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Abstract

Surface fatigue is currently the primary cause of bearing failures. This type of
fatigue can originate from surface roughness or the presence of contaminants on
the surface. Managing lubricant pollution, which leads to surface contamination, is
complex and costly, especially as pollution exists in new lubricants, is continuously
generated by lubricated systems, and is introduced during maintenance operations.
Consequently, lubricants regularly carry particles of various origins into contact
areas. When passing between surfaces, these particles are compressed, marking the
surfaces and creating defects that become preferred sites for fatigue initiation in
subsequent cycles. As surface indentation cannot be entirely prevented, a thorough
understanding of indentation and indentation fatigue mechanisms is essential to
ensure bearing reliability and reduce maintenance costs. To achieve this, our study
is divided into four main parts.

The first part involves the mechanical characterization of bearing materials such
as M50, 32CrMoV13, M50NiL, and M50NiLDH after undergoing thermochemical
treatments (quenching, carburizing, nitriding, carbonitriding) to enhance surface
properties. Nanoindentation tests provided microhardness measurements for differ-
ent steels, enabling the establishment of monotonic loading behavior laws. Identi-
fying material behavior laws was also carried out for cyclic loadings, revealing the
adaptive behavior of steels within bearing solicitation ranges, making the use of an
isotropic behavior law very close to observations. Consequently, among the studied
steels, M50NiLDH exhibits the highest surface hardness, followed by M50NiL, 32Cr-
MoV13, and M50. Numerical simulations of bearing loading showed that surface
properties adequately describe material behaviors for low-volume loads. However,
for high-level solicitations (>5 GPa), sub-layer properties become essential, indicat-
ing that M50 steel offers better resistance than the other three steels.

To identify sources of overpressures on bearing tracks, a numerical model incor-
porating free edge effects was developed within a semi-analytical contact resolution
tool. This model covers different configurations, including a quarter space with one
free edge, two free edges, a corner (eighth space), and four free edges (length-finite
space). As a result, free edges increase the amplitude of the maximum Hertz pres-
sure and cause a shift in the pressure field toward the infinite part of the space.
Compared to Hertz solutions, free edge effects can induce pressure errors of up to
20% in the case of a length-finite space. However, these effects completely vanish
and can be neglected at a distance of d/a≥ 4, where a represents the Hertz contact
radius.

The indentation process will be replicated in the third part using finite element
modeling. For this purpose, the CEL finite element model developed by Bonetto et
al. will be modified and adapted to simulate surface indentation. A comprehensive
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parametric analysis will be conducted to examine the influence of bearing opera-
tional parameters and the properties of the contacting materials on the indentation
process. In summary, key parameters significantly impacting the indentation profile
include size, nature, shape, orientation, and position of particles, residual stresses,
presence of sliding, existence of a critical sliding rate, and bearing material prop-
erties. Conversely, the friction coefficient and speed have a moderate effect, while
load has a moderately weak effect. To reduce calculation times and establish rela-
tionships between identified key parameters, analytical approximations have been
developed to describe the evolution of certain parameters, such as the pile-up height
or the dent diameter.

Surface fatigue primarily manifests as the emergence of microcracks localized on
the side opposite to the friction forces of indentation. This microcrack formation and
localization are analysed in the last part of this study. We employ a semi-analytical
contact calculation tool to rapidly conduct rolling indentation simulations while con-
sidering material plasticity and residual indentation stresses. This study highlights
the significance of shear effects in microcrack formation. The modified Dang Van
criterion, developed by Bonetto et al., is used to identify crack initiation zones and
accurately estimate critical planes. Concerning bearing fatigue, parameters influ-
encing their lifespan include the applied bearing load, sliding, and the height of
indentation bulges. Using developed analytical expressions, damage criteria have
been proposed based on the lower endurance limit proposed by Jacq et al. In sum-
mary, a dent is considered damaged when its average slope exceeds or equals 0.05.
The average bead height to reach this threshold is approximately 0.6 µm.

Keywords :
Nanoindentation,Hardening, Edge effect, Bearing, Residual stresses, Fatigue, En-

durance limit, CEL, Semi-analytical method, Rolling contact, Analytical
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La fatigue de surface est actuellement la principale cause de défaillances des roule-
ments. Ce type de fatigue peut se développer à partir de la rugosité des surfaces
ou de la présence de polluants en surface. La gestion de la pollution des lubrifiants,
est complexe et coûteuse, d’autant plus que la pollution est présente dans les huiles
neuves, générée en continu par les systèmes lubrifiés et s’introduit lors des opéra-
tions sur les moteurs. En conséquence, les huiles transportent donc régulièrement
des particules de sources diverses vers les zones de contact. Lorsqu’elles passent
entre les surfaces, ces particules sont comprimées et marquent les surfaces, créant
ainsi des défauts qui deviennent des sites privilégiés pour l’initiation de la fatigue
lors des cycles suivants. Puisque l’indentation des surfaces ne peut être évitée, une
compréhension précise des mécanismes d’indentation et de fatigue d’indentation est
nécessaire pour garantir la fiabilité des roulements et réduire les coûts de mainte-
nance. Pour ce faire, notre étude a été divisée en quatre grandes parties.

La première partie concerne la caractérisation mécanique de matériaux de roule-
ment tels que les aciers M50, le 32CrMoV13, M50NiL et M50NiLDH, ayant subi des
traitements thermochimiques (trempe, cémentation, nitruration, carbonitruration)
pour améliorer leurs propriétés de surface. Des essais de nanoindentation ont fourni
des mesures de microdureté pour différents aciers, permettant d’établir des lois de
comportement en charge monotone. L’identification des lois de comportement des
matériaux a également été effectuée pour les chargements cycliques, révélant un com-
portement adaptatif des aciers dans les gammes de sollicitations des roulements, ce
qui rend l’utilisation d’une loi de comportement isotrope très proche de l’observation.
Il en ressort donc que parmi les aciers étudiés le M50NiLDH présente la meilleure
dureté en surface, suivi du M50NiL, du 32CrMoV13 et du M50. Les simulations
numériques de chargement des roulements ont montré que pour des charges sollic-
itant de faibles volumes, les propriétés de surface sont adéquates pour décrire les
comportements des matériaux. Cependant, pour des niveaux de sollicitation élevés
(>5 GPa), les propriétés en sous-couche deviennent essentielles, indiquant que l’acier
M50 offre une meilleure résistance que les trois autres aciers.

Dans le but d’identifier les sources de surpressions sur les pistes de roulement,
un modèle numérique intégrant les effets de bords libres a été développé dans un
outil semi-analytique de résolution de contact. Ce modèle couvre différentes con-
figurations, comme un quart de massif avec un bord libre, deux bords libres et un
coin (un huitième de massif), ainsi que quatre bords libres (massif de dimensions
finies). Il en résulte que les bords libres augmentent l’amplitude de la pression max-
imale de Hertz et provoquent un décalage du champ de pression vers la partie la
plus infinie du massif. Face aux solutions de Hertz, les effets de bords libres peu-
vent induire des erreurs de pression allant jusqu’à 20% dans le cas d’un massif de
dimensions finies. Toutefois, ces effets disparaissent complètement et peuvent être
négligés à partir d’une distance d/a> 4, où a représente le rayon de contact de Hertz.
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Dans la troisième partie, le processus d’indentation sera également reproduit par
le biais d’une modélisation par éléments finis. Pour cela, le modèle éléments finis
CEL développé par Bonetto et al. sera modifié et adapté pour simuler l’indentation
en surface. Une analyse paramétrique exhaustive sera menée pour examiner l’influence
des paramètres opérationnels du roulement ainsi que des propriétés des matériaux
en contact sur le processus d’indentation. En résumé, la taille, la nature, la forme,
l’orientation et la position des particules, les contraintes résiduelles, la présence de
glissement, l’existence d’un taux de glissement critique et les propriétés des matéri-
aux constituent les parametres clés ayant un impact significatif sur le profil de
l’indentation. En revanche, le coefficient de frottement et la vitesse ont un effet
modéré, tandis que la charge présente un effet moyennement faible. Afin de réduire
les temps de calcul et d’établir des relations entre les paramètres clés identifiés, des
approximations analytiques ont été développées, permettant de décrire l’évolution
de certains paramètres tels que la hauteur du bourrelet ou le diamètre de l’indent.

La fatigue des surfaces indentées se manifeste principalement par l’émergence de
microfissures localisées sur le côté opposé aux forces de frottement de l’indentation.
Cette formation de microfissures et leur emplacement font l’objet de la dernière
partie de notre étude. Nous employons un outil de calcul de contact semi-analytique
pour effectuer rapidement des simulations de roulement sur indent en prenant en
compte la plasticité des matériaux et les contraintes résiduelles d’indentation. Cette
étude met en évidence l’importance des effets de cisaillement dans la formation des
microfissures. Le critère de Dang van modifié, realisé par Bonetto, est utilisé pour
localiser les zones d’amorçage des fissures et estimer précisément les plans critiques.
En ce qui concerne la fatigue des roulements, les paramètres ayant un impact sur
leur durée de vie sont la charge appliquée au roulement, le glissement et la hauteur
des bourrelets d’indentation. A l’aide d’expressions analytiques développées, des
critères d’endommagement ont été suggérés en se basant sur la limite d’endurance
inférieure proposée par Jacq et al. En résumé, un indent est considéré comme
endommageant lorsque sa pente moyenne est supérieure ou égale à 0,05. La taille
moyenne du bourrelet pour atteindre ce seuil est d’environ 0,6 µm.

Mots-clés: Nanoindentation, Ecrouissage, Effet de bords, Roulement, Con-
traintes résiduelles, Fatigue, Limite d’endurance, CEL, Méthode semi-analytique,
Contact roulant, Analytique
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Nomenclature

Latin Letters

[B,C,n] Swift isotropic constitutive law parameters

[C,γ,Qinf , b] Chaboche combined constitutive law parameters

δ Rigid normal body displacement

µ Friction coefficient

ϕ0,ϕp Reference size, particle size

ϕdent Dent diameter

ψi Corrective factors, i= 1,2

σ0 Yield strength

σi(x,y) Component i= 1,2,3 of stress tensor

σxeq(x,y) Corrected tensile stress σxx(x,y)

˜ Fourier transform

a Elastic contact radius

Ac Contact area

b0, b Reference contact half width, contact half width

d/a Normalize distance from the free edge of the quarter space

dx/a Normalize distance from the free edge of the finite lenght space respect to x
axis

dy/a Normalize distance from the free edge of the finite lenght space resspect to y
axis

E∗ Equivalent modulus

25

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Nomenclature

E1,E2,E3 modulus of contact materials 1,2,3

F (p) Minimization founction in CGM algorithm

g(x,y) Surface separation at time t

H,HV Micro-hardness

h0(x,y) initial bodies separation

H1 Endurance limit of indented contact

hd Dent’s height

hmin represents the minimum oil film thickness

Km,Ks Stiffness of machine and sample

Lx/a Normalize lenght of the finite lenght space respect to x axis

Ly/a Normalize lenght of the finite lenght space respect to y axis

mu Friction coefficient

N Discretization number

P ,FN Normal Applied load

p(x,y) Contact pressure field

P0 Hertz pressure of the homogeneous half-space

Pmoy Mean pressure

R Sphere radius

Ra,Rms represent the arithmetic and root mean square roughness values

Rd radius of the dent

sm, s mean slope and slope of the pile-up

SRR Slide-to-roll ratio

U,v velocity of rolling contact elements

ui(x,y) Component i= 1,2,3 of displacement vector
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General introduction

0.1 Bearings in aircraft engines: Presentation

In the aeronautics sector, Safran is taking a proactive approach to meet the climate
challenge and contribute to the transition to carbon-neutral aviation by 2050. As
a significant supplier of aeronautical equipment, Safran is committed to reducing
emissions of CO2 linked to its manufacturing processes and throughout its value
chain. Optimizing the efficiency of bearings is one of the critical ways Safran works
to reduce emissions. Bearings are crucial components in various applications, in-
cluding engines, landing gear, air conditioning systems and others. By optimizing
the design and performance of bearings, Safran can reduce friction and improve en-
ergy efficiency, thereby reducing emissions.
The aircraft engine (see cut view in Fig.1) is a critical component that continually
undergoes improvements to address concerns such as fuel consumption, pollution,
noise, and weight while enhancing reliability and performance. Among the key el-
ements that can be optimized to achieve these objectives are the bearings. The
fascinating history of rolling systems and their integral role in modern machinery
is captivating to explore. In ancient Egypt, the innovative use of wooden logs to
transport heavy objects showcased human ingenuity and adaptability. A signifi-
cant advancement came with Leonardo da Vinci’s discovery of combining a wheel
with the log system to create the ball bearing, revolutionizing the efficiency and
performance of various machines.

At the core of a bearing are the inner (3) and outer rings (4), which form the
primary structural elements. The inner ring is equipped with a raceway (5), while
the outer ring complements it. Between these rings, rolling elements (1) such as
balls, rollers, or needles are incorporated to establish a low-friction interface as
shown in Fig.2. This allows smooth movement between the rings. To ensure the
rolling elements remain evenly spaced and prevent collisions during operation, metal
or plastic cages(2) are used.

As a result of these design elements, the rolling elements can effortlessly travel
along the tracks on the inner and outer rings, enabling seamless and efficient rotation.
This has significantly transformed the way heavy loads are moved and facilitated the
creation of larger and more intricate structures and machinery. The development
of rolling systems and bearings has played a vital role in advancing technology and

28

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Bearings in aircraft engines: Presentation

expanding the possibilities of various industries.

Bearings are crucial in various industrial and mechanical applications by min-
imizing friction and enabling smooth and consistent rotation between two moving
parts. The presence of rolling bodies, such as balls, rollers, or needles, helps reduce
friction against a stationary surface, resulting in a more efficient transfer of loads.

The cage, also known as the separator, has the important function of maintaining
a uniform distribution of the rolling bodies and preventing contact between them.
This ensures optimal performance and longevity of the bearing. The inner and outer
rings serve as the surfaces on which the rolling elements roll, enabling the desired
rotational motion.

Bearings can be categorized based on their geometry, load-bearing capacity, ro-
tational speed, precision, and other factors. Common examples of bearing types
include ball bearings, tapered roller bearings, cylindrical roller bearings, and needle
roller bearings. Each type is designed to meet specific application requirements.

When selecting a bearing for a particular application, it is crucial to consider
factors such as load requirements, rotational speed, accuracy, expected lifespan,
and maintenance needs. Proper bearing selection and installation are essential to
prevent issues like premature system failure, excessive wear, or reduced performance.
Careful consideration of these factors ensures optimal functioning and reliability of
the bearing within the intended system.

#1 #2

#3 #4

#5

Figure 1: SAE LEAP engine presentation.

When considering the aircraft engine as illustrated in the Fig.1, five main bear-
ings can be identified:

0.1.1 The rolling bearing 1
Located in front of the engine, bearing 1 is the largest of the five bearings and is
designed to support the low-pressure shaft, whose inner ring rotates at the speed
of the low-pressure shaft. This roller bearing is designed to withstand radial loads
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General introduction

Figure 2: Ball bearing elements presentation

resulting from residual unbalance stress and engine thrust. Given the size and
location of this bearing, it must be able to withstand significant loads and stresses
while maintaining high levels of reliability and safety.

0.1.2 The rolling bearings 2

Bearings 2 are ball bearing. It is linked to the rotating low-pressure shaft by its inner
ring. Bearing 2 is located at the front of the engine and is designed to support the
low-pressure compressor rotor while bearing 5 is located at the rear of the engine and
is designed to support the low-pressure turbine rotor. This bearings can withstand
high axial loads resulting from the weight and rotational speed of the rotors. It is
also designed to reduce friction and energy loss to improve the engine’s efficiency.
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Motivations and objectives

0.1.3 The rolling bearing 3
A duplex bearing combines two or more types of bearings, typically a ball bearing
and a roller bearing. In the case of rolling bearing 3, a duplex bearing supports
the high-pressure shaft with a pair of twin bearings. This means that two bearings
are mounted on the same shaft and designed to work together to increase load
capacity and reliability. The ball bearing part of the duplex bearing is used to
support the axial load, while the roller bearing part is used to support the radial
load. This configuration allows for high load capacity and increased stiffness while
maintaining a compact design. Duplex bearings are common in high-speed and
high-load applications, such as aeronautics, where reliability and performance are
critical.

0.1.4 The rolling bearing 4 and 5
Located towards the rear of the engine, bearing 4 is an intershaft roller bearing
with the particularity of having two movable rings. Depending on the application,
the rings can be co-rotating or counter-rotating. In the case of the CFM56 and
Leap engines, the bearing rings are co-rotating, which means that they rotate in
the same direction but at different speeds. The inner ring rotates at the speed of
the low-pressure shaft, while the outer ring rotates at the speed of the high-pressure
shaft. This configuration allows the bearing to support the radial loads generated
by the high-pressure turbine while accommodating the differential rotational speeds
between the low and high-pressure shafts. In addition, using roller bearings in this
application allows for high load capacity and increased stiffness, which are essential
for ensuring the reliability and safety of the engine. While bearing 5 is also located
at the rear of the engine and is a roller bearing designed to support the low-pressure
turbine rotor. These bearings can withstand high radial loads and rotational speed
of the rotors. They allow to link stator part of the engine to the rotor parts.

0.2 Motivations and objectives
Bearing fatigue is the most critical source of bearing damage, and it typically occurs
after a long process of wear and degradation of the elements. However, overload or
poor assembly can also lead to premature bearing failure. The wear that results from
the loading cycles can be caused by several factors, such as dry metal-metal contact,
roughness on the surface of the bearings, and debris that can mark the tracks.
While some of these causes can be mitigated through improvements in lubrication
and material science, debris-induced wear remains a challenging problem to address.

Despite the improvements in lubrication techniques and bearing materials, the
presence of debris in the bearing remains a primary source of damage. Crushing
debris particles in the bearing contact can cause significant damage to the bearing
elements and reduce their lifespan. Therefore, it is essential to monitor and control
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the presence of debris in the bearing system to minimize the risk of damage. To
better understand and prevent bearing damage caused by particle entrapment and
crushing, it is important to study how particles become trapped and crushed within
the bearing contact area and the resulting surface damage. This can involve analyz-
ing the type and size of particles, the loading conditions, the geometry and material
properties of the bearing and its components, and the lubrication and environmental
conditions. By gaining a deeper understanding of these factors, engineers can work
to develop better lubrication and maintenance strategies, as well as more advanced
bearing designs and materials that are less susceptible to particle-induced damage.

0.3 Bearing damage
Bearing damage can occur for various reasons, such as wear, corrosion, overheating,
contamination, improper lubrication, misalignment, overload, fatigue, etc. Some
common types of bearing damage are:

0.3.0.1 Corrosion

Corrosion is the gradual deterioration of the bearing surface due to chemical reac-
tions between the surface and the environment. It can be caused by moisture, acid,
or other corrosive substances. The corrosion of a bearing manifests itself by pitting
on the surface of the rolling elements or rings or on all the surfaces of the bearing.

0.3.0.2 Overheating

Overheating can cause the bearing to expand, resulting in loss of clearance and,
eventually, bearing failure. It can be caused by excessive friction due to lack of
lubrication, improper lubricant viscosity, or high operating temperatures.

0.3.0.3 Fatigue

Fatigue failure occurs due to repeated loading and unloading of the bearing. Cyclic
stresses, improper bearing design, or overloading can cause it.

0.3.0.4 Contamination

Contamination occurs when foreign particles enter the bearing and damage the
bearing surface. It can be caused by dust, dirt, water, or other contaminants.

0.3.0.5 Misalignment

Misalignment can cause excessive stress on the bearing and result in premature
failure. It can be caused by improper installation, mounting, or shaft alignment.
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0.3.0.6 Wear

Wear occurs due to the gradual material loss from the bearing surface. It can be
caused by metal-to-metal contact, lack of lubrication, or abrasive particles in the
lubricant.

0.4 Industrial issue
The presence of debris, such as dirt, metal chips, carbides, or other foreign parti-
cles, within a bearing, can introduce additional stresses on its surface, increasing
the risk of rolling contact fatigue. This can lead to accelerated wear and damage.
Furthermore, as the debris moves around within the bearing, it can create local-
ized stress concentrations, further compromising the bearing’s integrity. To prevent
rolling contact fatigue in the presence of debris, it is firstly crucial to employ appro-
priate lubrication and sealing techniques. Adequate lubrication forms a protective
film that reduces friction and wear between the rolling elements and the bearing
surfaces. It also helps to flush out debris and contaminants, minimizing their detri-
mental effects. Effective sealing mechanisms play a vital role in preventing the entry
of foreign particles into the bearing, thereby reducing the potential damage caused
by debris.

Surface damage in bearings primarily occurs due to defects and debris that pass
through the contact between the rolling elements and the rings. These factors exac-
erbate surface deterioration. This issue is complex and involves several parameters
that are crucial to understand. Some of these parameters include:

1. Material properties optimization:
Understanding the material properties of the rolling elements and optimiz-
ing them is essential. Factors such as hardness, fatigue resistance, and wear
characteristics play a significant role in determining the bearing’s ability to
withstand damage.

2. Material behavior under repeated loading:
When the rolling elements repeatedly pass through the contact area, plastic
deformation can occur in the bearing material. Understanding the material’s
behavior under such conditions is crucial for predicting and mitigating surface
damage.

3. Free edge and contact zone truncation problems:
Problems related to edge effects and the truncation of the contact zone can
arise when the rolling elements exceed the track. These effects can impact the
distribution of stresses and increase the likelihood of surface damage.
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4. Particle crushing process:
Understanding the particle crushing process is important to put in place solu-
tions to avoid it. Identifying the key parameters that govern this process can
help design strategies to minimize particle-induced damage.

By comprehending these parameters and their interactions, engineers can gain
insights into the complex mechanisms involved in bearing surface damage and im-
proved bearing reliability and durability.
This why this study is carried out in collaboration with Safran Aircraft Engine
(SAE) bearing team (IHENR). Consequently, the structure of this thesis study is:

1. In chapter one, we summarized the knowledge already acquired on the subject
in order to define a new direction for the study.

2. Chapter two presents the characterization of bearing steels M50, 32CrMoV13,
M50NiL and M50NiLDH which undergo thermo-chemical or heat treatments.
Nanoindentation tests and reverse analysis techniques are employed for this
characterization.

3. In the chapter three, material hardening analyses are conducted to identify first
the material responses under cyclic indentation loading and the parameters for
the material’s elastic-plastic constitutive law.

4. Chapter four is focused in the analytical and numerical developpment to sim-
ulate the quarter space and the two-joined spaces problems.

5. Building upon the previous chapter, chapter five extends the analytical and
numerical developpement on the quarter space problem to the case of the
Eighth space and the finite space model.

6. A finite element modeling is used in this chapter six to simulate the par-
ticle crushing process within the contact. Key parameters influencing the
dent profile are identified, and analytical approximations are developed to
quickly calculate these parameters. These approximations are then used in
a Monte-Carlo analysis to determine the distribution of dent diameter and
pile-up height based on collected data.

7. This chapter seven focuses on the passage of rolling elements over dents and
determines the critical pile-up based on the time-life model.
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Chapter 1

Bibliography

In this chapter, a comprehensive overview of the study is presented, including a
review of the current state of the art in the field. The chapter begins by providing a
brief reminder of the various damage modes that can occur in bearings, highlighting
the significance of surface damage mechanisms in rolling fatigue with indentation.
Next, the chapter delves into an exploration of different contact fatigue life models.
It discusses the existing physical models and their limitations in accurately predicting
the life of indented contacts. The focus is on identifying the gaps in the literature
and highlighting the need for a more robust and reliable lifetime model for indented
contacts. Furthermore, the chapter outlines the resolution plan for the study.
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The bearings

1.1 The bearings

Aeronautical bearings are crucial components used in aircraft and aerospace appli-
cations, specifically designed to deliver precise and dependable performance under
challenging conditions. These bearings are engineered to withstand high loads, ex-
treme temperatures, high speeds, and vibrations commonly encountered in aviation.
They are constructed using high-strength materials like steel, titanium, or ceramic,
and their manufacturing processes involve strict adherence to precise tolerances to
ensure accurate alignment and seamless operation. Aeronautical bearings (Fig.1.1)
find extensive utilization in critical aircraft and aerospace systems, including engines,
landing gears, and others.

Figure 1.1: Ball bearing

The friction coefficient plays a crucial role in the performance and efficiency of
aircraft bearings during operation. Its impact on the system is significant. A low
friction coefficient is highly advantageous as it minimizes energy losses caused by
friction, leading to improved overall bearing efficiency. Moreover, a low friction
coefficient helps in reducing heat generation during operation, which can prolong
the bearing’s lifespan and minimize wear.

However, maintaining a balanced friction coefficient is essential. Excessive slip
between the rolling elements and the raceway may occur if the friction coefficient
is too low. This excessive slip can result in bearing damage and a decrease in its
lifespan. Therefore, the friction coefficient should not be excessively low.

Determining the ideal friction coefficient involves considering various factors,
including the load on the bearing components, operating speed, lubrication condi-
tions, and material properties. Each bearing application has unique requirements
and operational characteristics. Hence, analysis is necessary to determine the opti-
mal friction coefficient for a specific bearing application.
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1.2 Bearing lubrication
Bearing lubrication is critical to bearing design and maintenance, particularly in
high-speed and high-load applications such as those in the aeronautic industry. Lu-
brication reduces friction and wear between the bearing surfaces, dissipates heat,
and protects the bearing from corrosion and other forms of damage. Several types
of lubrication are used in bearings, including hydrodynamic, boundary, and mixed
lubrication. There are four distinct lubrication regimes identified in bearing opera-
tion:

1. Elastohydrodynamic regime:
In this regime, the load is transmitted through the lubricant film, and the
contact between surfaces is smooth. Asperities may exist on the surface, but
their height is so small that the overpressures they generate are negligible.

2. Micro-elastohydrodynamic regime:
The load is still transmitted through the lubricant film, but the micro-geometry
of the surfaces causes significant overstresses. This regime occurs when the
asperities on the surface have a noticeable impact on the load distribution.

3. Mixed lubrication regime:
In this regime, the lubricant film is incomplete, and direct contact between
asperities may occur. The load is shared between the lubricant film and the
direct contact between surfaces.

4. Limit lubrication regime:
This regime occurs when the lubricant film thickness is very low, and the
load is primarily transmitted through direct contact between asperities. The
lubricant film is insufficient to fully separate the surfaces.

The (EHD) lubrication regime relates to the contact between the rings/cage and
the rolling element/cage in bearings. In the EHD regime, when the rolling elements
make contact with the rings, elastic deformations occur at the contact points. The
severity parameter, denoted as Λ = hmin

Rms
, is a useful indicator for determining the

lubrication regime. It represents the ratio between the minimum height of the elas-
tohydrodynamic film in smooth contact and the quadratic average of the heights of
the surface roughness. The transition from the elastohydrodynamic regime to the
micro-elastohydrodynamic regime typically occurs when Λ is approximately equal
to 1.

The elastohydrodynamic contact in bearings can be divided into three distinct
zones:

1. Contact entry zone: This zone is characterized by hydrodynamic lubrication,
where the contact pressure increases as the contact elements converge. As the
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rolling element enters in contact with the ring, it displaces the lubricant and
creates a pressurized area.

2. High-pressure zone: The contact experiences intense pressure in this zone,
causing the lubricant to undergo temporary vitreousness. The surfaces in
contact undergo elastic deformation due to the high load. This zone is where
the lubricant’s maximum pressure and significant elastic deformations occur.

3. Outlet zone: As the rolling element exits the contact, the lubricant is pushed
out due to the divergence formed by the contact elements. This results in a
decrease in oil film thickness at the outlet contact due to the conservation of
flow. The lubricant is ejected from the contact in this zone.

The prediction of lubricant thickness in contacts has been a subject of study
since the late 1930s to early 1940s. Researchers such as Ertel (ERT 39) and Grubin
(GRU 49) used theories such as Hertz’s theory for elastic deformation, the Reynolds
equation for fluid flow, and Barus’ law to describe the piezo viscosity of lubricants.
They proposed analytical solutions, albeit approximate, for line contacts such as
cylinder/plane contacts. In the 1960s, Higginson and Dowson (DOW 66) introduced
the first numerical solutions for elastohydrodynamic problems in cylinder/plane con-
tacts. Later, in the mid-1970s, Hamrock and Dowson (HAM 76; HAM 77) proposed
numerical solutions for ellipsoid/plane contacts. These works enable the determina-
tion of lubricant thickness in contacts, which typically ranges from a few nanometers
to one micron.

1.3 Lubricant pollution
Motor shaft line bearings, commonly used in industrial machinery, are susceptible
to contamination from various sources, including external pollutants, wear parti-
cles, and lubricant contaminants. These contaminants can deteriorate the lubrica-
tion conditions, ultimately impacting the machinery’s performance and reliability.
External contamination can originate from dust, dirt, moisture, or environmental
chemicals. Wear particles are generated by the rubbing surfaces of the machinery
components. Additionally, the lubricant can undergo chemical or thermal break-
down, resulting in the formation of acidic compounds, sludge, varnish, and other
contaminants. The type and source of contamination determine the nature of pol-
lutants. Solid contaminants, like dirt and wear particles, can cause surface abrasive
wear. Liquid contaminants, such as water and acids, contribute to the corrosion and
chemical degradation of the lubricant and surfaces. The form of pollutants also af-
fects the severity of degradation. Large particles can cause localized surface damage,
while fine particles can infiltrate the lubricant film, increasing friction, and wear.
Dissolved contaminants can alter viscosity, reduce film strength, and elevated op-
erating temperatures, affecting lubrication properties. To mitigate the detrimental
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effects of pollution on lubricants, it is crucial to monitor and control potential sources
of contamination. Implementing appropriate filtration and maintenance practices
helps reduce the accumulation of pollutants in the lubricant.

Lubricants used in industrial machinery can be subject to various sources of
pollutants, including both external and internal contaminants. External contami-
nants encompass substances like dirt, dust, water, and other debris present in the
surrounding environment. On the other hand, internal contaminants can arise from
wear debris generated within the machinery, fuel, and coolant dilution and the for-
mation of oxidation products over time. These contaminants can be solid particles,
liquid compounds, or even gaseous substances. The nature and form of contam-
inants in lubricants can have diverse characteristics. Contaminants may exist in
the lubricant as dissolved components or as suspended particles, and they can also
accumulate as solid deposits on the surfaces that come into contact with the lubri-
cant. The impact of contamination on lubrication conditions can vary significantly.
Contaminants can generally lead to detrimental effects such as increased friction,
wear, and energy dissipation. These factors can result in reduced efficiency and a
shorter lifespan for the bearings.

The presence of debris in bearing lubrication can significantly impact the ex-
tremely thin lubricant film in the contact zones, typically on the order of a micron.
The passage of debris can be particularly detrimental, depending on the character-
istics of the debris itself, such as its geometry and mechanical properties.

There are multiple sources of particles in bearing lubrication. These particles can
already be present in new oil, introduced during maintenance activities, or due to the
wear of components between the oil reservoir and the lubricated contact. Figure.1.2
provides an overview of these different types of debris and categorizes them based on
their geometries. The study will mainly focus on spherical particles, pieces, or pallets
from the oil reservoir, tearing in the lubrication lines, or wear particles generated
in the contact. For the sake of simplification in the digital models used in this
study, we will consider these particles as spherical, neglecting their asymmetrical
characteristics. These particles will become trapped in the contact and can leave
marks, known as dents, on the surfaces of the bearing balls and/or rings.

Surface defects, such as dents and scratches, can act as stress amplifiers in bear-
ing contact. As rolling elements pass over the raised edges created by these defects,
it generates localized overpressure peaks. The magnitude of this overpressure is sig-
nificantly influenced by the geometry of the dents formed by trapped particles in the
contact. Indeed, completely eliminating all particles suspended in the lubricant is
impractical and inefficient. The presence of small particles in suspension contributes
to the lubricant’s viscosity, which is essential for its proper functioning. Attempting
to remove all particles through filtration would not only be expensive and danger-
ous (due to frequent filter clogging) but also compromise the lubricant’s viscosity.
Instead, it is necessary for the rolling materials, such as the bearings, to have the
ability to withstand a certain level of pollution. Thermochemical treatments are
commonly employed to enhance the material’s resistance to the detrimental effects

40

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Bearing damage

of contamination. Therefore, bearings are inevitably exposed to this debris-laden
environment and susceptible to its damaging effects. Consequently, it is crucial to
study and understand the mechanisms of damage caused by these particles to assess
the bearing’s lifespan accurately.

Figure 1.2: Different types of debris in bearing lubricant.

1.4 Bearing damage
Damage modes in bearings can be classified according to where the damage initiation
occurs. Surface-initiated damage modes occur on the material’s surface, including
wear, dents, microcracks, and spalling. Friction, abrasive particles, or localized
high stresses typically cause these damages. Surface wear can result from sliding
contact between rolling elements and raceways, leading to material loss and surface
roughness. Dents can be caused by debris passage into the contact between rolling
elements and rings which can induce an excessive stress concentration. Spalling
refers to the detachment of matter from the surface, which can occur as a result of
fatigue, overstress, dent, and others.

On the other hand, sub-surface-initiated damage modes occur below the mate-
rial’s surface. A common sub-surface damage mode in bearings is rolling contact
fatigue (RCF), which develops in the subsurface regions of bearing components due
to repeated cyclic loading. RCF can lead to spalling, cracking, or pitting.

1.4.1 Sub-surface-iniated damage
When a material is subjected to cyclic loading, microcracks can initiate and propa-
gate from subsurface defects, such as inclusions. These defects act as stress concen-
trators, causing localized stress concentrations that promote crack initiation. As the
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cyclic loading continues, the cracks propagate, creating a distinct microstructural
pattern called a fatigue butterfly as illustrated in Fig.1.3. Slip bands and regions of
localized plastic deformation around the crack vicinity characterize this pattern.

The formation of slip bands and plastic deformation around the crack tip is a
result of the repeated passage of load in the vicinity of subsurface defects. This
plastic deformation is accommodated by the movement of dislocations, which are
line defects in the crystal lattice. Some dislocations may become blocked or hindered
during their reciprocating movement, leading to their gradual accumulation and the
creation of microcracks. These microcracks are typically oriented at an angle of
approximately 45◦ with respect to the surface. Under favorable conditions, such
as continued cyclic loading, these microcracks can propagate and reach the surface,
resulting in spalling and ultimately leading to the failure of the material.

Figure 1.3: Fatigue butterfly in 100Cr6 around an alumina inclusion (SAN 93)

The damage initiated in the sub-layer has led to the development of two types
of models: phenomenological models and physical models. Phenomenological mod-
els, such as the Weibull and Lundberg, and Palmgren models, were established in
the mid-20th century. These models determine the probability of specimen sur-
vival based on the number of loading cycles, the maximum stress level, and a crit-
ical volume. The main difference between the Weibull model and the Lundberg
and Palmgren model is adapting the Weibull model to consider a field associated
with a volume at risk. Phenomenological models effectively describe the disper-
sion of fatigue life but do not provide a detailed understanding of the mechanisms
involved in damage formation. To incorporate the mechanisms of damage forma-
tion, physical models have been developed. This is the case of the Lamcos and
Mateis laboratories of INSA Lyon, which have conducted studies on physical mod-
els (JAC 01; TON 12b; AMU 16a). The work of Tanaka (TAN 81) served as a basis
for developing criteria that have been further refined and utilized in numerous stud-
ies (LAM 96; STI 09). This criterion enables an accurate description of damage
initiated at micro-heterogeneities within materials. However, with the continuous
improvement of inclusion cleanliness in steels, damage initiated in the sub-layer

42

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Bearing damage

has become less frequent. As a result, the focus has shifted toward surface-related
damage, which has become the primary source of bearing damage.

1.4.2 Surface damage
When examining surface damage in bearings, it can be categorized into two main
types: damage caused by the presence of roughness and damage resulting from the
creation of dents on the surface.

1.4.2.1 Damage initiated by roughness

The raceway surface of a rolling element bearing is crucial for its performance and
durability. It serves as the contact surface on which the rolling elements (balls
or rollers) move. The quality of the raceway surface plays a significant role in
determining the bearing’s performance. It should be smooth and free of defects to
prevent premature wear and failure.

However, when the raceway surface is degraded, such as having significant rough-
ness, it can lead to the generation of overpressures and the initiation of cracks on the
surface. The level of roughness and the applied load can result in different modes
of crack initiation. There can be cracks initiated in the subsurface layer, cracks
initiated near the surface roughness, or a combination of both.

To quantify the severity of the surface condition, the lambda ratio (λ) is used
as a parameter. The lambda ratio is defined as the ratio of the minimum oil film
thickness to the composite surface roughness, which includes the roughness of the
raceway and the rolling elements. It is calculated using the formula:

λ= hmin

Rms
(1.1)

Here, hmin represents the minimum oil film thickness, Ra and Rms represent the
arithmetic and root mean square roughness values, respectively. A higher lambda
ratio indicates a smoother surface and better lubrication conditions, while a lower
ratio suggests a rougher surface and a higher risk of metal-to-metal contact and
surface-initiated damage.

Bearings are typically finished using grinding and superfinishing processes to
achieve a smooth surface, minimizing the risk of overstressing due to roughness and
promoting elastohydrodynamic lubrication. However, damage can still occur due
to surface degradation caused by particles trapped in the contact area, resulting
in indentations and excessive stress. This has become a primary source of bearing
damage in modern applications.

1.4.2.2 Damage initiated by dents

Dents on the surface of bearings are characterized by their diameter, depth, and,
most importantly, the height of the material displaced around the dent, known as

43

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



1. Bibliography

the pile-up height. The pile-up height can be significantly higher than the depth of
the dent itself.

The pile-up height of an dent plays a critical role in determining the level of
contact between the metal surfaces, even when lubrication is present. The higher
the pile-up height, the greater the likelihood of metal-to-metal contact, which can
lead to local overstresses and, ultimately, fatigue damage as presented in Fig.1.4.
Therefore, it is crucial to control the size and shape of dents to prevent surface-
initiated damage in bearing applications.

Figure 1.4: Spalling and micro-pitting at the edge of the dent in rolling-sliding
condition (ROB 16).

A study conducted by Jacq et al. (JAC 03) under pure rolling conditions revealed
that damage initiation due to dents occurs on both sides of the dent. However, there
is a preference for damage initiation downstream of the dent with the rolling direc-
tion as illustrated in Fig.1.5. This preference is likely due to the accumulation of
stresses and deformation in the material in the downstream direction, leading to
a higher likelihood of damage initiation at that location. Additionally, the asym-
metrical distribution of stresses and strains around the dent results in higher stress
concentrations downstream.

The studies conducted by Tonicello (TON 12a), Robitaille (ROB 16) and Bonetto
et al. (BON 20) allowed the application of fatigue criteria, which proved effective in
localizing and predicting the orientation of cracks. Their research emphasized the
significance of three parameters that reduce the service life of bearings: load, slip
(sliding motion between contacting surfaces), and the height of the pile-up.

The presence of residual stresses resulting from thermo-chemical treatment, resid-
ual stresses caused by indentation, and the shape of the dent (including pile-up),
as well as residual stresses generated during manufacturing processes (such as rec-
tification, etc.), all play a critical role in causing damage. Therefore, based on
these findings, it is imperative to enhance our understanding of this damage and
accurately identify the key parameters that contribute to its occurrence.

44

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



The steel bearing

Figure 1.5: Sites of initiation of the damage in pure rolling or in presence of friction
force.

1.5 The steel bearing
The traditional steel bearing is the most widely used bearing type in various appli-
cations, ranging from household appliances to heavy-duty industrial machines. It
consists of an inner and outer race, rolling elements (balls or rollers), and a cage
or retainer that keeps the rolling elements evenly spaced. Steel bearings are made
from high-quality steel alloys with excellent mechanical properties, including high
hardness, toughness, and wear resistance. These properties make them capable of
carrying high loads and operating under harsh conditions, such as high tempera-
tures, high speeds, and contaminated environments.

1.6 The ceramic hybrid bearing
Ceramic balls made of silicon nitride offer several advantages over traditional steel
balls. Their higher stiffness and lower density result in lower deformation under
load and lower centrifugal forces at high speeds, reducing the risk of ball skidding.
The higher hardness and fracture toughness of silicon nitride also makes it more
resistant to damage from surface defects and debris in the lubricant. However, ce-
ramic bearings can be more brittle and have a higher risk of fracture under impact
loads. The use of ceramics in hybrid bearings aims to combine the advantages of
both materials and minimize their disadvantages.

Regarding contact fatigue, the hardness and Young’s modulus of silicon nitride
make it less susceptible to deformation from particle entrapment, leading to propor-
tionally deeper dents with larger beads. However, implementing a ceramic rolling
element among steel rolling elements can have a "smoothing effect" due to the strong
plastic deformations of the pile-up generated by the ceramic rolling element, as ob-
served in studies by Wan et al.(WAN 97) and Wang et al (WAN 07).

The addition of ceramics can positively impact the number of chipping cycles
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and reduce the height of the pile-up, leading to a reduction in local overpressures.
Including ceramics appears to increase the number of fatigue cycles in the vicinity
of dents.

Another effect associated with the high Young’s modulus of ceramics is an in-
crease in the contact pressure under iso-force conditions. The contact area is reduced
due to the minimized deformation of the rolling elements.

1.7 Endurance limit of indented contacts

1.7.1 Concept of lower bound of the endurance limit (H1)
The concept is based on the ability of dislocations to accommodate localized plastic
deformation. When the applied load exceeds the micro-elastic limit, dislocations
are expected to move and accumulate before causing damage. Thus, the maximum
stress denoted as H1, represents the highest stress that keeps the material within
the elastic range at any point. The absence of dislocation emission ensures infinite
durability and serves as a lower bound for the endurance limit. H1 corresponds to
the maximum Hertz pressure in the case of smooth contact without any localized
plasticization.

In the presence of inclusions within the material, overstresses occur in the case
of smooth contact. These overstress depend on the mechanical properties of the
inclusions, as well as their geometry and position relative to the contact area. An
H1 value needs to be determined for each type of inclusion, along with identifying
the most detrimental position near the maximum shear rate depth.

In the case of an indented contact, similar to the presence of an inclusion, over-
stresses arise when the rolling body passes over the dent. However, the difference
lies in the presence of a residual stress state resulting from the indentation. Conse-
quently, the micro-elastic limit of the material is not uniform throughout the contact
area, and the lower bound of the endurance limit is defined as the maximum pres-
sure (still in the case of a smooth contact) that does not exceed the micro-elastic
limit. It is evident that this lower bound of the endurance limit heavily relies on the
material properties, as well as the operating conditions in contact fatigue (such as
contact pressure, contact geometries, presence of sliding, etc.) and the geometry of
the associated dent in the state of residual stresses caused by indentation.

1.7.2 The lower bound of the endurance limit in the pres-
ence of indentation (H1I)

Simulation studies of contact in the presence of indentation have been conducted
considering the material’s elastic behavior (JAC 01). The objective is to identify
the regions where dislocation movement occurs, indicating exceeding the material’s
elastic micro-limit. These simulations also consider the modifications of the elastic
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micro-limit during the indentation phase.
For a smooth contact with an equivalent radius of 15mm, it has been observed

that the yield micro-limit is exceeded at a depth of approximately 800µm under
the pressure of 2.65GPa, considering the evolution of the yield micro-limit in the
thermo-chemically treated layer of 32CrMoV13. However, the effect of indentation
is limited to a depth of less than 350 µm in most cases. Consequently, Jacq focused
on exceeding the near-surface micro-yield strength in the vicinity of the dent. To
establish a lower bound of the endurance limit, it is sufficient to determine the lowest
value of H1 between that for a smooth contact (referred to asH1L by Jacq) and that
for an indented contact (referred to as H1I).

An analysis of H1I for all dent geometries has been conducted, revealing the
dent geometries prone to rolling fatigue. These studies indicate that small-radius
indenters, combined with high indentation loads, quickly lead to plastic deformations
and are, therefore, susceptible to damage. Conversely, dents created with large-
radius indenters under small loads have a significantly higher H1I limit, suggesting
a lower risk of damage in the vicinity of these dents.

Furthermore, these observations highlight that the average slope of the dents is a
valuable parameter for characterizing their harmfulness. Jacq proposes a simplified
representation of this slope, neglecting the spring back of the material, the deforma-
tion of the indenter during the indentation phase, and the presence of a bead. The
representation allow the determination of the dent’s height (hd).

