid B”, specific formulae have to be introduced
for each fluid.

The numerical results for “Fluid A” and “Fluid B” were fitted to the following
mathematical expressions for central and minimum film thickness:

hc =2.9401 R\/meo,lsmLo.oszé

"Fluid A" :
hmin =3.7607 R \/@M’M‘USLOAOOB
(6.3)
hc = 2'6815 R \/@M’041405L0.1087
"Fluid B" :

h. =41150 R /2UHD 03255 [0.0568

The fit between the previous formulae and numerical results for both fluids is shown in
Figure 6.8 and Figure 6.9:
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Figure 6.8: Comparison of central film thickness curves for steel-on-glass contacts under pure-rolling
regime predicted by TEHL numerical resolution and analytical formulae for “Fluid A” (left) and “Fluid B”
(right) (F=10 N / p,=0.36 GPa, F’=50 N / p;,=0.61 GPa, F=250 N / p;,=1.05 GPa)
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Figure 6.9: Comparison of minimum film thickness curves for steel-on-glass contacts under pure-rolling
regime predicted by TEHL numerical resolution and analytical formulae for “Fluid A” (left) and “Fluid B”
(right) (F=10 N/ p;=0.36 GPa, F’=50 N / p;=0.61 GPa, F=250 N / p,=1.05 GPa)

Finally, although the elastic-isoviscous asymptote shows a good fit with the numerical
results for “Fluid C”, the latter is restricted to central film thicknesses. This is why a curve fit
procedure was applied to the results of “Fluid C” giving the mathematical expressions below
for central and minimum film thicknesses. The fit between these formulae and numerical
results is shown in Figure 6.10.

h, — 2.23 18 R ’2U M—0.1362L0.0198
"Fluid C" : { L. (6.4)
h . =2.6759 R\2U,, M">*["

As expected, the central film thickness formula is quite close to the elastic-isoviscous
asymptote given in eq. (6.2) with an almost nill L exponent and fairly close M exponent and
constant term.
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Figure 6.10: Comparison of central (left) and minimum (right) film thickness curves for steel-on-glass
contacts under pure-rolling regime predicted by TEHL numerical resolution and analytical formulae for “Fluid
C” (F=10 N/ p,;=0.36 GPa, F=50 N/ p;=0.61 GPa)
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Finally, it is clear that a very good agreement is obtained on the considered range of
operating conditions between numerical results and the specific analytical formulae for the
three considered fluids. Hence, the latter can be used by engineers to estimate sufficiently
accurate central and minimum film thicknesses generated by “Fluid A”, “Fluid B” and “Fluid
C” in EHD contacts without having to run the complete numerical resolution.

6.5 Economical issues

As was pointed out earlier, an attractive feature in the use of ULVF as lubricants is the
economical aspect. In fact, due the low viscosity of these fluids, frictional losses in the contact
area are much smaller than those generated by classical lubricants. In order to quantify this,
the traction curves corresponding to the rolling-sliding steel-on-steel cases mentioned in
section 6.2 are shown in Figure 6.11.
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Figure 6.11: Traction curves for “Fluid A” (left) and “Fluid B” (right) for steel-on-steel contacts working
under rolling-sliding conditions (F=20 N / p,=0.68 GPa, F=50 N / p;,=0.93 GPa)

Note the relatively small values of the friction coefficients generated by the use of both
fluids even under pure sliding conditions (SRR=2). The latter never exceed 6 %o. This value is
in most cases 10 times smaller than what would be obtained with a classical lubricant. Since
energy dissipation by friction within a mechanical system is proportional to the friction
coefficient, then the former is expected to be reduced by a factor of 10 when a ULVF fluid is
used for lubrication.