The relationship between the radius of the dent (Rd) and the average slope (sm)
can be expressed using the constant average pressure (Pmoy) during indentation and
the applied load (FNi) dependent only on the material. The equation is given as:

sm ≈ (1/2)Rd/(πPmoy) (1.2)

By combining this equation with the previous equations, it has been demon-
strated that the average slope (sm) follows the same trend as the ratio called IR,
defined as:

IR = (π ∗Rd/hd)≈ (p/FN )∗ (Rd/h) (1.3)

This equation allows for the classification of dents based on their severity. Their
results illustrate three distinct areas. The first area, referred to as group H (High
endurance limit), consists of dents with a low probability of causing damage. The
second area, group B (Low Endurance Limit), includes dents that are likely to
cause damage. The third area, group M (Average endurance limit), encompasses
intermediate dents. So from their analysis, it can be deduce that dents that generate
localized overpressure, exceeding the H1I endurance limit in pure rolling condition,
will also generate a Hertz pressure exceeding H1I in the presence of sliding showing
the nocivity of the sliding.

By utilizing this lower limit of the endurance limit for indented contacts (H1I),
it becomes possible to classify dents based on their harmfulness and identify those
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with the highest probability of causing damage. However, this method alone cannot
guarantee damage occurrence for a given geometry. Therefore, other methods are
necessary to provide a comprehensive description of the damage and estimate the
service life.

1.8 Contact fatigue life models

1.8.1 ISO 281 standard
The ISO 281 standard, implemented in 1990 and subsequently revised, remains the
industry standard for contact fatigue life prediction. It is based on the statistical ap-
proach proposed by Weibull in 1949 (WEI 49) and enriched by the model developed
by Lundberg and Palmgren (LUN 47) during the same period.

ln(S) =−σ
c
0N

b.a.l

z1−h
0

(1.4)

The Lundberg and Palmgren model provides a probability of survival (S) after a
certain number of cycles (N) under maximum stress (σ0) at a specific depth (z0).
The geometry of the contact, represented by the semi-major axis (a) and the length
of the bearing track (l), is taken into account. Other parameters (c, β, and h) are
determined and adjusted through a series of fatigue tests.

Based on this model, the ISO 281 standard proposes a modified calculation for
service life, described by the equation:

Lnm = a1.aISO.L10 (1.5)

where

L10 =
(
Ca

Pa

)n

(1.6)

This equation allows for the calculation of the modified lifetime Lnm based on the
failure lifetime for a 10% failure rate L10, which is determined using the basic dy-
namic capacity Ca and the dynamic load Pa. The service life L10 is then reassessed
using two factors, a1 and aISO. Factor a1 enables the transition from a 10% failure
rate to another desired failure rate, while the aISO factor accounts for the effects of
material properties, lubrication, and potential contamination.

The aISO factor considers the effects of overstresses generated by indentation, oil
film thickness, tight mounting of the rings leading to shrinkage stresses, temperature,
and other factors. It can be expressed as:

aISO = f(σD

σ
) (1.7)
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The parameter aISO is a function of the endurance limit σD divided by the actual
stress σ experienced by the components under consideration. When σ is less than
σD, the lifetime is assumed to be infinite. Conversely, if σ exceeds σD, the aISO

factor decreases, indicating a shorter lifespan.
According to the standard, the ratio σD

σ
can be approximated by the dynamic

limit capacity (Cu) ratio to the dynamic load (P). Therefore, the aISO factor can
be expressed as:

aISO = f(Cu/P ) (1.8)

This factor takes into account all the factors that contribute to overstressing the
dynamic limit capacity (Cu). However, considering the complexity of these factors,
the standard proposes introducing new factors to account for various contamina-
tion and operating condition issues. The aISO factor should consider the following
factors, as stated in the standard:

• Lubrication:
This includes the type of lubricant, additives, viscosity, and other related
properties.

• Operating environment:
This involves the level of pollution, the use of filters, and other environmental
factors.

• Particle characteristics:
This includes the hardness, geometries (shapes and sizes) of particles present.

• Mounting precautions:
The standard suggests considering specific precautions taken during the mount-
ing process.

Therefore, additional factors can be incorporated into the formulation of aISO.
These factors are a contamination factor eC and a factor related to lubrication
conditions κ. The expression for aISO becomes:

aISO = f(eC .Cu

P
,κ) (1.9)

The eC factor accounts for various aspects of pollution, such as the size, hardness,
and quantity of foreign particles. On the other hand, the κ factor characterizes the
thickness of the lubricant by calculating the viscosity ratio between the actual kine-
matic viscosity and a reference kinematic viscosity. The κ factor can be estimated
using the severity parameter Λ, which represents the minimum oil film height ratio
for elastohydrodynamic lubrication to the quadratic average of roughness heights.

The relationship used to evaluate the κ factor is approximately given by:
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κ≈ Λ1.12 (1.10)

Through numerous tests, charts have been developed to characterize the aISO

parameter, taking into account these factors. The standard relies on phenomeno-
logical and statistical models that require a significant number of trials. To enhance
predictability, it is advantageous to work with physical models of damage.

1.8.2 Physical models
Physical models differ from phenomenological and statistical models as they involve
parameters that can be measured through specific experiments. These models do
not require extensive bearing life performance tests except initial validation.

It is important to note that some physical models may only encompass some
of the physical characteristics of the damage mechanism. For example, Blake and
Cheng (BLA 91) proposed a damage prediction model specifically for microchilling of
surfaces. This model considers the presence of a distribution of microcracks initially
present in the material. The lengths of these microcracks are adjusted according to
a normal distribution, and their growth is assumed to follow Paris law. However,
the predicted lifespans from this model are generally lower than the observed ones.

In a more recent article, Cheng and Cheng (CHE 97) presented a fatigue model
for contact, which includes crack initiation in slip bands formed within the ma-
terial’s grains. These slip bands are modeled using two stacks of opposite sign
dislocations, with each stack having a length equal to that of the grains. The
accumulation of dislocations occurs during cyclic stresses due to the irreversible
movement of dislocations. This modeling approach is based on the work of Mura
and his collaborators(TAN 81), who studied crack initiation in crystalline materials
subjected to cyclic stress.

In Cheng and Cheng’s approach (CHE 05), they combined their crack initiation
model with a priori assumed Weibull distribution of lifetimes. This combination
somewhat reduces the predictive nature of the model.

Another physically based model focused on crack initiation was developped at
INSA Lyon’s Mateis laboratory. This model predicts the number of cycles for crack
initiation in steel subjected to fatigue rolling, specifically near inclusions. The idea is
based on the concept of stress amplification in the vicinity of inclusions, which leads
to crack initiation. The same assumption of stress amplification applies to crack
initiation near dents. Initially developed for modeling inclusion neighborhoods, this
model has been adapted for studying crack initiation near dents.

The foundation of this model was established by Champaud (CHA 88), and it
was further developed by Gosset (SAN 93) and Lamagnère (LAM 96). The general
process modeling approach can be summarized in six steps:

❄ Calculation of the macroscopic stress field resulting from the contact between
the rolling bodies.
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❄ Calculation of the local stress field near an inclusion located in a sublayer.

❄ Modeling the shape and size of the fatigue butterfly (region prone to crack
initiation).

❄ Calculation of the number of dislocations emitted during the initial loading.

❄ Calculation of the evolution of the number of dislocations emitted as the num-
ber of cycles increases.

❄ Calculation of the number of critical dislocations in the fatigue butterfly re-
quired for crack initiation and the number of cycles needed to reach this critical
density of dislocations.

In the presence of an inclusion, the stress field due to contact is locally al-
tered. Therefore, calculating this local field using the semi-analytical method of the
equivalent inclusion developed by Eshelby (ESH 59). This method accounts for the
disturbance of an applied, uniform stress in an infinite, isotropic, and elastic matrix
containing an ellipsoidal or spherical elastic inclusion with elastic constants different
from those of the matrix. So, the modeling process concerns the calculation of the
size, λ, and the shape of the fatigue butterfly. According to Gosset (SAN 93), the
fatigue butterfly is delineated by the equilibrium position of the first dislocations
emitted from the matrix/inclusion interface. This assumption provides a realistic
representation of the shape and size of the butterflies, as observed in Fig.1.3. The
equilibrium position of dislocations is determined by comparing the driving forces
acting on the dislocations within their slip plane with the frictional force of the
matrix.

In the subsequent step of the modeling process, the number of dislocations that
accumulate during fatigue within the domain defined by the fatigue butterfly needs
to be estimated. This calculation involves determining the number of dislocations
that are geometrically necessary to accommodate the deformation incompatibility
between the inclusion and the matrix. This number includes a component resulting
from the initial loading and a component resulting from the irreversibility of move-
ment during cyclic loading. To account for this irreversibility, L. Gosset (SAN 93)
introduced an accumulation factor of damage, denoted as f∗, based on the work of
Lin et al (LIN 86).

In the final step of the modeling, the critical density of dislocations for crack
initiation in the fatigue butterfly is calculated. For this purpose, the accumulation of
dislocations emitted during the cycles is represented as a double stack. Under these
conditions, Friedel (FRI 64) demonstrated that cracking occurs when the climbing
stress acting on the dislocations reaches the decohesion stress of the material. The
climbing stress primarily depends on the density of dislocations in the stack, while
the decohesion stress of the matrix is approximately equal to µ/5, where µ represents
the shear modulus.
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The following relationship determines the crack initiation condition in the double
stack:

µb

π(1−ν)hLn
(
n2

N

8

)
≥ µ

5 (1.11)

where b is the Burgers vector of the dislocation, h is the height of the double
stack, n is the density of dislocations in the stack, N is the critical density of dis-
locations for crack initiation, µ represents the material’s shear modulus and ν the
Poisson’s coefficient of the material.

The modeling of crack initiation was coupled with a microcrack propagation
model developed by Champiot (CHA 97b) to predict the number of fatigue cy-
cles until failure. This deterministic modeling approach was then integrated into
a statistical distribution model of inclusions to predict the lifetime dispersion in a
population of bearings made of 100Cr6 steel (PIO 00).

Later, Tonnicelo’s study (TON 12b; TON 12a) provided new insights and, most
importantly, allowed for modeling damage mechanisms in nitrided 32CrMoV13. Our
focus was specifically on developing a crack initiation model, represented by the
equation below, to predict the number of cycles required for the initiation of a
contact fatigue crack in the presence of indentation.

nc =
2ω̄s−α(1−ν)σ2

N
3µ

f∗.d.γc.(∆t−2τf ) (1.12)

The developed model relies on a comprehensive understanding of material prop-
erties. The study reveals that the regions prone to damage are primarily concen-
trated within the bead areas. Furthermore, the presence of cracks in the sub-layer,
specifically to the right of the beads, further emphasizes their susceptibility to dam-
age.

In 2020, Bonetto et al.(BON 20) conducted a study where they employed a Finite
Element Method (FEM) with Euler-Lagrange Coupling (CEL) modeling to simulate
the indentation process. This modeling approach allowed them to gain insights into
the indentation process and identify important parameters that influence it.

Using a novel criterion that combined the Dang Van and Brown Miller criteria,
they enhanced the prediction of crack initiation and determined their locations more
accurately. Their findings revealed that the exit bead, which is higher than the entry
bead, becomes the preferential site for fatigue damage. They also identified that the
bearing load, presence of slippage, and height of the beads are influential parameters
that significantly affect the fatigue life of the system.

It is worth mentioning that the propagation of cracks in contact fatigue has been
studied by numerous authors, including Keer et al. (KEE 83a), Lee et al. (LEE 86),
Murakami et al. (MUR 85), (MUR 94), Zhou et al. (ZHO 89), Fan et al. (FAN 93),
Rock (ROC 94), Kuo et al. (KUO 97), and Lee et al. (LEE 97). However, this stage
of material damage is not the focus of the current work.
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Synthesis

1.9 Synthesis
The presented work aims to characterize and understand the surface damage mech-
anisms in rolling fatigue, particularly in the presence of indentations. The existing
literature needs physical models for predicting the fatigue life of indented contacts,
which highlights the need for further research in this area.

To achieve a better understanding of the mechanisms involved in bearing surface
fatigue, several research aspects will be explored. Firstly, the optimization of bear-
ing steels will be pursued through thermochemical treatments such as quenching,
nitriding, carburizing, and carbonitriding. The specific steels being studied include
M50, 32CrMoV13, M50NiL, and M50NiLDH, and their characterization will be con-
ducted.

In order to comprehend the evolution of the steel’s plastic behavior during the
repeated passage of rolling elements on the rolling track, cyclic tests will be carried
out, and behavior laws will be identified. By investigating all sources of overpressure
on the rolling tracks, including the influence of free edges on Hertz contact pressure,
numerical modeling will be employed to assess their effects.

The final part of the study will focus on the analysis of the surface particle
crushing process to identify key parameters that influence this process. All this
study is schematized, on the diagram below in Fig.1.6.

Figure 1.6: Synoptic diagram of the thesis work
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1.10 Conclusion
This study aims to enhance the understanding and characterization of surface dam-
age mechanisms in rolling fatigue with indentation. Despite this topic’s significance,
limited physical models are available in the literature that can accurately predict
the lifespan of indented contacts. Therefore, this manuscript contributes valuable
insights to the field of fatigue mechanics. Most existing physical models in the lit-
erature primarily focus on damage mechanisms near inclusions. However, surface
damage mechanisms in rolling fatigue with indentation require separate considera-
tion. While Jacq’s (JAC 01) work provided endurance limits for contacts with dents,
it did not establish a comprehensive lifetime model. In 2020, Bonetto (BON 20)
conducted a study using a Finite Element Method (FEM) model based on the CEL
approach to simulate the denting process. They identified key surface damage pa-
rameters and employed fatigue criteria to determine crack location and propagation.
This work aims to deepen the understanding of surface damage mechanisms, iden-
tify key parameters, and develop a lifetime model specifically for indented contacts
by incorporating physical models. To achieve this goal, it is crucial first to under-
stand the mechanical behavior of the studied materials. Nanoindentation tests will
be conducted on thermochemically treated materials, including M50, 32CrMoV13,
M50NiL, and M50NiLDH. These tests will provide insights into the properties of
monotonic plasticity and cyclic plastic behavior. The data obtained from these ex-
periments will serve as a basis for developing a comprehensive lifetime model for
rolling fatigue with indentation. Subsequently, numerical simulations will address
free edges’ influence by solving quarter, two-joined, and finite-length space problems.
Finite Element Modeling will be employed to simulate the denting process and iden-
tify key parameters. Analytical expressions will be derived to determine these key
parameter relationships, which will be used for subsequent damage criterion.
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Chapter 2

Mechanical characterization of
bearing steels

Characterizing the mechanical properties of bearing steels is crucial in understanding
the different damage mechanisms that can occur during operation. In this chapter,
bearing materials, such as M50, 32CrMoV13, M50NiL, and M50NiLDH, are studied.
First, nanoindentation tests are performed to identify their mechanical properties,
such as modulus and micro-hardness, and to establish their behavior laws. The re-
sults show that carburizing, nitriding, and carbonitriding increase surface hardness,
but the hardness gradually decreases towards the material’s interior. Quenching re-
sults in a uniform increase in hardness throughout the material. Swift’s constitutive
law parameters are determined for all the materials using an inverse approach. A
direct link is established between the sample’s treated depth, corresponding hardness,
and Swift hardening parameters. Furthermore, numerical analysis of the materials
under operating loadings is conducted to understand the influence of the gradient of
properties on the surface and the entire deformation of the components. The study
shows that the M50 steel has good surface and core properties and exhibited the high-
est resistance to high loading levels beyond 6.6 GPa. The M50NiLDH steel, which
has the best surface properties, shows the best resistance in the 3.5-5.2 GPa range
but starts to deform more than M50 at higher loading levels. The M50NiL and 32Cr-
MoV13 steels show intermediate resistance levels between M50 and M50NiLDH, with
M50NiL being more resistant than 32CrMoV13. However, at lower loading levels,
the surface properties of the treated materials were found to play an important role
in their mechanical resistance.
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Introduction

2.1 Introduction
In industry, local hardening treatments are commonly used to improve the surface
properties of materials while maintaining their bulk properties. For example, case
hardening techniques such as nitriding, carburizing, and carbonitriding can create
a hardened layer on the surface of a material while preserving its core toughness.
These treatments work by diffusing nitrogen, carbon, or both into the material’s
surface and hardening the resulting layer through heat treatment. Other methods,
such as shot peening and laser shock peening, can also be used to create compressive
residual stresses in a material’s surface layer, improving its surface properties. These
treatments work by inducing plastic deformation in the surface layer of the material,
which then generates compressive residual stresses upon relaxation. Overall, local
hardening treatments can effectively improve the surface properties of materials used
in rolling element bearings, such as the track and rolling elements, while maintain-
ing their overall strength and toughness. However, it is important to carefully select
the treatment parameters and process conditions to ensure the material retains the
required mechanical properties for its application.

The hardening mechanisms in bearing steels involve capturing dislocations through
various means, such as hardening, foreign atoms, precipitates, and grain boundaries.
While hardening treatments can create additional dislocations to interfere with the
movement of dislocations, they often result in a loss of toughness. Thus, using
nano-precipitates to prevent the movement of dislocations is a more attractive solu-
tion. Thermochemical treatments such as carburizing, nitriding, or carbonitriding
can create these nano-precipitates. These treatments control the hardened zone’s
thickness and depth, allowing for local, deep, or shallow hardening. In this thesis,
the bearing steels are treated through thermochemical treatments to achieve the
desired hardness property.

2.2 The materials behavior
The study of material behavior within mechanical components refers to their re-
sponse and interaction with external forces and loads. This involves a compre-
hensive examination of various mechanical attributes, including strength, stiffness,
ductility, hardness, fatigue resistance, and creep resistance. Understanding material
behavior is crucial in designing and modeling mechanical components to ensure their
dependability, endurance, and optimal functioning across diverse operating condi-
tions. Factors such as material composition, microstructure, heat treatment, and
external loading conditions collectively shape how materials behave within mechan-
ical components.

In circumstances of low stress, metallic materials exhibit elastic behavior, wherein
the material deforms in response to applied stress, but this deformation is reversible
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upon stress removal. However, when stress surpasses a specific threshold, the mate-
rial undergoes plastic deformation, resulting in irreversible changes to its form and
dimensions. This phenomenon arises from the movement of dislocations within the
crystal structure, leading to enduring deformation even after stress removal. This
elastoplastic behavior can be observed in various mechanical components, including
bearings, which endure repeated cyclic loads during operation, potentially resulting
in plastic deformation and eventual fatigue-related failure.

In normal operating conditions, bearings encounter static and dynamic loads
that can trigger plastic deformation and fatigue failure. Plastic deformation arises
when the bearing material experiences loads beyond its elastic limit, causing per-
manent shape alterations. Fatigue failure occurs due to the gradual accumulation
of minuscule cracks induced by cyclic loading.

The plastic behavior of bearing material is characterized by parameters such as
yield strength, ultimate tensile strength, and ductility. Yield strength signifies the
stress level at which plastic deformation initiates, while ultimate tensile strength
represents the maximum stress the material can withstand before failure. Ductility
quantifies the extent of plastic deformation the material can endure before succumb-
ing to failure.

Fatigue behavior in bearing materials is characterized by fatigue strength and
life. Fatigue strength denotes the highest cyclic stress the material can withstand
over a specified number of cycles before failure occurs, while fatigue life quantifies
the number of cycles the material can endure before reaching failure.

2.3 Presentation of nanoindentation tests
Nanoindentation tests are a non-destructive, localized technique for characterizing
the mechanical properties of materials at small scales. Unlike conventional tests like
tensile or compression tests, nanoindentation tests can provide information on the
mechanical behavior of a material at a specific location, such as the surface or a
specific depth within the material. This makes them particularly useful for studying
materials with gradient properties or heterogeneous microstructures. Additionally,
since nanoindentation tests require only a small sample size, they can be used to
characterize materials that are not suitable for conventional testing.

Nanoindentation is a widely used technique for the local characterization of
mechanical properties of materials. It involves driving a tip of known geometry
and properties onto the characterized material to extract its mechanical proper-
ties. The technique is non-destructive and can be used on small samples. Using
the technique, one can locally estimate the mechanical properties of materials, such
as hardness and Young’s modulus. For example, the relationship between hard-
ness and yield strength was predicted by (JOH 85) in 1985 using a spherical cavity
model for the conical indentation of elastic-perfectly-plastic solids. Various authors
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have developed methods to measure the mechanical properties of materials, includ-
ing (OLI 92; FIE 93; S.P 09; JLL 86; HEN 95; TAB 51; DOE 86; JL. 95; PHA 02;
OLI 04; DAO 01; GIA 02; BUC 03; CAO 04). One common effect encountered dur-
ing indentation tests is the size effect, which is linked to wear or tip defects. There-
fore, the profile of the indentation tip should be analyzed. This effect has been the
subject of several studies conducted by (NIX 98; ELM 03; ARZ 98).

In recent years, the identification of material parameters and constitutive laws
from indentation curves has been the subject of many studies. Advanced consti-
tutive models have been implemented and tested with finite element codes to pre-
dict mechanical properties, such as the work by (ALV 04) and others (KLO 06;
NAK 00; NAK 07; BOL 13; MOY 11). In addition, several authors have devel-
oped analytical and experimental methods using instrumented micro-indentation
to estimate the elastic properties of graded materials. Some examples include the
work of (GIA 99; HER 14; HER 15; NAK 00; NAK 07; NEL 65; MOY 11; MEN 16;
CHE 10b; YAN 48; YAN 06; HEL 06; FIS 06). These methods allow for a more lo-
calized and non-destructive characterization of mechanical properties, which is par-
ticularly useful for materials with gradient properties (YAN 10; CAO 04; LEE 04;
LEG 04; PRA 09; BOL 98; SNE 71; SNE 65; HAY 00; OLI 92; YAN 11; VAN 03;
TAB 51).

2.4 Samples and thermo-chemical treatment
In this section, the bearing materials used in this study are presented. Thus as
bearing steel, we have 32CrMoV13, M50, M50NiL, and M50NiLDH. These four
steel grades have undergone thermochemical treatments.

2.4.1 32CrMoV13 steel
Nitriding is a surface hardening treatment that involves the diffusion of nitrogen
into the surface of a material. In the case of 32CrMoV13 steel, gas nitriding is used
to improve its surface hardness and mechanical properties. Gas nitriding involves
heating the steel to a temperature between 500− 600◦C in a nitrogen-rich atmo-
sphere. During this process, nitrogen atoms diffuse into the surface of the steel and
react with the alloying elements to form nitrides, which are hard and wear-resistant
compounds. The nitrided surface of the steel has a high mechanical surface resis-
tance, which means that it is more resistant to wear and damage from contact with
other surfaces. However, the core of the steel still retains its good ductility and
resilience. This is important because it ensures the steel can withstand high stresses
and loads without fracturing or breaking. Additionally, the nitriding process creates
a profile of residual compressive stresses on the surface of the steel. These compres-
sive stresses help to counteract the tensile stresses that are generated during the
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operation of the bearing. This results in improved fatigue resistance and longer ser-
vice life for the bearing. It is important to note that the nitriding process is carried
out on a stabilized structure of 32CrMoV13 steel, which has been quenched and
tempered at high temperatures (around 650◦C). This ensures the steel has good
structural and mechanical stability even at the high temperatures used during the
nitriding process.

Table 2.1: Chemical composition of 32CrMoV13 according to AMS 6481
Elements C Cr Mo V Mn Si

Mass (%) 0.29−0.36 2.8−3.3 0.7−1.2 0.15−0.35 0.40−0.70 0.10−0.40

The microstructure of nitrided steel typically exhibits a gradient consisting of
a combination layer and a diffusion layer. The combination layer, also known as
the white layer, is generally composed of iron nitrides such as Fe4N − γ

′ and/or
Fe2−3(C.N)− ε and is very hard but also prone to cracking. Thus, it is often re-
moved during the finishing process. On the other hand, the diffusion layer has a
thickness of up to 1mm. It exhibits a gradient of nitrogen in a solid solution of
insertion or the form of intra or inter-granular nitrides. The nitrogen in the diffu-
sion layer mainly contributes to hardening by forming fine nitride or carbonitride
precipitates. In the case of 32CrMoV13 steel, deep nitriding can result in a constant
nitrogen content up to a depth of 600−1000µm. In addition, nitriding can also re-
sult in residual compressive stresses, which can promote fatigue resistance (JEG 12).

According to the AMS 6481 standard, the composition of this normalized steel
includes approximately 3% Chromium (Cr), 1% Molybdenum (Mo), and 0.32% Car-
bon (C) as presented in Table.2.1.

In summary, the 32CrMoV13 steel, when subjected to this specific heat treatment
process, offers a unique combination of strength and toughness. The composition is
in accordance with the AMS 6481 standard, and the tensile strength is intentionally
limited to maintain optimal toughness. For precise engineering applications, further
details, such as the exact Vanadium content, may be required, and it is advisable
to consult the latest material specifications and data sheets for the most up-to-date
information.

2.4.2 M50 steel
In addition to its high hardness and strength, M50 steel exhibits excellent wear
resistance and fatigue properties, making it ideal for use in high-load and high-
speed bearing applications. M50 steel can be further modified through additional
heat treatments such as tempering to achieve specific properties or surface charac-
teristics.Tempering is a heat treatment process often performed after quenching to
improve the toughness and ductility of the material while maintaining a desirable
level of hardness. For M50 steel, the tempering process involves heating it to a
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temperature between 150− 500◦C, holding it at that temperature for a specified
amount of time, and then cooling it to room temperature. The specific temper-
ing temperature and time depend on the desired properties of the material. For
example, tempering at a lower temperature and for a shorter time will result in a
harder but more brittle material, while tempering at a higher temperature and for
a longer time will result in a tougher but less hard material. Overall, M50 steel is a
high-performance bearing steel with excellent mechanical properties and durability.

Table 2.2: Chemical composition of M50 steel according to AMS 6481
Elements C Cr Mo V Mn Si

Mass percentage (%) 0.84 4 0.9 1.1 0.48 0.24

M50 steel is a high-speed tool steel commonly used in aeronautic and aerospace
applications. It possesses several characteristics that make it suitable for these in-
dustries. M50 steel is part of a broader family of high-speed tool steels, and its
composition is presented in Table.2.2. Its properties can vary depending on the
specific grade and manufacturer. Engineers and manufacturers carefully select the
appropriate grade of M50 steel based on the specific requirements of the aerospace
component or application. Additionally, continuous advancements in materials sci-
ence may result in variations or improvements in the properties of M50 steel over
time.

2.4.3 M50NiL steel
M50NiL is a variant of M50 steel with some additional elements and less tungsten
and carbon than M50 steel. The composition is given in Table.2.3. The steel is typ-
ically quenched and tempered to achieve the high hardness and strength and then
carburized to improve its surface hardness and wear resistance further. Carburizing
is a surface hardening process where carbon is diffused into the surface of the steel
to increase its hardness. During carburizing, the steel is heated in a carbon-rich
environment, such as a gas or liquid containing carbon, for a prolonged period of
time. As a result, the carbon atoms diffuse into the steel and occupy interstitial
positions in the crystal lattice, forming iron carbides. Carburizing can improve the
steel’s surface hardness and wear resistance, making it suitable for high-performance
bearing applications. The depth of the carburized layer and the carbon concentra-
tion can be controlled by adjusting the carburizing temperature and time. However,
carburizing can also reduce the toughness and impact resistance of the steel due to
the formation of a brittle layer at the surface. Therefore, the carburized layer must
be carefully controlled to balance the desired surface hardness with the required
toughness and ductility for the specific application.

M50NiL steel is a specialized variant of M50 steel that finds application in high-
performance aerospace and aeronautical contexts. What distinguishes M50NiL is
its hypoeutectoid nature, characterized by a carbon composition of less than 0.35%.
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Table 2.3: Chemical composition of M50NiL steel according to AMS 6481
Elements C Cr Mo V Mn Si

Mass percentage (%) 0.13 4.1 4.2 1.2 0.13 0.18

This relatively low carbon content allows the carburizing treatment to be applied
to this steel. M50NiL steel’s low carbon content makes it a good candidate for car-
burizing. This process significantly improves its surface properties, making it more
resistant to indentation and better suited for high-performance aerospace compo-
nents.

2.4.4 M50NiLDH steel
The combination of carburizing and nitriding treatments is called carbonitriding, a
surface hardening treatment used to improve steel’s wear and fatigue resistance. In
the case of M50NiLDH steel, the carbonitriding treatment is performed after car-
burizing and tempering to enhance further the surface hardness, wear resistance,
and fatigue life of the material. The carbonitriding process introduces nitrogen and
carbon atoms into the surface of the steel, creating a surface layer of nitrides and car-
bides that increases the surface hardness and provides additional protection against
wear and fatigue. The M50NiLDH steel composition is presented in Table.2.4.

Table 2.4: Chemical composition of M50NiLDH steel according to AMS 6481
Elements C Cr Mo V Mn Si

Mass percentage (%) 0.13 4.1 4.2 1.2 0.13 0.18

M50NiLDH steel is a further specialized variant of M50NiL steel, with additional
treatment to enhance its surface properties for high-performance applications. The
primary difference between M50NiL and M50NiLDH lies in the deployment of ni-
triding after carburizing. The combination of carburizing and nitriding results in
a surface layer that is exceptionally hard, wear-resistant, and mechanically robust.
This makes M50NiLDH steel well-suited for critical aerospace components subjected
to extreme conditions and high-performance requirements, such as bearings, gears,
and other parts in aircraft engines and propulsion systems.

2.5 Presentation of the samples
Preparing cylindrical bars as samples for material testing is common practice, as
they can provide a representative cross-section of the material. The cylindrical bars
used in the study are obtained as blanks with a diameter of ϕ= 10 mm and a height
of 10.6 mm by sawing and electro-erosion of the received material. These blanks are
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then subjected to the necessary heat treatment processes for nitriding and carboni-
triding. After heat treatment, the final geometry of the specimen is obtained by
grinding the surfaces to ensure uniformity and accuracy. This ensures the samples
are suitable for subsequent tests and accurately characterize the thermo-chemical
layer. The polishing process started with SiC4000 paper and progressed to polishing
with 1 µm diamond solution. This polishing process aims to obtain a surface free
of scratches that could interfere with the characterization.

Surface flatness and roughness can significantly affect the accuracy and repeata-
bility of the nanoindentation tests. Flatness can be checked using a surface pro-
filometer, while roughness can be measured using techniques such as atomic force
microscopy (AFM) or scanning electron microscopy (SEM). In addition, the cali-
bration of the nanoindentor is crucial for obtaining accurate and reliable results.
Therefore, the calibration should be performed before testing to ensure the applied
force and displacement measurements are accurate. Calibration can be performed
using a standard reference material with known mechanical properties, such as fused
silica.

2.6 Micrographic analyzes of samples
In this section, micrographic analyses are employed to examine the resulting mi-
crostructures after the preparation of samples through cutting, polishing, and un-
dergoing heat treatments. This allows for the identification of heat treatment zones
and enables a comparison of the microstructure of the surface layers with the core
metal. Techniques such as optical and scanning electrons microscopy can be used for
microstructural and property analysis. In this study, optical microscopy and SEM
after etching with 4% nital are performed to reveal the microstructure of metallic
materials. Nital etching is a common technique used to reveal the microstructure
of metallic surfaces. The resulting microstructure can be analyzed by observing
essential features such as grain size, morphology, and distribution.

2.6.1 32CrMoV13 steel
In the nitrided 32CrMoV13 steel, we can distinguish three layers:

❄ The combination layer on the top

❄ The diffusion layer under the latter

❄ The bulk material

The combination layer is approximately 20-30 microns deep and is made up of
an interwoven structure called "angel hair" as shown in Fig.2.2. The combination
and diffusion layers are composed of iron nitrides and chromium formed from the
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Figure 2.1: Geometry of the samples

Figure 2.2: Typical micrograph of a nitrided 32CrMoV13 steel and its SEM ob-
servation with presence of nitrided layer

reaction between the substrate and the nitriding gas. The bulk of the material
exhibits a martensitic microstructure, and the diffusion kinetics of nitrogen atoms
in the substrate determines the microstructure of the diffusion layer. The diffusion
layer’s depth depends on the nitriding treatment’s time and temperature.
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2.6.2 M50 steel
M50 steel exhibits a dendritic microstructure at low magnification, mainly composed
of martensite and carbides as we can observed in Fig.2.3, when observed at higher
magnifications. The carbides include partially dissolved primary carbides, which are
slightly larger and more numerous in the center of the cylinder, and small globular
carbides distributed in the matrix that form during cooling at the quenching outlet.
The appearance of martensite suggests that residual austenite may have existed
after quenching and was destabilized by tempering operations.

Figure 2.3: Typical micrograph of a quenching M50 steel and its SEM observation

2.6.3 M50NiL steel
At low magnification (x10), the cemented layer of the M50NiL steel is easily rec-
ognizable in the form of a light gray ring. The global microstructure consists of a
martensitic matrix on all the sections examined as illustrated in Fig.2.4. The ob-
servation at higher magnifications (x200 - x500)and with the SEM highlights the
microstructural differences between the edge of the sample (in the hardened layer),
the interfacial zone between the hardened layer and the core of the sample, and
the center of the sample.With regard to carburizing zone, two layers can be dis-
tinguished: a first layer of intragranular carburization followed by a second layer of
intergranular carburization. The cemented layer is characterized by carbides located
preferentially at the old austenitic grain boundaries. The interfacial zone (cemented
layer-core) is composed of a martensitic structure free of carbide. Finally, in the
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center of the sample (the core), a martensitic structure is also observed, with the
presence of an intergranular precipitation phenomenon (marked grain boundaries).

Figure 2.4: Typical micrograph of a carburizing M50NiL steel and its SEM obser-
vation with presence of carburized layer

2.6.4 M50NiLDH steel
The M50NiLDH material has a complex microstructure, with multiple layers formed
through carburation and nitriding treatments as presented in Fig.2.5. The surface
layer appears to have been treated with a combination of carburation and nitriding,
resulting in a microstructure exhibiting characteristics of both treatments, including
nitrided and carburized layers. Underneath this combination layer is a carburized
layer extending down to the bulk material. The microstructure of the bulk material
is mainly martensitic. Overall, the microstructure of M50NiLDH is likely to be more
complex than that of M50NiL or M50 steel due to the multiple layers and treatments
involved.

The nitriding treatment occurring after quenching on steel, the result is a matrix
that will be overall martensitic (microstructure in the form of slats or needles)
with residual austenite. In the nitrided parts, we will distinguish two main layers:
the white combination layer on the surface, which extends over approximately 30
microns in depth, and the diffusion layer, which extends from below the diffusion
layer towards the inside of the material, as can be seen in Fig.2.2.

2.6.5 Synthesis
The heat treatment diffused an insertion atom into the bulk of the studied materials,
such as 32CrMoV13, M50, M50NiL, and M50NiLDH. In the case of M50 steel, which
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Figure 2.5: Typical micrograph of a carburizing M50NiL steel and its SEM obser-
vation with presence of carburized layer

was quenched in mass, its global properties were enhanced, and the appearance of
gradient properties in the other materials (32CrMoV13, M50NiL, M50NiLDH). The
microstructure of all the materials was globally martensitic in bulk, with either a
nitriding or carburizing layer on the surface of the samples. Here it has been noted
that there are variations in the level of treatment in different areas of the samples.
However, the management of sample processing is outside the scope of this thesis,
so we have used the samples as received. To identify the influence of heat treat-
ment on these materials, appropriate characterization tests need to be conducted to
track the evolution of the properties from the surface to the material’s bulk. The
nanoindentation test protocol can be used to track this gradient of properties at this
scale

2.6.6 Material mechanical properties
Determining mechanical properties, such as hardness and elastic modulus, from
indentation testing requires accurately calculating the contact area between the in-
denter and the sample. The shape and size of the indenter tip and the penetration
depth into the sample all influence the contact area and, therefore, the mechanical
properties derived from the indentation test. Therefore, accurate characterization
of the indent geometry is crucial for obtaining reliable mechanical property mea-
surements.
The contact area can be defined as the surface of the indent in contact with the
sample or as the projection of the contact area developed on the surface of the sam-
ple. The contact height is the depth of the indentation, which can be measured
using the displacement sensor on the indentation instrument. The contact area is
an important parameter in determining the hardness of the sample. An accurate
determination of the contact area is necessary to measure the mechanical proper-
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ties of the material being tested precisely. The contact area can be calculated by
measuring the depth of penetration (h) and the contact height (hc) and using them
to determine the contact area. This can be done using mathematical models, such
as the Oliver-Pharr method (OLI 92) or the Hertzian contact theory, which relate
the contact area to the indentation depth and contact height. The contact area can
also be determined experimentally by measuring the size of the residual indent left
on the sample’s surface after the tip has been withdrawn.

Hardness is an important mechanical characteristic of a material that cannot be
measured directly but is derived from other measurable quantities such as the test
force, penetration depth, or indentation area. Various hardness testing methods,
such as Vickers, Brinell, Knoop, Rockwell, etc., all follow the same principle of
applying a known force to a punch (usually made of diamond) and measuring the
resulting indentation. The conventional hardness value is then calculated as the
ratio of the maximum force applied and the contact area between the indent and
the surface.

2.7 Nanoindentation protocol
The principle of nanoindentation is based on pressing a sharp and rigid indenter
(usually made of diamond) into the material’s surface under a controlled load while
continuously measuring the penetration depth and load applied. The force is typi-
cally applied with a continuously increasing load and then held for a specified period
of time before being withdrawn. As the indenter penetrates the surface of the mate-
rial, the load and depth of penetration are recorded, allowing for the calculation of
various mechanical properties of the material, such as hardness, modulus, and yield
strength. The analysis of the load-depth curve obtained from the nanoindentation
test involves modeling the indentation process with an appropriate mathematical
model to extract mechanical properties.

The nanoindentation tests are performed perpendicular to the treated surfaces
following positions (a), (b), and (c), as shown in Fig.2.6. The Nanoindentation
tests are carried out using a specialized instrument called the Nanoindentor G200,
which Agilent Technologies manufacture. The tests are conducted at the Mateis
laboratory located in INSA de Lyon. The Nanoindentor G200 is a high-precision
instrument designed to measure materials’ mechanical properties at the nanoscale.
It uses a small probe with a sharp tip to indent the surface of a sample and measure
its response to the applied load.

The "G-series hardness and modulus via load control cycles" method with the
CSM stiffness measurement method is a well-established method for nanoindenta-
tion testing. However, this study modified the G-series(hmlcc) method into a single
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load and unload cycle, allowing for more precise and controlled measurements. With
the modified method, the maximum load imposed is 600 mN . This means the load
gradually increased until it reached 600 mN , then decreased to zero. The indenta-
tion depth was measured during both the loading and unloading stages.

The nanoindentor device is typically composed of three main parts as illustrated
in Fig.2.7:

❄ Column optics: This part of the device typically includes a microscope or
other optical system to allow the operator to position and align the sample and
the indenter accurately. It include lighting systems to ensure proper sample
illumination and indenter illumination.

❄ Displacement table: This part of the device includes a mechanism for precisely
controlling the movement of the sample relative to the indenter. This allows
the operator to accurately position the sample and control the depth of the
indentation.

❄ Indentation column: This part includes the indenter itself, which may be
spherical, Vickers, Knoop, or other indenter types. The indentation column
also typically includes a load cell to measure the force applied to the indenter
during the indentation process.

These components allow the operator to apply a controlled load to the sample
and measure the resulting indentation depth.

Figure 2.6: 1)Sample example with peripheral surface areas treated. identification
of three treated areas a) b) c) 2)Presence of carbides in the treated material M50

Nanoindentation is a sensitive technique that requires careful execution and post-
processing. The tip material and geometry choice is important for generating a ho-
mogeneous stress field and facilitating simulation. In this case, a spherical diamond
tip of diameter 100 µm was used, with Young’s modulus of 1100 GPa and a Poisson’s
ratio of 0.1. The tests were performed in load-controlled mode, with a maximum
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load of 600 mN, and at least two indents were made at each depth to ensure repeata-
bility. To avoid mutual influences, the distance between neighbor indentations was
100 µm. Calibration of the machine with a reference material, such as fused silica,
was necessary, and the surfaces of the samples needed to be flat. The thermal drift
threshold is also required to be low. Despite the relative simplicity of the technique,
the interpretation and post-processing of the results were often delicate, requiring
correction of the initial curve and several correction processes after the tests.

Figure 2.7: Nanoindentor machine presentation

2.7.1 Nanoindentation curve correction
To take into account the producibility of the data, a curve average is calculated over
each sample depth as shown in Fig.2.8(a).

Correcting nanoindentation curves is typically done in three main steps. The
first step involves making a point of contact coincide with the origin of the axes
and aligning the beginning of the curve with the elastic Hertz curve of the mate-
rial. This is done by subtracting the initial displacement of the piezoelectric sensor
from the total displacement to obtain the true displacement of the indenter. The
elastic Hertz curve is then simulated based on the geometry of the indenter and the
material’s mechanical properties. Finally, the initial part of the measured curve is
fitted to this simulated curve to obtain the indentation depth at the start of the
plastic deformation regime. The second step involves correcting for the compliance
of the machine. The machine’s compliance is typically determined by performing a
reference measurement on a stiff material, such as fused silica, and comparing the
measured stiffness to the known stiffness of the material. The determination of the
stiffness of the machine is crucial for correcting the nanoindentation curves. One
method to determine the stiffness of the device is to perform several nanoindentation
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Figure 2.8: (a)Mean of data on one sample (b) Comparison between initial and
corrected nanoindentation curve

tests on a reference material, such as fused silica. The point of intersection of the
curve (stiffness-displacement) with the axis of the stiffness gives the stiffness of the
machine, which can then be used to correct the indentation curves as illustrated in
Fig.2.8. Another iterative method consists of varying the stiffness of the indenta-
tion curve of the reference material until obtaining the known elastic modulus of
the material, which is E = 75 GPa for fused silica. This method can also be used
to determine the stiffness of the machine. In this case, the machine stiffness was
Km = 0.215mN/nm with a linear correlation coefficient of R2 = 0.99.

The correction for compliance is then applied to the force-displacement curve to
obtain the true load-displacement curve as shown in Fig.2.9. Indeed the sample and
the machine can be considered as the system of two springs in series whose stiffness
is given by the relation:

1
Kt

= 1
Ks

+ 1
Km

(2.1)

Where Kt, Ks and Km is respectively the stiffness of the system, of the sample and
the machine.

The surfaces of our samples not being perfectly flat on the nanometric scale.
To overcome the problems of flatness of the samples and the surface state, Young’s
modulus of our samples will be set at the value 210 GPa. Thus the determination of
the modulus by adjustment of the unloading curve will make it possible to correct
the curves.

71

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



2. Mechanical characterization of bearing steels
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Figure 2.9: Determination of the machine (nanoindentor) stiffness allowing the
indentation curve correction.

2.8 Theoretical description
To determine mechanical properties such as hardness and modulus, the analytical
methods of Oliver and Pharr (OLI 04; PHA 02) will be used.

2.8.1 Oliver-Pharr method
The Oliver and Pharr (OLI 92) method proposes to decompose the indentation
depth hm into two parts: the contact depth hc and the remaining depth hs, such
that hm = hc +hs. This allows for determining the contact area, which is required to
calculate mechanical properties such as hardness and elastic modulus. This method
is the most common method for establishing the projected contact area and predict-
ing the elastic modulus. This method stipulates the adjustment of the unloading
curve by a power law given by:

F =B (h−hr)m (2.2)

Where hr is the residual displacement after complete unloading. B and m are the
parameters to be determined.

By differentiating the adjustment law concerning the height h, we obtain the
stiffness which is given by the relation:

C =
(
dF

dh

)
h=hmax

=Bm(hmax−hr)m−1 (2.3)

Based on the contact stiffness of Eq.2.3, the contact height hc is given by the ex-
pression:
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Theoretical description

hc = hmax− ε
Fmax
C

(2.4)

Where ε is a constant parameter which depends on the indenter geometry. The
value of this parameter is suggested to be 0.75 for the spherical indentor tip. From
the contact height, the projected contact area can be calculated by the expression:

Ac = πhc(2R−hc) (2.5)
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Figure 2.10: Indentation curve post-processing to determine the sample stiffness
and the material modulus.