6.6 Conclusion

A thourough investigation of the use of ULVF in EHD circular contacts was carried out in
this chapter. Two typical ULVFs were considered. A series of test cases were carried out to
compute central and minimum film thicknesses generated by these fluids in EHD contacts
under a wide range of operating conditions. It was found that high speed regimes are
favourable for a “safe” operation of systems lubricated with such fluids. Comparisons with
experimental data showed the accuracy of both the numerical TEHL approach and the
rheological models that were used. Then, specific film thickness formulae were developed for
each fluid. These can be used directly by engineers in order to estimate sufficiently accurate
film thicknesses without having to run the full calculations. In this context, the high
compressibility of “Fluid A” and “Fluid B” has a significant impact on film thicknesses
compared to ususal EHL applications where hydrodynamic effects, generated mostly by
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viscosity, are dominant. A traction analysis showed the important reduction of frictional
dissipation in these contacts. The latter leads to a reduced energy consumption in the
corresponding mechanical system. However, in order to complete this analysis, an additional
question has to be addressed. In fact, one has to wonder which is more economically
important: the reduction in energy consumption of the system or the reduction in the bearing’s
life because of the smaller film thicknesses that are encountered? This question reaches
beyond the scope of this thesis and shall be reported for future investigations...
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General conclusion

In this thesis a full-system finite element approach to elastohydrodynamic lubrication
problems has been introduced with an emphasis on the smooth circular contact case. A linear
elasticity model has been used to compute the elastic deformation of the contacting solids due
to pressure generation in the lubricant film. This leads to a sparse Jacobian matrix of the
global non-linear system of equations. The free boundary (cavitation) problem that arises at
the outlet of the contact was treated in a straightforward manner by means of a penalty
method. The resolution process was extended to the case of highly loaded contacts by using
“artificial diffusion” finite element stabilized formulations. The global non-linear system of
equations is solved by means of a Newton procedure. This provides outstanding convergence
rates (only a few iterations are required to get a converged solution) especially when
compared to classical semi-system based models. The current model has been shown to have
the same complexity as finite difference multigrid based ones but a much smaller size due to
non-regular unstructured meshes which stem from the use of the finite element method. Thus,
reduced memory storage and computational times are obtained.

First, an isothermal Newtonian approach was considered. The latter predicts fairly well the
film thickness in EHL conjunctions provided that the lubricant has a Newtonian behaviour
and that moderate speeds and sliding velocities are considered. However, if a shear-thinning
lubricant is considered, film thicknesses are overestimated. This is also the case if high speed
and / or high sliding velocity operating conditions are considered. This is due to the important
thermal dissipation that occurs in the contact and acts to reduce the lubricant’s viscosity.

Then an isothermal non-Newtonian approach was developed by replacing the classical
Reynolds’ equation by the generalized one. This approach provides a much better estimation
of film thicknesses when a shear-thinning lubricant is considered. However, although a
closer-to-reality estimation of friction is obtained, an important discrepancy with
experimental results is still observed at moderate or high speed operating conditions.

Finally, a thermal approach was developed for both Newtonian and non-Newtonian
lubricants. It is based on a full resolution of the energy equations in the contacting solids and
the lubricant film. This approach shows a very good film thickness and friction agreement
with experimental data. In fact, the low quality friction results that were observed at high
speed operating conditions for the isothermal non-Newtonian approach were due to the
temperature increase in the central area of the contact. The latter does not significantly affect
the film thickness which is known to be built-up in the inlet area, but it has an important
effect on friction because of the viscosity decrease in this region.
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General conclusion

The developed model was used to study the potential use of ULVF as lubricants in EHD
circular contacts. It was shown that high speed operating conditions are required for such
contacts to operate “safely”. The traction curves highlighted the important reduction of energy
dissipation due to friction in such contacts compared to those lubricated with classical
lubricants.

All in all, at every step of this study, whenever it was possible, experimental validation of
the numerical results was realized. This is the only way to make sure the developed numerical
approach and the employed rheological models provide realistic film thickness and traction
results.
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Recommendations for future work

As a result of covering the numerical side (the theory behind the development of efficient
EHL solvers) as well as the engineering side (the application of the solvers to situations of
practical interest), this thesis has become quite an extensive work. However, in spite of all the
results and answers provided in the different sections of this document, there are still many
subjects to be studied, questions that remain unanswered and new issues to be addressed.