For an indentation curve, determining the modulus of elasticity involves deter-
mining the slope of the unloading curve as shown in Fig.2.10 because the unloading
is purely elastic. This determination method is based on Hertz’s theory. The de-
velopment of the method will be made later by Sneddon (SNE 65), which makes it
possible to express the reduced modulus in the function of the slope at the beginning
of the unloading by:

E∗ =
√
πC

2
√
A

(2.6)

This expression will be extended later to the cases of all indentors of a circular
section by the introduction of a corrective factor β by King (O’S 88) to take into
account the non-axisymmetric of the indentor. The corrected reduced modulus is
given by:
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2. Mechanical characterization of bearing steels

E∗ =
√
πC

2β
√
A

(2.7)

In our case, the used tip is spherical and axisymmetric so the factor β = 1. Then
the modulus of elasticity of the sample is given by:

Es = (1−v2
s)
[

1
E∗ −

1−v2
i

Ei

]−1
(2.8)

Where Ei and vi designate respectively the modulus of elasticity and the Poisson’s
ratio of the indentor while the Es and vs designate the modulus and the Poisson’s
ratio of the sample.
The last step is therefore to determine the hardness which is given by the expression:

H = Fm

Ac
(2.9)

Using analytical methods like the one proposed by Oliver Pharr enables the determi-
nation of mechanical properties such as Young’s modulus and hardness. Neverthe-
less, establishing a behavioral law in reverse remains highly intricate and necessitates
applying an inverse approach.

2.9 Resolution by inverse approach
The inverse analysis is a numerical method that allows the determination of the
material parameters of a constitutive model from the experimental data, such as
the force-displacement curves obtained from nanoindentation tests. The principle
of this method is to minimize the difference between the experimental results and
the results obtained by simulation using a numerical model with a specific consti-
tutive model. This minimization is done by adjusting the values of the material
parameters until the difference between the experimental and simulated results is
minimized. The inverse analysis is a powerful tool for determining material proper-
ties, especially in cases where experimental data is limited. However, it requires a
good understanding of the physical phenomena involved and a suitable constitutive
model that accurately represents the behavior of the material under study.

Typically, the inverse identification method is used to determine the constitu-
tive law of a material from the force-displacement [F-h] curves obtained through
nanoindentation tests (DAO 01; BUC 03; MEN 16). This approach involves solving
the indentation problem using a contact resolution code, comparing the resulting
numerical [F-h] curve with the experimental data, and identifying the parameters
to minimize the error between the two responses. A sophisticated optimization
algorithm, such as the Sequential Quadratic Programming (SQP) algorithm imple-
mented in Matlab, is typically used for this purpose (KLE 93; Mat 02; NOC 06).
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Resolution by inverse approach

Sequential Quadratic Programming (SQP) is a nonlinear optimization algorithm
that minimizes a differentiable function subject to constraints. It is particularly
useful for solving problems with equality and inequality constraints. The algorithm
starts by forming an approximation of the objective function and the constraints
using a quadratic model. Then, it solves the quadratic programming subproblem
to find a search direction and updates the approximation of the objective function
and constraints based on the new point. This process is repeated until a termina-
tion criterion is met, such as achieving the desired accuracy or reaching a maximum
number of iterations. SQP is known for its fast convergence, especially for problems
with few variables and constraints.

The objective function is minimized using the least squares regression method.
The least squares regression method minimizes the sum of the squared errors between
the predicted and actual values of the dependent variable. For example, in the case
of material constitutive law identification from nanoindentation data, the objective
function is typically the sum of the squared differences between the experimental
force-displacement [F-h] curve and the [F-h] curve predicted by the constitutive
law, with the material parameters to be identified as the optimization variables.
The objective function expression is given by the expression:

e2
r = 1

N2

N∑
i=1

(
ĥexpi−hnumi

)2
(2.10)

where ĥexpi and hnumi represent respectively the experimental displacement and the
numerical displacement.

To simulate the contact problem, the multiphysics contact resolution code called
Isaac, developed in the Lamcos laboratory of INSA Lyon to model the contact
problem between the spherical tip and the samples, is used. This code uses a
semi-analytical formulation and can handle complex contact problems (GAL 10;
KOU 15a). The mechanical behavior of the materials will be assumed to be elasto-
plastic, with an isotropic and constant elastic behavior characterized by Young’s
modulus of 210 GPa and a Poisson’s coefficient of 0.30. In this analysis, we will
adopt a power law relation to describe the hardening work phenomenon, following
the Swift isotropic hardening plastic law expressed by the relation:

σ =B(C+ εp106)n (2.11)

Where B, C, and n are three parameters to be identified. B is a strength parameter
while C and n are material hardening parameters. To initiate the minimization
analysis, a set of Swift plastic hardening parameters from literature (JAC 01) were
utilized for numerical simulations. The initial parameters used were B = 1280 MPa,
C = 4, and n = 0.095 for M50, M50NiL, and M50NiLDH steels, and B = 1840
MPa, C = 16, n= 0.067 for 32CrMoV13 steel as surface parameters. The flowchart
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2. Mechanical characterization of bearing steels

in Fig.2.11 illustrates the problem-solving approach, which involves defining the
initial material parameter values, solving the contact problem using the Isaac code,
and minimizing the error between the experimental and numerical curves until the
objective function is minimized, thereby providing the solution parameter set.

Initial material parameter of
Swift hardening law [B,C,n]Graded elastic-plastic materials

Nanoindentation tests or me-
chanical characterization tests

[F-h] curve or material’s response

Numerical indentation resolution with
semi-analytical contact tool Isaac

Comparison between Experimen-
tal and numerical displacements

0 100 200 300 400 500 600 700 800
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100
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|hexp−hnum|< ε0

Equivalent material’s
effective properties

if
No

Yes

Figure 2.11: General algorithm for solving the indentation Contact Problem with
an inverse approach.

2.10 Results
In this section, the results of the different methods (analytical and numerical) are
presented.

2.10.1 Analytical method results
Using the analytical techniques developed by Oliver and Pharr (PHA 02), a mi-
crohardness profile was obtained for the different steel grades. The microhardness
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Results

profile for M50 steel shows a nearly constant value, as depicted in Fig.2.12. Based on
the microhardness results obtained for M50, an average hardness value of H = 5 GPa
and a standard deviation of 0.02 GPa were identified for the measurements. The
standard deviation value will account for the variation in microhardness measure-
ments for the other steel samples.

Figure.2.12 displays the variation of microhardness in the 32CrMoV13 sample, re-
vealing a gradient in microhardness ranging from 5.5 GPa at the surface to 4.1 GPa
in the inner part of the material. Based on this result, the steel nitriding depth can
be determined to be 150 µm.

Figure 2.12: (a) Gradient evolution through the materials illustrastion ,
(b)Material micro-hardness filiation from surface to the bulk.

The microhardness profile of the M50NiL steel also exhibits a gradient, with a
surface microhardness of 5.89 GPa decreasing to 4.6 GPa at the center of the mate-
rial, as depicted in Fig.2.12. This indicates a carburization depth of approximately
1 mm. Here we observe a similar microhardness gradient in M50NiLDH steel, with a
surface microhardness of 6.55 GPa decreasing to 5.89 GPa in the heart of the mate-
rial, indicating a microhardness depth gradient of about 100 µm. A cross-treatment
can be observed, which introduced M50NiL properties into the bulk material of this
steel. The gradient shown in Fig.2.12 may give the impression that it is the gradient
of the carbonitrided zone, while the cementation appears uniform throughout the
sample. When considering a Vickers indentation, the hardness is typically given
by the Vickers hardness number (HV). The HV is calculated by dividing the load
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2. Mechanical characterization of bearing steels

applied to the indenter by the surface area of the indentation. The formula for
calculating the Vickers hardness number is given by:

HV =
2P sin(136

2 )
d2 = 1.8544P

d2 (2.12)

By assuming that the average diameter of the imprints is equivalent between the
spherical and the pyramidal tip, we obtain the following relationship between Vickers
hardness (HV) and standard hardness in MPa:

HV = 0.147H(MPa) (2.13)

Figure.2.12, gives a comparison of the hardness for different steel grades.

✶ The carbonitrided M50NiLDH steel has the highest surface and undercoat
hardness. This can be attributed to the carbonitriding treatment performed
on the steel. Additionally, crossing the carburizing treatments in the zones
located in the center of the material creates almost homogeneous properties
in these zones, leading to an even higher level of hardness.

✶ In the second place, the carburized M50NiL steel also has a good level of
surface hardness.

✶ The nitrided 32CrMoV13 steel is in third place, with a good level of surface
hardness that is better above the homogeneous properties of M50 quenched
steel.

2.10.2 Approximation of the micro-hardness level of heat
treatments

For this approximation, it is essential to note that approximating the micro-hardness
level due to thermo-chemical treatments is a complex process that requires careful
consideration of various factors, including the composition of the material, the heat
treatment parameters, and the testing methodology. It is also important to ensure
that the testing conditions are standardized and repeatable to produce accurate and
reliable results. So in this analysis, we consider the Safran heat treatment standard
condition of bearing metals to approximate the micro-hardness levels of steel due to
heat treatments. By deploying this approximation, the approximate hardness value
at different material depths based on the heat treatment conditions can be estimated.
This information can be useful for determining the optimal heat treatment conditions
for a specific application and for predicting the material’s mechanical properties after
heat treatment.
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2.10.2.1 Approximation of nitriding treatment

The following equation can express the approximation of the nitriding micro-hardness
with the nitriding depth:

HV (h) = an(h−hmaxn)+H0n +100 (2.14)

According to the nitrided samples used in this study, the approximated hardness
law is given by:

HV (h) =−700(h−hmaxn)+H0n +100 (2.15)

Furthermore, an exponential approximation can be established to consider the cur-
vature of the hardness filiation. For example, the following equation can express
this approximation:

HV (h) =H0n +100+an [1− exp(−kn(h−hmaxn))] (2.16)

Where HV is the Vickers hardness at a given depth h, an in HV.µm−1 is the slope
in the linear regression case, hmaxn is the maximum nitriding height in micron,
H0n is the bulk material hardness. In the case of an exponential regression, an in
HV , exp is the exponential function and kn is the exponential evolution parameter
according to the treatment condition in µm−1. This equation assumes that the
hardness increases exponentially with depth, which may be a better approximation
for cases where the hardness curve is not linear. The constants an and kn can be
determined by fitting the equation to experimental data using regression analysis.

2.10.2.2 Approximation of carburizing treatment

The linear approximation of the hardness evolution with the treatment depth in the
case of carburizing can be expressed as:

HV (h) = ac(h−hmaxc)+H0c (2.17)

According to our carburized samples, the approximated hardness law is given by:

HV (h) =−150(h−hmaxc)+651 (2.18)

The exponential approximation of the hardness evolution with the treatment
depth for carburizing can be expressed as:

HV (h) =H0c +ac [1− exp(−kc(h−hmaxc))] (2.19)

With ac in HV.µm−1 is the slope of the line or in HV for the exponential case,
hmaxc is the maximum carburizing height, H0c is the bulk material hardness, and
kc is the exponential evolution parameter according to the treatment condition in
µm−1.
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2. Mechanical characterization of bearing steels

2.10.2.3 Approximation of carbonitriding treatment

In the case of carbonitriding, carburizing, and nitriding treatments are used to
increase the hardness level in the treated zone. This results in a high gradient of
properties from the surface to the bulk material. In the concerned zone, the hardness
level linear approximation would be:

HV (h) = ac(h−hmaxc)+an(h−hmaxn)+H0n +100 (2.20)

The exponential approximation would be:

HV (h) =H0n +100+acn [1− exp(−kcn(h−hmaxcn))] (2.21)

With acn = −1000HV.µm−1 the carbonitriding slope in the linear case, hmaxcn is
the maximum carbonitriding height, H0n is the bulk material hardness, and kcn is
the exponential evolution parameter according to the treatment condition in µm−1.

2.10.3 Inverse approach results
This section will present the results of identifying the constitutive law by inverse
analysis. Before that, we will first present the results of a sensitivity study that was
carried out on the different sets of initial parameters. This study was conducted
to determine the sensitivity of the inverse analysis to the choice of initial parame-
ters. The results of this sensitivity study will help us understand the impact of the
different parameters on the accuracy and reliability of the inverse analysis results.

2.10.3.1 Determination of the most sensitive constitutive law parame-
ters

The sensitivity study involved varying the initial parameters of the constitutive law
model over a range of values and analyzing the resulting changes in the identified ma-
terial parameters. This was done for four steel grades: 32CrMoV13, M50, M50NiL,
and M50NiLDH. Variations were made in the parameters’ initial values related to
the material’s hardening behavior, such as the yield strength, the work hardening
coefficient, and the strain hardening exponent.

The study revealed that for the samples with initial parameters [B, C, n], the B
parameter varied significantly, the n parameter varied moderately, and the parame-
ters converged towards 0.045. On the other hand, the C parameter remained almost
constant. Therefore, for the identification process, the C parameter will be fixed at
C = 4 and the n parameter at n = 0.045, while only the B parameter will vary to
finalize the identification of the material laws. Since this optimization problem is
convex, it lacks a global minimum, which implies that there are multiple parameters
solutions.
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2.10.3.2 Determination of constitutive law parameters

The Swift plastic law parameters [B,C,n] have been identified for each [F-h] curve
corresponding to the indentation data of the different steel samples. For the M50
steel, which has a homogeneous microhardness distribution, the Swift law parame-
ters were determined to be B = 1300MPa± 20, C = 4, and n = 0.045. Using this
identification, a relative error of ±20 MPa was estimated for parameter B, consid-
ering all errors made on the three parameters. This relative error value will be
applied to the other steel samples. The identified parameters were then used to
fit the indentation data for each graded material, as shown by the fitted curves in
Fig.2.13.

(a) (b)

Figure 2.13: Fitting curve allowing the determination of the Swift’s plastic law
parameters (a) M50NiLDH steel at h=100 µm, (b) 32CrMoV13 steel h=100 µm.

Thus the Tables.2.5,2.6,2.7 present respectively the evolution of the parameters
according to the depth in the 32CrMoV13 steel, M50NiL steel, and M50NiLDH
steel.

The identification of the parameters of Swift’s plastic law according to the depth
allows the writing of the law in the form:

σz =Bz(C+ εp106)n (2.22)

Where Bz represents the value of B according to the depth. Figure.2.14(a) compares
the hardening curve in the different grades of steels, while Fig.2.14(b) shows the same
comparison but at the heart of the different steels. These curves make it possible to
follow the evolution of the hardening law according to the various thermochemical
treatments applied and in the basic materials. With the hardness approximation
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2. Mechanical characterization of bearing steels

Table 2.5: The identified Swift’s parameters trought the depht on the M50NiL
steel.

Height [µm] Swift Law Parameters Relative error Yield strength
B [MPa] C n % σ0 [MPa]

10 1500 4 0.045 1.53 1597
200 1420 4 0.045 1.53 1511
400 1340 1426
600 1290 1373
800 1265 1346
1000 1245 1325
1200 1215 1293
1300 1200 1277
1400 1200 1277

Table 2.6: The identified Swift’s parameters trought the depht on the 32CrMoV13
steel

Height [µm] Swift Law Parameters Relative error Yield strength
B [MPa] C n % σ0 [MPa]

10 1440 4 0.045 1.53 1533
50 1400 4 0.045 1.53 1490
100 1378 1467
150 1362 1450
200 1340 1426
250 1320 1405
300 1302 1386
400 1286 1369
500 1260 1341
600 1240 1320
700 1225 1304
800 1203 1280
900 1185 1261
1000 1175 1251
1100 1175 1251
1200 1175 1251

made in the previous section, it is possible to deduce the parameters of Swift’s
plastic law from the heat treatment depth. Furthermore, the B parameter was
found to vary linearly with the depth, as it is related to the hardness. Therefore,
an approximation of the B parameter can be expressed as a function of the depth,
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Table 2.7: The identified Swift’s parameters trought the depht on the M50NiLDH
steel.

Height [µm] Swift Law Parameters Relative error Yield strength
B [MPa] C n % σ0 [MPa]

10 2000 4 0.045 1.53 2129
50 1900 4 0.045 1.53 2022
100 1810 1927
150 1730 1841
200 1660 1767
250 1590 1692
300 1535 1634
400 1500 1597
500 1500 1597
1200 1500 1597

given by the following expression:

Bz

B0
= HVz(h)

HV0
(2.23)

The relationship between the treatment depth and Swift’s law parameter B depends
on the type of treatment and its characteristics. With the previous results we can
estimate the value of B for a given material. This relationship can be helpful in pre-
dicting the mechanical behavior of the material under different loading conditions.

2.10.4 Synthesis
The sensitivity study on the parameters of the [F-h] curves showed that the identified
parameter values were relatively stable. This means that the parameters of the Swift
constitutive law, identified from the indentation tests, can be considered reliable.
Additionally, a correspondence can be established between the identified parameters
and the microhardness results of the different heat treatments performed on the
steels. A correspondence between the results of microhardness and parameters of
the law of behavior can be established via the following relation on the steels:

σ0m ≃
H(MPa)

3

where σ0m is the microlimit of elasticity at 20.10−6m/m strains. The analysis shows
a nearly perfect agreement between the microhardness results and the parameters of
the behavior law, with only slight differences that can be attributed to uncertainties
in the data and analysis. These uncertainties stem from three main sources: the first
being the error introduced by the reaction time of the nanoindentor, which can affect
the value of Young’s modulus and the accuracy of the data. The second is related

83

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



2. Mechanical characterization of bearing steels

0 1 2 3 4 5

10
4

0

500

1000

1500

2000

2500

3000

3500

(a)

0 1 2 3 4 5

10
4

0

500

1000

1500

2000

2500

3000

3500

(b)

Figure 2.14: Swift hardening and constitutive law comparison of steels at surface
(a) h=10 µm b) h=1500 µm

to the uncertainties in the optimization code used for the parameter estimation and
the assumption that the hardening parameter n is fixed at 0.045 for all materials,
even though it may vary slightly. However, the uniqueness of the solutions is not
established in this study. The uncertainties in the results were evaluated. The third
source of uncertainty is related to the indentation size effect (GAO 92).
The indentation size effect (ISE) is defined by an increase in stiffness as the inden-
tation contact area decreases or the indentation scale decreases. So on a small scale,
the materials seem harder than on a large scale. The indentor tip in the model
was assumed to be spherical, while the true shape of the indenter tip may deviate
significantly from this assumption. It is known that the hypothesis of an ideal tip
geometry leads to substantial errors, leading to the need to calibrate each indenter
tip to get the true contact area based on the indentation depth. The true geometry
of the indenter tip may deviate significantly from the ideal assumption of a spher-
ical tip, which can lead to substantial errors in determining the contact area and
hence the measured properties of the material. Therefore, it is important to measure
the real geometry of the tip and calibrate each indenter tip to get the true contact
area based on the indentation depth. Therefore, this calibration was done, and the
real geometry was measured. A numerical microscope observation was performed
to evaluate the diameter of the spherical tip and identify any geometric defects, as
depicted in Fig.2.15. This observation showed that the real diameter is 95.5 ± 2
µm . This value was found to be very close to the ideal tip diameter which value is
100 µm, indicating that the errors introduced by the tip geometry can be negligible.
However, other factors, such as thermal drift, mechanical vibrations, fluctuations
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Behavior of materials under operating load

in voltage, and frame stiffness, could affect the measured displacements during in-
strumented indentation tests. These factors were all accounted for and eliminated
through machine calibration.

(a) (b) (c)

Figure 2.15: Different positions (a) (b) (c) of the indentation tip for its calibration.

The uncertainties related to the analysis can be at the origin of a strong vari-
ation of the parameter of hardening n which varies very strongly compared to the
literature. The Swift’s parameters obtained from the analysis were compared with
those reported in the literature, and it was found that the values were very similar
and in good agreement. However, there was a slight difference in the parameter val-
ues, which could be attributed to various factors such as measurement uncertainties,
differences in the method of analysis, slight variations in material composition or
heat treatment.

2.11 Behavior of materials under operating load
The purpose is to understand the deformation behavior of bearing materials when
subjected to operating loads. Moreover, it is essential to investigate how the thermo-
chemical treatment-induced gradient of properties influences this behavior. Addi-
tionally, understanding the plasticity evolution of the material under these operating
loads is crucial. So to investigate the deformation behavior of the bearing material
under operating load conditions, a loading simulation will be conducted. It is impor-
tant to note that this simulation will not consider the effects of cross-heat treatments,
and the property gradients being considered are those present in the service bear-
ings. The M50 material is heat-treated in bulk using the identified properties from
earlier analysis. First, the 32CrMoV13 material undergoes nitriding treatment to
a depth of around 850 µm. Next, the M50NiL material is subjected to carburizing
treatment to a depth of approximately 1mm. Finally, the M50NiLDH material is
carburized to the same depth of about 1mm with surface nitriding treatment to
roughly 150µm. The goal is to understand better how the material will deform and
how its plasticity will evolve when subjected to these conditions.
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This analysis is focused on simulating the contact between the rolling elements
and the rings in a ball bearing. In this modeling, the contact is assumed to be
ball-on-cylinder or annular linear contact. This type of contact allows for the repre-
sentation of the contact zone and the maximum shear depth. This simplification is
useful in modeling the behavior of the bearing material under operating conditions,
as it provides a good approximation of the actual contact.
The elastoplastic behavior of the grade steel M50, 32CrMoV13, M50NiL, and M50NiLDH
is analyzed in the contact between a sphere and a cylinder under a range of oper-
ating loads. All these materials follow Swift’s elastoplastic law. The sphere has a
diameter ϕ1 of 20 mm with ϕ1 > 0, and the cylinder has a diameter ϕ2 of 40 mm
with ϕ2 > 0 and a length of L = 100 mm. The materials follow the elastoplastic
constitutive law of Swift. The operating loads applied will range from 2 GPa to 7
GPa, and the behavior of each material will be noted at every loading step. Thus the
pressure distribution and the materials’ deformation will be analyzed. This contact
problem is solved using the numerical code Isaac from LAMCOS at INSA Lyon.

When a load is applied to the materials, it is important to note that at a pres-
sure of 2.5 GPa, all materials will undergo plastic deformation. This means they will
change shape and permanently deform under the applied load. In this case, the M50
steel exhibits the highest level of plastic strains compared to the other materials.
Additionally, the 32CDV13 steel deforms more than the M50NiL, which deforms
more than the M50NiLDH, as illustrated in the Fig.2.16.

Figure.2.17 shows how the pressure field evolves for the different materials as they
are loaded elasto-plastically. As the material becomes more plasticized, the pressure
field’s maximum value decreases, which means that it becomes smaller than the
Hertzian elastic pressure. In other words, the more a material deforms plastically,
the less it can withstand the same stress level without permanent deformation.
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Figure 2.16: Elastoplastic pressure evolution in the materials at a)P0 = 4.2GPa
b)P0 = 5.12GPa c)P0 = 7.03GPa

When the load is increased gradually up to 4 GPa, it can be observed that the
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Behavior of materials under operating load

M50NiLDH material has a higher resistance and deforms less compared to the other
three materials. The deformations of the other three materials are almost the same.
Upon closer examination, it can be noticed that the 32CDV13 material starts to
deform more than the M50, while the M50NiL material deforms less than the M50.
Figure.2.16 presents the evolution of the contact pressure distribution as a function
of the residual displacement normalized by the contact radius associated with each
loading level.
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Figure 2.17: Elastoplastic pressure evolution in the materials at Hertz pressure
P0 = 5.12GPa for the property gradient materials against the bulk one

At a loading of 4.8 GPa, it becomes apparent from Fig.2.17 that the M50NiL
material experiences a significant amount of plastic deformation and, as a result,
begins to deform more than both M50 and M50NiLDH, which still show better
resistance as shown in the Fig.2.18. However, at approximately 6.6 GPa, M50NiLDH
starts to deform more than M50, causing M50 to become the most resistant material
for loading levels beyond 6.6 GPa as shown in Fig.2.18.

The M50 material’s good resistance to high loading can be attributed to its
good surface and core properties. As the loading levels increase and more layers of
material are solicited in-depth, the quality of the core properties becomes crucial.
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2. Mechanical characterization of bearing steels

However, for low loading that only requires a small amount of material in the treated
layer, the surface properties can be used to model the material’s behavior against
surface attacks.

To show the influence of the heat treatment, a comparison between the behavior
of materials that have undergone thermochemical treatments and their base mate-
rials (core materials) under operating conditions is made. The comparison shows
that the treated materials have better resistance. Specifically, in the pressure range
of 3.5−5.2 GPa, the level of residual deformation for M50NiLDH can reach up to
0.4 times that of the core material. For M50NiL, the level of deformation can reach
up to 0.6 times that of the core material, and for 32CrMoV13, it can go up to 0.7
times that of the core material.
It is crucial to ensure that the shear height is within the treated layer to ensure
the validity and applicability of the material response results. The depth of heat
treatment divided by the smallest contact radius must be greater than or equal to
1. The shear height refers to the depth of maximum shear stresses during inden-
tation loading, which is usually determined by the size and shape of the indenter
used. For example, the maximum shear depth of bearings is 0.8a under operating
conditions. However, outside this layer, it can be essential to consider other complex
phenomena, such as interface problems..., that may occur in the material response.
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Figure 2.18: Evolution of the pressure with the residual displacement (a) Hertz
pressure P0 = 2−5GPa (b) Hertz pressure P0 = 2−7GPa
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Conclusion

2.12 Conclusion
In summary, this study focuses on determining the impact of thermochemical treat-
ments, including quenching, carburizing, and nitriding, on the hardness gradient of
M50, M50NiL, 32CDV13, and M50NiLDH steels. The research proposes an effective
method for extracting these metals’ microhardness gradient and elastoplastic consti-
tutive law using nanoindentation tests. The characterization is done by combining
two approaches:

• The Oliver Pharr’s analytical approaches to determine Young’s modulus and
hardness.

• The inverse identification approach which made it possible to identify the
parameters of Swift’s behavior law for these materials.

The analysis conducted in this study revealed that specific treatments, such as
carburizing, nitriding, and carbonitriding, increase surface hardness that gradually
decreases towards the interior of the material. On the other hand, quenching leads to
a uniform increase in hardness throughout the material. The treatments’ depth was
150 µm for 32CrMoV13 steel, 1 mm for M50NiL steel, and 100 µm for nitriding and
on M50NiLDH steel as the carburizing had created a homogeneous layer toward
the bulk material. Additionally, the analysis allowed for the classification of the
steel grades based on their surface hardness levels, with M50NiLDH exhibiting the
highest level of resistance, followed by M50NiL, 32CrMoV13, and M50.

The study found a relationship between the depth of treatment, the level of
hardness, and the parameters of Swift’s law used to model the materials’ behavior.
Specifically, a linear and exponential approximation of the hardness evolution with
the treatment depth was established for the different materials studied (AISI M50,
AISI M50NiL, AISI M50NiLDH, and AISI 32CrMoV13). In addition, Swift’s pa-
rameter B was approximated to have a linear evolution with the depth of treatment
as the hardness decreases.

The results of the study showed that the operating resistance of the materials
can be correlated with their surface and core properties, which are influenced by
the different heat treatments. The M50 steel, which had a good surface and core
properties, was the most resistant to high loading levels beyond 6.6 GPa. The
M50NiLDH steel, which had the best surface properties, showed the best resistance
in the 3.5-5.2 GPa but started to deform more than M50 at higher loading levels.
The M50NiL and 32CrMoV13 steels showed intermediate resistance levels between
M50 and M50NiLDH, with M50NiL being more resistant than 32CrMoV13.

So the M50 steel exhibited the highest operating resistance at high loading levels
compared to the other materials tested, including the M50NiLDH, M50NiL, and
32CrMoV13. However, at lower loading levels, the surface properties of the treated
materials were found to play an important role in their resistance to surface attacks.
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Chapter 3

Bearing materials hardening under
cyclic solicitation

In this chapter, the investigation focuses on identifying the material parameters that
accurately model the response of four different steels: M50, 32CrMoV13, M50NiL,
and M50NiLDH. These steels are martensitic and have undergone thermochemical
treatments, which can result in a gradient of properties depending on the specific
treatment applied. During the analysis, various types of behaviors were observed
in the steels under cyclic uniaxial stress. These behaviors include elastic adapta-
tion, elastoplastic accommodation, and ratchet. A combined type of work hardening
will be employed to effectively model the elastoplastic behavior exhibited by the sam-
ples under cyclic loading. This combined work hardening approach incorporates both
isotropic and kinematic work hardening. The study aims to identify sets of parame-
ters for Chaboche’s constitutive law for each grade of steel. This will be accomplished
through an inverse resolution technique, which involves determining the material pa-
rameters that best match the observed behavior of the steels. The analysis will be
conducted both at the surface and in the core of the samples to account for any
potential variations in material properties. By identifying these sets of material pa-
rameters, the study aims to better understand the cyclic behavior of the investigated
steels.
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3. Bearing materials hardening under cyclic solicitation

3.1 Introduction
In industrial machinery, mechanical components undergo repetitive loading over
their operational lifespan. This is especially crucial in the context of aeronautical
bearings, where it is necessary to examine how bearing materials respond to cyclic
stresses.

When examining cyclic stresses, there are two types of formulations to consider:
isotropic and kinematic formulations. Isotropic formulations are suitable when deal-
ing with cyclic stresses that increase in loading amplitude as the number of cycles
progresses. However, these formulations may need more precision as they must ac-
count for the translation of surface loads on materials, such as the Bauschinger effect.
The Bauschinger effect pertains to a phenomenon observed in metallic materials un-
der cyclic loading, where the yield strength decreases in the opposite direction after
unloading. To accurately capture this effect, one must use kinematic formulations.

Kinematic formulations have shown significant improvements over isotropic for-
mulations in some applications. They provide better predictions of local elastoplas-
tic response and springback. Nevertheless, a combination of isotropic and kinematic
formulations is often preferred due to the limitations of each approach. These com-
bined formulations offer greater precision compared to purely isotropic ones and
yield more accurate results in terms of local elastoplastic response and springback
prediction. A detailed description of these specific formulations will be provided
later in the text.

This chapter aims to identify the parameters of Chaboche’s constitutive models
implemented in Abaqus. These models describe the behavior of specific steel grades
(M50, 32CrMoV13, M50NiL, M50NiLDH) under cyclic loading conditions. The
focus is on comprehending how these steels react to repeated loading and unloading
cycles.

Furthermore, in addition to parameter identification, this chapter will also ex-
plore the type of hardening exhibited by these steels based on the applied load
levels.

3.2 Plasticity
Plasticity is a property exhibited by materials that undergo permanent deformation
when subjected to external forces or loads. At any point on the stress-strain curve,
the total strain ε is composed of an elastic strain εe and a plastic strain εp so that
we can write:

ε= εe + εp (3.1)

If we express the equation in terms of strain rates, Equation 3.1 becomes:

ε̇= ε̇
e
+ ε̇

p
(3.2)
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Plasticity

Here, ε̇, ε̇
e, and ε̇p represent the tensors representing the rates of total, elastic,

and plastic deformation, respectively.

In the stress space, there exists an elastic domain within which any variation in
stress only leads to elastic deformation and no plastic deformation. On the boundary
of this domain, the behavior is elastoplastic. The surface that delimits the elastic
domain is called the yield surface, which can be described by the state function f of
the stress state, known as the yield criterion.

Plastic deformation only occurs when the equivalent stress σeq is equal to the
yield strength σyield. This condition can be expressed as:

f(σ) = σeq−σyield = 0 (3.3)

and the loading point always remains on the yield surface. It is only when un-
loading the material that the equivalent stress σeq becomes lower than the yield
strength σeq < σyield, hence f = σeq−σyield < 0, and the behavior becomes elastic
with constant plastic deformation. Plastic collapse occurs when two conditions are
simultaneously satisfied:

f = 0 and ḟ = 0 (3.4)

The consistency condition states that during a stress variation that induces plas-
tic deformation, the hardening evolution must occur in such a way that f = 0 is
continuously maintained. However, the stress variation can cause the representative
point of the loading state to move inward within the domain. This corresponds to
elastic unloading characterized by ḟ < 0. The the plastic flow rule can be written
as:

ε̇p = 0, if f < 0 (elastic behavior) (3.5a)

ε̇p > 0, if f = 0 and ḟ = 0 (indicating plastic flow) (3.5b)

ε̇p = 0, if f = 0 and ḟ < 0 (indicating elastic unloading) (3.5c)

When plastic flow occurs, the evolution of plastic strain is given by the relation:

ε̇p
= λ̇

∂f

∂σ
(3.6)

where λ̇ is the plastic multiplier, which represents the rate of equivalent plastic
deformation. It needs to be determined based on the loading-unloading criterion.
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3. Bearing materials hardening under cyclic solicitation

3.3 Plasticity criteria
Plasticity criteria, also known as yield criteria or failure criteria, are mathemati-
cal expressions or conditions used to determine the onset of plastic deformation in
materials. These criteria define the stress states at which materials transition from
elastic to plastic behavior. Different criteria have been developed to describe the
yield behavior of various materials under different loading conditions. Here are some
commonly used plasticity criteria:

3.3.1 Von Mises Criterion
The Von Mises criterion, also known as the Von Mises yield criterion or the maximum
distortion energy criterion, is widely used to describe the yielding behavior of ductile
materials under isotropic loading conditions. It is based on the concept of equivalent
stress. The mathematical expression for the Von Mises criterion is as follows:

σeq = 1√
2

√
(σ1−σ2)2 +(σ2−σ3)2 +(σ3−σ1)2 (3.7)

There is inelastic deformations if:

σeq ≥ σyield Yielding condition.

In the Von Mises criterion, the symbols have the following meanings:
• σeq represents the von Mises equivalent stress.

• σ1, σ2, and σ3 represent the principal stresses.
The yielding condition states that yielding occurs when the von Mises equivalent

stress σeq exceeds or is equal to the yield strength σyield.

3.4 Behavior under cyclic load
The material hardening behavior is the hardening under the effect of its plastic defor-
mation. It therefore corresponds to the modifications that material undergoes when
the applied stresses are high enough to cause permanent plastic deformations. These
modifications are of a metallurgical nature (modification of the internal structure)
and generally have an influence on its mechanical properties. Experimental stud-
ies in the literature on materials reveal the presence of inelastic deformations when
exceeding their elastic limits and that the plasticity surface evolution can be very
complex. Thus, by plasticizing, materials can undergo expansion, translation and
distortion as illustrated in several studies (LEM 90; BRO 08; CHA 08a; CHA 86;
CHA 12; CHA 08b; DAR 15; DIA 13; DON 19; FEI 18; FEI 20; MOH 16).

Depending on the expansion or translation of the load surface, different types
of work hardening can be distinguished, namely isotropic hardening and kinematic
hardening.
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Behavior under cyclic load

3.4.1 Isotropic hardening
Isotropic hardening refers to work hardening where the load surface expands uni-
formly in all directions. It is often observed in materials that exhibit a relatively
uniform distribution of dislocations during plastic deformation. The hardening re-
sponse is characterized by an increase in the yield strength and a corresponding
increase in the stress required to induce plastic deformation as we can observe in
Fig.3.1. According to the isotropic hardening rule, the evolution of the loading sur-
face is governed by a single scalar variable, denoted as R. This variable represents
the isotropic hardening parameter. In the context of time-independent plasticity and
isothermal plastic deformation, the yield surface can be described by the following
equation, as formulated by Lemaitre and Chaboche (LEM 90):

σ = σ0 +R (3.8)

Here, σ represents the stress, σ0 is the initial yield strength, and R is the isotropic
hardening parameter. This equation indicates that the yield strength increases
linearly with the isotropic hardening parameter. As plastic straining occurs, the
isotropic hardening parameter R increases, leading to an overall expansion of the
yield surface in all stress directions.

The isotropic hardening parameter, R, captures the additional yield strength
induced by plastic deformation. It accounts for the accumulation of dislocations,
changes in the microstructure, and other factors that contribute to the material’s
hardening behavior.

In order to account for the expansion of the loading surface in Abaqus, the Voce
elastic-plastic constitutive law was implemented based on the work of Lemaitre and
Chaboche (LEM 90; CHA 86). The size of the yield surface, denoted as σ0(εpl, θ,fi),
is defined as a function of the equivalent plastic strain εpl, temperature θ, and field
variables fi. This dependency can be directly provided, coded in the user subroutine
UHARD, or modeled using a simple exponential law for materials that cyclically
either harden or soften:

σ = σ0 +Qinf

(
1− exp(−bεpl)

)
(3.9)

The exponential part determines the variation of the surface size. Here, σ0(θ,fi)
represents the yield surface size at zero plastic strain, and Qinf (θ,fi) and b(θ,fi) are
additional material parameters that need to be calibrated based on cyclic test data.

3.4.2 Kinematic hardening
Kinematic hardening, on the other hand, involves a translation of the load surface
without expansion as shown in Fig.3.2. It is also referred to as differential hardening.
In kinematic hardening, the material’s hardening response depends on its previous
loading history and the direction of the applied stresses. This type of hardening oc-
curs when there is an asymmetric distribution of dislocations or plastic strains in the
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3. Bearing materials hardening under cyclic solicitation

Figure 3.1: Isotropic hargening illustration

material. During cyclic loading, the material experiences non-proportional loading
paths, leading to different stress-strain responses in different directions. Kinematic
hardening is commonly observed in materials with anisotropic behavior, such as
textured or polycrystalline materials.

Figure 3.2: Kinematic hardening illustration
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Behavior under cyclic load

3.4.2.1 Linear kinematic hardening model

The linear kinematic hardening model is a simplified approach for modeling kine-
matic hardening in materials, particularly in the ABAQUS software. This model
combines isotropic and kinematic hardening formulations and is commonly used to
describe the material behavior in plastic deformation simulations.

In this model, the size of the yield surface, denoted as σ0(θ), can be a function of
temperature (θ) only. The evolution of the internal variable α, which represents the
kinematic hardening parameter, is defined by Ziegler’s hardening rule generalized to
the nonisothermal case. The evolution equation for α is given by:

α̇ = Cε̇pl
1
σ0 (σ−α)+ 1

C
αĊ (3.10)

In this equation, C(θ) represents the hardening parameter, and Ċ(θ) is the work-
hardening slope of the isothermal uniaxial stress-strain response, specifically the
rate of change of stress (σ) with respect to plastic strain rate (ε̇pl), taken at differ-
ent temperatures. The term Ċ represents the rate of change of C with respect to
temperature (θ̇).

This form of the evolution law for α indicates that the rate of α due to plastic
straining is in the direction of the current radius vector from the center of the yield
surface (σ−α), while the rate due to temperature changes is directed towards the
origin of stress space. This concept was presented more generally as:

α̇ = µ̇(σ−α)+hαθ̇ (3.11)

The specific identification of µ̇ = Cε̇pl
1

σ0 and h =
dC
dθ
C in the above equation is

assumed, and it defines the material behavior based on the isothermal, uniaxial
work hardening data, represented by C(θ).

3.4.2.2 The non-linear kinematic hardening

The use of nonlinear hardening models enables the consideration of nonlinear kine-
matic hardening characteristics exhibited by materials. Among these models, the
Armstrong-Frederick (ARM 66) nonlinear hardening model is widely employed and
later enhanced by Chaboche. The modified Chaboche model is integrated into the
finite element software Abaqus for implementation (SMI 19).

The non linear kinematic hardening component of this law is described by the
equation:

dX = C1(σ−X)dε−γdε (3.12)

where dX represents the change in the back stress tensor, σ is the stress, X is
the back stress tensor, dε is the plastic strain increment, C1 is the initial kinematic
hardening modulus, and γ is the rate at which the kinematic hardening modulus
decreases with increasing plastic deformation.
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3. Bearing materials hardening under cyclic solicitation

3.4.2.3 The combined hardening

Combined hardening refers to the simultaneous presence of isotropic and kinematic
hardening in a material’s response due to plastic deformation. Isotropic hardening
involves changes in the yield strength and the size of the yield surface, whereas
kinematic hardening pertains to the evolution of the shape of the yield surface. In
materials exhibiting combined hardening, the yield surface expands or contracts with
plastic deformation, and it undergoes translation as well as shown in the Fig.3.3.
Kinematic hardening causes the yield surface to shift, resulting in an increase or
decrease in the yield strength. On the other hand, kinematic hardening causes the
yield surface to distort, leading to changes in the material’s resistance to plastic
deformation under different loading conditions. The combined hardening behavior
of a material is typically characterized through constitutive models that incorporate
both isotropic and kinematic hardening components. These models consider the
evolution of yield surfaces and plastic deformation in response to external loading
and provide a more accurate representation of the material’s behavior under complex
loading conditions. Combined hardening is crucial to accurately predict the response
of materials subjected to cyclic or multiaxial loading, as it captures the interaction
between isotropic and kinematic hardening mechanisms.

Figure 3.3: Isotropic/kinematic hardening illustration

The behavior of the hysteresis loop during cyclic loading depends on the ma-
terial’s ability to accommodate plastic deformation. When the material is able to
adapt elastically to the applied stress, the hysteresis loop will close completely. How-
ever, in the case of elastoplastic accommodation, the loop will close until it stabilizes
over a range of elastoplastic deformation, leading to a more open loop compared to
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Behavior under cyclic load

elastic adaptation. When an accomodation is present, the hysteresis loop closes
more slowly, resulting in an even more open loop compared to the previous two
cases. The behavior of the hysteresis loop during cyclic loading provides important
insights into the material’s ability to withstand repeated stress and strain cycles,
which is critical in engineering applications such as the design of bearings and other
mechanical components.

Under cyclic loading, materials often exhibit the Bauschinger effect, character-
ized by a decrease in the yield strength under compression after an initial loading
in tension, and vice versa. This effect is commonly observed in uniaxial tension-
compression or alternating torsion tests. Additionally, most materials and alloys
demonstrate varying hardening properties during cyclic loading.

When conducting a strain-controlled test two types of behaviors can be observed,
depending on the material being studied:

1. Hardening:
Some materials exhibit an increase in the maximum stress with the number of
cycles. This is referred to as hardening.

2. Softening:
Other materials experience a decrease in the maximum stress with the number
of cycles, indicating softening behavior.

These two types of behaviors, hardening and softening, are commonly observed
in cyclically loaded materials and play a crucial role in their fatigue life and overall
mechanical response.

Figure 3.4: Schematic representation of cyclic elastoplastic behaviors.

When materials are subjected to cyclic loading, according to the loading path,
the load level and the material properties, we can observe an elastic adaptation
also called shakedown, an elastic-plastic adaptation called accommodation and the
ratchet as illustrated in Fig.3.4.

3.4.2.4 Elastic adaptation or shakedown

Material shakedown refers to the phenomenon in which a material subjected to cyclic
loading gradually stabilizes and exhibits elastic behavior, even though the applied
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3. Bearing materials hardening under cyclic solicitation

loads exceed the material’s yield strength. This occurs when the cyclic loads are
below a certain limit, known as the shakedown limit. During the initial loading
cycles, the material may experience some plastic deformation due to the applied
loads exceeding the yield strength. However, as the cyclic loading continues, the
plastic strains gradually decrease until the material reaches a state of shakedown.
In this state, the material undergoes purely elastic deformation, and the accumulated
plastic strains become negligible.

3.4.2.5 Plastic adaptation or accommodation

Material plastic adaptation, also called elastic-plastic accommodation, denotes a ma-
terial’s capacity to modify its response when subjected to cyclic or repeated loading.
The material experiences plastic deformation; however, as the loading is repeated,
the material adjusts its behavior to attain a more stable plastic deformation loop.

Plastic adaptation involves the generation of residual stresses and strains within
the material that counteracts the applied loads. These residual stresses and strains
arise from dislocation rearrangements and the redistribution of internal forces. Con-
sequently, the material attains a state where plastic deformation and elastic recovery
strike a balance, resulting in a more stabilized plastic deformation loop.

3.4.2.6 Ratcheting

Ratcheting is a phenomenon observed in materials subjected to prescribed asymmet-
rical cyclic stresses. It results in a progressive increase in ratcheting strain with each
cycle. However, different materials exhibit variations in their ratcheting behavior.

To capture this behavior, the nonlinear isotropic/kinematic hardening model is
used.

The nonlinear isotropic/kinematic hardening model is known to provide more
accurate results in many cases involving cyclic loading. For low mean stresses and
low stresses, ratcheting is not often observed, resulting in zero ratchet strain. Con-
versely, at high mean stresses, the accumulated ratchet strain continues to increase
steadily. A constant ratchet strain is predicted if only the nonlinear kinematic hard-
ening component is considered without the isotropic hardening component.

3.4.3 Modeling of the cyclic behavior
For the reliable prediction of mechanical responses beyond the elastic limit in compo-
nents and structures, it is typically recommended to describe the elastic-plastic be-
havior of metals accurately. Cyclic plasticity refers to the elastoplastic stress-strain
response of materials subjected to closed and repeated loading paths. It encompasses
various phenomena, such as the Bauschinger effect, cyclic hardening, relaxation, and
ratcheting. Accurately predicting ratcheting is crucial for preventing catastrophic
failure of structures. So an extensive experimental and numerical research has been
conducted in recent years (SON 14; BRA 18; BRO 08; BUR 20; CAO 21; CHA 86;
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Behavior under cyclic load

CHA 97a; CHA 12; CHA 08b). To characterize the material behavior, various au-
thors (CHE 18; CHO 13; CHO 17; CIZ 05; COU 17; DAU 21).have used uniaxial
tests, including tests with different loading paths, such as nanoindentation tests.

Plasticity plays a crucial role in various industrial applications because of its
ability to deform and retain its shape after the applied load is removed. It allows
materials to withstand large strains and stresses, making them suitable for applica-
tions such as metal forming, structural design, and manufacturing processes. Plas-
ticity has been the subject of several studies (DES 20; DIA 13; DON 19; EHL 16;
ENO 12; FAR 19; FEI 18; FEI 20; FIS 12; FRE 06) to understand its mechanisms,
to model its behavior, and to optimize its performance in different industrial con-
texts. Various forms of hardening can be distinguished in the presence of plasticity,
as demonstrated by several authors (FU 19; GAL 12; GAL 13; GAO 20; GAO 20;
GAR 20; GAR 21a; GAR 21b). Thus the prevalent use of a simple linear elastic
model can be attributed to the limited information available on the material’s con-
stitutive behavior.

The Chaboche kinematic hardening model is one of the most commonly used
constitutive models for metal plasticity. It combines Chaboche kinematic hardening
with Voce isotropic hardening to create a comprehensive model known as Chaboche
(or Chaboche-Lemaitre) combined isotropic-kinematic hardening (CIKH). Despite
various modifications and new approaches introduced, the Chaboche model remains
the benchmark for both the kinematic component and the combined isotropic-
kinematic model. It is implemented in commercial finite element software packages
like Abaqus (SMI 19).

To characterize the material response, uniaxial stress-strain-controlled cyclic
tests are frequently conducted, revealing different behaviors such as purely elas-
tic, elastic shakedown, plastic shakedown, or ratcheting, often with a steady strain
increment.

In Fu et al. (FU 16), the model parameters for the Chaboche kinematic hard-
ening model were determined using the virtual fields method in combination with
full-field deformation measurements. They considered different numbers of back-
stress components to fit the initial loading cycles. Nath et al. (NAT 21) argued
that accurate simulation of ratcheting tests requires the inclusion of isotropic hard-
ening and emphasized evaluating the absence of isotropic hardening in cyclically
stable materials on a case-by-case basis.

This analysis focuses on characterizing the material properties of different steel
grades: M50, 32CrMoV13, M50NiL, and M50NiLDH. The characterization will in-
volve identifying the parameters of the Chaboche constitutive law to describe their
behavior.
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3. Bearing materials hardening under cyclic solicitation

3.5 Investigated materials and experimental cam-
paign

In this section, we will present the materials used in the study and provide an
overview of the experimental protocols.

3.5.1 Properties gradient in the samples
In this section, we will analyze and characterize the evolution of the elastoplastic and
hardenable behavior of bearing steels M50, 32CrMoV13, M50NiL, and M50NiLDH.
These steel grades have undergone different heat treatments, including quenching,
nitriding, carburizing, and carbonitriding, which result in a gradient of elastoplastic
properties as described in the previous chapter.

The objective is to examine how these treatments affect the materials’ response
to cyclic loading and loading level.

3.5.2 Nanoindentation protocol
The sample preparation and calibration of the nanoindentation machine followed
the same procedures described in the previous chapter.

Nanoindentation tests were performed using the Nanoindentor G200 of the Mateis
laboratory located at INSA Lyon. This machine uses a small probe with a sharp tip
to indent the surface of a sample and measure its response to applied loads. The
nanoindentation tests were carried out perpendicular to the treated surfaces. Two
protocols were developed for the experimentation:

1. Cyclic Load Protocol:
This protocol involved applying cyclic loads at different levels: 5 mN, 37 mN,
65 mN, and 500 mN. The selected levels corresponded to Hertz maximum
pressures of 2427 MPa, 4730.4 MPa, 5707 MPa, and 11267 MPa, respectively.
To implement this protocol, modifications were made to the "G-series hardness
and modulus via load control cycles" method with the CSM stiffness measure-
ment method. The modified protocol allowed loading 50 cycles at the same
loading force.

2. Variable Load Protocol: This protocol applied four loading cycles at differ-
ent levels: 75 mN, 150 mN, 300 mN, and 600 mN. After each loading step,
an unloading step was performed until the applied load reached 10% of the
maximum force of the step.

A spherical diamond tip with a diameter of 100 µm (the diameter observed under the
numerical microscope is 95.5 ±2µm , as presented in section 2.10.4) was used for the
nanoindentation tests. The tip had Young’s modulus of 1100 GPa and a Poisson’s
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Investigated materials and experimental campaign

ratio of 0.1. The tests were conducted in load-controlled mode, with a maximum
load of 600 mN. To ensure repeatability, at least two indents were made at each
depth. Additionally, a distance of 100 µm was maintained between neighboring
indentations to avoid mutual influences.

3.5.3 Investigated material cyclic responses
When deploying the first test protocol, which involves applying multiple loading
cycles at a constant loading level, the behavior of the materials can be observed and
distinguished based on the loading level:

1. At low loading :
At this range of loading, the materials exhibit elastic adaptation. This means
that the plastic deformations stabilize and occur within the elastic range after
a certain number of cycles. Figure.3.5 illustrates this behavior, stabilizing
plastic strains in an elastic cycle.

2. At moderately high loading :
In this range of loading, the materials demonstrate elastoplastic adaptation,
referred to as accommodation. Accommodation involves the stabilization of
plastic deformations in an elastoplastic cycle. The materials exhibit a loop of
plastic deformation, with plastic strains stabilizing over cycles.

3. At high loading:
The materials generally exhibit a ratchet behavior. Ratchet behavior refers
to an incremental increase in plastic deformations with each cycle. The mate-
rials experience increasing levels of plastic strains during cyclic loading. Fig-
ures.3.6,3.7 may illustrate a progressive increase in plastic deformations with
each cycle due to ratchet behavior.

It is important to note that the behaviors described above depend on the loading
levels and path and may vary for different materials and treatments.

By examining the Figs.3.5,3.6,3.7, we can observe a progressive increase in plastic
deformation as the number of cycles remains constant. This observation indicates
the existence of kinematic hardening in the mechanical characteristics of our vari-
ous steel grades. Figures.3.5,3.6 reveal distinct behaviors for different materials at
the surface. Specifically, the M50NiLDH, which possesses a higher hardness level,
exhibits an initial elastoplastic response on the surface. This initial response is fol-
lowed by the formation of an elastic loop. In contrast, the M50 material displays an
elastoplastic behavior, but instead of an elastic loop, it undergoes another elasto-
plastic loop. However, after a certain number of cycles, the M50 material behavior
eventually evolves into an elastic adaptation phase as we can observed it on the last
cycle curves in Fig.3.8.
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Figure 3.5: Cyclic indentation curve of M50 steel at depth h= 10µm of the surface
(a) Loading force F = 37mN (b) Loading force F = 500mN

Figure.3.5 depicts the work-hardening progression of M50 steel under two distinct
force levels: F=37mN and F=500mN, which correspond to Hertz pressures of 4.7GPa
for an elastic contact radius of 2 µm and 11.2GPa for a contact radius of 5 µm,
respectively. The respective number of cycles shown in the Fig.3.5 is 40 cycles and
100 cycles, with a loading frequency of 0.067Hz.

The phases for detecting the contact surface are conducted with extreme care,
lasting approximately 5 to 10 minutes, depending on the servo speed set on the
nanoindenter. As a result, an adjustment was made to the test method programmed
into the machine to facilitate cyclic tests at a consistent loading level based on the
number of cycles. Consequently, the cyclic tests are notably faster after the initial
detection phase.

When comparing the materials, the 32CrMoV13 and M50NiL exhibit an elasto-
plastic behavior characterized by a hysteresis loop, followed by an elastic adapta-
tion phase. On the surface, the M50NiLDH quickly adapts elastically, similar to
the M50 material. Conversely, the 32CrMoV13 and M50NiL materials demonstrate
more open hysteresis loops compared to those observed on the surface. These larger
hysteresis loops are then followed by an elastic adaptation phase.

Overall, the behavior of these materials varies depending on their hardness levels,
with the materials displaying elastoplastic behaviors followed by elastic adaptation
characterized by hysteresis loops and subsequent elastic adaptation phases.
The level of hardness, or more specifically, the elastic limit, plays a crucial role in
determining the adaptation behavior of different steels.
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Figure 3.6: Cyclic indentation on bearing material at depth h = 10µm with F =
500mN (a) M50NiLDH (b) 32CrMoV13

Figure.3.9 depicts a cyclic indentation with varying loading levels of 75mN,
150mN, 300mN, and 600mN. Comparing this to a monotonic indentation curve
at the maximum loading of 600mN, we observe the emergence of hysteresis loops.
This demonstrates how the loading path influences the resulting response.

As the material undergoes a loading path with multiple load levels, it gradu-
ally deforms and becomes more plastic, initiating processes involving dislocations
and defect movements that may not occur under monotonic loading. Similarly,
it’s evident that harder materials deform less, resulting in less significant disloca-
tion movements. This accounts for the presence of smaller hysteresis loops on the
M50NiLDH compared to the 32CrMoV13 curve.

By analyzing the evolution of work hardening in materials based on the load-
ing level, it is possible to predict different behaviors, such as elastic adaptation,
elastoplastic accommodation, and ratcheting, depending on the loading conditions
following a specific loading path. Specifically, considering a loading level defined by
the maximum pressure of Hertz, the following scenarios can be expected:

❄ For pressures below 3.5 times the initial yield strength (P < 3.5σ0):
The material will undergo elastic adaptation after a certain number of cycles.
This means the material will experience elastic deformation and recover its
original shape when the load is removed. The behavior will primarily be
characterized by elastic response without significant plastic deformation.

❄ For pressures between 3.5 times and six times the initial yield strength (3.5σ0 <
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Figure 3.7: Cyclic indentation on bearing material at depth h = 1500µm with
F = 500mN (a) M50NiLDH (b) 32CrMoV13

P < 6σ0):
The material will stabilize in an elastoplastic cycle.

❄ For pressures exceeding six times the initial yield strength (P > 6σ0):
The material will demonstrate work hardening of the ratchet type. In this
case, the material will experience significant plastic deformation with each
loading cycle. The plastic deformation will accumulate over time, leading to
an increase in the material’s overall strength and hardness. This behavior is
commonly associated with progressive plastic deformation without complete
recovery during the unloading phase.

When experimental protocol two is employed, it leads to the hardening of the
steels at each level of loading. This means that the materials undergo an increase
in their elastic limit, resulting in an enhanced ability to withstand higher stress
levels without undergoing permanent deformation. Consequently, compared to a
monotonous loading, where the material is subjected to a loading-unloading cycle,
the levels of deformation observed during cyclic loading are decreased. The harden-
ing effect observed in the materials during each loading cycle of protocol two can be
attributed to several factors. One significant factor is the accumulation of disloca-
tions within the material’s crystal structure. The cyclic loading causes dislocations
to move and interact, leading to their entanglement and the formation of subgrains
or dislocation networks. This process increases the resistance to dislocation motion,
thereby strengthening the material.

The endurance limit of materials is closely connected to their elastic limit and
the behavior of their elastoplastic laws. Consequently, as depicted in Fig.3.10, most
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Figure 3.8: Last cycles of the cyclic indentation curve on material at depth h =
1500µm with F = 500mN (a) M50 (b) M50NiLDH

materials that demonstrate elastic adaptation will possess an unlimited endurance
limit. On the other hand, materials exhibiting elastic-plastic accommodation behav-
ior will typically have a limited endurance limit. Moreover, materials that display
elastic-plastic ratchet behavior will have a low cycle endurance limit.

3.5.4 Material parameter identification

The identification procedure of the material parameters of the previous chapter will
be adopted. It therefore consists in initially defining a set of material parameters, in
calculating the simulated response, in comparing it with the experimental results,
in reducing the error between the experimental and numerical results, in minimizing
this error by means of an algorithm of optimization that will identify a new set of
parameters and so on until this error is as minimal as possible.

To initiate this identification process, we will construct a finite element indenta-
tion model consisting of a diamond sphere with a modulus of 1100 GPa, a Poisson’s
ratio of 0.1, and a diameter of 100 µm. This sphere is used to indent a plane com-
posed of four different steel grades: M50, 32CrMoV13, M50NiL, and M50NiLDH,
as illustrated in Fig.3.11.

By iteratively updating the material parameters and minimizing the error be-
tween the experimental and numerical results, the identification procedure helps
determine an optimal set of material parameters that accurately represent the ma-
terial behavior in the Chaboche combined model.
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Figure 3.9: Cyclic indentation on bearing material at depth h = 10µm with F =
500mN (a) M50NiLDH (b) 32CrMoV13

Figure 3.10: Cyclic fatigue curve with material hardening behavior

σ = σ0 +Qinf

(
1− exp(−bεpl)

)
(3.13)

dX = C1(σ−X)dε−γdε (3.14)

Here, σ0(θ,fi) represents the yield surface size at zero plastic strain, andQinf (θ,fi)
and b(θ,fi) are additional material parameters that need to be calibrated based on
cyclic test data. dX represents the change in the back stress tensor, σ is the stress,
X is the back stress tensor, dε is the plastic strain increment, C1 is the initial
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Figure 3.11: FEM model for simulating cyclic indentation
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Figure 3.12: FEM model simulation result for the cyclic indentation

kinematic hardening modulus, and γ is the rate at which the kinematic hardening
modulus decreases with increasing plastic deformation. In order to account for the
observed softening or hardening of the samples during cyclic loadings, a combined
law incorporating both isotropic (Voce) and kinematic (Chaboche) behaviors will
be used in Abaqus software as illustrated in Fig.3.12. The identification process re-
quires knowledge of the material’s elastic limit, which should have been determined
in a previous chapter by Swift’s constitutive law.
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3. Bearing materials hardening under cyclic solicitation

Using the elastic limit as a reference, the coupling of Abaqus soft and the opti-
mization algorithm will adjust the parameters to fit the force-displacement curves
obtained from experimental data. This iterative process aims to identify the param-
eter values that best align with the experimental curves, considering the material’s
softening or hardening characteristics.

Figure 3.13: Fitting curve of the M50 steel under cyclic loading

To identify the parameters of the material’s behavior law, a sensitivity study
was conducted on four parameters: C (kinematic hardening modulus), γ (parameter
determining the decrease of kinematic hardening), Qinf (maximum change in the
loading surface), and b (the rate at which Qinf decreases).

The study revealed that the parameters b and Qinf have a stronger influence
on the evolution of the material’s load surface, while the parameters C and γ have
a relatively moderate influence. Based on these findings, it was decided to fix the
parameters C, γ, and b around their average values of 30 GPa, 200, and 25, respec-
tively.

However, to account for the evolution of work hardening, the parameter Qinf

will be specifically identified. This will allow for the evaluation of the influence of
the material’s level of hardness on the changes in plasticity surface.

Figure.3.13 presents the numerical fit conducted over the initial 5 cycles before
the elastic adaptation of the behavior. By minimizing the errors between the ex-
perimental and numerical curves, the parameters of the mixed work-hardening law
were determined. However, it is crucial to note that the numerical curves obtained
are not an exact match to the experimental curves.
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Synthesis

Based on the identification procedure described earlier, the parameters for steel
M50 have been identified, taking into account the uncertainties in the parameter
Qinf. The identified parameter set for steel M50 is as follows: C = 30 GPa, γ = 200,
Qinf = 200±20MPa, and b = 25.

In the case of materials that exhibit variations in properties with depth, the
value of Qinf has been fixed to 200±20 MPa. This means that the parameter Qinf
remains relatively constant with minor variations as we move from the surface to
different depths within the material. The value identified on the surface is used as
a reference for the parameter throughout the material. Tables.3.1,3.2,3.3 contain
the identified parameter sets for each steel grade, representing variations from the
treated surface to different depths.

Table 3.1: The identified combined law parameters trought the depht on the
M50NiL steel.

Height [µm] Combined Law Parameters Relative error Yield strength
C [GPa] γ Qinf [MPa] b % σ0 [MPa]

10 30 200 100 25 10 1597
200 30 200 100 25 10 1511
400 30 200 100 25 10 1426
600 1373
800 1346
1000 1325
1200 1293
1300 1277
1400 1277

3.6 Synthesis
In the study, experimental protocols were developed and applied to analyze the
behavior of M50, 32CrMoV13, M50NiL, and M50NiLDH steels under cyclic loading.
These materials exhibit different types of behavior depending on the applied loading
level: elastic adaptation, elastoplastic accommodation, or ratcheting. To model
the behavior of these steels, the combined Chaboche constitutive law implemented
in Abaqus is used. The identification process involves coupling an optimization
algorithm with the Abaqus software to determine the appropriate parameters for
each material. When performing the identification, it is essential to consider the
presence of measurement uncertainties. In the process of identifying parameters
for the constitutive law in this section, it’s observed that the numerical results
do not precisely align with the experimental curves. This discrepancy may arise
from the inherent complexity of material physics at this scale, which might need to
be fully captured by the behavior law, as well as variations in experimental results.
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3. Bearing materials hardening under cyclic solicitation

Table 3.2: The identified combined law parameters trought the depht on the
32CrMoV13 steel

Height [µm] Combined Law Parameters Relative error Yield strength
C [GPa] γ Qinf [MPa] b % σ0 [MPa]

10 30 200 80 25 10 1533
50 30 200 80 25 10 1490
100 30 200 80 25 10 1467
150 1450
200 1426
250 1405
300 1386
400 1369
500 1341
600 1320
700 1304
800 1280
900 1261
1000 1251
1100 1251

Table 3.3: The identified combined law parameters trought the depht on the
M50NiLDH steel.

Height [µm] Combined Law Parameters Relative error Yield strength
C [GPa] γ Qinf [MPa] b % σ0 [MPa]

10 30 200 120 25 10 2129
50 30 200 120 25 10 2022
100 30 200 120 25 10 1927
150 1841
200 1767
250 1692
300 1634
400 1597
500 1597
1200 1597

Additionally, the fact that parameters b and C are not fixed could contribute to some
differences in the response. Therefore, it would be valuable in future investigations
to allow all parameters to vary and explore their influence on the fitted curves.
These uncertainties can arise from several factors, including the dispersed nature
of the test data due to the sensitivity of the experimental scale (such as the scale
effect), uncertainties associated with the optimization software and codes, and the
process of setting the parameters. The analyses conducted reveal that similar to
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Conclusion

the case of monotonic loadings, M50NiLDH exhibits a lower degree of plasticization
on the surface, followed by M50NiL, 32CrMoV13, and M50. This observation is
attributed to the elastic adaptive behavior of M50NiLDH at Hertz pressure levels
of P=11 GPa, contrasting with 32CrMoV13 and M50 steels, which initially adapt
plastically. This underscores the significance of thermochemical treatments in the
fatigue resistance behavior of these materials.

3.7 Conclusion
In this chapter, an analysis of the work-hardening evolution of various bearing steels,
including M50, 32CrMoV13, M50NiL, and M50NiLDH, was conducted. Addition-
ally, parameters for Chaboche’s behavior law were identified.

The study revealed that the material’s response, in terms of work hardening,
depends on the level of loading and the thermochemical treatment it underwent. The
materials exhibited different behaviors, such as elastic adaptation, accommodation,
or ratcheting.

The results indicated that heat treatments not only increased the hardness level
of the steels but also enhanced their endurance limit and resistance to contact fa-
tigue. By identifying specific loading intervals, it became possible to observe different
hardening behaviors in the materials.

For bearing steels experiencing loading levels within the range of 1 GPa to 3
GPa, work hardening was found to be adaptive. This adaptive behavior can be
adequately modeled by an isotropic law without significant errors. However, a more
comprehensive analysis of parameter variability and loading conditions can further
enhance the study’s findings and results.
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Chapter 4

Quarter space contact problem
resolution by SAM method

In various mechanical systems, the limited size of components often leads to chal-
lenges related to quarter-space contact, particularly when contact occurs near a free
edge. This study is focused on addressing this specific issue. The chapter begins by
exploring various methods aimed at resolving contact problems. It then proceeds to
address the quarter-space, ellipse truncation, and two-joined space problems using a
semi-analytical method (SAM) approach, which combines Hetenyi’s mirror pressure
technique with Guilbault’s method to establish corrective factors known as ψ1 and ψ2.
Subsequently, these factors are used numerically to predict the material’s response.
Our observations reveal that the pressure amplitude increases as the distance of the
contact center (d/a) from the free edge decreases, while it decreases as this distance
increases. Simultaneously, the contact zone diminishes in size as it nears the free
edge and moves away. Specifically, at a distance of d/a = 1 from the quarter-space
free edge, our model shows a maximum pressure increase of approximately 1.022
times P0. The developed SAM models are validated and show good agreement with
Finite Element Method (FEM) results. Additionally, we note that the influence of
the free edge vanished at d/a = 4, beyond which the Hertz solution is suitable for
modeling the contact problem. Investigating a truncated contact zone near the free
edge reveals more pronounced pressure amplitudes and shifts in the pressure field.
In cases of the two-joined space problem, where the third material−3 is stiffer than
the indented material− 2, the maximum pressure decreases as the contact zone is
close to the interface. Moreover, the contact zone expands, potentially resulting in
a noticeable pressure peak at d/a = 1. To evaluate the comparison between the ob-
tained solutions and Hertz’s solution, a series of parametric studies are conducted
to illustrate the effects of the free edge on the contact response.
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4. Quarter space contact problem resolution by SAM method

4.1 Introduction
Rolling element bearings play a critical role in machinery and are extensively em-
ployed in power transmission chains. However, during their operation, these rolling
elements can migrate toward the edges of the rings, leading to quarter space or
truncated contact issues. Such occurrences can escalate or prompt damage to
the bearings. Consequently, comprehending the behavior of rolling elements near
free edges and when their geometry is truncated is imperative. Numerous stud-
ies (ZAN 72; KAN 74; HAR 79; HAR 80; CHE 10a; JAC 01; AMU 16b; ZHA 17;
BEY 19; BON 20; MER 22) have been carried out to enhance bearing reliability
and gain deeper insights into their failure modes. These studies have underscored
the significance of understanding edge effects and the impact of truncated geometries
in contact to enhance predictions of contact-related damage to components.

Therefore, the objective of this study is to explore the elastic quarter space prob-
lem under normal loading and the truncated contact problem, since these issues can
induce excess pressure on the bearing raceway. The chapter initiates by presenting
the existing knowledge and understanding of the contact mechanics problem. The
subsequent section is dedicated to resolving the quarter space problem.

4.2 Quarter space contact problem
While the Hertz theory of contact is a fundamental and widely used theory for
contact problems in mechanics, it is limited to the assumption of a homogeneous
half-space. In many real-world engineering systems, the surfaces in contact may
have complex geometries (presence of free edges for example), material properties,
and loading conditions that require more sophisticated and specialized analysis tech-
niques. The study of contact problems in quarter space configurations, for example,
has important applications in fields such as tribology, materials science, and struc-
tural engineering. Theoretical research and numerical simulations in this area can
provide insights into the behavior of contact interfaces and guide the design and
optimization of systems that involve contact mechanics. When we consider the elas-
tic quarter-space problem, it has applications in many engineering systems, such as
bearing raceways, railway tracks, pavement, foundations, and geotechnical engineer-
ing. Accurate analysis and prediction of the contact stresses and deformations in
these systems are crucial for the design and maintenance of these structures. The
solution methods for elastic quarter-space problems are constantly being developed
and refined, and they often involve numerical techniques such as integral equations,
Fourier transforms, Finite Element Methods (FEM) and Semi-Analytical Methods
(SAM)(WAN 12; WAN 17; AHY 22). The solution of contact problems in quarter
space problem has practical importance in various engineering applications, such as
the analysis of the stresses and deformations in the contact of rail/wheel systems,
bearings, and welded bodies. Theoretical research on quarter space problems has
also led to the development of various numerical and analytical techniques for solv-
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ing such problems, which have been applied to other types of contact problems as
well. The appendix.A provides a comprehensive summary of the theories related
to various types of contacts discussed in the literature, along with an overview of
diverse resolution methods.

4.3 Presentation
The quarter-space contact problem, which involves a free edge very close to the
contact zone, has been extensively studied under normal loading conditions by
many researchers (HET 60; HET 70; HAN 89; HAN 90; HAN 91; GUI 11; WAN 12;
WAN 17; AHY 22) in both industry and academia. This problem is of great interest
because the mechanical components are of finite dimensions, and the edge effects
can significantly impact the material’s behavior or response. Practical mechanical
systems such as rail wheels, cam followers, gears, and roller bearings commonly en-
counter this problem. In these cases, the contact limit is so close to the free edge that
the edge effects cannot be ignored. Another scenario where edge effects modify the
material’s response is in nanoindentation or indentation tests, where the mechanical
properties of samples are investigated up to the ends of the free edges. The Hertz
assumptions are no longer valid in these different contact cases, and a quarter-space
model is necessary to capture the more precise physical reality.
The elastic quarter plane problem under static loading was first investigated by
Shepherd (SHE 35). The Mellin transform was used by Tranter (TRA 48) for
solving the quarter plane problem with an arbitrary wedge angle. The analyti-
cal resolution of the quarter plane or quarter space problem is very complicated
because of the nonseparability of the boundary conditions. Because of the com-
plexity of the problem, several techniques have been developped by researchers
and coupled with numerical approaches to reach for an effective solution. Among
them, there is Hetenyi (HET 60; HET 70) ingenious technique of overlapping
half plane or half space allowing to obtain results of an acceptable precision. In
addition to normal loading, concentrated shear loads were investigated by Het-
enyi (HET 60; HET 70) so that, loading of any type could be treated. The
problem formulation in terms of two coupled integral equations was developped
by Sneddon (SNE 71) and solved by the use of Mellin transform. Keer(KEE 84)
applied Sneddon’s method a little later to solve the quarter plane and quarter
space problem numerically in the transform domain. Hetenyi’s technique has been
used by Constantinou (CON 86) for solving the orthotropic quarter-plane problem.
Subsequently, Hanson(HAN 89; HAN 90; HAN 91) publish a series of extremely
important papers on the subject considering diffent cases such as the frictionless
contact problem between the quarter-space and a rigid cylinder, and the case of
elastic-plastic and rolling and sliding contact. In 2010, Guenfoud (GUE 10) used
the Ritz method to calculate with unprecedented precision the quarter space dis-
placements. Inspired by Hetenyi technique, in 2011 Guilbault (GUI 11) implemented
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a rapid correction method to solve a quarter space problem. Subsequently the case
of two quarter spaces welded together, indented by a sphere rigid was studied by
Wang et al. (WAN 12) and solved by the equivalent inclusions method. Inspired
by Hetenyi and Keer works, in 2013 Zhang at al. (ZHA 13) proposed an explicit
solution of the quarter space problem based on a matrix formulation. In 2014 Na-
jjari (NAJ 14) studied the free edge effect on EHL of a cylindrical roller using an
approximate correction factor method developed by Guilbault . In the same year
Zhang et al. (ZHA 14) have investigated the effect of surface roughness character-
istics on the elastic-plastic contact performance. In 2016 Zhang et al.(ZHA 16),
extended the matrix formulation to the finite length space problem with two free
surfaces. In 2017 researchers (WAN 17; GUO 17a; ZHA 17; GUO 17b) published
a numerous of important studies on the quarter space problem to take into account
the free edge effect and the finite line EHL. Recently in 2020 Guo et al. (GUO 20)
have developped an explicit solution to a three-dimensional wedge problem consid-
ering two edges effect.
Regarding the ellipse truncation contact problem, this problem occurs for the ex-
ample when the rolling elements reach the rim of the raceway due to excessive axial
load, misalignment, or large deformations. This situation has the consequence to
cut the elliptical contact between the rolling elements and the raceway. Recently
in 2022 Juettner (JUE 22) investigated the influence of the undercut angle on the
pressure distribution and the elastic and plastic deformation at the edge. According
to the authors’ knowledge, there is a scarcity of published studies that focus on
elastic simulations involving truncated contact ellipses.

To solve numerically the quarter space problems some authors such as Bower(BOW 87)
employed the finite element method (FEM) to analyse its plastic deformation under
rolling contact loads. For a numerical resolution finite element method remain the
most largely used method for any type of problem. This wide use is due to their
ability to consider all kind of problems including contact problems, thermal effects,
dynamic problems, plasticity, viscoplasticity.... However when finite element method
are used, the required computational resources for precise results can be very pro-
hibitive especially when the models become complex. One of the alternatives to
overcome the problem of computation time is the boundary element method (BEM)
which has the particularity of being more interesting when the modeling domains
becoming infinite. So the problem resolution is made through the surfaces discretiza-
tion of the bodies. Later the semi analytical methods (SAM) was developped. They
are derived from boundary integral formulations, it consists in decomposing a com-
plex problem into a sum of simple problems for which an analytical closed-form
solution is known on each patch. After that, a numerical superposition of each
elementary solution is then performed. The same procedure can be applied for a
contact problem. So in the contact problem, by integrating the numerical superpo-
sition in a contact solver algorithm allows to obtain the solution of the mechanical
problem. The semi analytical models also produce more precise results for a given
mesh size and the preprocessing stage is straightforward. The first semi analytical
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models were proposed by Bentall (BEN 67) and Paul(PAU 81) for contact prob-
lems under a static load. Later, Kalker (KAL 90a) proposed a first formalisation
of this method using a Newton-Raphson algorithm.

SAM method being well adapted to the resolution of contact problems, it will
be adopted for the quarter space problem resolution in this work. The resolution
of the contact problem with SAM, whether normal and/or tangential, requires the
establishment of a link between the distribution of the load on the one hand and
the displacements and stresses that it induces on the other hand. This link was
established by Boussinesq (BOU 85) and Cerruti (CER 82) potentials theory in
the half space framework. Using a similar approach, Love (LOV 29) would later
define the relation between uniform pressure acting on a rectangular area and the
normal displacement it produces. Subsequently, Vergne(VER 85) has developped
an equivalent solution for the tangential problem. The displacements and stresses
computation is necessary for the resolution but turns out to be very expensive fact
of the double summation over the domain which must be performed at each point.
Hence the need to reduce the cost of this operation to maintain reasonable calcu-
lation times. In order to speed up these operations, the discrete convolution Fast
Fourier Transform (DC−FFT ) approach is widely used by many researchers. These
operations complexity may be reduced from M ×N ×L to lnM × lnN × lnL. The
proposed method by (JU 96) and later improved by Liu (LIU 02) consists in using
the properties of discrete convolution products in the frequency domain. With this
SAM developped method, a wide range of issues such as the resolution of normal and
tangential contact(KAL 67), the take into account of the thermo-elastic and plastic
behavior (BOU 05), heterogeneous viscoelastic behavior (KOU 15b), elasto-plastic
layered behavior (WAY 11) and viscoelastic layered behavior (WAL 20; CAR 13).
Recently a coupling of the semi analytical methods and the eXtended-Finite Element
Method (SAM/X-FEM) was performed by Meray et al. (MER 22) for the simulation
of 3D fatigue crack growth under rolling contact loading. In the present analysis, a
contact problem on an elastic quarter space is investigated. A fast numerical model
to solve the quarter space problem based on a new approach is proposed. This new
approach consist in introducing two corrective factors ψ1 and ψ2 which will make it
possible to better correct the influence of the free edge on the final solution. This ap-
proach is derived from Guilbault’s (GUI 11) fast correction method. The model uses
Hetenyi’s mirror pressure superposition technique as well as semi-analytical methods
optimized by Fast Fourier Transforms (FFT). At the end a modeling of the quarter
space problem with the consideration of the contact ellipse truncation is carried out.

A numerical developments are performed in this chapter and the following in
a homemade code called Isaac. Isaac is a semi-analytical multiphysics code that
incorporates various aspects of contact modeling. It is developed to take into ac-
count various material properties, including elastic, elastic-plastic, viscoelastic, and
the presence of inclusions, etc. Additionally, Isaac can handle complex material
geometries and various configurations of contact problems, such as static, dynamic,
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4. Quarter space contact problem resolution by SAM method

and rolling contact problems. The versatility of Isaac code allows for the accurate
simulation of contact phenomena in different scenarios, considering the interaction
between multiple physical phenomena. By incorporating various material proper-
ties and contact configurations, Isaac provides a comprehensive tool for studying
and understanding complex contact problems.

4.4 Theoretical description
The quarter space can be geometrically obtained by first dividing the infinite space
(defined by −∞≤ x ≤ +∞, −∞≤ y ≤ +∞, and −∞≤ z ≤ +∞) into two halves
along the z-axis, and then dividing one of the halves into two along the x-axis. This
division process creates the quarter space defined by x ≥ 0, −∞ ≤ y ≤ +∞, and
z ≥ 0.

In the context of linear elasticity, the quarter space problem subjected to an ar-
bitrary loading can be decomposed into two separate problems: the normal problem
and the tangential one. In the normal problem, only the normal loading component
is considered, which acts perpendicular to the contact surface. This problem focuses
on the normal stress distribution and deformation caused by normal loading.

Similarly, in the tangential problem, only the shear loading component is con-
sidered, which acts tangentially to the contact surface. This problem focuses on the
distribution of shear stress and deformation resulting from the shear loading.

By using the superposition properties of linear elasticity, the solutions to the
normal and tangential problems can be obtained separately. Then, these solutions
can be combined through superposition to obtain the overall solution for the quarter
space problem subjected to arbitrary loading as illustrated in Fig.4.1.

= +

Figure 4.1: Decomposition of the quarter-space subjected to arbitrary loading on
its both surfaces

Similarly, the quarter-space problem can be divided into two overlapped quarter-
spaces when normal loadings are applied on horizontal and vertical surfaces, as
depicted in Fig.4.2. By considering the solution of the normal problem for an elastic
quarter-space with one loaded surface and one free surface as the kernel solution,
solutions for various loading configurations can be obtained. An example where the
quarter-space problem is applicable is when a ball or a roller reaches the free surface
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Figure 4.2: Decomposition of the quarter-space subjected to normal loading on its
both surfaces

of a raceway. In such cases, the quarter-space problem arises, and we consider a
quarter space subjected to normal loading at a normalized distance of d/a from the
edge, as illustrated in Fig.4.3.

In this chapter, we propose a solution for the quarter-space problem. Further-
more, we extend the analysis to address situations where the Hertz contact area,
which represents the solution for the half-space problem, is truncated. We also apply
a similar approach to handle contact problems in two joined spaces with different
material considerations. The quarter-space problem becomes particularly relevant
when the contact area approaches the free surface. To illustrate this, let’s consider
a quarter-space subjected to normal loading by a sphere located at a dimensionless
distance of d/a from the edge, as shown in Fig.4.3. Here, a represents the Hertz
contact radius, and d is the distance between the free edge and the center of the
contact.

Figure 4.3: Quarter-space problem illustration: (a) The contact ellipse in a ball
bearing may be truncated when it reaches the limit of the raceway, (b) Quarter-space

subjected to a normal loading at distance d from the free edge

To address the quarter-space problem, Hetenyi(HET 60) introduced a technique
known as the half-space overlap method, along with an iterative scheme to determine
the free surface conditions. Building upon Hetenyi’s approach, Guilbault (GUI 11)
proposed a fast method to release the free surfaces of the quarter-space from shear
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4. Quarter space contact problem resolution by SAM method

and normal internal stresses without significantly increasing computation time. This
method involves the construction of a corrective factor derived from Hetenyi’s cor-
rection process, which multiplies the mirrored pressure.

This section will describe Hetenyi’s superposition technique using an arbitrary
loading function P (x,y). To facilitate the analysis, we adopt a 2D schematization
known as quarter-plane schematization. Hetenyi’s technique involves applying a
pressure field P (x) centered at x0 and its symmetric counterpart P (−x) centered
at −x0. This initial correction eliminates the shear stress in the (Oz) plane but
generates an internal normal stress field. Its opposite is applied to cancel out this
stress in the (Oz) plane. Consequently, shear stress arises in the (Ox) plane, which
is then canceled by applying the corresponding mirrored loading. The overlapping
technique proposed by Hetenyi is illustrated in Fig.4.4. In the subsequent analysis,
P (x) will be treated as a normal concentrated force P as shown in Fig.4.5.

(a) (b)

Figure 4.4: Quarter plane with loading P (x) superimposing scheme at first and
second iterations

When two concentrated forces are applied on a half-plane, as depicted in Fig. 4.4,
the stress state at the point (x,z) can be expressed as follows:

σxx =−2P
π

{
z(x+x0)2

(z2 +(x+x0)2)2 + z(x−x0)2

(z2 +(x−x0)2)2

}
(4.1a)

σzz =−2P
π

{
z3

(z2 +(x+x0)2)2 + z3

(z2 +(x−x0)2)2

}
(4.1b)

τxz =−2P
π

{
z2(x+x0)

(z2 +(x+x0)2)2 + z2(x−x0)
(z2 +(x−x0)2)2

}
(4.1c)

At the interface defined by x= 0, the stress state becomes:
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σxx =−4P
π

{
zx2

0
(z2 +x2

0)2

}
(4.2a)

σzz =−4P
π

{
z3

(z2 +x2
0)2

}
(4.2b)

τxz = 0 (4.2c)
To determine the lateral force that constrains the z axis, equation 4.2a needs

to be integrated with respect to the variable x. The total lateral force can then be
obtained as follows: ∫ +∞

0
σxxdz =−2P 1

π
(4.3)

(a) (b) (c)

Figure 4.5: a) Quarter-space with the correction process at the third iteration
with a normal loading, b) Quarter-space correction at the first iteration with a
concentrated normal force, c) Quarter-space with the corrective factors applied on

each plane.

Based on Eq.4.3, we can deduce that when two concentrated forces are applied
along a particular axis, the resulting force magnitude on the second axis is obtained
by dividing the total applied load by π. Therefore, correcting the system by coun-
teracting the normal internal loading on the surface through a corrective force will
generate an additional internal normal load on the initial boundary (z=0) equal to
(−2/π)2P . Consequently, with each iteration, the induced internal normal stress is
equivalent to the total applied load divided by π, and its position will shift away
from the edge by a factor of π

2 . This relationship can be expressed using the following
equation. ∫+∞

0 zσxxdz∫+∞
0 σxxdz

= π

2x0 (4.4)
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At the first iteration the corresponding point forces Cx ,Cz as well as the lever
arms is given by:

Cx =− 2
π
P, lx =−π2x0, Cz = (− 2

π
)2P, lz = (π2 )2x0

The convergence of this procedure was initially established by Hetenyi (HET 60).
Guibault’s method aims to eliminate the time-consuming and memory-intensive
iterative process by introducing a corrective factor on the horizontal plane that
considers the entire iterative process. The same resolution approach is employed in
this analysis. When a half-space is subjected to a concentrated normal force P, the
displacement fields in the z direction can be expressed as follows:

ux(P ) = P (1+ν)
2πE

{
xz

ρ3 − (1−2ν) x

ρ(ρ+ z)

}
(4.5a)

uy(P ) = P (1+ν)
2πE

{
yz

ρ3 − (1−2ν) y

ρ(ρ+ z)

}
(4.5b)

uz(P ) = P (1+ν)
2πE

{
z2

ρ3 +2(1−2ν)
ρ

}
(4.5c)

where
ρ=

√
x2 +y2 + z2

When considering a quarter space, the influence of correction forces (Cx and Cz)
depicted in Figure 4.5(c) on the displacement at the point of application can be
evaluated using Eq.4.6.

uz(Cx) = δ(Cx) = Cx(1+ν)
2πE

{
xz

ρ3 − (1−2ν) x

ρ(ρ+ z)

}
(4.6a)

uz(Cz) = δ(Cz) = Cz(1+ν)
2πE

{
yz

ρ3 − (1−2ν) y

ρ(ρ+ z)

}
(4.6b)

uz(P ) = δ(P ) = P (1+ν)
2πE

{
z2

ρ3 +2(1−2ν)
ρ

}
(4.6c)

The new method involves applying two factors, ψ1 and ψ2, on each axis to
consider the free edge effect on the contact zone, as illustrated in Figure 4.5. Con-
sequently, the final displacement of the space can be expressed as follows:

δ(Peq1) = δ(P )+ δ(Cz), on the horizontal plane (4.7)

δ(Peq2) = δ(Cx), on the vertical plane (4.8)
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The subsequent step involves quantifying the displacement of the equivalent forces
with respect to each axis based on the displacement of the normal loading. This
allows for the introduction of the corrective factors, which can be expressed as
follows:

ψ1 = δ(Peq1)
δ(P ) = 1+ δ(Cz)

δ(P ) (4.9)

Thus we get on the horizontal plane:

ψ1 = δ(Peq1)
δ(P ) = 1+ 25

π2(π2 +22) (4.10)

After Hetenyi n iterations, the factor become:

ψ1 = 1+Σn
24n+1

π2n(π2n +22n) (4.11)

Recall that this hyper-geometric series is convergent and gives:

Σn
24n+1

π2n(π2n +22n) = 0.29 (4.12)

Hence:

ψ1 = 1.29 (4.13)

On the vertical plane, the corrective factor is given by:

ψ2 = δ(Peq2)
δ(P ) = δ(Cx)

δ(P ) (4.14)

At the first Hetenyi iteration we obtain:

ψ2 = δ(Peq2)
δ(P ) = 1

1−ν


1[

(π
2 )2 +1

] 3
2
− 1−2ν[

(π
2 )2 +1

] 1
2
[
((π

2 )2 +1) 1
2 +1

]
 (4.15)

which gives after n iterations:

ψ2 = 1
1−ν

Σn
1[

(π
2 )2(2n+1) +1

] 3
2
−Σn

1−2ν[
(π

2 )2(2n+1) +1
] 1

2
[
((π

2 )2(2n+1) +1) 1
2 +1

]


(4.16)
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Knowing that:

Σn
1[

(π
2 )2(2n+1) +1

] 3
2

= 0.1717 (4.17)

and

Σn
1[

(π
2 )2(2n+1) +1

] 1
2
[
((π

2 )2(2n+1) +1) 1
2 +1

] = 0.25 (4.18)

it comes:

ψ2 = 1
1−ν {0.17−0.25(1−2ν)} (4.19)

To solve the contact problem, the two correction factors that have been identified
will be introduced. In order to implement this numerically, the described process
with the corrective factors will be deployed.

4.5 Contact model
In order to analyze the pressure, displacement, and stress fields in the quarter space,
it is necessary to consider the contact problem. When two bodies are in contact over
a region Γ, the boundary conditions of the contact problem can be described by the
following system of equations and inequalities:

1. The surface separation:
The distance between the contacting bodies denoted as g(x), is determined
by the summation of three components: the initial separation gi(x), the rigid
body displacement δz, and the normal elastic surface displacement of both
bodies uΩ1+Ω2

z (x) :

g(x,y) = gi(x,y)+ δz +uΩ1+Ω2
3 (x,y) (4.20)

2. The contact condition:
The contact pressure is always non-negative:

(x,y) ∈ Γc; g(x,y) = 0 and p(x,y)> 0 (4.21a)

(x,y) /∈ Γc; g(x,y)> 0 and p(x,y) = 0 (4.21b)

where p(x,y) denotes the pressure field and FN is the normal load; g the final
surface gap between the two bodies.
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3. The load balance:
The normal applied load, denoted as FN , can be determined by integrating the
contact pressure distribution p(x,y) over the contact zone Γc. Mathematically,
it can be expressed as follows:

FN =
∫

Γc

p(x,y)dS (4.22)

In order to numerically solve the contact problem, the two bodies in contact
will be discretized into a 2D regular grid consisting of N = Nx ∗Ny points. The
grid points are spaced by ∆x along the x-direction and ∆y along the y-direction.
Each grid point corresponds to a centered elementary rectangular zone with an area
dS = ∆x ∗∆y, where the pressure is assumed to be constant. Thus, the pressure
distribution p(x,y) is discretized into multiple patches with uniform pressure. By
utilizing the linear elasticity theory, the elastic response of the contact interface
can be determined by summing up the contributions from each grid element us-
ing influence coefficients, which are Green’s functions. Consequently, the normal
displacement can be expressed in the following discretized form:

uz(n) =
N∑

m=1
Kp

z (m,n)p(m) (4.23)

The influence coefficients Kp
z quantify the impact of a rectangular patch with uni-

form pressure at point m on the normal elastic displacement at point n.
The contact problem is formulated in a variational form, and its solution involves

minimizing the complementary energy. The complementary energy can be expressed
in the following form: 

Minimize
F (p) = g̃×p+ 1

2pT×K×p
Subject to p≥ 0

(4.24)

In the given context, the matrix K represents the influence coefficients that
establish the relationship between pressure and surface displacement. Additionally,
g̃ denotes the geometrical interference between the two surfaces, which can be defined
as g̃ = gi− δz, where gi represents the initial body separation and δz corresponds
to the approach between the two surfaces.