From a numerical point of view, although the model presented in this thesis shows to be
rather powerful compared to classical models, its’ full power is far from being achieved. In
fact, the three-dimensional elasticity problem can be subject to serious reduction in its size by
applying either a model reduction by modal analysis or the static-condensation principle. The
latter would reduce the elastic deformation calculation to the two-dimensional contact area
Q. . Reducing the size of the model would open the way for studying rough surface problems

and including real surface roughness under transient regime which require much finer
meshing than smooth surface contacts. In addition, the use of structural mechanics equations
to compute the elastic deflection of the contacting surfaces enables the study of configurations
that are hard, if not impossible, to treat with a half-space approach e.g. coatings, soft
materials, plasticity ...

From an engineering point of view, it would be interesting to carry out an extensive
investigation of film thickness and friction under light, moderate and heavy loads for different
types of lubricants over a wide range of operating conditions, taking into account, as far as
possible, the pressure and temperature dependence of the lubricant’s thermal properties. This
hasn’t been done in this work for the lack of experimental data, but an important
experimental-numerical project is currently taking place. Such studies require collaborations
between different institutions in order to get accurate rheological and thermal properties of
lubricants. The final aim would be to extract from the obtained results some robust analytical
formulas that can be used directly by engineers without having to run the complete
calculations. Ideally, these would take into account thermal effects and the complete
rheological behaviour of the lubricant including non-Newtonian effects. Finally, to complete
the analysis of the potential use of ULVF as lubricants, it is important to determine which is
more economically important: the reduction in energy consumption of the system or the
reduction in the bearing’s life because of the smaller film thicknesses that are encountered.
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Appendix A : Equivalent elastic problem

In this appendix, the theory behind the equivalent elastic problem is described. This
problem is introduced in order to avoid solving the elastic deflection problem twice, under the
same loading conditions, on the same geometry, using the respective material properties of
solids p and s. The equivalent material properties are obtained using the half space theory.

The latter states that the displacement 5(x, y,z) of a point (x, y,z) produced by a

concentrated point force F acting normally to the surface z =0 at the origin (See Figure A.1)
is given, according to Love [81], by:

F i+ (/1+2,u)F 1
Arur 47z,u(/1+,u)r

5(x,y,z): (A.1)

Where A and u are the Lamé constants and = +/x”+ y° +z° . The Lamé constants are
related to Young’s modulus £ and Poisson’s coefficient v according to:

Ev E

(A.2)

F

/ ARG {4

=
Yy )

Figure A.1: Point loading of an elastic half space

Then, the equivalent displacement &, (x, y,z) of the two solids p and s under the same

concentrated point force F acting normally to the surface z =0 at the origin is given by:
é;q (x,y,z):5p (x,y,z)+5s(x,y,z) (A.3)

Replacing every term by its expression given by equation (A.1), this equation becomes:
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Appendix A: Equivalent elastic problem

F z2 (ﬂ,eq+2,u€q)F 1 F 2 (/1P+2,up)F 1 F 22 (A +2u)F 1

4ru,, P 47Tﬂeq(leq+ﬂeq)”_4”ﬂpr_3 47[/1,,(/1,7"'/1,7)’” dru, 1’ 47T,Us(/7ﬁv+,us)’”

After simplification, the previous equation becomes:

2

L{é+2(l—uﬂ/)}:L{Z—z+2(l—up)}+L{Z—j+2(l—us)} (A.4)

lLleq r lLlp r /us r

Any couple of material properties ( ﬂeaneq) that satisfies equation (A.4) can be used to

define the equivalent elastic problem. In this work, we consider the particular case where:

gttt (A.5)

ll’leq /Llp ll’ls
Replacing the Lamé constant g by its expression given in (A.2), equation (A.5) becomes:
l+ueq=1+vp 1+o,

+
E E E

eq P N

(A.6)

Equation (A.4) becomes after simplification and replacing 1/ A, by its expression given in

(A.5) and the Lamé constant by its expression given in (A.2):

2 2
e S e (A.7)

Thus, solving the system of equations formed by (A.6) and (A.7), one gets the equivalent
material properties £, and v, :

:E2E3(1+Us)2+Es2Ep(l+Up)2 and :Epus(1+u¥)+E¥Up(l+Up) (A.8)
K [Ep(1+us)+ES(1+up)}2 Y E,(1+u)+E(1+,)

Remark: For the particular case of the two contacting elements being made out of the same
material (E,v), the equivalent material properties are E, =E/2 and v, =uv. Therefore, the

total elastic deflection would be twice the elastic deflection of each body.