The surface displacement of the quarter space can be expressed as the sum of two
components. The first component, uzh

, represents the surface elastic displacement
of a homogeneous half-space. The second component, uzq , corresponds to the
perturbed normal displacement on the surface due to the presence of a free edge
near the contact area. Mathematically, it can be expressed as follows:

uz = uzh +uzq (4.25)
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4. Quarter space contact problem resolution by SAM method

The surface elastic displacement of the homogeneous half-space, denoted as uzh
,

can be calculated using the FFT-based algorithm method, which provides highly
efficient computational solutions. For elastic half-spaces, the displacement uzh

can
be expressed as follows:

uzh = IFFT
(
K̃uz

p ∗ p̃
)

The influence coefficients K̃uz
p are associated with the half-space solutions and

depend on the elastic properties of the material bodies as well as the mesh size. These
coefficients are utilized in a convolution operation denoted by the asterisk symbol.
For more detailed information about the resolution scheme, interested readers can
refer to references such as (KEE 83b; HAN 90; HAN 91; POL 99), or (JAC 03;
GAL 06a; NEL 07; KOU 14; KOU 15b) and others. Since the contact problem is
an optimization problem with constraints, the conjugate gradient method (CGM)
algorithm is employed to determine the pressure distribution and the displacement
field. The flowchart illustrating the process of solving the elastic quarter space
contact problem is presented in Fig.4.6.

 

Iteration 

Initial state

- Initial load or displacement

- Material properties

- Material geometries

- Contact zone distance  d/a  

 Normal

problem 

Mirror pressure 

calculation

Calculation of the equivalent 

displacement in the contact 

zone 

Convergence of the contact 

problem 

Results in term of pressure, 

displacement and stress fields

 Yes

No 

 

Figure 4.6: Flowchart for solving quarter space contact problem.

The new correction method, based on the principle of mirror loadings, requires

128

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Ellipse truncation analysis

a correction to obtain the correct tensile stress that is normal to the free surface.
Although the numerical solution provides an initial stress state, it is only partially
accurate, and a stress correction is necessary to achieve a more precise approxi-
mation. To correct the tensile stress σxx after applying the corrective factors, we
observe that when applying a force of P at x0 and ψ1P at −x0 on the half-space, the
corresponding tensile stresses on each side are σxx and ψ1σxx, respectively. There-
fore, the resulting tensile stress at the free edge, located at a distance d = a from
the edge (as depicted in Fig.4.7), is (2−ψ1)σxx. Since the loadings are symmetrical,
the tensile stress in the quarter space equals the tensile stress in the half-space, plus
the tensile stress resulting from the mirror pressure acting on the free edge side. In
this correction, only the effect of the ψ1 factor is considered, as the effect of the ψ2
factor on the stress field is negligible. To consider the influence of the distance d/a
from the free edge on the stress state, the stress field can be approximated using the
following expression:

σxxeq =
[
1+(1−ψ1)a

d

]
σxx (4.26a)

σxzeq =
[
1− 0.29a

4d

]
σxz (4.26b)

⋍

Figure 4.7: Quarter-space stress field correction at d = a, a being the Hertz contact
radius and d the distance between the Hertz contact center and the free edge

4.6 Ellipse truncation analysis
The contact zone or ellipse truncation problem refers to a phenomenon that occurs
when two bodies with elliptical contact areas come into contact, and the contact
region is truncated or reduced in size.
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4. Quarter space contact problem resolution by SAM method

The contact zone or ellipse truncation problem is important to consider because
it affects the distribution of forces, stresses, and contact pressure between the bodies.
Understanding the extent of truncation and its impact on the mechanical behavior
of the system is crucial for accurate analysis and design considerations.

In this section, we will examine the phenomenon of contact zone truncation
in the quarter-space contact problem. This situation commonly arises in contacts
involving bearing or gear components, where rolling elements like balls or rollers can
experience motion, and their geometries can be truncated relative to the ends of the
rings. This truncation leads to the formation of an undercut that extends into the
contact zone, resulting in the partial disruption of the elliptical contact between the
rolling elements and the raceway.

By incorporating the correction method and factors discussed earlier, the authors
extend their approach to analyze the effect of ellipse truncation in the quarter-space
contact problem. This allows for the investigation of contact behavior and stress
distribution in scenarios where the contact area is modified due to truncation caused
by the presence of free edges.

Consider a situation where two bodies are in contact, and the contact zone is
truncated due to the presence of a free edge, as illustrated in Fig.4.8(a).

(a) (b)

Figure 4.8: (a) Geometry truncation problem illustration, (b) Elliptical contact
zone truncation

To handle the truncation of the contact zone in the resolution, the authors pro-
pose a modified approach to solve the quarter-space problem. This modified ap-
proach uses the same resolution method employed for the quarter-space case but
incorporates the mirror pressure distribution on the truncated zone. The resolution
process follows a similar procedure to the quarter-space problem, with the main dis-
tinction being the truncation of the pressure distribution to align with the geometry
of the contact zone affected by the truncation, as depicted in Fig.4.8.

The resolution process encompasses the following steps:

❄ Define the contact problem conditions

❄ Define the loading, the geometry and material properties.

130

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Two joined space contact problem

❄ Calculate the truncated pressure field numerically

❄ Apply the corrective factors on the mirror pressure

❄ Calculate the equivalent displacement field due to the mirror pressure

❄ Introduce the calculated displacement into the contact resolution

❄ Get the results in term of pressure, displacement and stresse fields

These steps are summarized in the flowchart in Fig.4.6.

4.7 Two joined space contact problem
The contact problem between two joined spaces refers to a scenario where two sep-
arate spaces or bodies come into contact with each other at their common interface
or contact surface. The analysis of contact problems on two joined spaces is cru-
cial in various applications, including mechanical engineering, structural analysis,
biomechanics, and material science. It allows for the prediction of contact behavior,
the optimization of design parameters, and the evaluation of structural integrity and
performance under various loading conditions.

The welding process is widely used across various industries due to its efficiency
and effectiveness in joining materials. Welded or joined components are commonly
used in assembly processes across various industries due to their numerous advan-
tages. Here are some of the benefits of welded or joined components in assembly:

✃ Structural integrity: Welded or joined components can enhance structural
integrity compared to individual parts. By joining components, the resulting
assembly can have increased strength and stiffness, allowing it to withstand
higher loads and stresses.

✃ Simplified manufacturing: Joining components through welding or other join-
ing methods can simplify manufacturing by reducing the number of separate
parts. This can lead to cost savings, improved production efficiency, and re-
duced assembly time.

✃ Weight reduction: Joining components can eliminate the need for additional
fasteners or connectors, resulting in weight reduction. This is especially im-
portant in the automotive, aerospace, and transportation industries, where
reducing weight can lead to improving fuel efficiency and performance.

✃ Enhanced design Flexibility: Welded or joined components offer greater de-
sign flexibility, allowing for complex and intricate shapes to be created. This
enables engineers to optimize designs for specific functional requirements, re-
sulting in more efficient and innovative products.
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4. Quarter space contact problem resolution by SAM method

✃ Improved aesthetics: Welded or joined components can provide a seamless and
smooth appearance without visible fasteners or connectors. This contributes to
improved aesthetics and can be desirable in consumer products or architectural
applications.

However, contact problems on the joined surfaces may arise when joining compo-
nents. The contact problem involves analyzing the interaction between two contact-
ing surfaces, considering factors such as contact pressure distribution and contact
area. Addressing contact problems in assembling welded or joined components is
crucial to ensure proper functionality and reliability in this kind of components.

Figure 4.9: Two joined space contact problem illustration

To solve the contact problem between a sphere and two joined spaces as shown
in Fig.4.9, the quarter-space problem method will be deployed. In this resolution,
the sphere will be referred to as material− 1, with properties (E1,ν1). The main
indented space will be referred to as material−2, with properties (E2,ν2), the third
space will be referred to as material−3, with properties (E3,ν3).

To take into account the influence of material− 3 in the contact zone, an ap-
proximation technique is used. This approximation involves defining the influence
of material− 3 based on its modulus and the distance between the interface and
the contact center. The approximation expression is as follows:

Em
3 =

13(0.73E3+1.27E2)
2E2

exp(1.95d
a )

(4.27)

where Em
3 represents the material−3 modulus influence in the contact according

to the distance d/a, E3 is the modulus of material− 3, d is the distance between
the interface and the contact center, and a is the contact radius of Hertz. This
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Numerical results and discussion

approximation allows for incorporating the influence of material−3 in the contact
zone by considering its modulus and the spatial relationship between the contact
center and the interface.

The mirror pressure field on the space of material− 3 can be calculated based
on the previous approximation. The expression for the mirror pressure field is as
follows:

P3(x,y) = 2a3E
eq
3

πR
(4.28)

where a3 represents the contact radius on the half-space of material− 3, R is
the radius of the sphere, and Eeq

3 is the equivalent modulus defined by:

Eeq
3 =

[
1−ν2

1
E1

+ 1−ν2
3

Em
3

]−1
(4.29)

Indeed, the pressure difference between material− 2 and material− 3 will signifi-
cantly influence the interface’s behavior, which in turn affects the pressure distri-
bution and the contact zone as the contact approaches the interface. The pressure
difference between the two materials will generate some effects to be transmitted
across the interface, leading to changes in the contact mechanics. By applying the
corrective factors to the pressure field difference and following the entire procedure
described in Fig.4.6, the solutions to the contact problem between the sphere and
the joined spaces can be obtained.

4.8 Numerical results and discussion
In this section, an analysis of frictionless contact will be conducted between a quarter
space, a truncated space, and a two-joined space with different materials. The
material parameters for all bodies are specified as E = 210 GPa and ν = 0.3. The
normal force is assumed to be applied at the center of the rigid sphere.

The study will involve a parametric analysis of the response of the quarter-
space and the finite-length space based on their distances from each free edge. The
contact center is located at the origin of the coordinate system, and the parameter d
represents the distance between the contact center and the left-side free edge. In the
case of the finite-length space, two distance parameters dx and dy are considered,
describing the position of the contact center with respect to the reference edges
along the x and y directions.

Table 4.1 provides an overview of the material parameters and contact conditions
used in the analysis. To normalize the results (pressure, stresses, and displacements),
the maximum Hertzian pressure P0 and contact radius a from the corresponding
homogeneous contact case of the half-space are used as reference values.

The simulation domain employed for the analysis spans (−5a,5a)× (−5a,5a)×
(0,6a) in the x, y, and z directions, respectively. The domain is discretized uniformly
into 251×251×40 cuboids grid.
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4. Quarter space contact problem resolution by SAM method

Parameter Symbol Unit Value
Normal load P (N) 1923

Indentor Young’s modulus E1 (GPa) Rigid
Indentor radius (sphere) R (mm) 20

Quarter and other spaces Young’s modulus E2 (GPa) 210
Quarter and other spaces Poisson’s ratio ν2 0.3

Hertz’s maximum pressure P0 (MPa) 3672.76
Hertz’s contact radius a (mm) 0.5

Quarter-space distance from the free surface d/a from 0 to 3
Joined space distance from the free surface d/a from 0 to 3

Table 4.1: Parameters and contact conditions

4.8.1 Model verification
In this section, the validation of various SAM models is conducted by comparing
them with the Finite Element Method (FEM).

4.8.1.1 Quarter space model validation

The simulations for various cases were conducted on a personal computer with a 2.6
GHz i7 CPU. The purpose was to calculate and compare the results with the Finite
Element Method (FEM). To perform the three-dimensional finite-element analysis,
the commercial software package ABAQUS 2019 was utilized. In order to reduce the
computation time of the FEM model, the model’s symmetry was taken into account
by applying symmetrical boundary conditions on the section where y = 0 as illus-
trated in Fig.4.10. The zone of interest in the FEM model was meshed with C3D8R
elements (eight-node linear bricks with reduced integration and hourglass control)
of size 0.04 mm, while the remaining parts of the model were meshed with C3D4
elements. The sphere was modeled as an analytically rigid shell. The simulations
were carried out by varying the dimensionless distance d/a and setting the friction
coefficient µf to 0. The comparison between the pressure fields along the x-axis of
the quarter space obtained from both methods is presented in Fig.4.11.

Figure 4.11 presents a comparison of the normalized contact pressure P/P0 ob-
tained using the Finite Element Method (FEM) and the Semi-Analytical Method
(SAM) for varying values of d/a. The plot showcases the evolution of the pressure
field and the contact zone as the distance d/a increases from the free edge of the
quarter space. Notably, a good agreement is observed between the SAM model and
the FEM results. From these results, The following key observations can be made :

♥ The presence of a free edge close to the contact zone leads to an increased
pressure field compared to the case of a half space.
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Numerical results and discussion

Figure 4.10: Sphere and plane contact problem model in FEM

♥ The presence of a free edge close to the contact zone causes a shift in the
direction of infinity compared to the case of a half-space.

The existence of a free edge introduces nonlinearity to the contact problem.
When contact problems involving edges are analyzed, a very fine mesh is required
due to the high-stress concentration gradients. However, using the Finite Element
Method (FEM) necessitates a large number of elements and significant computa-
tional resources. On average, FEM simulations take approximately four hours to
complete. As a result, the Semi-Analytical Method (SAM) is increasingly advanta-
geous for contact calculations, as it offers significantly faster computation times for
many practical scenarios compared to FEM.

The SAM approach achieves accurate results by introducing corrective factors
to account for edge effects without increasing the computation time. The SAM
method is faster and consumes considerably less memory than FEM. In the SAM
model, the same element size is used for the mesh, and the computation time is
around one minute. It is worth noting that the SAM model can achieve similar
result quality with a coarser mesh, highlighting the efficiency and speed of SAM
compared to FEM. Additionally, the SAM method provides a higher grid resolution
in the contact zone compared to FEM. In FEM, a larger simulation domain of
(−10a,10a)× (−10a,10a)× (0,10a) is required to satisfy the half space conditions.
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4. Quarter space contact problem resolution by SAM method

Figure 4.11: Quarter space pressure field evolution in fonction of the distance
d/a from the free edge a) d= a b) d= 1.2a c) d= 1.5a d) d= 3a

Figure 4.12(b) compares the stress field in the quarter space at a depth of z =
0.72a between the new SAM model and FEM. The results exhibit good agreement
between the two methods. In Fig.4.12(b), further observations can be made:

When a free edge is located close to the contact zone, it results in an increase
in the normal stress compared to the case of a half-space.

The presence of a free edge very close to the contact zone causes a decrease in
the tensile and shear stresses compared to the half-space case.

Figure.4.12(b) shows the comparison of the quarter space stress field at depth
z = 0.72a of the new model with that of the FEM. There is a good agreement be-
tween the two results.

From the Fig.4.12(b) it can be deduced that the presence of a free edge very close
to the contact zone will induce an increase in the normal stress while the shear and
tensile stresses will decrease compared to the case of the half space. Figure.4.12(a)
illustrates the progression of the pressure profile with the distance from the free
edge, d/a. It demonstrates an increase in the maximum pressure as the contact
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Figure 4.12: Quarter space pressure profil evolution according to the distance d/a
(a) Pressure maximum value according to the distance d/a (b) Quarter space stress

validation with FEM results.

zone moves closer to the free edge and ashift of the contact zone toward the infinite
side of the body.

Figure.4.13 shows the validation of the quarter space model under identical con-
ditions, except for Poisson’s ratio set at 0.45. It demonstrates once again a good
agreement between the solution derived from the developped model and the Fi-
nite elements one. Similar observations were noticed regarding the changes in the
pressure field and the shift of the contact zone.

A top view of the contact area and the pressure profile is presented in Fig.4.14.
We can observe the asymmetry of the pressure field when we approach the free
edge. The effort being concentrated on a smaller contact surface, it increases the
maximum pressure.

4.8.1.2 Truncation ellipse model validation

In this section, we conducted analyses using the ellipse truncation model. Further-
more, a validation process was performed by comparing the results obtained from
this model with those from a finite element analysis (FEM) model. The comparison,
as depicted in Fig.4.15(a), demonstrates a good agreement between the two models.

However, it is important to note that a slight difference in the pressure shift
near the singularity was observed compared to the FEM results. This discrepancy
may arise from the inherent approximations made in the semi-analytical approach
employed in the present model.

The modeling results, presented in Fig.4.15, reveal that when the contact ellipse
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4. Quarter space contact problem resolution by SAM method

Figure 4.13: Quarter-space pressure distribution function of the distance d/a
from the free edge for ν = 0.45: a) d= a, b) d= 1.2a, c) d= 1.5a and d) d= 3a

is truncated, the magnitude of the pressure field increases, and the pressure distri-
bution shifts further away from the center compared to the case of a quarter-space
model without truncation. This observation indicates that the truncation of the
contact ellipse has a significant effect on the pressure distribution. The pressure
field can reach a maximum value of 1.12 times the Hertz maximum pressure due to
the truncation.

Figure.4.16 shows the evolution of the pressure field and the contact zone ac-
cording to the distance d/a.

4.8.2 Two joined space contact problem validation
In this section, we analyze the results obtained from the modeling of the two joined
space contact problem. These results demonstrate good agreement with the finite
element analysis as shown in Fig.4.17. However, a slight difference is observed when
the contact extends beyond the interface of the two materials. This discrepancy can
be attributed to the approximation technique used in this study.

It is important to highlight that the proposed model can effectively handle the
presence of materials with different properties. In all the investigated cases, our re-
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Figure 4.14: Pressure field evolution according to the distance d/a a-1) Quarter
space pressure at d= a a-2) Quarter space pressure at d= 1.2a a-3) Quarter space

pressure at d= 1.5a a-4) Quarter space pressure at d= 3a

sults exhibit a good agreement with the finite element analysis (FEM) results. This
indicates the capability of our model to accurately capture and predict the behavior
of contact problems involving materials with diverse properties.

The properties of material− 3 can lead to different scenarios in the contact
problem. For instance, when E3 = 4E2, material−3 is significantly stiffer than the
principal indented material. In this case, the contact’s behavior near the interface
can differ from other scenarios, particularly when E3 =E2 or E3 = 0. When E3 >E2
and the contact approaches the interface, the contact zone expands and moves to-
wards the interface separating the two joined spaces. This results in a decrease in
the pressure field and the emergence of a pressure peak when d = a as depicted in
the Fig.4.18(a). Figure.4.19, in turn, offers a top-down view of the pressure profile.
It allows us to observe an extension of the contact zone crossing the interface of the
two materials, explaining the pressure peak’s emergence. It induces a decrease in
the maximum pressure.

When E3 =E2, except in cases involving interfaces or welds particular problems,
the two blocks behave as a single unit, resembling a half-space behavior as depicted
in Fig.4.18(b).

On the other hand, when E3 < E2, the pressure field initially moves away from
the interface. The contact zone shrinks, and the magnitude of the pressure field
increases until E3 = 0 (corresponding to the quarter space case), where the increase
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4. Quarter space contact problem resolution by SAM method
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Figure 4.15: Pressure field evolution according to the distance d/a, a) Pressure
field comparison with FEM, b) SAM pressure field evolution function of the distance

d/a.

Figure 4.16: Pressure field evolution of truncated quarter-space in function of the
distance d/a: 1) d= 0.4a, 2) d= 0.6a, 3) d= 0.7a and 4) d= 0.8a

in the pressure field is even more significant (see Fig.4.20).
In the two-joined space model, it is important to note that when E3 = 0, the

solution reverts to the quarter space model.
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Figure 4.17: Joined spaces pressure validation according to the distance d/a for
E3 = 4E2
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Figure 4.18: Two-joined space pressure parameter evolution according to the dis-
tance d/a (a) Pressure profil evolution according to the distance d/a for E3 = 4E2
(b) Joined space pressure evolution at distance d/a= 1.2 for different properties of

the third material−3.
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4. Quarter space contact problem resolution by SAM method

Figure 4.19: Pressure field evolution of two-joined space for E3 = 4E2 in function
of the distance d/a: 1) d= a, 2) d= 1.2a, 3) d= 1.5a and 4) d= 3a

-1.5

-1

-0.5

0

0.5

1

1.5

-1 0 1

1)

0

0.2

0.4

0.6

0.8

1

P
/P

0

-1.5

-1

-0.5

0

0.5

1

1.5

-1 0 1

2)

0

0.2

0.4

0.6

0.8

1

P
/P

0

-1.5

-1

-0.5

0

0.5

1

1.5

-1 0 1

3)

0

0.2

0.4

0.6

0.8

1

P
/P

0

-1.5

-1

-0.5

0

0.5

1

1.5

-1 0 1

4)

0

0.2

0.4

0.6

0.8

1

P
/P

0

Figure 4.20: Pressure field evolution of two-joined space for E3 = 0.5E2 in
function of the distance d/a: 1) d= a, 2) d= 1.2a, 3) d= 1.5a and 4) d= 3a
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4.8.3 Synthesis
4.8.3.1 Effect of free surface distance d/a

Comparing the half-space problem with the quarter space, the ellipse truncation
model, and two-joined-space problems, we observe different profiles of the pressure
fields, and contact zone which in turn result in different deformation and stress fields
due to the presence of free surfaces or additional materials, as shown in Fig.4.12 and
Fig.4.18.

Figure.4.12(a) shows the superposition of the pressure fields for different free
edge distances d/a. Figure.4.12(a) provides a clearer visualization of the increased
pressure field and its relative shift as the free edge distance varies.

Figure.4.14 provides a top view of the pressure field and the corresponding con-
tact area. In Figure.4.14, we can observe an asymmetry in the pressure field and
contact zone as we approach the free edge. Additionally, there is a shift of the
pressure field towards the positive x-axis, which represents the infinite part of the
quarter space. The presence of the free edge leads to an increase in the pressure
field due to the same loading being applied on a smaller contact zone compared to
the half-space case.

When considering the ellipse truncation model, we observe similar observations
as before, with an increase in the pressure magnitude and a reduction in the contact
zone size as the distances d/a change, as shown in Fig.4.16. Therefore, in the
presence of a truncated contact zone, the pressure magnitude increases and shifts
towards the infinite part of the space.

In the case of the two-joined-space modeling, we observe a decrease in the pres-
sure field as we get closer to the interface, especially when the third material is
stiffer. The contact zone extends and shifts towards the interface. Therefore, when
using the same welded materials, the two-joined space behaves similarly to a single
space, exhibiting half-space characteristics. On the other hand, when considering a
third material that is less stiff, there is an increase in the pressure magnitude and a
shift towards the infinite part of the space.

We observe a similar shift in stress fields compared to the pressure field. Depend-
ing on the distance d/a, the stress field can increase in amplitude and shift towards
the infinite side of the space if E3 <E2. Conversely, the stress field can decrease in
amplitude and shift towards the interface of the space as the distance d/a increases.

The correction method proposed is based on Hetenyi’s mirror pressure technique
applied to the surface. As a result, there may be a slight difference between the
stress states obtained in depth using this method and those obtained from the
FEM analysis, particularly about the tensile stress σxx. This discrepancy can be
attributed to the fact that the correction factors are derived in the proposed model
based on resultant forces rather than the distribution of stresses. However, since the
magnitude of the shear stresses is much smaller than that of the normal stresses and
the difference between the developed model’s stresses and the FEM results in depth
is small, the normal stress component σxx remains dominant, and the difference in
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4. Quarter space contact problem resolution by SAM method

shear stresses can be neglected without significant error.
In the case of the quarter space model, as the distance d/a approaches 4, the

influence of the free edge becomes negligible, and the pressure profile tends to re-
semble Hertz’s pressure distribution. Therefore, all the effects associated with the
edges, such as the pressure field’s shift, increase, and asymmetry, become negligible.
This behavior is illustrated in Fig.4.21, where it can be observed that when d/a is
sufficiently large; specifically d/a≥ 4.0, the influence of the free edge on the stresses
in the quarter space tends to zero.

(a) (b)

Figure 4.21: Quarter space parameter evolution according to the distance d/a
(a) Pressure maximum value according to the distance d/a (b) Radius evolution

according to the distance.

4.8.3.2 Plasticity

In this section, an attempt has been made to incorporate plasticity into the quarter
space contact problem. The technique used involves considering the plastic strains
in a half-space and incorporating them into the contact analysis until convergence is
achieved. However, it has been observed that the resulting pressure field presents a
small difference (at d/a= 3 from the free edge) from that obtained using the Finite
Element Method (FEM) as observed in Fig.4.22.

This discrepancy can be attributed to the fact that the current approach does not
account for the calculation of mirror plastic strains resulting from the plasticization
of the symmetrical space. In order to obtain accurate results, it is necessary to
incorporate the calculation of mirror plastic strains in future work.
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Numerical results and discussion

By including the calculation of mirror plastic strains, the influence of plasticity
on the contact problem can be properly accounted for. This will lead to a more
accurate prediction of the pressure field and overall behavior of the contact interface.
Further research and development are required to refine the methodology and ensure
the input of plastic strains in the analysis.
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Figure 4.22: Quarter space elastic-plastic pressure distribution in the left and
comparison between SAM and FEM in the right

To assess the accuracy of the Semi-Analytical Method (SAM) with the plasticity
model, a validation study is conducted by comparing its results with those obtained
from the finite element model (FEM). Figure.4.22 presents the comparison of the
pressure fields at a distance d/a = 3. While the SAM and FEM solutions tend
towards that of the half-space, a slight difference between the two can be observed.
As we approach the free edge in the SAM with plasticity model, the difference
between its solution and the FEM solution becomes more pronounced as shown in
Fig.4.23.

Figure.4.23 presents the pressure profile obtained from the finite element method
(FEM) for the quarter space problem with plasticity. The material in consideration
follows an elastoplastic law, specifically the Swift law. The material’s parameters
are as follows: B = 1100, C = 4, n= 0.045.

Several observations can be made as the contact zone approaches the free edge.

• Firstly, the pressure field shifts towards the infinite side of the body, indicating
a redistribution of stresses in the material. This shift is a consequence of the
presence of the free edge, which influences the stress distribution near the
contact zone.

• Secondly, the material experiences a higher degree of local plastification as
the pressure field’s amplitude increases compared to the case of a half-space.
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4. Quarter space contact problem resolution by SAM method
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Figure 4.23: Quarter space elastic-plastic pressure evolution according to the dis-
tance d/a at P0 = 3672MPa (a) Pressure profile for d/a < 1 (b) Pressure profile for

d/a > 1.

The larger contact radius induced by plasticity leads to a larger area of plastic
strains in the material.

• Thirdly, the material undergoes significant relaxation in the region near the
edge. This relaxation occurs due to the release of stresses in the material,
resulting in a redistribution of the pressure field. As a result, an asymmetry
in the pressure field is observed, indicating the free edge’s influence on the
material’s deformation behavior.

In the case where the contact zone is truncated as shown in Fig.4.23(b) with
respect to the free edge, an even greater degree of plasticization and relaxation is
observed. The truncation of the contact zone leads to an increased concentration
of stresses near the truncated edge, causing more pronounced plastic deformation
and relaxation effects. Additionally, the pressure field experiences a more significant
shift due to the truncation.

Overall, plasticity in the quarter space problem introduces complex deformation
and relaxation phenomena influenced by the proximity to the free edge and the
truncation of the contact zone.
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Conclusion

4.9 Conclusion
This chapter proposes a novel numerical approach for solving the elastic quar-
ter space contact problem, ellipse truncation, and two-joined space contact prob-
lem. The method is inspired by Hetenyi’s mirror pressure technique and Guibault’s
fast correction method, and it is implemented within a semi-analytical framework
(SAM). The approach incorporates two corrective factors to account for the presence
of the free edge.

To solve the problem, the Conjugate Gradient Method (CGM) and Fast Fourier
Transform (FFT) algorithm are integrated, enhancing computational efficiency. The
results obtained using this method are compared with corresponding Finite Element
Method (FEM) solutions, and a good agreement is observed. The computational
efficiency of the proposed method is advantageous compared to FEM.

In the case of the quarter space model, the consideration of the free edge leads to
an increase of the maximum contact pressure, a reduction in the size of the contact
zone, and a shift towards the infinite side as the distance d/a approaches 1. The
influence of the free edge diminishes as d/a exceeds 4.0, and the Hertz solution
becomes applicable.

For the ellipse truncation model, the truncated contact zone induces a more
significant increase in pressure magnitude and a shift in the contact zone. The
two-joined space contact problem highlights the influence of a third material with
different properties in the contact area, particularly when the contact zone is close
to the interface. This results in an extension of the contact zone, a decrease of the
maximum pressure magnitude, and a shift towards the interface for a stiffer material.
Conversely, for a softer material, the contact zone decreases similarly as the quarter
space case.

The newly developed approach enables the modeling of these different contact
scenarios and effectively simulates the corresponding phenomena. It provides a ver-
satile framework for studying and analyzing various contact problems with different
geometries and material properties.

Regarding perspective, including mirror plastic strains in plasticity analysis in
the quarter space problem can lead to more accurate results.
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Chapter 5

Eighth-space and finite-length
space contact modeling

This chapter introduces a semi-analytical method (SAM) to address the eighth space
and finite-length space contact problems commonly encountered in applications such
as gears or roller bearings. These issues involve contact stress distribution affected
by the presence of free edges. The method extends the resolution technique used
for the quarter space problem to consider the impact of multiple free edges on the
contact zone. The SAM developed approach involves the use of corrective factors
ψ1 and ψ2 and employs a space overlapping technique. Validation is performed by
comparing SAM results with those obtained from finite element method (FEM) anal-
ysis, revealing a good agreement between the SAM and FEM results. The findings
emphasize the mutual influences of free edges, resulting in higher pressure magni-
tudes and more noticeable shifts towards the farthest free edge. In cases involving
finite-length spaces, the maximum pressure can increase by approximately 1.2 times
the maximum Hertz pressure (P0). To assess the deviation of the obtained solutions
from Hertz’s solutions, the chapter includes several parametric studies illustrating
the effects of free edges on contact responses. These studies offer valuable insights
into the influence of free edges, contributing to a deeper understanding of contact
behavior in practical scenarios.
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5. Eighth-space and finite-length space contact modeling

5.1 Introduction
The finite-length space contact problem is a common occurrence in practical en-
gineering applications, especially within mechanical components like gears, cams,
and roller bearings. Differing from the commonly used Hertz contact theory for ap-
proximating finite-length problems, the finite-length space contact problem involves
at least two free surfaces and corners, resulting in distinctive pressure and stress
distributions with unique characteristics.

This problem is an extension of the quarter-space contact problem, which has gar-
nered substantial attention from researchers over the past decades. Many scholars,
as referenced in (HET 60; HET 70; SNE 71; KEE 83b; CON 86; HAN 89; HAN 90;
HAN 91), and (ZHA 13; WAN 17; GUO 17a; ZHA 17; GUO 17b), have devoted
their research efforts to comprehending and resolving quarter-space contact prob-
lems. They have considered various factors, such as material properties, contact
geometry, load conditions, and boundary conditions.

In this chapter, the methodology introduced in the previous chapter for solving
the quarter-space problem is extended to address more intricate scenarios involving
multiple free edges. Specifically, two cases are examined: the eighth space contact
problem, encompassing two free edges and one corner, and the finite-length contact
problem, which includes four free edges and four corners. The objective is to develop
an approach capable of effectively handling these situations and providing precise
solutions for stress distribution in the contact region.

5.2 Theoretical description
In Hertz contact conditions, the contact problem is typically analyzed assuming an
infinite space, where the contact pressure is uniformly distributed over the entire
contact area. However, in practical situations involving finite-length space contact,
the contact area is limited by the presence of free surfaces, such as edges or corners.
As a result, the pressure and stress distribution in these contact problems is sig-
nificantly influenced by the presence of these free surfaces. Sophisticated methods
and models are required to predict the pressure and stress distribution accurately
in finite-length space contact problems. These methods go beyond the assumptions
of infinite space and consider the specific geometric constraints imposed by the free
surfaces. The finite-length space contact problem can be seen as an extension of
the quarter-space contact problem, where the effects of multiple free edges and cor-
ners are taken into account. By addressing the finite-length space contact problem,
researchers aim to provide more realistic and accurate solutions for practical ap-
plications such as gears, bearings, and other contact systems where free surfaces
significantly affect stress distribution.

The eighth-space concept is obtained geometrically by dividing the infinite space
along the z-axis into two equal parts. One of these halves is further divided along
the x-axis, resulting in a quarter space defined by x≥ 0, −∞≤ y ≤+∞, and z ≥ 0.
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Theoretical description

(a)

x

z

y

(b)

Figure 5.1: (a) Eighth space contact problem illustration according to the distances
dx/a, dy/a (b) Finite-length space contact problem illustration according to the

distances dx/a, dy/a.

Subsequently, by dividing the quarter space along the y-axis, we achieve the eighth
space defined by x≥ 0, 0≤ y ≤+∞, and z ≥ 0, as depicted in Fig.5.1(a).

On the other hand, the finite space is geometrically defined by specifying the
dimensions Lx, Ly, and Lz. It represents a bounded space with finite extents in
the x, y, and z directions. The finite space is obtained by further dividing the
eighth space along the x and y axes, resulting in specific lengths Lx and Ly for the
respective dimensions, as illustrated in Fig.5.1(b).

To address and solve the eighth-space and finite-length space contact problems,
the methodology employed in the previous chapter focused on the quarter-space ap-
proach. This method involves integrating Hetenyi’s mirror pressure technique with
Guilbault’s factor approach to consider Hetenyi’s iterative process. Consequently,
the new method generates two factors, ψ1 and ψ2, along each axis to account for
the impact of free edges on the contact zone. The expressions for these factors are
provided by:

ψ1 = 1.29 (5.1)

ψ2 = 1
1−ν {0.17−0.25(1−2ν)} (5.2)

This section details the extension of the quarter-space resolution method for
addressing contact problems in an eighth space and a finite-length space with di-
mensions Lx along the x-axis and Ly along the y-axis.

For the eighth space, a normal loading is applied through a body, with the center
of the contact positioned at a distance dx from the edge along the x-axis and dy from
the edge along the y-axis, as depicted in Fig.5.2(a). The extension method involves
seeking an axially symmetric loading, referred to as mirror loading. This loading
is symmetric with respect to the axes that have free edges and centrally symmetric
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5. Eighth-space and finite-length space contact modeling

concerning each corner of the space. In the case of the eighth space, this correction
procedure is applied to the two free edges and the corner.

Likewise, for the finite-length space, a normal loading is applied via a sphere. In
this case, the center of the contact is situated at a distance dx from the first edge
along the x-axis and at a distance Lx− dx from the second edge along the x-axis.
Along the y-axis, the contact zone is located at a distance dy from the first edge and
at a distance Ly−dy from the second edge, as shown in Fig.5.2(a). To extend the
resolution approach to this scenario, the correction procedure is applied to all four
free edges and corners.

Figure.5.2(b) provides an overview of the extension method, focusing on the
correction with the ψ1 factor in the case of the eighth space, which has two free
edges and one corner. A similar process is carried out for the second corrective
factor, ψ2. The extension process involves seeking mirror loading, which exhibits
axial symmetry with respect to the axes that have free edges and central symmetry
with respect to each corner of the space. For the finite-length space, the correction
procedure is applied to all four free edges and the four corners.

(a)

O

(b)

Figure 5.2: a) Finite-length-space subjected to a normal loading, b) Correction
procedure with the corrective factors in the eighth-space

5.3 Contact model
As in Chapter 4, the boundary conditions for the contact problem between the eighth
and the finite length can be represented by a set of equations and inequalities:
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Contact model

1. Surface Separation: The distance between the contacting bodies, denoted by
g(x,y), is the sum of the initial separation gi(x,y), the rigid body displacement
δz, and the normal elastic surface displacement uΩ1+Ω2

3 (x,y) of both bodies.
It is given by the equation:

g(x,y) = gi(x,y)+ δz +uΩ1+Ω2
3 (x,y) (5.3)

2. Contact Condition: The contact pressure, denoted by p(x,y), is always positive
or zero when inside the contact area (Γc), and the surface separation is zero.
Outside the contact area, the surface separation is positive, and the contact
pressure is zero. This can be expressed as:

(x,y) ∈ Γc : g(x,y) = 0 and p(x,y)> 0 (5.4a)
(x,y) /∈ Γc : g(x,y)> 0 and p(x,y) = 0 (5.4b)

3. Load Balance: The applied normal load FN must equal the integral of the con-
tact pressure distribution p(x,y) over the contact area Γc. It can be expressed
as:

FN =
∫

Γc

p(x,y)dS (5.5)

To solve the contact problem numerically, the surfaces of the two bodies in
contact are meshed into a 2D regular grid of N = Nx×Ny points. Each point n
is associated with a rectangular zone of size dS = ∆x×∆y, where the pressure is
assumed to be constant. The pressure distribution p(x,y) is discretized into patches
of uniform pressure. Using linear elasticity theory, the normal displacement can be
expressed in a discretized form as:

uz(n) =
N∑

m=1
Kp

z (m,n)p(m) (5.6)

Kp
z represents the influence coefficients, describing the effect of a rectangular patch

of uniform pressure at point m on the normal elastic displacement at point n.
The surface displacement of the eighth space and the finite length space can be

expressed as the sum of the surface elastic displacement of a homogeneous half-space
(uzh) and the perturbed normal displacement due to the presence of free edges near
the contact area (uzspace). It can be written as:

uz = uzh +uzspace (5.7)

The flowchart illustrating the process of solving the elastic eighth space and the
finite length space contact problem is presented in Fig.5.3.

To correct for the stress state in the eighth space and the finite space, which is
obtained from the numerical solution based on mirror loadings, a correction taking
into account the factors is necessary. The stress solution obtained directly from the
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Figure 5.3: Flowchart for solving the eighth space and the finite length contact
problem.

numerical method is only partially accurate, so a stress correction is required to
improve the approximation.

Since the loadings are symmetrical, the tensile stress in the eighth space and the
finite space can be approximated as the tensile stress in the corresponding half-space,
with the addition of the tensile stress resulting from the mirror pressure acting on the
free edge side. In this correction, only the effect of the ψ1 factor will be considered,
as the effect of the ψ2 factor on the stress field is negligible. The distance dx/a and
dy/a with respect to the free edges will affect the stress state.

The stress field can be approximated by the following expression:

σxxeq =
[
1+(1−ψ1)a

d

][
1+(1−ψ1)a

d

]
σxx (5.8a)

σxzeq =
[
1− 2(0.29a)

4d

]
σxz (5.8b)
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Numerical results and discussion

5.4 Numerical results and discussion
This section will analyze the frictionless contact between a sphere and two different
surfaces: an eighth and finite-length space. The material properties of these surfaces
are as follows: Young’s modulus E = 210 GPa and Poisson’s ratio ν = 0.3.

The contact problem is investigated by varying two distance parameters, dx and
dy, which represent the position of the contact center relative to the reference edges
along the x and y directions, respectively, for both the eighth-space and the finite-
length space.

Table 5.1 summarizes the analysis’s material parameters and contact conditions.
The outputs, such as pressure, stress, and length, are normalized by the maximum
Hertzian pressure P0 and the Hertz contact radius a obtained from the corresponding
half-space solution to facilitate comparison and analysis.

For the analysis, a simulation domain of size (−5a,5a)× (−5a,5a)× (0,6a) is
used, covering the x, y, and z directions. The domain is discretized uniformly into
a grid of 251×251×40 cuboids to represent the geometry and capture the contact
behavior accurately.

Parameter Symbol Unit Value
Normal load P (N) 1923

Indentor Young’s modulus E1 (GPa) Rigid
Indentor radius (sphere) R (mm) 20

Eighth and finite-length-space Young’s modulus E2 (GPa) 210
Eighth and finite-length-space Poisson’s ratio ν2 0.3

Hertz’s maximum pressure P0 (MPa) 3672.76
Hertz’s contact radius a (mm) 0.5

Eighth-space distance from the free surface dx/a, dy/a from 0 to 1.5
Finite-length-space distance from the free surface dx/a, dy/a from 0 to 1.5

Width of the finite-length-space along x and y Lx/a, Ly/a from 2 to 3

Table 5.1: Parameters and contact conditions

Simulations were performed using Abaqus 2019, a commercial software, to
validate the different models on a computer with a 2.6 GHz i7 CPU. The region
of interest was meshed using C3D8R elements, which are eight-node linear bricks
with reduced integration, and had a mesh size of 0.04 mm. The remaining parts of
the model were meshed with C3D4 elements, which are four-node linear tetrahedra.
The sphere was modeled as an analytically rigid shell.

The simulations involved varying the dimensionless distances dx/a and dy/a to
study their effect. Once again, The dimensionless pressure profiles along the x-axis
of the eighth space and the finite length space were obtained using the SAM (Semi-
Analytical Method) and FEM (Finite Element Method) approaches. Figure.5.4
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5. Eighth-space and finite-length space contact modeling

shows the comparison of the pressure profiles obtained from the SAM and FEM
methods for different values of dx/a and dy/a. This allows for a validation of the
models and an assessment of their accuracy in predicting the pressure distribution
along the x-axis.

5.4.0.1 Eighth space model validation

In this section, we validate the results obtained from the semi-analytical method
(SAM) for the eighth space by comparing them with those obtained from finite
element analysis (FEM). The validation is performed by comparing the pressure
profiles obtained from both methods for various contact center positions relative to
the free edges (dx and dy).

The comparison between SAM and FEM results shows good agreement, indicat-
ing the semi-analytical method’s accuracy in capturing the eighth space’s behavior
as illustrated in Fig.5.4. It is observed that the pressure field in the eighth space
experiences a more pronounced increase compared to the quarter-space case. This
increase can be attributed to the mutual influence of the free edges present in the
space.

Furthermore, the presence of the free edges induces a shift in the pressure field
towards the infinite part of the space. This shift is more pronounced compared to
the case of quarter-space modeling and is a consequence of the mutual influences
of the free edges. Figure.5.5 presents the evolution of the pressure profile with the
distance dx/a and dy/a.

The validation results confirm the accuracy of the developed method in capturing
the influences of the two free edges and provide valuable insights into the pressure
distribution.

Figure.5.6 provides a clear visualization of the pressure distribution and the
evolution of the contact zone as a function of the distance d/a from the free edge of
the eighth space. Several observations can be made based on Fig.5.6:

1. When a free edge is located very close to the contact zone, it results in an
increased pressure field compared to the case of a half-space. This increase
in pressure is due to the constraint imposed by the nearby free edge, which
restricts the expansion of the contact zone and leads to higher pressures.

2. The presence of a nearby free edge causes a shift in the pressure field towards
the infinite space direction compared to the case of a half-space. This shift
occurs because the adjacent free edge influences the contact zone.

3. The mutual influence of the two free edges can further increase the maximum
pressure. At a distance dx = dy = a from the free edges, the maximum pressure
can be approximately 1.04P0, where P0 represents the maximum Hertzian
pressure obtained from the corresponding half-space solution, in addition no
truncated contact area is observed.
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Figure 5.4: Pressure evolution respect to the distance dx/a and dy/a from each
free edge on the eighth space: a) dx = dy = a, b) dx = dy = 1.2a, c) dx = dy = 1.5a

and d) dx = dy = 3a

5.4.0.2 Finite space model validation

In the finite-length space model, the influence of the free edges can come from all
sides, which requires considering the entire model in the calculation. The simulations
were conducted for various dimensionless distances dx/a and dy/a along the x and
y axes, respectively, following the same conditions as in the quarter-space case.

The validation results demonstrate a good agreement between the SAM model
and the FEM (see Fig.5.7). Figure.5.8(a) illustrates the pressure evolution with the
distance showing the mutual influences of free edges on the contact zone.

In Figure.5.8(a), the highlighted case corresponds to the sphere being tangent
to all four free edges of the finite-length space (Lx = Ly = 2a, dx = dy = 2a). In
this configuration, the finite-length space experiences equal influences from all four
edges. As a result, the pressure field becomes centered, exhibiting an increase in
amplitude. In this case, the maximum pressure can reach up to 1.17 times the
maximum Hertz pressure P0, indicating the significant impact of the mutual edge
influences on the contact behavior.