Finally, by multiplying the equivalent Young’s Modulus by a/R the dimensionless
displacement vector is obtained directly and dividing it by p, allows the use of the

dimensionless pressure distribution as a pressure load in the contact area. Hence, the
equivalent material properties become:
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E v, (1+us)+Esup (1+up)

_E;ES(1+US)2+ES2EP(1+UP)2 4
B * Ep(l+ug)+Eg(1+up)

2 (A9)
[E,(1+0,)+E,(1+0,)]  RPi

o and v, =

Replacing the material properties in the geometry of the elastic problem by those given in
(A.9) gives directly the total dimensionless elastic displacement of both contacting bodies.
This avoids running the same calculation twice. Of course, this approach limits the analysis in
any case to systems with a half-space configuration (i.e.: the size of the contact should be
small compared to the size of the contacting elements). This is fairly enough in the scope of
this thesis which mainly concerns circular contacts in ball bearings. However, if a half-space
configuration cannot be considered anymore (e.g.: soft materials as joints ...), one has to run
the calculation twice, using the real geometries of the contacting elements, and then sum the
elastic displacements of both bodies in order to get the total deflection.

In order to validate the equivalent problem’s theory, a test case is carried out with a dry
glass-on-steel circular contact with a Hertzian pressure distribution applied in the contact
region.

—

=
ve]

—
oo

=
~

o
=)

e
=

Non-dimesional elastic deformation
o =
W h

=
12

=
=

12

-5 -4 -3 -2 -1 0 1
Figure A.2: Total elastic deflection of a dry glass-on-steel circular contact

Figure A.2 shows the non-dimensional elastic deflection curves on the central line in the
X-direction obtained by both the equivalent problem defined in this section and the sum of the
elastic displacements of the two contacting elements. It is clear that the two curves show a
perfect match, revealing thus the equivalence between the two approaches.
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Appendix B : EHL equations in matrix form

In this section, the detailed matrix form of the different EHL equations is provided. The
Reynolds’ equation is considered in its convection / diffusion form with a source term:

R(P,U.H,)=-V:[&(P,U,H,)VP|+B(P.UH,)-VP-Q(P.,U,H,)=0  (B.I)

As was shown throughout this document, this form is suitable for all Reynolds’ equations
used in this work: the classical one, the generalized one and the generalized one with thermal
effects. The penalty term and the stabilizing terms are not added here for simplicity, but the
reader is reminded that these are to be added to the previous equation. The weak form of
equation (B.1) is given by:

Find P €§, such that VI¥, € §,, one has:
[evP-yw,dq+ [ p-vPW,d- [ oW,d2=0 (B.2)
Q, Q,

QL‘

As was pointed out in chapter 3, equation (B.2) is approximated by its linear part which
reads:

[|evep-vw, %8 spyvp.oyw, + 25 suvp.vw, + 25 sH vy, |do
J oP oU oH

0

«[| p-vorPw, +9P sp.vp W, + P su.vp W, +%5H0 VP W, |dQ
5 oP oU OH,

(B.3)

-f 9 spw, + 2 suw, + 22 51w, |aa -
a\opP oU oH,

—[j eVP -VW,dQ+ [ B-VP W,dQ- | QWPdQ}
Q. Q, Q,

On the other hand, the elasticity and load balance equations are already linear and
therefore they are strictly equivalent to their linear part. The linearized system of equations
(3.22) to solve at the " iteration of the Newton procedure is reminded below:
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Appendix B: EHL equations in matrix form

k k-1

J, J, Js] T [6P ~R(P,U,H,)
J, J, @| {U} ={-J,P-JU
J,, 9 O O0H, F,—J,P
SB )
: > np unknowns
o8, | _
ou, )
SP v
Where: oU =1 ow,
oH, : > 3 X ny unknowns
5unu
ov,
ow, | J
o0H, } 1 unknown