In Figure.5.8(b), the stress fields at a depth of z = 0.72a in the finite-length space
is validated by comparison with the FEM. The results from both models show good
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Figure 5.5: Pressure evolution respect to the distance dx/a and dy/a from each
free edge on the eighth space: a) dx = dy = a, b) dx = dy = 1.2a, c) dx = dy = 1.5a

and d) dx = dy = 3a

agreement, confirming the accuracy of the semi-analytical method.
As previously observed, the presence of a free edge in proximity to the contact

zone leads to an increase in the normal stress. This increase is particularly significant
when approaching the free edges or simultaneously experiencing the mutual influence
of multiple edges. The constraints imposed by the free edges contribute to the higher
normal stress levels observed in the finite-length space compared to the quarter-
space.

As in the previous cases, the shear and tensile stresses decrease in the finite-
length space compare to the half space. Free edges introduce additional complexities
and stress concentration effects, resulting in higher normal stress compared to the
quarter-space caseas shown in Fig.5.8(b).

Figure.5.9 presents the contact zone pressure field in the finite-length space with
the distance from the center of contact with respect to the four free edges.

The presence of free edges in the finite-length space has several effects on the
contact problem responses:

✿ Firstly, the free edges tend to reduce the contact zone, resulting in a smaller
contact area between the sphere and the finite-length space.

✿ Secondly, the presence of free edges increases the pressure field. The mutual
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Figure 5.6: Pressure field evolution of length eighth space according to the dis-
tance dx/a , dy/a a-1) dx = dy = a from the free edges a-2) dx = dy = 1.2a from
the free edges a-3) dx = dy = 1.5a from the free edges a-4) dx = dy = 3a from the

free edges

influence of the edges amplifies the stress concentration, leading to higher
pressure values compared to the quarter-space case. This pressure increase
results from the interaction and constraint effects induced by the adjacent free
edges.

✿ Furthermore, the pressure field is shifted towards the side of the finite-length
space that is farthest from the free edges. This shift occurs due to the asym-
metric influence of the edges on contact behavior.

5.5 Synthesis
5.5.0.1 Effect of free surface distance dx/a, dy/a

Comparing the eighth space and the finite-length space with the half-space problem,
we observe different pressure field profiles, leading to distinct deformation and stress
fields due to the presence of free edges. The effects of the free edges depend on the
distances dx/a and dy/a, as shown in Fig.5.5,5.9.

In Figure.5.6, a top view of the pressure evolution on the eighth space is pre-
sented. Figure.5.6 reveals an asymmetry in the pressure field and the contact zone
as one approaches the free edge. Additionally, there is a shift of the pressure field
towards the positive x-axis, indicating a shift towards the infinite part of the eighth
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5. Eighth-space and finite-length space contact modeling

Figure 5.7: Pressure evolution respect to the distance dx/a and dy/a from each free
edge on the finite length space a) Lx = Ly = 2a at dx = dy = a b) Lx = Ly = 3a at
dx = dy = a c) Lx = Ly = 3a at dx = dy = 1.2a d) Lx = Ly = 3a at dx = dy = 1.5a

space. The presence of the free edge results in an increase in the pressure field due
to the same loading being exerted on a smaller contact zone compared to the half-
space case. Figure.5.5 illustrates the superposition of the pressure field according
to the free edge distances dx/a and dy/a, providing a clearer view of the increased
pressure field and their relative shifts.

In the case of the finite-length space model, we observe similar phenomena as in
the eighth space, such as the asymmetry and the shift of the pressure field. However,
we also observe the mutual influence of the four free edges, which is dependent on the
distances dx/a and dy/a as shown in Fig.5.8(a). In the presence of these free edges,
the maximum pressure field shifts more toward the direction of the edge farthest
from the contact zone. The dissymmetry becomes more pronounced on the side of
the edges closest to the contact zone. The mutual influence of the edges leads to
an increased maximum pressure in the finite-length space solution. The maximum
pressure in the finite-length space can reach up to 1.17 times the Hertz pressure P0,
as shown in Fig.5.9 and Fig.5.10, while it reaches up to 1.04P0 in the eighth space.

In the eighth and finite-length spaces, the presence of free edges has different ef-
fects on the stress fields compared to the half-space case. The normal stress increases
in the presence of free edges, while the shear stresses decrease compared to the half-
space. Moreover, the normal stress in the finite-length space is generally higher than
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Figure 5.8: (a) Field evolution of finite length space according to the distance
dx/a, dy/a, Lx/a and Ly/a, b) Finite length space stresses field for Lx = Ly = 3a,

at dx = dy = a from the free edges and at depth z = 0.72a
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Figure 5.9: Pressure field evolution of finite length space according to the distances
dx/a , dy/a, Lx/a and Ly/a for P0 = 3672MPa a-1) Lx =Ly = 2a and at dx = dy = a
from the free edges a-2) Lx = Ly = 3a and at dx = dy = a from the free edges a-3)
Lx = Ly = 3a and at dx = dy = 1.2a from the free edges a-4) Lx = Ly = 3a and at

dx = dy = 1.5a from the free edges

in the eighth space. Similar to the pressure field, the stress field also exhibits a shift
towards the infinite side of the space and an increase in amplitude depending on the
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5. Eighth-space and finite-length space contact modeling

Figure 5.10: 3D view of the pressure distribution for finite-length-space function
of the distance to the free edges, dx/a and dy/a, and size of the finite space, Lx/a
and Ly/a: 1) Lx = Ly = 2a and dx = dy = a, 2) Lx = Ly = 3a and dx = dy = a, 3)

Lx = Ly = 3a and dx = dy = 1.2a and 4) Lx = Ly = 3a and at dx = dy = 1.5a

distance d/a from the free surface. As the distance d/a increases, the maximum ten-
sile stress increases while the maximum compressive stress decreases and approaches
the half-space solution. It is worth noting that as the contact center moves farther
away from the free surface, the effects of the free edges diminish, and the stress field
approaches the half-space solution. This occurs when the contact center is located
at a distance d/a≥ 4.0, where the half-space solution can be considered valid.
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Conclusion

5.6 Conclusion
This chapter presents the extension of the quarter-space method to analyze the
eighth and finite-length spaces. The method incorporates corrective factors and the
overlapping technique from the half-space solution to account for the presence of
free edges and corners. The validity of the extended models has been demonstrated
through comparison with the finite element method (FEM), showing good agreement
between the two methods.

One notable observation is that when a free edge is located close to the contact
zone in the eighth space, there is an increase in the maximum pressure. This increase
can reach 1.04P0 at a distance dx = dy = a from the free edges. The presence of free
edges and corners leads to a reduction in the contact zone and a shift of the pressure
field away from the free edges toward the infinite side of the space. These effects
arise from the mutual influences of the two free edges and one corner.

In the case of the finite-length space, similar observations are made but with
more pronounced effects. The maximum pressure can reach up to 1.17P0, indicating
a higher stress level compared to the half-space case. The reduction in the contact
zone and the shift of the pressure field are also more significant in the finite-length
space, emphasizing the influence of the free edges.

Overall, both the eighth and finite-length spaces exhibit a higher normal stress
level than the half-space case. The extension of the quarter-space method provides
a valuable tool to analyze contact problems involving surfaces with free edges and
finite-length spaces, capturing the complex interactions and stress distribution as-
sociated with these geometries.

The free edge effects vanish when the distance d/a ≥ 4. It means that the
influence of the free edges becomes less significant and can be neglected at greater
distances. In this case, Hertz’s solution can be considered. In terms of future
perspectives, considering the effects of plasticity and heterogeneities in the developed
models can provide a deeper understanding of the behavior of components and enable
the analysis of more complex phenomena.
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Chapter 6

Surface indentation process of
rolling contact

In this chapter, our main focus is on investigating the indentation process on the
surface of the raceway. To accomplish this, we employ a finite element modeling
(FEM) approach, specifically utilizing the "Coupling-Euler-Lagrange" model devel-
oped by Bonetto. This model combines the strengths of both the Eulerian and La-
grangian methods, enabling us to simulate particle crushing in contact with reduced
computational time. The primary objective of this study is to model and identify
the crucial parameters that influence the formation of dents in rolling contacts.
Following the investigation of the indentation process, we conducted an exhaustive
parametric study to identify the most influential parameters. The results highlight
the significance of the mechanical properties of the three bodies involved and the bal-
ance of these properties in dent formation. We found that the particle size is directly
proportional to the size of the resulting dent as long as the particle size is smaller
than the contact width. However, this relationship is significantly altered when the
particle, after being crushed, becomes larger than the contact width. Furthermore,
the presence of a slip in the contact considerably impacts the shape of the dent. It
leads to increased spreading of the particle between the surfaces, resulting in more
superficial dents. The numerical model enables the generation of realistic dents with
asymmetrical profiles and the distribution of residual stresses they generate. This
investigation aims to uncover new significant factors, including the particle’s shape,
orientation, position within the contact, the presence of a critical slip rate, and its
variation. Furthermore, we have derived analytical expressions that approximate the
variations of these key parameters as functions of other quantities. These expres-
sions serve as the foundation for conducting Monte Carlo-type analyses, allowing
us to determine dent dimensions’ distribution. Additionally, this study enables us
to establish criteria for evaluating the aggressiveness of dents based on particle size
and contact conditions.
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6. Surface indentation process of rolling contact

6.1 Introduction
In this chapter, we mainly focus on the real indentation process that occurs in rolling
contacts using different bearing materials. Specifically, we will examine the indenta-
tion process on steel/steel bearing materials such as M50, 32CrMoV13, M50NiL, and
M50NiLDH, as well as steel/ceramic bearings. To begin, we will briefly overview ex-
isting research on the topic, summarizing the key findings and current understanding
of the indentation process in rolling contacts. Next, we will conduct a finite element
modeling approach to reproduce the passage of a particle in rolling contact. For
this purpose, we will employ the "Coupling-Eulerian-Lagrangian" model developed
by Bonetto et al.(BON 19), which accurately captures the interaction between a
spherical particle and a cylinder-plane contact. To make this study, we will modify
and update the model to incorporate the specific operational conditions of main en-
gine shaft line bearings. Additionally, we will consider additional crucial parameters
for accurately modeling the indentation process. Furthermore, we will present a
comprehensive parametric study to investigate the indentation process thoroughly.
This study will focus on determining the influence of various factors, including the
operating conditions of the bearing, the nature of its components (such as different
bearing materials), and the characteristics of the particles involved. By system-
atically varying these parameters, we will be able to analyze their impact on the
resulting dents and gain valuable insights into the indentation process in rolling
contacts. Numerous studies have been conducted to enhance our comprehension of
damage mechanisms in the presence of an indentation. Further information about
these various studies is condensed and provided in the appendix.B.

6.2 Coupled Euler-Lagrange modeling
In Lagrangian finite element analysis, the mesh is typically fixed to the material
and follows its motion, which can cause significant mesh distortion during large
deformations. This can lead to inaccurate results and high computational costs due
to the need for a large number of elements to accurately capture the deformation.
Therefore, alternative methods such as Eulerian or Arbitrary Lagrangian-Eulerian
(ALE) methods may be used where large deformations occur. These methods allow
the mesh to remain fixed in space while the material moves through it, which can
reduce distortion and improve accuracy. Reducing the size of the elements to limit
their shape change is one way to improve the mesh quality and accuracy of the
simulation. However, this improvement comes at the cost of increased memory
usage and longer computation time. Additionally, reducing the element size may
also reduce the critical time step, which is the maximum time step that can be used
without introducing numerical instability in the simulation. The critical time step
is usually calculated based on the material properties and the size of the elements
used in the simulation. Equation 6.2 likely provides the expression for calculating
the critical time step in the current simulation. Therefore, it is important to balance
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Coupled Euler-Lagrange modeling

the element size, computational cost, and accuracy of the results, considering the
specific requirements of the simulation.

∆tcritical =Lc

cd
(6.1)

cd =

√√√√ E(1−ν)
ρ(1+ν)(1−2ν) (6.2)

A critical time step is crucial in modeling dynamic phenomena with finite ele-
ments. It ensures that the simulation does not miss important events that occur
within the material during the propagation of waves. The formula for the critical
time step takes into account the characteristic distance Lc, which is the size of the
smallest element in the model, and the speed of propagation of expansion waves in
the medium cd. In a structured mesh, Lc is close to the size of the smallest element.
Therefore, the critical time step decreases with increasing mesh size and increases
with increasing material density allowing the use of the principle of "Mass scaling"
when inertial effects are ignored. This technique involves increasing the density of
the material to obtain a higher critical time step and faster calculations. However,
this approach is not used in this case.

The technique used by Xie et al.(XIE 15) is the Arbitrary Lagrangian-Eulerian
(ALE) method, which is a hybrid Lagrangian-Eulerian technique. In this method,
the mesh moves with the material but can also deform and adjust its position to
reduce the distortion caused by large deformations. This technique is particularly
suitable for modeling large deformation problems like those encountered in the in-
dentation process. The mesh distortion can be reduced using the ALE method, and
a more accurate simulation of the indentation process can be obtained without re-
sorting to minimal elements, which would be computationally expensive. The ALE
method also allows for simulating more complex geometries and material behav-
iors. Therefore, it is a promising technique for developing a complete and accurate
indentation model at a reasonable computational cost.

In summary, the Eulerian modeling technique used in the present indentation
model allows for more accurate and efficient simulations by avoiding the mesh dis-
tortion problems encountered in Lagrangian and ALE methods. This technique
involves meshing 3-D space instead of the material and creating control points to
observe the material. The mesh is fixed, ensuring the results’ accuracy, and a reason-
able size mesh can be used. The particle is modeled using Eulerian approach, while
the other model components are modeled using Lagrangian approach, resulting in a
coupled Euler-Lagrange model.

6.2.1 CEL Model
During the passage of a particle through contact, it undergoes significant deforma-
tion, causing the initial spherical shape to transform into a thin disc shape. However,
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6. Surface indentation process of rolling contact

applying the traditional Lagrangian modeling method to the particle poses a con-
siderable challenge due to mesh distortion. Like the particle, the mesh used in the
modeling experiences substantial changes in shape, which can result in poor-quality
results or discrepancies in the calculations.

To overcome this issue, Bonetto et al.(BON 20) adopted a Coupling-Eulerian-
Lagrangian (CEL) approach, which combines both approaches methods in a single
model. The Eulerian modeling is used to calculate the zones with large deformation,
particularly the region occupied by the particle. On the other hand, the Lagrangian
modeling is employed to calculate the zones with small deformation. The model’s
symmetry with respect to the rolling plane allows for the reduction of half of the
modeling. The model comprises a roller, a raceway, a particle placed on the surface
of the raceway at its center, and a rigid plane serving to apply the rolling load
as shown in Figs.6.1,6.2 . The roller, as well as the raceway, are modeled using
linear brick elements with eight nodes and reduced integration, called C3D8R. To
remove the longitudinal wave reflections in the model caused by the displacement of
the roller, CIN3D8 "infinity" elements are added around the edge of the raceway as
illustrated in Fig.6.1, imitate the presence of boundary conditions located infinitely
far away.

Figure 6.1: Finite elements model of indentation.

The Eulerian control domain used to track the behavior of the particle is defined
in the same way as the Lagrangian solids in the previous model. However, the mesh
used to model the particle is different, and linear Eulerian hexahedral elements with
eight nodes and reduced integration EC3D8R are used. The particle is created in
the model by defining a filling volume in the control space and applying the particle
material to it. A filling rate variable is then assigned to each element of the Eulerian
space, as shown in Fig.6.3. Initially, the Eulerian control space consists of empty
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Coupled Euler-Lagrange modeling

elements, full elements at the center of the particle, and partially filled elements on
its surface. A rigid plate, modeled with R3D4 elements, is used to apply the load
on the bearing during the first loading stage and to maintain it during the rolling
phase.

Figure 6.2: Area of the CEL model showing the Eulerian volume

Figure 6.3: Filling the eulerian volume

6.2.2 Mechanical and thermal behavior
The mechanical and thermal behavior of the crushed particle in the contact can be
complex and challenging to model accurately. The particle undergoes high levels
of plastic deformation, generating heat and causing temperature increases. Addi-
tionally, the particle can experience fragmentation or even be completely crushed
under extreme conditions. To model this behavior, a combination of experimental
data and numerical simulations can be used. The Johnson-Cook model mentioned
earlier is a popular choice for modeling the mechanical behavior of the particle. This
model takes into account the strain rate, strain, and temperature dependence of the
material’s behavior. Thermal effects can be included in the simulation by incorpo-
rating the heat generated by plastic deformation into the model. This can be done
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6. Surface indentation process of rolling contact

using techniques such as the Arbitrary Lagrangian-Eulerian (ALE) method, which
allows for the modeling of material deformation and fluid-like behavior. In addition
to modeling the mechanical and thermal behavior of the particle, it may also be
necessary to consider the chemical reactions that occur during the indentation pro-
cess. For example, oxidation or other chemical reactions can occur at the contact
interface, leading to changes in material properties and behavior.

The passage of a particle through the contact and the resulting surface inden-
tation occurs rapidly, typically within a short time interval of approximately 100
µs under typical operating conditions (VIL 99b). The indentation process generates
high levels of inelastic deformations, resulting in very high strain rates and heat gen-
eration due to plastic work. Consequently, relying solely on modeling plastic defor-
mations in the materials’ constitutive behavior may not be sufficient to describe the
indentation process accurately. It becomes necessary to introduce viscous and ther-
mal effects into the constitutive law, as demonstrated by Nikas (NIK 13; NIK 14).
To model the behavior of the roller, particle, and raceway, the Johnson-Cook law
(JOH 83) is deployed. Its expression is given by:

σeq = (A+Bεn) [1+Cln(ε̇/ε̇0)]
[
1−

(
T −T0
Tm−T0

)m]
(6.3)

Where:

✫ σeq is the equivalent stress

✫ ε is the equivalent plastic strain

✫ A, B, C, n, m are material constants

✫ ε̇ is the equivalent plastic strain rate

✫ T is the temperature

✫ ε̇0 is a reference strain rate

✫ Tm is the melting temperature of the material

✫ T0 is the reference temperature of quasi-static test used to identify parameters

The first term of this expression represents the strain hardening effect, the sec-
ond term represents the strain rate sensitivity, and the third term represents the
thermal softening effect.

The determination of the parameters of the Johnson-Cook empirical law typically
involves experimental tests using techniques such as the Hopkinson bar test, as
described by Dorogoy and Rittel (DOR 09), or by correlating experimental tests with
high-speed simulations, as done by researchers (SU 06; RAM 08; SHR 12). These
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Coupled Euler-Lagrange modeling

tests are used to measure the material response to high strain rates and determine
the material parameters needed to accurately model the behavior using the Johnson-
Cook law. Other techniques, such as high-speed photography and infrared imaging,
can also be used to observe the deformation and thermal behavior of materials during
high-speed impact or deformation.

The high speed at which the indentation process occurs assumes that the tem-
perature increase in the materials is predominantly due to plastic deformation. In
this context, the heat transfer between different materials and heat diffusion within
each material can be neglected. Consequently, the only considered source of heat
generation in the model is the plastic work, which is converted into heat energy
and integrated into the model through Eq.6.4. This simplification is employed to
facilitate the modeling process and ensure computational feasibility while still en-
compassing the fundamental physical phenomena of the process.

The equation is given as:

∆T = η

ρCp
σ : εp (6.4)

Where:

✍ ∆T is the temperature increase due to plastic deformation

✍ η is the coefficient of Taylor-Quinney

✍ ρ is the density of the material

✍ Cp is the specific heat capacity of the material

✍ σ is the stress tensor

✍ εp is the plastic strain

The value of η (which is the fraction of inelastic dissipation trasformed into heat) is
usually taken as 0.9 (TAY 34; CLI 84; SIM 92; ZHO 96).

The Johnson-Cook law parameters used in the model are obtained from the work
of Su (SU 06) on residual stress modeling during high-speed machining operations.
The parameters of the Johnson-Cook law used in the model are derived from the
research conducted by Su (SU 06), which focused on residual stress modeling during
high-speed machining operations. The material modeling parameters can be found
in Table 6.1.

Table 6.1: Properties of the considered M50NiL steel
E ν ρ Cp θm A B n C m

(GPa) (Kg.m−3) (J.kg−1.K−1) (K) (MPa) (MPa)
201 0.3 7800 472 σ0 408 0.391 0.021 1.21
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6. Surface indentation process of rolling contact

According to tests conducted by Ville (VIL 98a) and Ville and Nélias (VIL 98b;
VIL 99b), a hole is consistently observed at the bottom of the indentation mark, as
illustrated in Fig.6.4, and its profile in pure rolling condition is shown in Fig.6.5.
This hole is formed at the beginning of the indentation process, during the capture
of the particle in the contact, as depicted in Fig.6.4. If the hole is not present at the
end of the CEL model simulation, analysis of the dent profile during the indentation
process reveals its formation during the initial stage of particle crushing.

Figure 6.4: Theoretical process of indentation as described in (VIL 98a).

Figure 6.5: Dent profile in pure rolling condition

The non-axisymmetric nature of the dent in rolling contacts, as observed in the
profile shown in Fig.6.5, can have significant consequences on the performance and
durability of the contact. For example, a higher outlet pile-up which is 3.7 times
higher than the inlet pile-up ( indicating that the material is displaced in the direc-
tion of rolling), can lead to stress concentrations and potential crack initiation. On
the other hand, the presence of a compression zone at the exit and a tension zone
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Figure 6.6: Numerical and experimental indentation profiles for a SRR of 6%
(BON 20).

at the entrance of the dent suggests that the material experiences different loading
modes during the indentation process. This can also affect the material’s deforma-
tion behavior, fatigue life, and wear resistance. This non-axisymmetric nature of
the real-dent generated by the CEL model, as shown in Fig.6.5, is a fundamental
difference from the axisymmetric dents commonly used in current studies on fatigue
(WAR 10; MOR 11b). The CEL model’s ability to generate a more realistic initial
dent makes it more suitable for fatigue calculations of indented surfaces. The im-
portance of using a realistic dent in fatigue studies is highlighted by the fact that
the stress distribution and loading conditions can significantly affect the fatigue life
of the material.

The model developed by Bonetto et al.(BON 20) has undergone validation by
comparing it with experimental data from Ville (VIL 98a). The validation was
conducted under conditions of pure rolling and rolling + sliding. The profile of the
numerical dent was compared to experimental profiles for particles with an initial
diameter of 40-50 µm, and the graph was scaled by the nominal diameter of the
particle (Fig.6.6). The shape of the numerical dent was found to be consistent with
the observed tests. The depth of the numerical dent was equal to 8.15% of the initial
particle diameter, while experimental values varied from 9 to 11%. The width of the
numerical dent was measured to be 2.14 times the initial particle diameter , which
falls perfectly within the experimental range of 1.8 to 2.5 times the initial diameter.
Additionally, the numerical model produced beads around the dent, matching the
experimental results in terms of height and width, showing good agreement overall.

However, it’s worth noting that the results in the presence of model slip were
only validated up to a slip rate of less than 20%. For an SRR (Slide-to-roll Ratio)
of 20%, the dent profiles exhibited significant differences between the tests and the
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6. Surface indentation process of rolling contact

simulation. The dimensions of the dents were lower by a factor of 2. These observed
differences can be attributed to the fact that the slip rate becomes very significant,
generating a high tangential loading. This tangential loading may be responsible for
the phenomenon of breaking by shearing, exacerbating the spreading of the particle.
It’s important to mention that the CEL model used in the simulations does not take
into account failure aspects, which could influence the results under high slip rates.
Therefore, the model’s validity is limited to slip rates below 20%, and beyond that,
the simulations may need to accurately reflect the experimental behavior due to the
lack of consideration of failure mechanisms by the CEL model.

When analyzing dents formed on a surface as presented in Fig.6.7, three main
parameters can be used to characterize its profile:

• The depth of the dent.

• The diameter of the dent.

• The height of the pile-up.

Among these parameters, the most crucial is the pile-up height. This parameter
is the critical one as it can generate an overpressure during the repeated passages
of rolling elements. Therefore, special attention will be devoted to this parameter
throughout the rest of this thesis.

Figure 6.7: Dent profile illustration

6.3 Indentation simulation by CEL model
In this section, a simulation will be conducted to study the resistance of bearing
materials, including M50, 32CrMoV13, M50NiL, and M50NiLDH, against the in-
dentation process. These rolling materials exhibit variations in hardness gradients
and surface hardness levels, which are influenced by the specific treatments they

174

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Indentation simulation by CEL model

undergo, such as quenching, nitriding, carburizing, and carbonitriding, as well as
their inherent characteristics. The primary objective of this simulation is to analyze
the behavior of these steel grades when subjected to the indentation process. Since
the particle crushing process primarily affects the surface (requiring a small volume
of material on the surface), the surface properties can be considered representative
of the entire material without significantly impacting the results.

6.3.1 Operating conditions
The operating conditions of the motor shaft line bearings are integrated into the
model. The bearings rotate at high speed of 3200 rpm corresponding to a linear
speed of 100 m/s, and the roller, which has a diameter of 10 mm and a useful
length of 9 mm, is subjected to a force resulting in a maximum pressure of Hertz
P0. This pressure is comparable to those used in main engine shaft applications.
In this study, the bearing elements were modeled as cylinders in a planar contact
problem. This kind of contact is equivalent to bearing contact with some fixed
geometry and loading. The friction resulting from the contact between the roller
and the track is incorporated into the model using Coulomb’s law. The contact
is treated as an elastohydrodynamic (EHD) contact lubrication regime, commonly
encountered in aeronautics. Zhu and Hu (ZHU 01) have demonstrated that the
coefficient of friction (µ) in such regimes typically remains below 0.1. When the
coefficient of friction is below this threshold, the impact of friction on the contact
is limited, as shown by Johnson (JOH 85). Therefore, a coefficient of friction of
µ= 0.01 is employed to model the interaction between the roller and the track.

The second contact between the particle and the roller and track surfaces can-
not be considered an elastohydrodynamic (EHD) contact due to its limited central
thickness, which is only a few tens of nanometers and negligible compared to the
particle size. However, there is lubricant present at the interface between the par-
ticle and the surfaces due to abundant lubrication, indicating that it is not a dry
contact. In such a scenario, a mixed regime contact is assumed, resulting in a coef-
ficient of friction µparticle = 0.2. This coefficient is consistent with the work of Nikas
on indentation (NIK 12; NIK 13; NIK 14).

6.3.2 Material resistance
In this study, we focus on examining the response of four materials M50, 32Cr-
MoV13, M50NiL, and M50NiLDH that have undergone thermochemical treatments
to the indentation process. The primary goal is to assess how these treatments influ-
ence the materials’ resistance to indentation. To achieve this, we will integrate the
specified operating conditions from the previous section into the simulation models.
The material parameters required for the simulations are provided in the Table.6.2.

Figure.6.8 illustrates the results of the simulations conducted under the condi-
tion of pure rolling. The focus is on comparing the materials’ behavior in terms of
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6. Surface indentation process of rolling contact

Table 6.2: Parameters of the nominal case
Parameter Value
Loading P0 = 1.5GPa

Roller dimensions Length= 9mm, ϕroller = 10 mm
Contact half-width b0 = 133µm

Particle diameter ϕ0 100 µm
Particle nature M50
Particle shape Spherical

Particle position in the contact Center of the contact
Bearing materials M50, 32CrMoV13, M50NiL, M50NiLDH
Steel hardening Isotrope

Velocity 100 m.s−1

Rolling + sliding SRR
Friction coefficients µparticle = 0.2/µroller = 0.01

the dent depth and the pile-up height. From the analysis of the indentation depth,
it is evident that M50NiLDH demonstrates the highest resistance among the studied
materials, indicating that it can withstand higher loads and exhibit the least inden-
tation marks. On the other hand, M50 exhibits the weakest resistance, being the
most susceptible to indentation. 32CrMoV13 falls in between, showing slightly lower
resistance than M50NiL, which has a resistance level comparable to M50. Regarding
the bead height, M50, 32CrMoV13, and M50NiL exhibit similar values, implying
that their surface deformation and material displacement during the bearing pro-
cess are relatively consistent. However, M50NiLDH exhibits a lower bead height,
indicating less surface deformation or material displacement compared to the other
materials. These observations from the suggest that M50NiLDH stands out as the
most resistant material in terms of indentation depth, while M50NiLDH also shows
a distinctive behavior with a lower bead height compared to the other materials. In
the presence of surface carbonitriding treatment, the pile-up height of M50NiLDH
steel is observed to be only half that of the bulk material. This emphasizes the sig-
nificance of residual compressive stresses on the material’s surface, which can vary
depending on the type of heat treatment, the heat treatment application conditions,
and the material’s characteristics. Therefore residual stresses play a crucial role as
one of the primary parameters influencing the indentation process.

To enhance our understanding of the indentation process, it is crucial to conduct
parametric studies. These studies would involve systematically investigating various
parameters that have an impact on both the geometry of the dent and the distribu-
tion of residual stresses. By carefully analyzing these factors, we can gain valuable
insights into the indentation process and its influence on material behavior.
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Figure 6.8: Dent profile evolution on bearing materials (a) In pure rolling condition,
(b)In rolling/sliding condition and (c) Contrast between the dental profiles of the

treated materials and the untreated materials.

6.4 Parametric studies

In this section, we will conduct an extensive parametric study to examine the effects
of different parameters on the dent profile. To ensure a representative particle model,
we will use M50NiL steel for our analysis. The same material M50NiL ise used for the
roller and the track in the modeling except for the hybrid bearing where the rolling
bearing can be in other material. Table.6.3 provides the values of various parameters
used in the CEL model to study the indentation process. These parameters include
the material properties of the roller, track, and particle, the particle’s size and shape,
and the contact conditions. In the following analysis, we consider particle size of 100
µm as the reference particle size. Consequently, in various simulations, the particle
sizes will be reported and scaled relative to this reference size.

Table 6.3: Parameters definition for the parametric studies
Parameter Value

Load PH

Particle diameter ϕp

Particle nature E = 100−500GPa
Particle shape Spherical, cubic

Particle position Contact center and r = 0.707a
Roller/Ring/particle σ0 = 0.5−3GPa

Steel hardening Isotrope
Velocity 20-60-100 m/s

Rolling + sliding SRR
Friction coefficients µparticle = 0.2/µroller = 0.01
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6. Surface indentation process of rolling contact

6.4.1 Friction coefficient influence

The coefficient of friction between surfaces under the EHD lubrication regime only
varies significantly with operating conditions, material properties, and lubricant
composition. However, the coefficient of friction between the particle and the sur-
faces in contact is more strongly dependent on these parameters and can vary more
broadly. When the coefficient of friction increases, the frictional forces between the
particle and the counter-face, oppose the spreading of the particle and generates
deeper dents. For friction coefficients lower than 0.1, the CEL model predicts an
expulsion of the particle upon contact with the roller. This analysis aligns with
the conclusions drawn by Dwyer-Joyce et al. in their work (DWY 92), where they
established a correlation between surface geometries, the coefficient of friction, and
the maximum particle size capable of entering in contact. Specifically, the simu-
lated scenario of planar cylinder contact reveals a critical particle size threshold for
contact, which concurs with the outcomes depicted in Fig.6.9 for a coefficient of
friction of 0.1. Thus, it establishes a criterion for capturing particles in contact,
which combines the geometry of the contacting bodies, the particle size, and the
coefficient of friction.

Figure 6.9: The maximum particle size introduced into the rolling contact is con-
tingent upon the coefficient of friction for various radii, as indicated in (DWY 92)

The lubricated contact needs the definition of a coefficient of friction between
the particle and the track. Within the mixed lubrication regime, various coefficient
values have been examined. Notably, for friction coefficients below 0.2, the particle
may be expulsed during crushing. Hence, a value of 0.2 is adopted for subsequent
analyses as it proves suitable for the bearing lubrication regime. Nonetheless, it
is important to note that during operation, this coefficient will fluctuate due to
changes in temperature, load evolution, and other factors. Therefore, the coefficient
of friction is not a fixed value and may vary under real operating conditions.
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6.4.2 Particle size influence

The volume of material affected by the indentation is an important parameter in
understanding the deformation and damage caused by the particle contact. The CEL
model predicts that the volume of material affected by the indentation is dependent
on the particle size. For example, for ductile particles, the volume can be a half-
ellipsoid width of 2.8ϕ0 and a depth of 1.7ϕ0 depending on the particle, the bearing
materials properties and the friction coefficient.

The comparison of the profiles, scaled by the reference diameter of 100 µm, as
shown in Fig.6.10, reveals a noticeable modification in the shape of the dent for
the largest particle. The obtained dent is less deep, measuring 8% of the initial
diameter, however, it is also larger, measuring 2.5 times the initial diameter (2.5
ϕ0).

Figure.6.10 illustrates the profiles of dents formed by different particle sizes,
including particles of size ϕ0 and 0.6ϕ0. Notably, the dent profile and, consequently,
the height of the bead, width, and depth of the dent undergo significant changes.

For ductile particles, the particle of size ϕ0 generates a dent depth of 0.09ϕ0, while
the particle of size 0.6ϕ0 results in a dent depth of 0.051ϕ0. The corresponding bead
heights for the two particle sizes are 0.0148ϕ0 and 0.00693ϕ0, respectively. In terms
of dent diameter, the particle of size ϕ0 yields a diameter of 2.2ϕ0, whereas the
particle of size 0.6ϕ0 produces a diameter of 1.31ϕ0.

In the case of elastic particles, the dent depths are 0.465ϕ0 and 0.273ϕ0 for
particles of size ϕ0 and 0.6ϕ0, respectively. The resulting dent diameters are 1.3ϕ0
and 0.82ϕ0, while the bead heights are 0.033ϕ0 and 0.012ϕ0 for the two particle
sizes, respectively.

In conclusion, it can be clearly observed that the particles’ size substantially
influences the dent’s profile and the resulting height of the bead. The variations in
particle size lead to significant differences in the dent’s depth, diameter, and height,
reflecting the significant role particle size plays in the overall indentation process.

6.4.3 Load influence

It is interesting to note that the geometry of the dent is weakly influenced by the
normal load in indentation simulations, as shown in Fig.6.11. The depth of the dent
and the height of its pile-up increases slightly with an increasing load but in limited
proportions. This is consistent with previous studies by Ville, and Kang and Sadeghi
(VIL 98a; KAN 04) on the effect of load on indentation. The von Mises stresses in
the roller and the track at the particle’s passage is also similar in all three loading
cases, as shown in Fig.6.11, which explains the slight differences in results between
loadings.
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6. Surface indentation process of rolling contact

(a) (b)

Figure 6.10: Indentation curve for different diameter a) for elastic particle b) for
ductile particle

(a) (b)

Figure 6.11: Indentation curve evolution of ductile debris for different load con-
figurations (a)PH = 1.5-2GPa for particle diameter of ϕp = 100µm ; b)PH = 1.5-2-

2.5GPa for particle diameter of ϕp = 60µm

6.4.4 Particle position in the contact

The position of a particle in a rolling contact can significantly influence the resulting
dent, particularly when there is sliding between the surfaces. For example, when a
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particle is initially located near the edge of the contact area, it may be subjected
to higher tangential force due to the relative motion between the surfaces, leading
to a more severe indentation or even fracture of the particle. On the other hand,
a particle located closer to the center of the contact area may experience a normal
loading or a pure rolling loading. The presence of sliding between the surfaces can
also be due to the position of the particle within the contact. For example, for a
particle initially located near the edge of the contact area, it will experience a sliding
during the loading because of its position as illustrated in Fig.6.12.

Figure 6.12: Illustration of debris position in the rolling contact

The particle’s position can significantly influence the indentation, particularly
when sliding occurs. Sliding introduces frictional forces that leads to wider dents.
Thus, this study will focus on investigating two positions: the center of the contact,
where the particle experiences pure rolling, and the position where the product PV
reaches its maximum value, which will be determined later.

Figure 6.13: Illustration of position in rolling contat

To analyze these positions, the contact pressure will be considered using its Hertz
expression, while the speed will be denoted by V = rw, where r is the radius and w is
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6. Surface indentation process of rolling contact

the angular velocity. The product PV represents the pressure-velocity combination,
where the pressure corresponds to the Hertz maximum pressure, and the velocity
V represents the relative speed between the surfaces. The maximum value of PV
indicates the position where the most significant energy dissipation occurs within
the contact. This maximum value can be calculated by taking the derivative of the
PV expression with respect to the parameter r.

When a roller is rolling on a plane as shown in Fig.6.13, the condition for rolling
without slip is given by:

VI,1−2 = 0 (6.5)

Therefore, considering a particle located at an angular position alpha relative to the
vertical axis passing through the center, the relative velocity of the particle can be
expressed as follows:

Vr = V0(1− cosα) (6.6)

The Hertz 2D pressure is given by the expression:

P = P0

√
1− r

2

a2 (6.7)

At the center of contact, the pressure is equal to P0 (the Hertz maximum pressure),
and there is no sliding, meaning the particle is experiencing pure rolling.

On the other hand, at the position r = 0.707a (where a is the Hertz contact
radius) where PV is at its maximum value, the corresponding pressure is P =
0.707P0, with P0 is the Hertz maximum pressure. At this specific position where
r = 0.707a and PV is at its maximum, the slip rate will be considered as 3%.

When conducting particle crushing simulations at the two mentioned positions
(center of contact and r = 0.707a), we observe an increase in the pile-up height
compared to the particle at the center. These simulations take into account both
ductile particles and ceramic elastic particles.

Hence, considering the particle’s position in the contact, we can clearly observe
a substantial increase in both the height and width of the dent. As a result, the
position emerges as a primary parameter influencing the entire indentation process.

6.4.5 Sliding influence
Sliding in a rolling contact in the presence of a particle can have a significant impact
on the indentation process. The extent of sliding in the contact is quantified by
the slide-to-roll ratio SRR. The SRR is defined as the ratio of the sliding velocity
between the roller and the track to the local rolling velocity at the contact point.
Mathematically, it can be expressed as:

SRR = U1−U2
U1 +U2

(6.8)
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Figure 6.14: Dent profile of dent for the debris position in the contact (a) for
ductile particle b) for elastic particle

where U1 is the velocity of surface (1), and U2 the velocity of surface (2). When
SRR = 0, there is pure rolling, while a value of ±1 corresponds to pure sliding.
Intermediate values indicate a combination of rolling and sliding.

Depending on the Slid-to-roll ratio (SRR) sign as illustrated in Fig.6.15, we can
distinguish positive and negative sliding:

1. Positive sliding refers to the case where the surface velocity of the rolling
elements is smaller than that of the raceway in rolling direction, resulting in
the particle being dragged backward in the opposite direction of the roller.
This can cause the particle to become embedded in the surface and lead to
surface damage. This results in a decrease in the contact area, a contraction
of the particle in the direction of sliding, and a deeper indentation.

2. Negative sliding refers to the case where the surface velocity of the rolling ele-
ments is greater than that of the raceway in the direction of motion, resulting
in the particle being pushed in the same direction as the rolling direction. This
leads to a spreading of the particle and an offset of the dent. We can observe
also an increase of the dent diameter and a spreading of the particle in the
direction of sliding.

From the bearing kinematics point of view, the two bodies in contact do not
always have the same linear speed in the contact zone. There is therefore, in addition
to the rolling a combined slip. The direction of rolling is given by the direction of
the linear speeds of the bodies in contact. To better understand the effect of this
slide on the contact areas of the two bodies, let us look at what happens at the
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6. Surface indentation process of rolling contact

Figure 6.15: SRR illustration (a) in positive sliding (b) in the negative sliding

driving surface and the driven surface. The driving surface will tend to pull on the
other surface and will therefore be braked by the second surface so the friction force
is opposite to the rolling direction. As for the driven surface, it will be pulled by the
fast surface, which leads to a friction force oriented in the direction of the rolling
bearing as illustrated in Fig.6.16.

Figure 6.16: Representation depicting the directions of friction based on the
relative speed of the surfaces.

For a SRR of 20%, the simulation results differ significantly from the experimen-
tal results. While the appearance of the numerical dent is similar to the experimental
dent, with a shifted hole upstream of the dent, gradually increasing depth in the
direction of rolling, and a steep ascent, the dimensions are smaller by a factor 2 as
presented in Fig.6.17. This difference may be due to the very high sliding rate gen-
erating a high tangential load, which can cause the particle rupture by shearing and
exacerbate its spreading. However, the CEL model used in the simulation does not
account for failure, which may explain the significant difference in width between
the numerical and experimental dents. Additionally, the spreading of the particle
becomes very small due to the high SRR, and the mesh size used for the simulation
may be too large to obtain accurate results. Therefore, the CEL model is valid for
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low SRR but can only provide a general trend as SRR is greather than 20%.

(a) (b)
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Figure 6.17: Dent profile evolution with the sliding rate (a) ϕp = 60µm for a ductile
debris, (b) ϕp = 100µm for a ductile debris, c) ϕp = 100µm for an elastic debris

6.4.5.1 Sliding influence on ductile particle

In the presence of sliding, the crushing behavior of ductile particles indeed differs
depending on whether positive sliding or negative sliding is present. Negative sliding,
where the particle slides in the opposite direction of the applied force, leads to
slightly larger dents than those formed during positive sliding. However, negative
sliding results in lower bead heights compared to the case of positive sliding, as
illustrated in Fig.6.18.

This distinction implies that positive sliding can be more detrimental in terms of
the defect created on the surface. The larger dents formed during positive sliding,
combined with the lower bead heights, indicate a potentially more significant impact
on the surface, highlighting the potential harm associated with positive sliding in
terms of surface damage.

Therefore, when considering the evolution of the SRR, the corresponding bead
height undergoes a distinct evolution. As the slip rate increases, the bead height
increases until it reaches a maximum value. However, beyond this critical slip rate,
the bead height starts to decrease.

It is important to note that this critical slip rate, which leads to the maximum
bead height, depends on the particle diameter. This relationship between the critical
slip rate and particle diameter can be observed and analyzed, as depicted in Fig.6.18.

Thus, for a contact configuration with particle size, when we change the SRR,
there will be a critical value for which the height of the bead generated will be the
maximum. Thus, this value of the critical SRR is an influential parameter to be
studied subsequently because it controls the maximum height of the bead. In the
presence of sliding, the stresses around the dent in the material will elevate and
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6. Surface indentation process of rolling contact

orient themselves in the direction of sliding, as depicted in Fig.6.19, in contrast to
the rolling case where the stresses are comparatively lower.

(a) (b)
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Figure 6.18: Dent profile evolution with the sliding rate (a) ϕp = 100µm for a
ductile debris and negative sliding, (b) ϕp = 60µm for a ductile debris and positive

sliding, c) ϕp = 100µm for a ductile debris and SRR = 6%

(a) (b)

Figure 6.19: Indentation zone of particle of diameter ϕp = 100µm in M50 steel,
after crushing in contact (a) In pure rolling condition (b) In presence of sliding

SRR = 3%.

6.4.5.2 Sliding influence with hard or elastic particle

In the case of an elastic particle, the dent’s geometry on the surface changes as the
slip rate evolves, considering a specific particle size. The created dent is narrower
and deeper in comparison to the case of ductile particles as presented in Fig.6.20.
The bead’s depth, diameter, and height all increase with the progression of the
sliding rate, as illustrated in Fig.6.21. This phenomenon can be explained by the
fact that, in the presence of sliding, the elastic particle, being relatively harder, tends
to cause more material to be torn off as it undergoes increased crushing against the
surface. As the sliding rate increases, the particle’s interaction with the surface
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intensifies, resulting in a more significant deformation and subsequent alteration in
the geometry of the dent. Fig.6.21(a) demonstrates that when an elastic or hard
particle is present, both positive and negative sliding result in nearly identical bead
heights.

Figure 6.20: Indentation of an elastic particle in Si3N4 (E = 310GPa, ν = 0.26)
on a steel bearing in M50NiL at PH = 1.5GPa in pure rolling condition
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Figure 6.21: Evolution of the dent function of SRR for an elastic particle of
diameter ϕp = 60µm in Si3N4 with roller and raceway in M50NiL a) In presence of

positive and negative sliding b) In presence of positive sliding
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6. Surface indentation process of rolling contact

6.4.5.3 Synthesis

To summarize, simulations have shown that the presence of positive slip in rolling
contact with particles leads to an accentuation of particle spreading, resulting in
more slender and shallower dents. The level of positive slip is quantified by the slide-
to-roll ratio (SRR), and even low levels of positive slip can lead to an accentuation
of the exit bead. As the level of positive slip increases, the lag of the hole upstream
of the dent is well-reproduced in the simulations. On the other hand, negative slip
reduces the depth of the dents but does not significantly increase the width of the
dents. Negative slip also leads to a reduction in the exit bead and a significant
increase in the entrance bead, but the proportions of this increase are less than in
positive slip.