The different components of the Jacobian matrix defined in system (B.4) are given by:

1=I BgB+BVP8 G,+GLB" B, +GVP" aﬂG GTaQGJdQ
ks oP oP oP

_ T o¢ 1o pr OB r 00
Z_Q{ By VP -Gy + GiVP' =Gy =G = £ Gy |dO

=[5 vp 28 L grypr LB _gr 99 \iq
s oH, oH, ' oH,

~Gjn" G,dQ and J,,= [ B} D B, dQ
QF

And the right-hand-side terms are defined as follows:

R(P.U.H,)= [ (B} £VP+G}p" VP-G,Q)dQ F3=%WHO
Q.
Where:
or
vp=| X B = P n:[nr n nZ]
opP Py Y
oY
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EHL equations in matrix form

% 0 0 oN U2 0 0 oN Uny, 0 0
oX oX oX
ON,
0 % 0 0 oN, U2 0 0 Uny 0
oY oY oY
ON
o o DN o o N o o Mo
B - oz oz oz
=
% ON, Ul 0 oN, U2 ON, U2 0 N, Uny oN, Uny 0
oY oX oY oX oY oX
% 0 % a]\']U 2 0 oN, U2 ON Unyy 0 ON, Uny,
oz oX oz oX oz oxX
0 aN Ul aN Ul 0 aN U2 aN U2 0 8]\']Urtu aN Uny,
L oz oY oZ oY oz oY
NUI 0 NU2 0 0 NUnU O
G, 0 Ny, 0 Ny, 0 0 N, Un,
o 0 N, O 0 N, 0 0 N
ONp, ONp, oN, Pnp
oX oX oX
B, G, :I:NPI Np, an,,}
a]\']Pl aN P2 a]Vvl’n P
| 0Y oY oY
1-v o 0 0 0 |
1-v 0 0 0
v 1-v 0 0 0
__E o 0o o 2 o o
(1+v)(1-20) 2
1-2v
0 0 0 0 0
2
0 0 0 0 "
L 2
oo foe o 2] 0.0 %0 0]
oU Oou Ov oOw oU ou Ov Ow
OBy B, By Py %PBx
o9 _| op B _|u v ow op _| oH,
o | opy oU | op, 9B, P, oH, | 8B,
oP ou Ov  Oow OH,
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Appendix B: EHL equations in matrix form

The different derivative terms of ¢, and Q with respect to P,U and H, are computed

analytically. These depend on the density-pressure and viscosity-pressure relationships that
are employed.

As stated throughout this thesis, two-dimensional Lagrange quintic (21 nodes) elements
are used for the hydrodynamic part whereas three-dimensional tetrahedral Lagrange quadratic
(10 nodes) elements are used for the -elastic part (See Figure B.1). Hence,
n,=2landn, =10.

Figure B.1: Two-dimensional triangular Lagrange quintic (21 nodes) element (left) and three-dimensional
tetrahedral Lagrange quadratic (10 nodes) element (right)

The system of equations (B.4) as described in this section is elementary i.e. it corresponds
to one element. The global system of equations is assembled the usual way by expanding the
different elementary systems. For more details the reader is referred to any finite element
handbook such as [59], [62] and [126].

Remark: If QO N"Q =, then the integral terms over Q _, in the elementary matrix of Q,
are nill and thus the lines that correspond to Reynolds’ and the load balance equations are
zero. These are not included in the global matrix system. Otherwise Q, NQ_ =Q  which
happens to be one of the faces of the 3D tetrahedral element that corresponds to €, (the same

mesh is used for both the hydrodynamic and elastic problems). In this case, no zero lines are
encountered in the elementary matrix.