In summary, simulations carried out in the presence of both positive and nega-
tive slip in rolling contacts with particles show that slip has a significant effect on
the indentation, as well as the formation and height of the exit and entrance beads.
Positive slip tends to accentuate the spreading of the particle and create more slen-
der and shallower dents, while negative slip reduces the depth of the dents but does
not significantly increase their width. In addition, positive slip leads to an increase
in the height of the exit bead and a reduction in the entrance bead, while negative
slip leads to a reduction in the exit bead and a significant increase in the entrance
bead. These effects become more pronounced as the level of slip increases.

The influence of the SRR on the indentation process has been extensively studied
in the literature and has been shown to have a significant effect on the dent geometry,
especially on the spreading of the material around the dent and the formation of
the pile-up.

6.4.6 Influence of particle nature
The debris in transmission systems can come from various sources, such as organic
materials during assembly, sand from the outside environment, and wear particles
from within the system. The study has considered two categories of particles: ductile
particles and very hard, brittle particles. The mechanical behavior of ductile parti-
cles will be modeled by the Johnson-Cook law, which has been used in previous work
on indentation and is given in Table.6.2. On the other hand, hard brittle particles
will be modeled by elastic behavior via Young’s modulus. The study aims to inves-
tigate the effect of particle material properties on the behavior of rolling contacts,
as different materials can have different responses to loading and deformation.

6.4.6.1 Ductile particles

This study focuses on ductile particles commonly found in industrial mechanisms.
Specifically, we will be considering steels that exhibit variations in their elastic limit
(yield strength). As a result, ductile particles create broader and shallower dents,
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and the bead heights of these dents vary depending on the hardness of the particle
(see Fig.6.23). Therefore, within the simulation framework, the materials used for
the roller and the track will be M50NiL, possessing an elastic modulus of 200 GPa,
a Poisson’s ratio (ν) of 0.3, yield strength (σ0), and exhibiting Johson-Cook visco-
plastic behavior.
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Figure 6.22: Dent profile evolution according to particle yield strength in a
steel/steel bearing in M50NiL and particle of diameter ϕp = 100µm (a) σ0 = 3GPa,

(b) σ0 = 0.5GPa.

Figure 6.23: Particle of diameter ϕp = 100µm in steel (E = 200GPa, ν = 0.45, σ0 =
1.3GPa) crushing process in rolling contact for PH = 1.6GPa (Roller and raceway

in M50NiL)
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6. Surface indentation process of rolling contact

Figure.6.22 illustrates that particles with an elastic limit of 3GPa create deeper
but narrower dents with higher bead heights compared to particles with an elastic
limit of 0.5GPa. Additionally, it is evident that the shape of the dents and the
distribution of residual stresses undergo changes corresponding to the mechanical
properties of the debris. Hence, Figure.6.23 displays the indentation zone after
the ductile particle in M50 steel has been crushed. We observed that the regions
experiencing the highest stress levels are the edges of indents in the direction of
rolling in pure rolling conditions.

6.4.6.2 Elastic particles

The material of bearing components can vary, particularly due to the increased use
of hybrid bearings that incorporate ceramic rolling elements. Just as the properties
of particles affects the response to indentation, the material used for bearing compo-
nents also influences this response. In this section, the brittle particles caracterized
by the high elastic modulus and low plasticity are modeled using an elastic behavior
based on their elastic modulus. Elastic particles are characterized by their modulus
of elasticity and Poisson’s ratio. An steel track and a Si3N4 ceramic roller are used
to simulate a hybrid bearing. Therefore, a purely elastic behavior assumption is
implemented for the simulation. In this section, we will systematically vary elastic
properties, including the elastic modulus and Poisson’s ratio, to examine how the
compressibility of the particle influences the dent profile formed on the raceway. The
compressibility modulus, often denoted as K (bulk modulus), measures a material’s
resistance to change in volume under pressure. It is related to the Young’s modulus
(E) and Poisson’s ratio (ν) through the expression:

K = E

3(1−2ν) (6.9)

here: K is the compressibility modulus, E is the Young’s modulus, and ν is the
Poisson’s ratio.

Consequently, when these elastic particles are crushed, they create deeper and
narrower dents with significantly higher bead heights compared to ductile particles
as illustrated in Fig.6.24. This difference is attributed to the harder nature of the
particles, which results in a larger amount of material being displaced and forming
agglomerates in the shape of beads on the surface.

In terms of stress distribution around the dent, the crushing of elastic parti-
cles leads to higher stress levels compared to those induced by ductile particles in
the material. Consequently, the stress distribution around the dent is significantly
greater (exacerbated by sliding), particularly with increased bead heights and deeper
indentations as shown in Fig.6.25.

As shown in the Fig.6.26, the height of the bead is only slightly affected by its
compressibility.

Figure.6.27 depicts the profile of the roller after crushing a ductile and elastic
particle under pure rolling conditions. There is a slightly more pronounced roller

190

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Parametric studies

Figure 6.24: Crushing process of an elastic particle (ϕp = 100µm) in Si3N4 on
M50NiL/M50NiL bearing contact at PH = 1.5GPa

(a) (b)

Figure 6.25: Denting zone in a M50NiL/M50NiL bearing contact with an elastic
particle in Si3N4 (a) top view of the contact zone in pure rolling condition (b) face

wiew of the elements in contact.

deformation in the rolling direction compared to the dent created on the raceway.
Additionally, it can be observed that when both antagonists share similar mechanical
properties, the height of the bead created is evenly distributed on each surface,
effectively halving the bead height on both surfaces.

6.4.7 Particle material density influence
In this section, the effect of particle density on the indentation profile is investigated.
Despite the increase in particle density, the indentation profile remains largely unaf-
fected. This is attributed to the small size of the particles, which results in minimal
inertia and, therefore, has little influence on the analysis results.

However, the advantage of increasing particle density is evident in terms of com-
putational time efficiency. Although the indentation profile does not change signif-
icantly, using denser particles leads to an average time saving of 1 hour during the
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Figure 6.26: Dent evolution according to the debris compressibility

calculation process as illustrated in Fig.6.28.
In conclusion, while higher particle density may not alter the indentation profile

substantially, it does offer the practical benefit of reducing the overall calculation
time. This finding is valuable for researchers and engineers who wish to strike a
balance between particle density, computational resources, and time optimization in
their analyses.

Increasing the particle density up to 15 times the initial density shows negligi-
ble deviations in pure rolling conditions. However, these deviations become slightly
more noticeable when sliding is present. Therefore, for optimal results and to min-
imize any significant errors in the dent profile, it is recommended to increase the
density to 10 times the initial density.

6.4.8 Bearing material influence
In aeronautical applications, bearing materials face severe operational conditions,
including high loading, speed, and temperature levels. Consequently, the rolling
materials must exhibit exceptional strength, performance, and reliability. As a re-
sult, the commonly employed materials for these applications are steel/steel bearings
(comprising steel rings and steel rolling elements) and hybrid steel/ceramic bearings
(featuring steel rings and ceramic rolling elements).
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(a) (b)

Figure 6.27: Roller profile after particle of diameter ϕp = 100µm indentation on
M50NiL bearing (a) indentation of ductile particle in M50 (b) indentation of elastic

particle in Si3N4.

During the particle’s passage through contact, the interaction between the par-
ticle and the antagonists results in the observation of very high local overpressures.
This phenomenon is influenced by the properties of both the antagonists and the
particle, as illustrated in Figs.6.29,6.30.

Consequently, hybrid bearings will produce significantly deeper dents with more
pronounced bead heights compared to steel/steel bearings at iso particle conditions,
as shown in Fig.6.30. This can be attributed to the behavior observed when a
steel/steel bearing is present. In such cases, the bearing race and the rolling element
distribute the impact of particles in a similar manner, resulting in less pronounced
dents. On the other hand, in hybrid bearings, the steel race absorbs most of the
particle’s impact, forming much deeper dents with considerably higher bead heights,
as illustrated in Fig.6.31.

The more the elastic properties of the elements in contact increase, the more
the particle sinks into the contact elements (roller and raceway) and will, therefore,
penetrate the less hard element to the detriment of the harder one. Thus, from a
certain particle size, the particle is trapped in the hole of the dent created, which
slightly reduces the influence of the sliding as shown in Figs.6.32(b),6.33(a). We also
observe a saturation of the evolution of the height of the bead due to the fact that
the more the particle sinks into the material, the more it will cause the stricture of
the zone, which will generate a collapse of the created bead. Another observed effect
is that as the particle sinks further, the contact force responsible for creating the
bead tends to reduce its height through matting, as illustrated in Fig.6.31,6.33(a).
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6. Surface indentation process of rolling contact

Figure 6.28: Dent evolution with the variation of particle density in pure rolling
condition at iso-compressibility K = 41.7GPa

(a) (b)

Figure 6.29: Denting process evolution in hybrid bearing contact (a) at time t =
1.56.10−5 (b) t= 1.92.10−5

Depending on the hardness of the ductile particle, it is possible to quickly at-
tain bead height values comparable to those observed with elastic particles passing
through a hybrid rolling contact as presented in Fig.6.33(b).
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(a) (b)

Figure 6.30: Dent profile comparaison according to the bearing material (a) Si3N4
elastic particle (b) M50 ductile particle.

(a) (b)

Figure 6.31: Dent profile for an elastic particle in pure rolling condition (a) E = 100
GPa, (b) E = 310GPa.

6.4.9 Influence of particle shape

During operation, particles of varying natures and shapes traverse through the en-
gine. Concerning the indentation of these particles on the bearing raceway, particle
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(a) (b)

Figure 6.32: Denting zone for hybrid bearing contact (a) ductile particle in M50
(b) elastic particle in Si3N4.

(a) (b)

Figure 6.33: Dent profile in hybrid bearing of roller in Si3N4 and raceway in
M50NiL (a) by variating the particle parameter (modulus and diameter) at SRR=
1.5% (b)Dent profile evolution in hybrid bearing in Si3N4 and M50NiL with ductile

particle yield strenght variation (diameter ϕp = 100µm and SRR = 3.5%).

shape (see Fig.6.34) is a significant factor affecting the dent profile and residual
stress distribution. To investigate this, we will focus on two primary particle shapes:
spherical and cubic. Moreover, we will ensure that the studied particles have equal
volumes and edge lengths to assess their impact on the resulting dent geometry.

When particles with different geometries are subjected to the same crushing
conditions, distinct dent profiles and stress distributions are observed, as show in
Fig.6.35. Therefore, particle geometry emerges as a primary determining factor in
shaping dent characteristics. In this context, with the same material properties,
particle volume, and particle type, a cubic-shaped particle oriented at 45 degrees
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Figure 6.34: Presentation of different particle shapes

(a) (b)

Figure 6.35: Dent profile comparaison according of the particle in M50NiL or
Si3N4, in steel bearing in M50NiL, a) with spherical and cubic particle shape (b)

with cubic shape.

will yield deeper dents with significantly greater bead dozer heights compared to a
spherical particle. Conversely, a ductile cubic particle oriented at 0 degrees on the
rolling track will produce flatter dents with slightly lower bead heights than those
formed by spherical particles. This analysis highlights the crucial influence not only
of the particle’s geometry itself but also of the orientation of that geometry on the
dent profile.

6.4.10 Influence of velocity

In this section, our focus lies in examining the impact of the rolling speed on the
process of creating dents on the surface. As depicted in Fig.6.37, we can observe a
moderate effect of the speed on the height evolution of the bead.
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Figure 6.36: Indentation with presence of cubic particle of edge a = 100µm in
M50NiL bearing contact
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Figure 6.37: Dent profile evolution according to the velocity

6.4.11 Synthesis

In conclusion, the indentation process can be influenced by multiple parameters,
and through a comprehensive study, their effects have been identified. Specifically,
the load parameter has a weak influence, while the coefficient of friction, speed, and
coefficient of friction have a moderate influence. On the other hand, certain param-
eters, such as the size and nature of the particle, presence of sliding, critical sliding,
bearing material, particle shape and orientation, and the position of the particle
in the contact and the residual stresses, have a significant first-order influence on
the profile of the dent formed (see Table.6.4). The new parameters identified in
this study are therefore the influence of the speed, the particle position, the bear-
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ing material and the critical slip rate. An investigation was conducted to examine
the impact of particle density on the results. The study revealed that the results
remain consistent as long as the density ratio remains below 13. Furthermore, such
lower-density ratios can significantly reduce the computation time, ranging from 30
minutes to 1 hour. Considering that computation time is a crucial aspect of this
study, the subsequent sections will employ algebraic approximations to establish
relationships between various parameters, facilitating faster calculations.

Table 6.4: Parameters influence
Parameter Influence

Particle nature +++
Particle diameter ϕp +++

Particle position +++
Particle shape +++

Sliding +++
Critical Sliding +++

Bearing materials +++
Residual stresses +++

Friction coefficient ++
Velocity +

Load +
Particle compressibility +

with

• +: Weak influence

• ++: Mean influence

• +++: High influence

A digital indentation database was established during this thesis for the purpose
of implementing a meta-model. However, due to time constraints, the implementa-
tion of the meta-model could not be completed. The objective of the meta-model
will be to incorporate input data distributions to predict output data by coupling
with the Monte Carlo approach. The data encompasses various indentation config-
urations outlined in the Table.6.5 below.

6.5 Analytical approximations
In this section, we will introduce algebraic approximations to establish relationships
between the key parameters identified in the previous simulations. These approx-
imations provide convenient expressions that establish relationships between key
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Table 6.5: Indentation database
Parameter Steel/steel bearing hybrid bearing

Different load range 1-2.5GPa 1-2.5GPa
Particle diameter ϕp 20-100µm 20-100µm

Particle shape sphere sphere
Sliding SRR 0-3.5% 0-1.5%

Particle nature ductile σ0 = 1−3GPa ductile σ0 = 1−3GPa
Particle nature elastic E = 100−500GPa elastic E = 100−500GPa

Figure 6.38: Dented zone illustration

parameters. The various analytical expressions developed in this section are appli-
cable within an SRR (Slip-to-Roll Ratio) interval ranging from 0 to 20%.

When examining the particle crushing during rolling contact, we can represent
the shape of the indentation as shown in Fig.6.38. The indentation’s characteristics
can be described by three parameters: the diameter of the dent, the depth of the
dent, and the height of the bead. Among these parameters, the height of the bead
is the most crucial, as it can lead to overstress and consequent damage when the
dent is overrolled.

The geometry of dents is generally depicted by the product of a cosine with a
decreasing exponential to dampen the ripples as shown in the expression below:

h(r) = hp cos(2πr
4R )exp

(
−K r2

(4R)2

)
(6.10)

with hp, the depth of the dent, R, the radius of the indent, and K, the damping
factor which is set to achieve the desired height of the raised area.

Numerous studies (NIK 16) have been conducted to develop algebraic approxi-
mations for first-order quantities that affect the static indentation process. In static
indentation, the depth of the dent can be estimated based on the particle’s radius
and the radius of the dent. Its expression is as follows:
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Y =Rp−
√
R2

p−R2
dent (6.11)

However, while these diverse expressions enable a depiction of the general geom-
etry of the dent, they do not consistently ensure precision in describing the specific
pile-up geometries. In order to accurately characterize this crucial parameter that
dictates surface damage resulting from indentation, a new algebraic approximation
will be introduced. This method will identify how the height of the raised area
evolves as a function of the influential indentation parameters. The expressions in-
troduced below are made dimensionless by considering the parameters of the nominal
case of the dent (ϕ0, b0,h0). Using dimensionless quantities removes the dependency
on specific dent or particle sizes, allowing for a more generalized analysis. These nor-
malized expressions enable a comprehensive understanding of the dent’s profile and
potential consequences during rolling contact, independent of specific dimensional
values.

6.5.1 Dent diameter approximations
Various indentation simulations were conducted in the presence of ductile and elastic
particles, and measurements of the dent’s diameter were performed. As a result,
algebraic approximations can be applied to follow the changes in the dent’s diameter
based on the operating conditions and the characteristics of the particle involved in
the contact. To determine the diameter of the dent after the crushing of a ductile
particle, the following expression, which depends on the half-width of contact and
the diameter of the particle, has been proposed:

ϕdent = 1.9 b
b0
ϕp (1+0.1SRR) (6.12)

For an elastic particle, this expression is given by:

ϕdent = 1.1 b
b0
ϕp (1+0.1SRR) (6.13)

The contact half-width of the simulated case, denoted as b is compared to the half-
width of the reference case, denoted as b0 = 133µm.

6.5.2 Sliding rate evolution approximations
As discussed earlier in this chapter, during particle crushing, according to the op-
erating conditions and the particle size, a critical sliding rate exists at which the
height of the bead reaches its maximum. The simulation results (for example in
Fig.6.17) show how the critical slip rate changes concerning both the ductile parti-
cle diameter and the contact half-width. An algebraic approximation of this sliding
rate is provided by the expression below:

SRRc = 4.6ϕp

b
(6.14)

Its evolution with diameter is presented in Fig.6.39
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Figure 6.39: SRR evolution with the particle diameter for a steel bearing in
M50NiL and b= 133µm.

6.5.3 Pile-up height approximations
The simulation results revealed that the size, position, shape of the particle, the
presence of sliding, elastic properties of the materials (leading to the contact half-
width), and plastic properties are the primary parameters influencing the height of
the bead. Consequently, an algebraic approximation of the bead height’s evolution
as a function of these parameters has been proposed, specifically for iso-plastic
properties for a spherical shape. In the case of pure rolling, the evolution of the
bead height of a ductile particle in steel can be approximated using the following
expression:

hb = 4
3

(
ϕ1.9b0.1

98ϕ0

)
(6.15)

To depict the evolution of the bead height as a function of parameters, one of the
selected functions is x

(x+cste)2 . This function can capture the bell-shaped behavior
characterizing the particle’s evolution based on the given parameters. The choice of
this function is based on its ability to accurately represent the variation in height
relative to the parameter variability. The pile-up height evolution for a ductile
particle, considering various parameters, can be approximately represented by the
following expression:

hb = h0

(
ϕ

ϕ0

)1.9
1+ 19.45∗SRR(

SRR+4.6ϕ
b

)2

 (6.16)

In the case of elastic particles where the height of the bead constantly evolves with
sliding, the previous function proposed is no longer suitable. the evolution of the
bead height in this case can be given by:
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hb = h0

(
ϕ

ϕ0

)1.61+ 1.32 | SRR |3(
| SRR |+4.6ϕ

b

)
 (6.17)
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Figure 6.40: Pile-up height evolution (a) according to the particle diameter in pure
rolling condition, (b) according to the particle diameter in rolling/sliding condition.

Figure.6.40(a) illustrates how the pile-up height changes with the diameter of
the particle under pure rolling conditions.It becomes evident that the analytical ap-
proximations indicate a weak impact of the load on the pile-up height evolution.

Figure.6.40(b) shows an evolution of the height of the bead as a function of the
diameter of the particle in rolling+sliding condition. It, therefore, emerges that in
the presence of slip, the load has a more pronounced influence on the evolution of
the pile-up height.

The approximations for the pile-up height evolution concerning the slip rate have
been validated in both ductile and elastic particle scenarios. A good agreement has
been observed between the approximations and the corresponding numerical results.
This indicates that the approximations accurately capture the behavior of the pile-
up height for both ductile and elastic particles.

6.5.4 Dent depth approximations
The indentation depth is a variable that relies on both the particle’s size and the
loading conditions. It can be estimated for a ductile particle using the following
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6. Surface indentation process of rolling contact
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Figure 6.41: Validation of the anaytical expressions with the numerical results of
the maximum pile-up height evolution with SRR (a) for a ductile particle (b) for

an elastic particle.

approximation:

Ydent = ϕdent
b1/4ϕ

3/4
p

b0
(
4.3.10−2−0.4.10−2 ∗SRR

)
(6.18)

The dent’s depth of an elastic particle can be given by:

Ydent = ϕdent
b1/4ϕ

3/4
p

b0
(
0.031∗SRR2−0.018∗SRR+0.43

)
(6.19)

6.5.5 Particle harmfulness criteria
Dwyer-Joyce (DWY 92) formulated a criterion for assessing the penetrability of
debris in a rolling contact, which asserts that the ability of a particle to penetrate
depends on factors like the coefficient of friction and the geometry of the contacting
components. In this section, we introduce criteria to assess the harmfulness of
dents caused by suspended particles in the lubricant. These criteria help determine
whether or not a particle possessing the mechanical properties required to create a
dent in a rolling contact will result in dents with significantly higher pile-up heights
or not. Through simulations involving various particle sizes as presented in Fig.6.42,
we identified a critical size threshold. Beyond this threshold, particles undergo a
laminating process, resulting in the particle enduring the maximum impact. These
conditions vary based on the specific particle types.
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Figure 6.42: Dent evolution in fonction of the particle size and the sliding in
M50NiL bearing contact (contact half-width b= 133µm) with particle in M50NiL

6.5.5.1 Ductile particle harmfulness criteron

For a ductile particle, the criterion for determining its harmfulness in relation to its
geometry is as follows:

ϕp

2b ≤ 1 (6.20)

In this configuration, the dents formed will exhibit a greater bead height under iso-
operating conditions. This is because the particle undergoes a complete crushing
in the contact. When this ratio exceeds 1, the particle enters a laminating phase,
wherein it bears the effects of indentation, thereby reducing the size of the dents on
the raceway.
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6. Surface indentation process of rolling contact

6.5.5.2 Elastic particle harmfulness criteron

When dealing with an elastic particle, the criterion for assessing its harmfulness
based on its geometry is outlined as follows:

ϕp

2b ≤
1
2 (6.21)

Once again, when this ratio exceeds 1/2, the particle enters a laminating phase,
wherein it bears the effects of indentation, thereby reducing the size of the dents on
the raceway.

6.6 Modeling indentation in presence of lubrica-
tion

This section will introduce a model for particle crushing in the presence of lubrica-
tion.

6.6.1 Lubricant modeling
Incorporating the lubricant, which acts as a fluid capable of flowing through the
contact area, involves the implementation of an Eulerian domain governed by a spe-
cific state law. To achieve this, the Coupled Eulerian Lagrangian’ (CEL) modeling
approach will be employed once again. This approach entails overlaying two Eu-
lerian volumes, as shown in Fig.6.43,B.11, one for the particle and the other for
the lubricant, the second subjected to the same loading conditions. Notably, the
modeled lubricant volume remains unconstrained, allowing for free movement. It’s
important to note that, in this particular modeling, certain aspects, such as viscous
behavior, glass transition, and thermal considerations, still need to be factored in.
Consequently, the governing state law for fluid flow within the contact area will be
that of Hugoniot.
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Modeling indentation in presence of lubrication

Figure 6.43: Superposition of two eulerian volume of particle and lubricant.

6.6.2 Linear Us−Up Hugoniot form
The energy conservation equation relates the increase in internal energy per unit
mass (Em) to the rate of work done by stresses and the rate of heat addition. In
the absence of heat conduction, the equation takes the form:

ρ
∂Em

∂t
= (p−pbv)1

ρ

∂ρ

∂t
+S : ė+ρQ̇ (6.22)

Where:

• p is the pressure stress (positive in compression)

• pbv is the pressure stress due to bulk viscosity

• S represents the deviatoric stress tensor

• ė is the deviatoric part of strain rate

• Q̇ stands for the heat rate per unit mass

The equation of state defines pressure (p) as a function of current density (ρ)
and internal energy per unit mass (Em):

p= f(ρ,Em) (6.23)

This equation characterizes all attainable equilibrium states within a material.
Eliminating Em from the equation leads to a relationship between pressure (p) and
volume (V ), known as the Hugoniot curve. This unique curve describes achievable
PV states behind shock waves. The linear relationship between the linear shock
velocity (Us) and the particle velocity (Up) is defined as follows:

Us = c0 + sUp (6.24)

207

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



6. Surface indentation process of rolling contact

Here, s represents the coefficient that determines the linear relationship between
the shock velocity and the particle velocity. This relationship describes the behavior
of shock waves and their effect on particle velocities. With the above assumptions
the linear Hugoniot form is written as:

PH = ρ0c
2
0η

(
1− Γ0η

2

)
+Γ0ρ0Em (6.25)

This equation provides a description of the Hugoniot curve under certain condi-
tions, involving the elastic bulk modulus (ρ0c20) and other material properties. With
c0 ranged from 1.0 to 1.6, Γ0, ρ0 parameters that need to be set in the model.

A limiting compression, described by the denominator in the equation of state,
is given by:

ηlim = 1
s

(6.26)

At this limit, a tensile minimum occurs; beyond this point, negative sound speeds
are calculated for the material.

(a) (b)

Figure 6.44: Lubricant passage in the denting contact (a) denting in presence of
lubricant of thickness e = 2µm in CEL model, (b) dent profile evolution according

to lubricant thickness .

Figure.6.44(a) illustrates the process of particle crushing within a rolling contact
environment in the presence of lubricant. The lubricant’s effect is to diminish the
depth of indentation and the size of the bead formed by the particles. However, at
the current modeling stage, the lubricant’s influence on the indentation profile still
needs to be substantial, as the modeling still needs to be completed and compre-
hensive enough to capture its full impact, as illustrated in Fig.6.44(b).

Experiments focused on indentation in the presence of lubrication have yielded
significant findings. When the dent is small, such as with a depth of 0.1 µm, any
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Conclusion

surface irregularities are mitigated by the compression of the contacting surfaces.
Consequently, the pressure remains relatively unaffected as the dent traverses the
surface (as depicted in Fig.6.44(b)). However, as the dent’s depth and the bead’s
height increase, the deformation of the surfaces becomes insufficient to compensate
for the geometric irregularity. This leads to a modification in the distribution of
pressure.

There is an observable correlation between the height of the indentation pads
and the magnitude of the pressure peak they generate. This relationship aligns with
findings from dry contact scenarios, where similar trends were previously noted.
Hence, it becomes crucial to thoroughly investigate the progression of this bead
height, alongside the factors and variables that impact its development, both in the
context of indentation and fatigue analysis.

6.7 Conclusion
In this chapter, a comprehensive finite elements modelization of the indentation pro-
cess has been executed, utilizing the CEL model developed by Bonetto. This model
enables the application of an Eulerian approach for regions with substantial defor-
mation and a Lagrangian approach for regions with minor deformations. Following
this, an exhaustive parametric investigation was undertaken to discern the primary
parameters that influence the dent’s geometry.

The analysis has revealed that several significant parameters impact the dent’s
geometry. These include the particle’s nature and diameter, the bearing materials,
the presence of sliding, the existence of a critical indentation value, the particle’s
shape and orientation, the position of the particle within the contact area, and the
presence of residual stresses. All these influential factors must be considered to
enhance the accuracy of bearing lifespan estimation.

The impact of load on the denting process is minimal when indentation is present,
particularly within the load ranges typical of aeronautical applications. The presence
of slip exacerbates the formation of dents, and this aggravating effect is particularly
pronounced when the slip occurs around the critical value for a ductile particle. We
have also successfully identified the specific areas prone to damage around the dents:

• When subjected to rolling, all damage occurs downstream in the rolling direc-
tion.

• In sliding scenarios, damage is consistently observed downstream in relation
to the frictional forces.

To reduce calculation costs, analytical expressions linking the most influential pa-
rameters have been developed.
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Chapter 7

Rolling contact surface fatigue

This chapter focuses on the fatigue and life of surfaces in contact after indentation.
When a surface is indented, fatigue can occur due to the formation of cracks that
propagate until the surface spalls, which can ultimately lead to component failure.
This chapter aims to identify the mechanisms that cause fatigue cracks to appear due
to the presence of the fault. To achieve this, a semi-analytical tool simulates rolling
cycles on indented surfaces. Several fatigue criteria are compared to determine which
is most effective in locating the zones where cracks initiate at the edges of the indents.
The study reveals that the formation of cracks is based on shear mechanisms, and the
direction of the slip defines their location. Based on the results of this comparative
study, a new criterion is developed by modifying the Dang Van II criterion. The
parametric study that began in the previous chapter is continued, this time applying
the new criterion to surfaces indented with the CEL pattern. The most critical
parameters that influence the lifetime of indented surfaces are bearing load, slip, and
the height of the beads.
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7. Rolling contact surface fatigue

7.1 Introduction
This chapter is dedicated to investigating fatigue in surfaces featuring irregularities.
The aim is to uncover the underlying mechanisms that lead to premature fatigue
in the presence of these irregularities. To achieve this goal, a simulation of rolling
cycles on surfaces with indents will be conducted using the semi-analytical contact
calculation tool introduced earlier. The modified Dang Van criterion, as adapted by
Bonetto, will be employed to pinpoint sites of damage. Building upon the endurance
limit findings established by Jacq’s work, a damage criterion will be formulated using
the analytical expressions developed in this study. The analysis will rely on key
parameters, such as residual stresses,size and nature of debris, bearing materials,
sliding, critical SRR and bead height, identified as first-order factors. A summary
of the various fatigue criteria is provided in the appendix.C.

7.2 Presence of dent on the raceway
The presence of a dent on the raceway within a rolling contact can significantly com-
promise the functionality and longevity of the component. Dents introduce local-
ized stress concentrations, which in turn can initiate and propagate fatigue cracks.
Furthermore, they disrupt the uniform contact between rolling elements and the
raceway, leading to heightened friction and wear. In severe cases, dents may even
cause rolling elements to dislodge from the raceway, resulting in catastrophic com-
ponent failure and potential engine shutdown. Consequently, meticulous inspection
for dents and their appropriate management is essential to avert potential failures.

Empirical investigations carried out by Ville (VIL 98a), Ville and Nelias (VIL 98b;
NEL 00), Jacq et al. (JAC 02; TON 12a) have underscored the influence of contact
conditions. Their research has highlighted that the presence of slip between contact-
ing surfaces can notably curtail the fatigue life of these surfaces. This is attributed
to the elevated shear stresses induced by slip at the edges of indents, culminating in
crack initiation and subsequent surface spalling and failure.

Accumulation of plastic deformation over successive rolling cycles emerges as a
prominent contributor to micro-spalling and surface spalling. Xu et al. (XU 97;
XU 98) have associated this phenomenon with cumulative plastic deformation in
the region. They have proposed a damage model grounded in this accumulation
to elucidate the chipping observed at dent edges. Likewise, other researchers, such
as Warhadpande et al. (WAR 10; GOL 19), have also employed damage models
to study fatigue on indented surfaces. These models aid in comprehending the
mechanisms driving fatigue and can be utilized for prognosticating the component’s
fatigue life.

The presence of dents on surfaces can induce fatigue through distinct mecha-
nisms. One such mechanism is micro-spalling as shown in Fig.7.1, arising from
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Fatigue analysis

Figure 7.1: Influence of sliding direction on the area where micro-chipping becomes
apparent around the indentation in cases of negative slip and positive slip as shown

in (NEL 00)

plastic deformation of the material, while the other is spalling induced by the
emergence and propagation of cracks that lead to material tearing as presented in
Fig.7.2. These cracks can propagate in various orientations, including the direction
of friction and the opposite direction. The latter form of cracking has been docu-
mented by researchers like Diab et al.(DIA 03; TON 12a) , and Morales-Espejel et
al. (MOR 15a). These cracks typically form at an angle between 30◦ and 45◦ with
respect to the surface, often resulting in a "V-shaped" spalling pattern. However,
these values still surpass the experimentally observed range of 30◦ to 45◦, as shown
in Figs.7.3, and 7.4. Far from the surface, a reduction in the angles to around 30◦

is noted with only a minor increase in depth, typically a few tens of micrometers,
which is in good agreement with the literature.

7.3 Fatigue analysis
During the initial load passages over the dent, plastic deformations occur, leading to
significant modifications in geometry. Notably, the evolution of geometry modifica-
tion during the initial cycles depends on the type of loading and material poperties.
For instance, a pure rolling load results in a uniform reduction in bead height around
the dent. Conversely, the introduction of slip induces an attenuation of the upper
portion of the bead in the direction opposite to friction. In this study, the geometry
of the dents created in Isaac was subjected to only two rolling cycles. Literature
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7. Rolling contact surface fatigue

Figure 7.2: Influence of sliding direction on the side where cracks manifest around
the indentation during negative sliding and positive sliding (DIA 03) .

indicates that the height of the bead stabilizes rapidly at the end of the second cycle
with an isotrope hardening and relatively moderate loading, as depicted in Fig.7.6.

Consequently, when the load rolls over the indent, a slight reduction in indent
height becomes noticeable, particularly in the case of a steel-steel bearing. The
variation in height until stabilization amounts to roughly 92% of its initial height.

Existing literature indicates that this stabilization typically occurs after 2 to
3 cycles. In this study phase, the modified Dang Van type criterion, developed
by Bonetto (BON 20), is applied to rolling cycles on dents under rolling/sliding
conditions. Its expression is given by:

σeq = max{τpr(t)}+α∆σn (7.1)

The efficacy of a criterion in the context of this fatigue problem is assessed based
on its ability to predict the emergence of micro-cracks observed in existing litera-
ture, notably the work of Diab et al. (DIA 03). Thus, the quest is for a criterion
that effectively identifies the sites where these cracks initiate and, when possible,
accurately indicates the orientation of the critical plane. In this context, ∆σn repre-
sents the magnitude of the stress component normal to the plane defined by τpr,max.
It is important to note that τpr is calculated using the principal directions, which
result in two orthogonal planes. The critical plane, crucial for maximizing the crite-
rion, is determined from these two planes, selecting the one where the normal stress
amplitude is highest.

Employing the term τpr, which relies on the alternating portion of the deviatoric
tensor, and incorporating the stress amplitude term normal to the plane eliminates
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Fatigue analysis

Figure 7.3: Definition of rolling and friction directions, along the zones where
negative sliding and cracks occur.

Figure 7.4: Definition of rolling and friction directions, along the zones where
positive sliding and cracks occur.

the residual stresses originating from the indentation from the criterion calculation.
It is crucial to underline that while residual stresses do not directly participate in
the criterion computation, they still exert an influence on fatigue behavior. This is
because their presence alters the initial phase of surface interaction and thus modifies
the loading cycles during indentation.

Given the similarity of the new criterion formulation to Dang Van II criterion.(VAN 84;
VAN 89), the constant α is adopted from the works of Morales-Espejel and Brizmer
(MOR 11a), specifically α = 0.232.
The Dang Van modified criterion identifies the edges of the dent as the most vul-
nerable regions. Interestingly as despicted in Fig.7.7 The sliding direction does not
alter the location of the critical edge; it remains consistently positioned at the exit
edge, aligned with the load’s passage direction, where the highest criterion values
concentrate. Positive slip significantly amplifies the criterion values on the entry
edge, yet these values do not approach those obtained on the exit edge. This con-
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7. Rolling contact surface fatigue

Figure 7.5: Evolution in the dent profile over the initial rolling cycles after inden-
tation under in conditions of pure rolling (BON 20)

Figure 7.6: Evolution in the dent profile over the initial rolling cycles after indenta-
tion under in positive slip condition with a coefficient of friction µ= 0.1 (BON 20).

sistent localization of the critical edge can be attributed to geometric distinctions
between natural and artificial indents. Notably, the natural indent features an exit
bead that is 3.7 times more pronounced than the entry bead. The examination
of the critical planes identified by the criterion reveals a stronger alignment with
experimental observations compared to earlier criteria. This is presented in Fig.

Hence, Figure.7.7 illustrate the regions where crack initiation occurs on the in-
dent, as identified by the modified Dang Van criterion. The fatigue criteria utilized
might not inherently consider the gradient effect caused by contact. In fact, these
criteria are also susceptible to the influences of the criterion’s parameters, which
facilitate accurate prediction of critical planes and fatigue initiation zones.

So, Figure.7.7 depicts the evolution of damage around the dent and the location
of crack initiation sites as a function of the number of cycles. For Figure.7.7, the
calculations were conducted under pure rolling and rolling+sliding conditions with
an outlet pile-up height of 3 times the inlet pile-up, resulting in a total number of
cycles of 1230 under the considered operating conditions.
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Damage criterion

(a) (b)

Figure 7.7: Application of the modified Dang Van criterion to an axisymmetric
dent in positive sliding condition (BON 20).

7.4 Damage criterion
In this section, we focus on investigating the influence of indentation parameters on
the determined endurance limit denoted as H1I in the work by Jacq et al (JAC 03).
To accomplish this, we have observed that the variation of H1I exhibits a monotonic
trend with the average slope of the dents s. This parameter, s, is defined as the
ratio of the depth of the indent to its radius. Consequently, the expression for the
average slope of the dent is given by:

s= Ydent

Rdent
(7.2)

When a particle impacts the surface of the bearing, the resulting dent can be rep-
resented as shown in Fig.7.8.

Figure 7.8: Dented zone illustration.
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7. Rolling contact surface fatigue

The lower limit of the rolling fatigue endurance threshold is attained when a
specific point within the loaded blocks experiences a shear stress greater than the
material’s micro-elastic limit while the rolling body passes. Beyond this threshold,
accumulated dislocations are likely to lead to damage.

The maximum load a contact can bear (expressed as the Hertz pressure of a
smooth contact) without exceeding the micro-yield limit while considering potential
overstresses and variations in the material’s micro-elastic limit defines the lower
boundary of the endurance limit referred to as H1I .

For a smooth cylinder/plane or sphere/plane contact in pure rolling with a homo-
geneous material and no inclusions, H1I is the Hertz pressure generating maximum
shear stress equal to the micro-elastic shear limit:

H1I = τ0
3 (7.3)

When inclusions are present, the overstress magnitude hinges on inclusion shape
and mechanical properties relative to the matrix. Consequently, for each inclusion-
matrix pairing, a unique H1I value is determined by placing the inclusion in the most
unfavorable position. In cases of pure rolling smooth contact on surface-treated steel,
this unfavorable position typically coincides with the Hertz depth.

Furthermore, considering spherical inclusions, Lamagnére (LAM 96) identified
the most harmful inclusions in M50 steel (like aluminas, with an overstress factor
of 1.38). He calculated the value of H1 for pure rolling smooth contact, amounting
to 1.72 GPa at 100◦C.

Now, let us examine the scenario of nitrided 32CrMoV13 steel under smooth
contact stress. The micro-elastic limit varies with depth due to the material’s char-
acteristics. Moreover, the residual stress distribution alters the stresses originating
solely from the pressure field. Consequently, it becomes essential to compare the
maximum shear stress at each micro-yield point meticulously. The shape of the shear
stress profile and its compatibility with the micro-elastic limit profile are contingent
upon the equivalent radius of the contacting bodies, denoted as Req.

Furthermore, the presence of a dent in the contact introduces localized pressure
surges that trigger overstresses within the space. Additionally, the indentation pro-
cedure engenders substantial residual stresses and strengthens the material around
the dent, subsequently modifying the stresses due to contact pressures only, as well
as the micro-elastic limit of the material.

By considering the freshly indented state as the new initial condition prior to
the passage of the rolling body over the indentation, H1I can be defined as the
maximum load (expressed by the maximum pressure of the smooth contact) for
which the transfer of load onto the indentation does not lead to any breach of the
micro-yield limit.

Based on the mechanical characterization made in this study and the simula-
tions conducted for the creation of dents on the four steel grades M50, M50NiL,
32CrMoV13, and M50NiLDH, a clear trend emerges as presented in Fig.6.8. As dis-
cussed in the previous chapter.2 and 6, M50NiLDH exhibits the highest elastic limit
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Indented contact life

and, consequently, the highest indentation resistance among the various steel grades,
followed by M50NiL, 32CrMoV13, and M50. The endurance limit of M50NiLDH
is notably higher compared to that of M50NiL as illustrated in Fig.2.14. In turn,
the endurance limit of M50NiL surpasses that of 32CrMoV13, and similarly, the
endurance limit of 32CrMoV13 is higher than that of M50. This observation aligns
well with the findings of Jacq et al., who also demonstrated that the endurance limit
of 32CrMoV13 exceeds that of M50 as illustrated by (JAC 01) in Fig.7.9.

(a) (b)

Figure 7.9: (a) Evolution of the average slope according to H1I , (b) Influence of
the material properties on the limit endurance of H1I (JAC 03).

7.5 Indented contact life
To evaluate material resistance, this analysis employs bead heights that have not
undergone cyclic passage of the dent. The average slope, denoted as s, can be de-
fined as the quotient of the depth of penetration, hdent, and the radius of the dent,
Rdent. When sliding occurs, the particle spreads within the contact, resulting in
a broader and shallower indent, mainly characterized by an increased bead height.
Consequently, it becomes essential to modify the expression to incorporate the ef-
fect of sliding for ductile particles. For such particles, the average slope can be
approximated using the following expressions:

s= Ydent

Rdent
exp

(
ϕdr

ϕdrs
−1

)
(7.4)

s=2ϕ
3/4
p b1/4

b0

(
4.3.10−2−4.10−3SRR

)
exp

(
ϕdr

ϕdrs
−1

)
(7.5)

where ϕdrs is the dent diameter created in rolling+ sliding condition while ϕdr would
be the dent diameter in pure rolling condition.
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7. Rolling contact surface fatigue

Using the experimentally determined endurance limit by Jacq as a reference, it
becomes evident that indents with an average slope equal to or exceeding 0.05 will
exhibit a notably low endurance limit (<0.4GPa), thus leading to surface damage.
Therefore, this value, leading to a drastic reduction in the endurance limit of the
bearing materials, will be regarded as a threshold value, thus defining the domain of
damage and non-damage based on the size of the surface defect created. Figure.7.10
illustrate the trend of the average slope in relation to the particle diameter and
the half-width of contact, which characterizes the loading conditions. With slip
levels in aeronautical bearings typically around 2%, it can be observed that under
these circumstances, the average slope for M50NiL remains below 0.05 for particle
diameters up to 40 µm. Consequently, for this particle size, the curve delineates the
slope’s behavior for varying values of the half-width of contact b. Hence, the key
factors driving the damage will be the particle size and the contact size determined
by the operating conditions. These results show of what occurs in the bearing surface
in presence of a ductile particle with properties very close to steel.
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Figure 7.10: Average slope evolution on ductile particles and M50NiL steel (a)
with the particle diameter for b = 133µm (b) with the contact half-width for a

particle of diameter ϕp = 40µm.

In the case of elastic particles, the supported particle sizes encompass very fine
particles, and damage would occur rapidly even with 10 µm diameter particles, as
shown in Fig.7.11. This approach to modeling hard particles holds certain limita-
tions, as it doesn’t incorporate their elastic limit or the subsequent rupture phenom-
ena.

These results demonstrate the harmful effects of hard particles on the bearing’s
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Indented contact life

lifespan. The harder the particle, the more abrupt the reduction in the material’s
endurance limit will be, compared to the case of a ductile debris.
The analyses conducted on hybrid bearings reveal a significant increase in the bead
height as shown in Figs.6.30,6.31. In the presence of hybrid bearings, the heights
of the dents resulting from particle crushing are increased. For instance, during the
passage of a ductile M50 particle with a diameter of 100 µm in a hybrid rolling
contact between M50NiL and Si3N4, the identified average slope is 0.3, up to the
threshold of 0.05. which is above the threshold of 0.05. So the bearing gets dam-
aged in such situations. For ductile particles, the size that the hybrid bearing can
withstand in the presence of a slip around 2% is around 30 µm or less.

In the case of an elastic particle with a diameter of 100 µm and a loading level
of 1.5 GPa in our operational conditions, the average rolling slope is approximately
0.75, accompanied by bead heights around 5 µm. The critical bead height to achieve
an average slope of 0.05 is approximately 0.6 µm. Therefore, in a pure rolling
scenario, the hybrid bearing can only support particle sizes less than or equal to
40 µm. Consequently, in a hybrid bearing, the impact of a particle, even if it’s
ductile, can quickly result in relatively high bead heights, damaging the bearing
(see Fig.6.30). Therefore, the use of hybrid bearings should require a high level
of cleanliness, thorough particle cleaning, and suitable particle control to mitigate
bearing damage. An alternative approach could involve reducing the rolling element
load or increase components dimensions, thereby lowering the risk of damage.
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Figure 7.11: Average slope evolution on elastic particles and M50NiL steel (a) with
the particle diameter for b= 133µm (b) with the half contact width for ϕp = 40µm .

The presented Figure.7.12 depicts the trend of slope evolution in relation to
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7. Rolling contact surface fatigue

particle diameter. It becomes evident that when considering M50NiLDH steel under
the specified operational conditions, the material can withstand particle sizes under
or equal 50 µm without experiencing a reduction in its endurance limit. This finding
highlights the significant role of heat treatments in enhancing material resistance
against surface damage.
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Figure 7.12: Average slope evolution on ductile particles and M50NiLDH steel
(a) with the particle diameter for b = 133µm (b) with the contact half-width for

ϕp = 50µm .