Finally, the reader is reminded that the penalty and stabilizing terms haven’t been added
for simplicity. These are to be added to the matrix form of Reynolds’ equation in a similar
way as the other terms. Also note that the energy equations of the thermal problem described
in chapter 5 also have a convection / diffusion form and therefore their matrix form is similar
to that of Reynolds’ equation described above.
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Appendix C  : Viscosity and density of ULVF

Visosity and density measurements over wide pressure and temperature ranges were
carried out for the two typical ULVF considered in this work: “Fluid A” and “Fluid B”. The
results are reported below:

C.1 Viscosity measurements

Pressure-viscosity data is measured using a high-pressure falling body viscometer
designed to sustain pressures up to 0.6 GPa. The temperature can vary from -20 to 130°C and

its viscosity domain covers a typical range of 0.2x107 to 5x10" Pa.s.

Viscosity (mPa.s)

Pressure (MPa) 16 °C 20.9°C 245 °C
0.1 0.772 0.633 0.465
25 0.994 0.810 0.578
50 1.207 0.965 0.675
100 1.584 1.239 0.854
150 2.049 1.549 1.024
200 2.559 1.903 1.218
300 4.098 2.767 1.683
400 6.568 4.227 -
Table C.1: Viscosity values of “Fluid A” as a function of pressure for three different temperatures (-16, -0.9
and 24.5 °C)
Viscosity (mPa.s)
Pressure (MPa) 325°C 05°C

0.1 0.416 0.268

25 0.471 0.299

50 0.517 0.326

100 0.617 0.368

150 0.718 0.408

200 0.863 0.458

300 - 0.560

Table C.2: Viscosity values of “Fluid B” as a function of pressure for two different temperatures (-32.5 and
-0.5°C)

An ultrasonic detector (emitter-receiver) is used to monitor the falling body. It allows
recording its position in the high pressure vessel against time. The viscosity of the fluid is
proportional to the inverse of the falling body’s velocity. Using this ultrasonic technique, the
experiments are carried out in order to account for the longitudinal propagation speed
variations as a function of pressure for each temperature investigated. After this preliminary
step, different falling bodies are used to measure viscosity at different temperatures and
pressures. They are made out of different material (i.e. different densities) and present
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Appendix C: Viscosity and density of ULVF

different gaps with respect to the internal diameter of the high-pressure cell that is equal to 16
mm. Using several falling bodies, it becomes possible to obtain the relative viscosity increase
over a large pressure domain. The measurements are carried out for three different
temperatures (-16, -0.9 and 24.5 °C) on a pressure domain ranging from atmospheric pressure
to 400 MPa. The ambient pressure value of the viscosity is taken from ref. [78]. The results
for “Fluid A” and “Fluid B” are listed in Table C.1 and Table C.2 respectively.

Note the low viscosity of these fluids which is by several orders of magnitude smaller than
that of classical lubricants. The viscosity data is fitted to the Cheng model using a least-
squares technique. The results are presented in Figure C.1 showing a good agreement between
the experimental data and the analytical model for the considered range.

"Fluid A" "Fluid B"
12 ‘ T r T 12 T T T
Cheng viscosity (-16 °C) Cheng viscosity (-32.5°C)
10+ @ Measured viscosity (-16 °C) 10 ©  Measured viscosity (-32.5°C)
Cheng viscosity (-0.9 °C) Cheng viscosity (-0.5°C)
gl + Measured vigcosity (-0.9 °C) gl *  Measured viscosity (-0.5°C)
—_ ———Cheng viscosity (24.5 2C) _
jé ¥ Measured vigcosity (24.5 °C) 6
= A ogh
& E
= =
4t 4l
2t 2t -
g
0 L 1 1 1 0 1 1 1 L
0 0.1 02 0.3 0.4 0.5 0 0.1 0.2 03 0.4 0.5
p (GFa) p (GPa)

Figure C.1: “Fluid A” (left) and “Fluid B” (right) viscosity data fit to the Cheng model

The values of the different parameters of the Cheng model for “Fluid A” are:
a, =0.409 GPa™', B, =1396.34 K and y, =1118.62 GPa™'-K. The reference temperature

T, is taken as 24.5 °C and thus the reference viscosity u, =0.465 mPa-s. As for “Fluid B”,
the Cheng parameters are: «,, =-4.567 GPa™', B, =959.02 K and y, =1940.72 GPa™' -K.
The reference temperature 7, is taken as -0.5 °C and thus the reference viscosity
i, =0.268 mPa-s. Note that, globally, “Fluid B” has a lower viscosity than “Fluid A”.

C.2 Density measurements

The density measurements for both fluids were carried out on a range of pressures and
temperatures varying from the ambient value to 1.25 GPa and 10 to 70°C respectively. The
data was fitted to appropriate mathematical expressions. Their corresponding behaviour is
shown in Figure C.2. The latter shows the compressibility curve of “Fluid A”, “Fluid B” and
the one for classical lubricants which often obey reasonably well the Dowson & Higginson
formula. It is clear that both ULVFs used here have a relatively different density variation
with respect to pressure compared to classical lubricants. In fact, “Fluid A” has a quasi-linear
pressure dependence and beyond = 300 MPa it has a much higher compressibility than
classical lubricants. On the other hand, “Fluid B” has an even higher compressibility with a
very high slope for the 0-100 MPa range. Beyond this range, it also has a quasi-linear pressure
dependence with a slightly smaller slope than “Fluid A”.
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Figure C.2: Compressibilty of “Fluid A” and “Fluid B” compared to classical lubricants

Finally, it is worth noting that (like most classical lubricants) both “Fluid A” and “Fluid
B” have a linear density dependence on temperature.
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Publications

The work presented in this document has lead so far to several journal papers and has been
presented in different conferences that are listed below in chronological order:

Journal papers:

W. Habchi, I. Demirci, D. Eyheramendy, G. Morales-Espejel and P. Vergne — A
Finite Element Approach of Thin Film Lubrication in Circular EHD Contacts. Tribol.
Int., 2007, vol. 40, pp. 1466-1473.

W. Habchi, D. Eyheramendy, P. Vergne and G. Morales-Espejel — A Full-System
Approach of the Elastohydrodynamic Line/Point Contact Problem. ASME J. Tribol.,
2008, vol. 130, 021501.

W. Habchi, D. Eyheramendy, S. Bair, P. Vergne and G. Morales-Espejel — Thermal
Elastohydrodynamic Lubrication of Point Contacts Using a Newtonian/Generalized
Newtonian Lubricant. Tribol. Lett., 2008, vol. 30 (1), pp. 41-52.

W. Habchi, D. Eyheramendy, P. Vergne and G. Morales-Espejel — Stabilized Fully-
Coupled Finite Elements for elastohydrodynamic Lubrication Problems. Submitted to
IJNME.

Conferences:

W. Habchi, I. Demirci, D. Eyheramendy, G. Morales-Espejel and P. Vergne — A
Finite Element Approach of Thin Film Lubrication in Circular EHD Contacts. Proc.
33" Leeds-Lyon Symp. Tribol., 2006, Leeds (UK).

W. Habchi, D. Eyheramendy, S. Bair, P. Vergne and G. Morales-Espejel — A Finite
Element Approach of the Fully Coupled Elastohydrodynamic Problem. Proc.
STLE/ASME IJTC, 2007, San Diego (USA).

W. Habchi, D. Eyheramendy, P. Vergne and G. Morales-Espejel — Stabilized Finite
Elements for Elastohydrodynamic Lubrication Problems. Proc. 6" Int. Conf.
Engnrng. Comp. Techn., 2008, Athens (Greece).

W. Habchi, D. Eyheramendy, P. Vergne and G. Morales-Espejel — Friction and Film
Thickness in Heavily Loaded Circular Contacts Operating Under Thermal
Elastohydrodynamic Regime. Proc. 35" Leeds-Lyon Symp. Tribol., 2008, Leeds
(UK).
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