Using the average slope criterion, it became feasible to deduce a critical de-
fect size threshold beyond which an indent’s impact on the bearing’s operational
longevity becomes adverse. In our specific operating conditions, it has been deter-
mined that when the bead height of a dent exceeds 0.6 µm, the bearing’s endurance
limit experiences a rapid reduction, potentially resulting in surface spalling and sub-
sequent damage. For a sliding level of 1% in steel/steel bearings, the sizes of ductile
particles tolerable by the various grades of steel, namely M50, 32CDV13, M50NiL,
and M50NiLDH, are respectively around: 40, 45, 50, and 70 µm. These sizes corre-
spond to a threshold bead height of 0.6 µm. However, in the case of hybrid bearings,
significantly larger bead heights are observed, even after subjecting them to rolling
cycles as shown in Fig.6.30. Nonetheless, these bead heights remain sufficiently
high to potentially cause premature damage to the raceway surfaces based on the
criterion proposed in this study.

222

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



Industrial application

7.6 Industrial application
Within the framework of the SAE engine component initiative, a thorough exam-
ination of the bearing elements in bearing 1 as presented in Fig.7.13, of the CFM
56 engine exposed the existence of numerous dents on the bearing raceway surfaces.
To comprehensively understand the characteristics and size of pollutants found on
the bearing raceway, a study was initiated within Safran Aircraft Engine’s IHENR
division. This study aims to evaluate the distribution and dimensions of debris
originating, and pile-up height distribution from the measured dents on the bearing
surfaces.

7.7 Quantifying uncertainties
As previously discussed, mechanical structures are affected by uncertainties, and
our goal is to measure how sensitive a system is to variations in its input parame-
ters. These studies aim to assess the extent to which a system’s behavior can vary
due to uncertainties in the parameters governing it. The process of quantifying
uncertainties involves three key steps: first, modeling both random and epistemic
uncertainties; second, propagating these uncertainties through the model; and third,
quantifying the observed variations in the system’s outputs.

As example, lets consider an operator denoted as f , along with a set of behavior
laws capable of predicting the physical behavior based on input data, xi, expressed
as f(xi) = yi. This allows for a direct approach in which the output values, y, are
determined based on the input parameters, xi, and the operator f . By introducing
uncertainties in the input parameters, these uncertainties can then be transferred to
the outputs, which can be quantified using statistical tools. The primary advantage
of this process is the ability to rank parameters according to their impact on the
variability in the system’s outputs.

So in the case of a mechanical structure that has a yield strength, if a failure
criterion is in place, it becomes possible to calculate the associated probability of
failure. Parameters associated with uncertainties that lead to critical behaviors
deserve special attention. If these uncertainties cannot be reduced through further
investigations, it becomes essential to closely monitor these parameters during the
manufacturing and assembly of the component.

Conversely, the inverse approach involves quantifying the variations in input pa-
rameters based on the observed outputs. To accomplish this, stochastic calibration
algorithms must be employed to account for output uncertainties and determine the
range of input variations (TAF 13).

Much like the diverse nature of uncertainties, there is a variety of approaches
available for modeling them. Each method offers a unique way of representing
uncertainty. A well-informed user will choose the most suitable method based on
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7. Rolling contact surface fatigue

the type of uncertainty encountered. These methods can be broadly categorized
into probabilistic and non-probabilistic approaches.

7.8 Modelisation in variable conditions

Turboreactors are vital and indispensable structures, subject to a multitude of con-
straints. The stresses they experience during flight vary according to the flight
regime, spanning from takeoff to climb, then to cruise, and finally the landing
phases. Throughout these distinct phases, aero, thermal, and centrifugal stresses
are in constant flux. Relying solely on nominal load values during the cruise phase
can be overly restrictive. Therefore, accounting for the variability in stresses based
on actual conditions becomes an intriguing proposition.

However, conducting experiments under conditions closely mimicking the en-
gine environment is both costly and intricate. Similarly, analyzing the variability
in system responses typically necessitates increasing the number of samples to be
measured. As a result, most tests are unitary and carried out under easily accessi-
ble laboratory conditions. Decision-makers thus seek to ascertain whether designed
components meet reliability requirements, even if untested in operational conditions
and for a limited population.

These observations have given rise to two key problem areas: How to resolve
inconsistencies between two seemingly correct recalibrations that involve different
physical behaviors? Is it possible to predict a structure’s behavior under untested
conditions? If so, with what degree of confidence?

Even on the scale of laboratory and technological tests, system responses to
testing are influenced by uncertainties. Several types of uncertainties can affect nu-
merical models and experimental results. Random uncertainty refers to inherent
variations within the modeled system. These errors cannot be mitigated, even with
more advanced analytical methods, as they are intrinsic to the physics involved.
Some sources of random uncertainty include: Observation error where measure-
ments are contaminated by noise, and the resulting errors are typically considered
to be independent of time, following a normal distribution with a mean centered
around zero. Parametric uncertainties is the case where two samples designed in
the same way with identical materials can still differ. This is because most pa-
rameters (geometry, modulus, surface condition, etc.) are subject to manufacturing
process variability. Residual variability concerns the situation where two measure-
ments taken at different times exhibit differences, aside from observation errors and
parametric uncertainties.
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Modelisation in variable conditions

7.8.1 Probabilistic parametric methods
The most common way to represent uncertainties is by using probability density
functions. Let A be an interval in R, and f be a function defined on A. We say that
f is a probability density if:

1. f is continuous and positive on A.

2.
∫
A f(x)dx= 1.

3. If the random variable X follows a density function f, then the probability of
X falling within the real interval [a; b] is given by:

4. P (X[a;b]) =
∫ a
b f(x)dx

where a < b. The most commonly used distribution is the normal distribution.
The probability that the random variable X, following a normal distribution, takes
the value x is defined by the probability density function:

p(x) = 1√
2πσ2

exp(−(x−µ)2

2σ2 ) (7.6)

where µ is the mean and σ is the standard deviation of the variable X. These
distributions assume that we have sufficient information regarding the data under
study to choose the most appropriate distribution form and to parametrize it cred-
ibly.

Stochastic parametric methods encompass sampling methods, reliability analysis
methods, and stochastic finite element methods. Sampling methods involve drawing
input parameters and their uncertainties and simulating a distribution of the rela-
tionships between different parameters to identify the output distribution. Reliabil-
ity analysis methods are used to calculate the probability of failure of a mechanical
structure. A criterion is defined to determine the system’s state in the context of
uncertainties. Stochastic finite element methods are an extension of classical finite
element methods. The principle involves modeling the uncertain parameters of the
system using stochastic functions rather than random variables.

7.8.2 Particle distribution and size identification using Monte-
Carlo analysis

In this section, a study of variability using Monte Carlo methods based on exper-
imental results of the bearings tests will be conducted. The initial phase of the
investigation was conducted by experts and engineers from the BE team. This
phase involved gathering data concerning the distribution and depth of dents within
various quadrants of stage 1 in the CFM 56 engine bearing. Overall, the findings
reveal that the areas displaying significant dents are those situated adjacent to the
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7. Rolling contact surface fatigue

unrestricted edges. As for the distribution and dimensions of the dents, they can
be effectively modeled using either a normal or lognormal distribution. This mod-
eling approach enables the determination of both an average value and a standard
deviation based on the chosen distribution type. Using the various distributions
identified within this study using the acquired data, the objective is to determine
the distributions for several additional primary parameters linked to the indentation
phenomenon. These parameters encompass attributes like particle size, bead height
at the point where the dent is generated. Furthermore, a comprehensive examina-
tion of how uncertainty propagates through the analysis’s ultimate output will also
be conducted.

Figure 7.13: Illustration of bearing quadrants

Initially, a raw analysis of the data evolution was conducted, allowing for the
fitting of various distributions associated with them.The fitted data includes the
depth of the indentation and the diameter of the dent. Hence, Figures.7.14,7.15
provide a visual representation of the various distributions that will serve as the
input data for our analysis.

Figure.7.15 depicts how the diameter and depth of the indentation vary with the
number of dents. It’s evident that dents with a diameter smaller than 20 µm are
not detected, which can be attributed to the detectors’ limitations concerning the
size of the dents.

To obtain the distribution of the output concerning particle diameter and pile-
up height, we computed the averages of the input data, resulting in the following
findings:

• The diameter of the indents adheres to a normal mean distribution of approx-
imately ∼N (40,5) .

• The contact half-width conforms to a normal mean distribution of approxi-
mately ∼N (88,2).

• The depth of the indents follows an average normal distribution of approxi-
mately ∼N (4,1).
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(a) (b)

Figure 7.14: (a) Distribution of the dent number according to the transversal
position on the raceway, (b) Distribution of the dent number according to the cir-

conferencial position on the raceway.

(a) (b)

Figure 7.15: (a) Distribution of the dent number according to the dent depth,
(b) Distribution of the dent number according to the dent size.

• The slip rate exhibits a mean normal distribution of ∼N (2,0.5).

The problem is solved through a Monte Carlo approach, a set of 1000 pseudo-
random variables was generated for each parameter involved in the problem. By
utilizing the specific Matlab algorithm based on analytical expressions, the following
outcomes were obtained:

• The particle diameter manifests a mean distribution of about ∼N (31,5).

• The bead height demonstrates a mean normal distribution of roughly∼N (0.096,0.04).

Based on these results presented in Fig.7.16,7.17,7.18, it is evident that both the
particle diameter and the bead height also exhibit Gaussian distributions. Given
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7. Rolling contact surface fatigue

(a) (b)

Figure 7.16: (a) Contact half-width following a gaussian distribution, (b) Dent
diameter following a gaussian distribution.

(a) (b)

Figure 7.17: (a) Dent depth following a gaussian distribution, (b) SRR following
a gaussian distribution.

that the bead height values are considerably lower than the threshold identified in
this thesis, it becomes clear why no damage was detected on these bearings.
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Conclusion

(a) (b)

Figure 7.18: (a) Particles diameter following a gaussian distribution, (b) Pile-up
height output following a gaussian distribution.

7.9 Conclusion
In this chapter, we conducted an in-depth analysis of the rolling cycle and applied
the modified Dang van criterion proposed by Bonetto. This criterion helped identify
the most susceptible areas, primarily the edges of the indent. Through the bearing
cycle on the indent, we observed a reduction in bead height and a Swift stabilization
of its geometry. The crucial factors influencing fatigue in the presence of an indent
are the load, bead height, and slip. A damage criterion based on the endurance limit,
as determined in Jacq’s work on bearings, was introduced. This criterion enabled
the identification of particle sizes (< 40 µm) that are tolerable for the bearings
under the specified operating conditions of our study. Consequently, a defect size
of bead exceeding 0.6 µm would lead to rapid damage to the bearing under normal
operational conditions.
The analyses discussed above concern steel-steel bearings. However, in the case of
hybrid bearings, significantly larger bead heights are observed, even after subjecting
them to rolling cycles. Nonetheless, these bead heights remain sufficiently high to
potentially cause premature damage to the raceway surfaces based on the criterion
proposed in this study. Indeed, hybrid bearings result in the formation of indents
with notably elevated bead heights. These increased bead heights have the potential
to induce surface damage relatively quickly unless modifications are made to the
prevailing loading conditions.
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General conclusion

Presently, bearing damage predominantly occurs on the surface. The emergence of
such damage is attributed to geometric imperfections, which could originate from
inherent part defects like surface roughness or be generated during the system’s op-
eration, resulting in more pronounced defects such as indents. These indents are a
consequence of lubricants carrying particles into the contact zones. The particles
being crushed between the surfaces leading to the creation of dents, which sub-
sequently alter the loading conditions for subsequent cycles. This alteration can
culminate in the development of fatigue, taking the form of cracks or micro-spalling.

To address this, optimizing material properties involves focusing on surface prop-
erties. This optimization is achieved through thermochemical treatments such as
quenching, cementation, nitriding, and carbonitriding. As a result, predicting and
preventing surface damage necessitates a comprehensive understanding of the me-
chanical behavior of rolling materials. By grasping these material behavior prin-
ciples, we conducted simulations to assess bearing resilience. These simulations
indicated that for loadings involving a smaller volume, like fine particle indentation,
surface properties prove sufficient for accurate modeling.

To identify suppression sources along the raceway, systematic modeling of free
edge effects was undertaken using a semi-analytical development in a contact reso-
lution tool. The outcome of this modeling endeavor unveiled a dual effect triggered
by these edge influences: an amplification of pressure amplitude and a shift in the
pressure distribution towards the less close free edge of the space. This pressure
increase becomes particularly notable when numerous closely positioned free edges
are present, owing to their mutual influence.

When the space is confined within finite dimensions along the x and y axes,
relying solely on the Hertz solution would result in an error of approximately 20%
when estimating the maximum pressure value. This discrepancy arises due to the
intricate interplay among the various adjacent free edges. A comparable trend, albeit
with more pronounced amplification, is discernible when dealing with a truncated
contact zone. The influence of edge effects becomes negligible when the distance
d/a exceeds four times the radius of the contact zone. Consequently, for d/a ≥ 4,
the Hertz solutions regain their validity and can be reliably applied.

The origins of pressure peaks can be attributed to various factors, including geo-
metric irregularities, grooves, surface inclinations, fluctuations in surface roughness,
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General conclusion

dents, edges, and rounded features. When these factors interact with the free edge’s
influence, they contribute to initiating damage within the system.

The study of surface indentation caused by the passage of a particle within
a Hertzian contact is conducted through a finite element model. Applying the
finite element method (FEM) for indentation modeling has proven highly effective
in overcoming numerical challenges posed by the particle’s substantial deformation
during contact. The "coupled Euler-Lagrange" (CEL) model developed has been
validated through correlation with indentation tests from existing literature. This
validates the numerical tool.

Notably, the natural indentations in bearings are asymmetric, with the indent
presenting a more prominent edge in the direction of the load passage. Using the
CEL model, a comprehensive parametric analysis of the indentation process is con-
ducted. This study highlights the importance of mechanical properties, particle
size, nature, shape, and position, along with the presence of slip and critical slip
rate and residual stresses in dent generation. A hard particle generates a narrow
and deep dent with pronounced bead, while a ductile particle results in a wider,
shallower dent with weaker bead. Under iso-loading conditions, particle size corre-
sponds to the resulting indent size, with a tendency towards broader and shallower
indents as the particle size increases. This elucidates a criterion for the harmfulness
of indents based on particle size. The mechanical properties of the surface couple
also play a significant role in indentation. It has been observed that steel bearings
produce lower rim heights than hybrid bearings, where higher mechanical properties
on the rolling elements induce lower deformation levels while the opposing surface
experiences slightly more deformation.

The introduction of slip within the contact dramatically alters the shape of the
obtained indents. As the particle spreads between surfaces due to increased sliding
levels, the dents become broader and shallower. Additionally, a critical slip rate is
noted, dependent on the operating conditions and particle size, where the rim height
of a ductile particle is maximized. Ultimately, bearing loading has been found to
have minimal influence on the indentation process.

In terms of fatigue on indented surfaces, it manifests particularly through the
formation of cracks along the edge of the indent opposite to the direction of frictional
forces in the presence of slippage. To study the formation of these cracks, a con-
tact calculation tool based on semi-analytical methods is used to simulate the load
passage on the indented surface. A fatigue criterion, a reformulation of the Dang
Van criterion by Bonetto et al., is applied to these load passage cycles to determine
the mechanisms behind the cracking. Shear has emerged as a driving mechanism
for this type of fatigue, providing good results in localizing and predicting crack ori-
entation. The parametric study conducted on the indentation process is extended
to fatigue, highlighting three parameters increased load, sliding, and pile-up height
that decrease the lifespan.
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To mitigate the computational burden and establish relationships among influen-
tial parameters, analytical expressions have been devised to describe the evolution of
various parameters, such as indent height and diameter, in the indentation process.
These expressions account for parameters like particle size, slip rate, and loading.
Utilizing these expressions, a framework for assessing the endurance limit evolu-
tion of bearings, as identified by Jacq, based on loading and particle size, has been
established.

This analysis has revealed that within our operational conditions, specifically
with slip levels at or below 2% and ductile particle sizes less than 40 µm, all studied
rolling materials (M50, 32CDV13, M50NiL, M50NiLDH) have the potential for an
endurance limit exceeding 1.5 GPa. Interestingly, the endurance limit tends to
increase as the load decreases. In a slightly broader context, considering a bead
height of 0.6 µm, the endurance limit is estimated to be around 0.5 GPa.

By leveraging these analytical expressions and findings, a deeper understanding
has been achieved regarding how influential parameters impact the endurance limits
of various rolling materials, offering valuable insights for optimizing their perfor-
mance.

To go further, a modeling of the quarter space problem in presence of full plastic-
ity can be realised to get a completed responce of components. Study of conducting
a comprehensive exploration of the variability of the various parameters within the
behavior law under both monotonic and cyclic loading conditions could significantly
enhance the calibration process. Similarly, increasing the CEL indentation model
by integrating thermal effects and refining its capabilities for indentations in the
presence of lubrication promises more accurate and high-quality results.

Furthermore, including fracture mechanisms for brittle particles would extend
the model’s applicability to encompass all particles encountered in transmission sys-
tems. Additionally, developing a streamlined model for indentation, coupled with a
Monte-Carlo analysis, would enable an optimal study of parameter variability and
its impact on output responses. This approach would prove particularly valuable in
the context of bearing contact studies involving indents.
It would be valuable to examine the progression of rolling cycles on an indentation
caused by ceramic rolling elements. This analysis could reveal the cycle at which
the stabilization of the bead height occurs and provide insight into the final height
of the bead. Considering practical enhancements, incorporating a plastic damage
model into the existing tools employed in this study could effectively replicate the
micro-chipping phenomenon that occurs at an indent’s exit. Finally, embarking on
a campaign of fatigue tests on indents holds the potential to calibrate the novel
fatigue criterion and damage model, thereby quantifying the remaining lifetimes of
components during their operational lifecycle and maintenance periods. This com-
prehensive approach not only advances understanding but also empowers informed
decision-making and enhances the reliability of systems.
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Appendix A

Elliptical contact

A.1 Contact Mechanics
This section provides a concise overview of contact mechanics, tracing its inception
from Hertz’s work (HER 82) in optics to the establishment of a theory for ellip-
soidal contact pressure on elastic solid bodies. Before the rise of advanced numer-
ical methods, the historical development of contact mechanics is well-documented
in Johnson’s publication "Contact Mechanics" (JOH 85). Subsequently, the section
proceeds to covering the fundamentals of contact mechanics, encompassing Hertz’s
influential theory, non-Hertzian contact particularly in rolling contact and culmi-
nates with an exploration of contemporary numerical methods employed in solving
contact problems.

A.1.1 Hertzian Contact
Hertz developed analytical relationships for determining the maximum surface pres-
sure in contact between cylinders or spheres and on a semi-infinite plane. These
relationships were based on the findings of Boussinesq, who studied the deformation
of a semi-infinite body under the effect of a concentrated force applied to a plane.
The Hertz equations determine the maximum pressure, deformations of the parts,
and stress distribution inside them. The Hertz theory makes several simplifying
assumptions, including:

❉ The materials are assumed to be elastic, homogeneous, and isotropic, with no
internal voids or cracks.

❉ The contact surfaces are assumed to be smooth and perfectly spherical or
cylindrical, without roughness or asperities.

❉ The deformation of the contact surfaces is assumed to be small so that linear
elasticity theory can be applied.

233

Cette thèse est accessible à l'adresse : https://theses.insa-lyon.fr/publication/2024ISAL0012/these.pdf 
© [A. K. Ahyee], [2024], INSA Lyon, tous droits réservés



A. Elliptical contact

❉ The contact is assumed to be non-sliding, meaning there is no relative tangen-
tial motion between the two surfaces.

The Hertzian contact theory provides analytical expressions for the contact pres-
sure distribution, the contact area, and the deformation of the bodies under load.
This contact theory has wide applications in various fields, including mechanical
engineering, materials science, and biomechanics, and is often used as a benchmark
for validating numerical simulations of contact problems.

A.1.1.1 Circular contact area

In the Hertz solution for circular contact regions, two elastic bodies with radii of
curvature R1 and R2 are brought into contact under a normal load FN as shown in
Fig.A.1. The resulting contact area is a circle with radius a, and the Hertz theory
provides the contact pressure distribution p(r) as a function of the radial distance
r from the center of the contact area. The Hertz solution assumes that the bodies
are linearly elastic, homogeneous, and isotropic and that the contact is frictionless.

For instance, considering the contact between two spheres, the following expres-
sion gives the equivalent radius:

1
Req

= 1
R1

+ 1
R2

, (A.1)

The expression for the equivalent modulus is:

1
Eeq

= (1−ν2
1)

E1
+ (1−ν2

2)
E2

(A.2)

Where ν1 and ν2 are the Poisson’s ratios of the bodies.

The Hertz maximum pressurea and the pressure field are given by:

PHertz = 3FN

2πa2 =
(

6FNE
2
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)1/3

(A.3)
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a2
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(A.4)

The contact radius is given by the expression:

a=
(

3FNReq

4Eeq

)1/3
(A.5)

The expression for rigid body displacement is given by:

δz = a2

Req
=
(

9F 2
c

16ReqE2
eq

)1/3
(A.6)
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Contact Mechanics

Figure A.1: The general problem of Hertzian contact illustration

In the case of contact problem between rolling elements bearings, the contact
area is often approximated as elliptical due to the non-circular shapes of the bearing
components. The elliptical contact area can calculate the maximum surface pressure
and stress distribution as presented in this section, similar to the Hertz theory for
circular contact areas.

A.1.1.2 Quarter space contact problem

Quarter-space contact problem denotes a specific type of contact problem occurring
when two bodies interact near a free edge, a situation often observed in engineer-
ing applications like bearings and gears. In contrast to the more straightforward
Hertzian contact, solving quarter-space contact requires complex numerical meth-
ods. Numerous studies in the field of contact mechanics, as noted in the literature
(HET 60; HET 70; HAN 89; HAN 90; HAN 91; GUI 11; WAN 12; WAN 17), have
concentrated on developing diverse numerical techniques to address the intricacies
of this problem.

Understanding the behavior of free edges, particularly in raceways, holds sig-
nificant importance in comprehending the emergence of pressure peaks. Defining
the contact area becomes challenging when bodies come into contact, leading to
intricate stress and strain distributions. Free edges, like those found on raceways,
further complicate stress distribution, resulting in concentrated local stress.

In the context of rolling element bearings, the presence of free edges on raceways
can lead to pressure peaks where the rolling element and raceway meet. These peaks
can cause considerable damage to the bearing over time, reducing its overall lifespan.

This part of the thesis focuses on numerically modeling the impact of free edges
on the bearing contact zone. By combining advanced analytical techniques with nu-
merical methods, it becomes feasible to simulate and analyze the behavior of rolling
tracks in the presence of edge effects. These numerical models offer valuable insights
into the complex interactions and phenomena at the contact interface. The objective
is to enhance our understanding of the fundamental mechanisms and contribute to
strategies for optimizing raceway performance and durability.
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A. Elliptical contact

A.1.1.3 Numerical methods for solving contact problems

Numerical methods (ODE 84; ODE 86; LUB 86; TER 88; BOF 12; BOF 14; BLA 16;
BLA 18; AND 81)play a crucial role in contact mechanics research and engineering
design by providing valuable tools for solving contact problems. However, it is
important to recognize that each method has its own set of strengths and weak-
nesses, making them suitable for different types of problems (KAR 87; PAR 85;
LAC 00; WRO 02; BEN 68; KAL 90b; POL 99; LIU 00). Semi-analytical methods
combine analytical solutions with numerical techniques, such as the boundary el-
ement method (BEM) and the fast Fourier Transform (FFT). These methods are
advantageous when dealing with contact problems involving complex geometries
and boundary conditions. By leveraging analytical solutions in specific regions and
numerical techniques in others, they can provide approximate solutions efficiently.

On the other hand, finite difference and multigrid methods discretize the contact
problem into a grid of points and approximate the solutions at these points using
finite differences. These methods are particularly efficient for problems with regular
geometries and uniform material properties. Multigrid methods further enhance
their effectiveness by accelerating convergence and improving solution accuracy.

Finite element methods (FEM) are widely utilized in contact mechanics due
to their flexibility in handling complex geometries and material properties. FEM
discretizes the problem into small elements, where the equations of motion are solved
using numerical techniques. This approach allows for accurately modeling various
contact problems and has become one of the most popular numerical methods in
simulating contact phenomena across different engineering disciplines.

There are several numerical methods that can be used to solve contact problems
in mechanics. Here are some of the main methods:

In the field of contact mechanics, various numerical methods can be employed to
solve contact problems with different complexities and requirements. Here are some
commonly used numerical methods:

• The Finite Element Method (FEM): FEM discretizes the problem domain
into small elements and approximates the solution within each element using
basis functions. It can handle both linear and nonlinear contact problems,
large deformations, and complex material behavior.

• The Boundary Element Method (BEM): BEM discretizes only the bound-
ary of the problem domain, making it suitable for problems with infinite or
semi-infinite domains. It is useful for modeling elastic, viscoelastic, and vis-
coplastic materials.

• The Discrete Element Method (DEM): DEM models the contact between
individual particles or bodies and is commonly used in granular mechanics and
geomechanics. It simulates both normal and tangential contact forces and can
account for particle breakage and sliding.
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The Semi-analytical method for the Contact Problem

• The Finite Volume Method (FVM): The Finite Volume Method (FVM)
is a numerical technique commonly used to solve various problems, including
contact problems. It is particularly well-suited for problems involving complex
geometries and discontinuities, making it applicable to contact analysis.

• The Semi-analytical methods: Semi-analytical methods combine the ad-
vantages of analytical and numerical approaches. They are useful for solving
contact problems involving bodies with complex geometries and material prop-
erties.

The selection of the most suitable numerical method depends on the specific
characteristics of the contact problem, such as geometry, material behavior, and
boundary conditions. Researchers choose the appropriate method that can provide
accurate and efficient solutions for their particular application.

A.2 The Semi-analytical method for the Contact
Problem

This section will discuss the resolution approach for the contact problem using the
semi-analytical method. The semi-analytical approach is a powerful technique that
combines the benefits of both analytical and numerical methods to solve contact
problems. The semi-analytical method can handle various types of contact, in-
cluding normal and tangential contact. It considers the complex geometries of the
contacting bodies, taking into account their intricate shapes and surface features.
Additionally, it can accurately model the material behavior, capturing nonlineari-
ties, viscoelasticity, and other complexities (AHM 83; JOH 85; ANT 05; GAL 06b;
CHA 11; KOU 14; KOU 15a; AMU 16a; BEY 19; WAL 20).

A.2.1 The normal contact problem
When considering the contact between two purely elastic bodies, B1 and B2, occur-
ring in the tangent plane of the contact in the (x− y) plane. We need to solve the
elastic deformation problem for the bodies subject to appropriate boundary condi-
tions at the contact interface to determine the contact pressure and deformation.
The surface profiles of the bodies are defined by the functions:

z1 = h1(x,y) (A.7)
z2 = h2(x,y), (A.8)

where z1 and z2 are the heights of the surfaces of Ω1 and Ω2 above the x−y plane,
respectively.

The contact pressure and deformation will be determined by solving the elastic
deformation problem for the bodies subject to the appropriate boundary conditions
at the contact interface. The contact problem is defined by the following equations:
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A. Elliptical contact

1. The surface separation:
The distance between the contacting bodies g(x) is given by the summation
of the initial separation gi(x), the rigid body displacement δz and the normal
elastic surface displacement of both bodies uΩ1+Ω2

z (x) :
The initial separation function can be written as:

gi(x,y) = h1(x,y)−h2(x,y). (A.9)

g(x,y) = gi(x,y)+ δz +uΩ1+Ω2
3 (x,y) (A.10)

2. The contact condition:

(x,y) ∈ Γc; g(x,y) = 0 and p(x,y)> 0 (A.11a)

(x,y) /∈ Γc; g(x,y)> 0 and p(x,y) = 0 (A.11b)

where p(x,y) denotes the pressure field and g the final surface gap between
the two bodies.

3. The load balance:
The normal applied load FN must be equal to the integral of the contact
pressure distribution p(x,y) over the contact zone Γc. It is given by:

FN =
∫

Γc

p(x,y)dS (A.12)

A.2.2 The tangential contact problem
To address the tangential contact problem, understanding the distribution of shear
tractions resulting from relative tangential motion between contacting bodies is cru-
cial. Resolving this problem involves assessing the equilibrium of forces and moments
at the contact interface while applying friction laws or contact models to depict the
contact behavior. This solution closely intertwines with the resolution of the normal
contact problem, as the distribution of tangential forces relies on body deformation
and the normal contact pressure distribution.

An essential component in the analysis of tangential contact is the slip vector,
denoted by s. At time t, let st represent the slip vector, where ˙ indicates the time
derivative operator. Consider two points on the surfaces of bodies 1 and 2 in contact
at time t, located at coordinates xt

1 and xt
2, respectively. Additionally, let ut

τ,1 and
ut

τ,2 denote the tangential elastic displacements of the surfaces.
The slip between times t′ and t is defined as follows:
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The Semi-analytical method for the Contact Problem

s̄t =

∆ut
x−∆δt

x

∆ut
y−∆δt

y

0

 (A.13)

When tangential displacements are non-zero, the tangential contact problem
needs to be addressed. This occurs when a tangential force Q̄ is applied or when
there is a coupling between the normal and tangential problems due to differences in
elastic properties of the contacting surfaces. The tangential contact problem involves
the relative tangential displacements of surfaces uq

x and uq
y, the displacements of

tangential rigid bodies δx and δy. The slip amplitudes sx and sy as well as the slip
vector s̄, the shears qx and qy, the slip zone Γsl, the stick zone Γst and the tangential
force Q.

Coulomb’s law is used to define the relationship between pressure and shear. In
discrete form, the tangential problem is expressed as follows:

∆ut
τ,ij−∆δt

τ = st
ij ̸= 0, qij =−µpij

st
ij

st
ij

, ∀(i, j) ∈ Γsl (A.14a)

∆ut
τ,ij−∆δt

τ = st
ij = 0 (A.14b)

qij < µpij , ∀(i, j) ∈ Γst (A.14c)∑
Γp

qij .Sij =Q (A.14d)

where Sij is the discretisized elementary area.

A.2.3 Variational Formulation of contact problem
The variational formulation of the contact problem involves expressing the problem
in terms of a variational principle or function, which allows us to derive the govern-
ing equations and boundary conditions. The variational formulation is commonly
used in contact mechanics to find the equilibrium configuration and contact forces
between two contacting bodies. To formulate the contact problem variationally,
researchers(DUV 72; KAL 90b) typically consider the total potential energy func-
tional, the sum of the elastic strain energy, and the work done by external loads.
The goal is to find the configuration that minimizes the total potential energy, sub-
ject to the appropriate boundary conditions and constraints. So solving the contact
problem is equivalent to minimizing the complementary energy, i.e., the energy of
elastic deformation expressed as a function of p and q. This minimization is accom-
panied by constraints that must be satisfied, namely, the positivity of pressures and
Coulomb’s law, which limits the shear. The variational formulation of the problem
is then written as:

min
p,q

(∫
Γc

[1
2

(
h0− δz+ 1

2 ūz

)
pdS+

∫
Γc

(
−∆δt

τ + 1
2(ūt

τ − ūt−1
τ

)
q
]
dS
)

(A.15)
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A. Elliptical contact

Subject to the following constraints:
p≥ 0 (A.16)
q ≤ µp (A.17)

In this context, Γc denotes the domain of integration, where h0 is a constant, δz
and ∆δt

τ are a provided displacements. The variables ūz and ūτ
t represent unknown

displacements, while p represents the pressure, and q the shear.
The aim is to minimize the function across the domain Γc by determining the

optimal values for p and q.
Assuming the contact problem is decoupled, and the tangential problem has

been previously resolved, the variational expression for the normal contact problem
is provided by the equation:

min
p

(1
2pT Ap

z p+h∗T p+ cτ

)
, (A.18a)

pij ≥ 0, (A.18b)

where p is the vector for the pressure field; Ap
z the influence coefficients of the

normal displacement at the surface due to the pressure; h∗ the vector for the initial
gap, the rigid body displacements and the normal displacements induced by the
shear fields at the surface since they do not induce any work. cτ is the complemen-
tary energy due to the tangential problem that is supposed already solved.

Assuming that the normal problem has been solved, we can express the discrete
variational formulation of the tangential contact problem as:

min
q

(1
2qT Aq

τ q +W∗T q + cp

)
(A.19)

where q represents the shear pressure vector, and Aq
τ q the influence coefficients

of the tangential displacement on the surface due to the pressure. The vector W∗

is defined by the expression:
W∗ =−∆δt

τ +Ap
τ p− ūt−1

ø (A.20)

Here, cp stands for the complementary energy resulting from the normal problem,
which is assumed to have been previously resolved.

To address this problem described by Eq.(A.19), both the normal and tangen-
tial contact problems can be formulated as minimization problems with specific
constraints:

min
ϕ(x)∈Rn

ϕ(x), with
{
ci(x) = 0, i ∈ E ,
ci(x)≥ 0, i ∈ I.

where E represents the set of points i associated with equality constraints, and I
stands for the set of points i linked to inequality constraints, the general Lagrangian
formulation for the problem presented in equation (A.21) can be expressed as follows:
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The Semi-analytical method for the Contact Problem

L(ϕ(x),λ) = ϕ(x)−
∑

i∈E∪I
λici(x) (A.21)

Where λi are the Lagrange multipliers. The number of Lagrange multipliers is
equal to the number of constraints. Solving the constrained minimization problem is
equivalent to solving the Karush-Kuhn-Tucker (KKT) optimality conditions, which
are written as follows:

∇xL(x,λ) = 0, (A.22a)

ci(x) = 0,∀i ∈ E (A.22b)

ci(x)≥ 0,∀i ∈ I (A.22c)

λi(x)≥ 0,∀i ∈ I (A.22d)

λi(x)ci(x) = 0,∀i ∈ E ∪I (A.22e)

The complementarity condition, defined by the last line of the above equation, can
be rewritten in the following form:

ci(x)> 0, λi = 0, (A.23a)

ci(x) = 0, λi ≥ 0, (A.23b)

The application of the KKT conditions to the normal contact problem allows its
formulation to be rewritten in the following form:

min
(1

2pT Ap
zp+h∗T p+ cτ −

∑
λijpij

)
⇔Ap

zp+h∗T −λ= 0 (A.24a)

pij > 0, λij = 0 (A.24b)

pij = 0, λij ≥ 0 (A.24c)

The tangential problem can also be rewritten, by applying the conditions of KKT,
by the expression:

min
(

1
2qT Aq

τ q +W∗T q + cp−
∑

λij

(
q2

x + q2
y

2fp −
fp

2

))
⇔Aq

τ q+W∗T−



...
λij

qxij

fpij
...

λij
qyij

fpij
...


= 0

(A.25a)
∥qij∥< fpij , λij = 0 (A.25b)

∥qij∥= fpij , λij ≥ 0 (A.25c)

where λij is here the norm of the slip vector sij
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A. Elliptical contact

A.2.4 Contact problem resolution methods
The computation of displacements is an essential step in the resolution process. How-
ever, it can become computationally expensive due to the requirement for a double
summation over the entire domain at each calculation point. With a discretization
grid containing Np points, computing displacements at a single point necessitates
O(N2

p ) operations. Therefore, it is imperative to reduce the computational cost in
order to maintain reasonable computation times. A method proposed by Ju and Far-
ris (JU 96), later refined by Liu et al. (LIU 00), leverages the properties of discrete
convolution products in the frequency domain to address this issue.

A.2.4.1 The DC-FFT method

The Fourier transform of a function f(t) is defined by the integral:
f̃(ω) =

∫ ∞

−∞
f(t)e−iωtdt (A.26)

The inverse Fourier transform from the frequency domain to the time domain is
expressed as:

f(t) = 1
2π

∫ ∞

−∞
f̃(ω)eiωtdω (A.27)

For continuous linear convolution, given functions g(t) and h(t), the convolution
f ∗g is calculated as:

(f ∗g)(t) =
∫ ∞

−∞
g(τ)h(t− τ)dτ (A.28)

Utilizing the Fourier transform on the convolution product yields:
f̃(ω) = g̃(ω) · h̃(ω) (A.29)

This allows the convolution product to be computed through the inverse Fourier
transform of the product of the Fourier transforms.

The discrete convolution product, defined for a domain with N values, is given
by:

fj =
N−1∑
r=0

gr ·hj−r, j = [0,N −1] (A.30)

The discrete Fourier transform and its inverse are expressed as:

f̂s = 1
N

N−1∑
r=0

fre
−2iπrs/N , s= [0,N −1] (A.31)

fj = 1
N

N−1∑
r=0

f̂re
2iπrj/N , j = [0,N −1] (A.32)

The discrete convolution theorem is then articulated as:
f̂s = ĝs · ĥs, s= [0,N −1] (A.33)
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The Semi-analytical method for the Contact Problem

The Fast Fourier Transform (FFT) is a highly efficient method that significantly
decreases computational load, using algorithms optimized for different dataset sizes.
While the direct approach to discrete Fourier transform calculations is computa-
tionally expensive, the use of FFT algorithms substantially reduces the number of
operations, allowing convolutions to be computed with remarkable efficiency. These
methods, like Singleton’s FFT algorithms, make it feasible to perform computations
at a significantly reduced computational cost, particularly for larger datasets. Con-
sequently, convolutions conducted in the Fourier frequency domain necessitate O(N)
operations as opposed to O(N2) operations in the spatial domain. By leveraging
FFT algorithms, the overall computational load is trimmed down to O(N +3N) in-
stead of O(N2, a substantial advantage, especially for large values of N .However, it
is important to note that these approaches may introduce errors. Nonetheless, there
exists a trade-off between the method’s swiftness and the potential errors associated
with FFT utilization.

The procedure for implementing the Discrete Convolution and Fast Fourier
Transform (DC-FFT) method encompasses the following steps:

a) Find the influence coefficients, {Kj}N ;

b) Extension of the influence coefficients by wrap-around order, {Kj}2N ;

c) Apply the FFT to the extended influence coefficients, {K̃s}2N ;

d) Enter the pressures, {pj}N ;

e) Extend the pressures using the zero-padding, pj = pj , j ∈ [0,N−1] and pj =
0, j ∈ [N,2N −1];

f) Apply the FFT to the extended pressures, {p̃j}2N ;

g) Term to term product in the Fourier frequency domain, {ν̃j}2N ;

h) Apply the IFFT to obtain the wanted quantity {uj}2N ;

i) Truncation to keep {uj}2N , j ∈ [0,N −1].

The Discrete Convolution and Fast Fourier Transform (DC-FFT) method pro-
posed embodies the wrap-around order and zero-padding techniques.

Zero Padding and wrap-around order

The discrete convolution product introduces periodicity in the calculation. However,
the calculation of the normal displacement involves the pressure and the influence
coefficients, which are not inherently periodic. The periodicity of the pressure in-
troduced by the convolution leads to overlapping with the influence coefficients K,
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A. Elliptical contact

as illustrated in Fig.A.4. The "zero-padding" method can address this issue by ex-
tending the terms from N to 2N by adding zeros. This effectively neutralizes the
overlap, as shown in Fig. A.5.

Applied to the influence coefficients, the wrap-around order consists of two steps.

➢ Firstly, the initial coefficients are extended with zero values for the index N .

➢ Secondly, for the indices N + 1 to 2N − 1 we write the initial (0 to N − 1)
indices symmetrically with respect to the index N . In function of the parity
of the influence coefficients, an opposite sign is applied to the extended range
of coefficients. In this respect, for even coefficients the coefficients have to be
extended like in Fig.A.4 and for odd coefficients they should be extended like
in Fig.A.5.

Figure A.2: Illustration of the recovery phenomenon due to periodicity of the
signal when performing discrete convolutions(GAL 07).

The DC-FFT method presented above for one dimension can be applied for the
two dimensional case. For calculation of the 3D fields, two possibilities arise:

❖ Use the 2D-DC-FFT for every value of the third component or

❖ Implement the 3D-DC-FFT in analogy with what has been done previous.

The latter technique is mainly used when dealing with inhomogeneities or when
3D images are involved. In the context of this study, the use of only the 2D-
DC-FFT algorithm is sufficient to have a good gain in term of simulation time.
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The Semi-analytical method for the Contact Problem

Figure A.3: Illustration of the zero padding technique to avoid the recovery phe-
nomenon for discrete convolutions(GAL 07).

Moreover, the calculation using eventually 3D-DC-FFT would be considered only
for the calculation of the 3D stresses. Those stresses are not always calculated in
the process, thus the gain would not be much.

Finally, using the DC-FFT technique, the calculation of the elastic fields is guar-
anteed in an efficient way. However, the contact problem is not solved yet. To solve
the contact problem, the numerical process used is the Conjugate Gradient Method
(CGM) which is described in the next section.

A.2.5 The Conjugate Gradient Method

The Conjugate Gradient Method (CGM) is an optimization technique introduced
by Hestenes and Stiefel in 1980 (HES 80) based on Conjugate Direction methods.
It is commonly used to solve systems of linear equations and can also be applied to
unconstrained optimization problems such as energy minimization.

Let’s consider the problem of solving a system of linear equations represented by
the equation:

Ax = b (A.34)

where A is an N ×N real symmetric matrix (i.e., AT = A) that is positive-definite
(i.e., xT Ax > 0 for all non-zero vectors x ∈ RN ), and b is a real vector of size N .

To introduce the concept of conjugacy, let’s consider two vectors u and v.
These vectors are conjugate if uT Av = 0. A set of mutually conjugate vectors
Q = {p1, · · · ,pN} with respect to A can be used to find the solution x∗ of the
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A. Elliptical contact

Figure A.4: Illustration of the wrap-around and zero padding of the even influence
coefficients while doing the DC-FFT (GAL 07).

Figure A.5: Illustration of the wrap-around and zero padding of the odd influence
coefficients while doing the DC-FFT (GAL 07).

system, given by:

x∗ =
N∑

i=1
αiApi (A.35)

where αi = pT
k b

pT
k Apk

. This solution is known as the direct solution for a well-chosen
set of conjugate vectors Q. However, finding all the pk vectors can be computa-
tionally expensive for large N . The CGM provides an iterative approach that can
approximate the solution without explicitly computing all the conjugate vectors.

In the iterative formulation of the CGM, we start from an initial point x0 and use
a metric to approach the solution x∗. The problem is reformulated as a quadratic
function:

ϕ(x) = 1
2xT Ax−xT b, x ∈ RN (A.36)

that needs to be minimized. The gradient of the quadratic function provides the
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solution to the original problem:
∇ϕ(x) = Ax−b. (A.37)

The first conjugate direction vector p0 is obtained as p0 = b−Ax0, which is equiv-
alent to the gradient. The name "Conjugate Gradient Method" comes from the fact
that the subsequent vectors pk will be conjugate to this initial vector p0.

It’s important to note that the gradient in the equation above is also known as
the residual r(x) of the system:

r(x) =∇ϕ(x) = Ax−b. (A.38)

At each step k, the optimal next location is determined by:
xk+1 = xk +αkpk (A.39)

where
αk = pT

k (Axk−b)
pT

k Apk
= pT

k rk
pT

k Apk
. (A.40)

The general algorithm for the CGM can be summarized as follows: Choose the
starting point x0

rk←Ax0−b

if r0 is smaller than the chosen error, then return x0 as the result
p0← r0
k← 0
repeat

αk←
rT

k rk
pT

k Apk
;

xk+1← xk +αkpk;

rk+1← rk +αkpk;

if rk+1 is smaller than the error, then exit the loop

βk←
rT

k+1rk+1
rT

k rk
;

pk+1←−rk+1 +βkpk;

k← k+1

end repeat
return xk+1 as the result
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A. Elliptical contact

The CGM algorithm has also been extended to solve constrained linear systems,
where the problem is formulated as follows:

min
x∈Rn

ϕ(x) = 1
2xT Ax−bT x, with

{
ci(x) = 0, i ∈ E
ci(x)≥ 0, i ∈ I (A.41)

The CGM algorithm is applied in the context of contact problems by formulating
the problem in the constrained minimization form called the variational formulation
of the contact problem. This formulation encompasses both the normal and tangen-
tial components of the contact problem.

A.2.6 Algorithms of contact problem resolution
In 1999, Polonsky and Keer (? ) have proposed an algorithm that combines the
conjugate gradient method with the variational formulations described earlier to
solve the contact problem. This algorithm was implemented by Gallego (GAL 07)
in the developpment of the homemade Isaac code. So the different steps of the
algorithm are:

1. Initialization: Set the pressure field p to satisfy the equilibrium equation A.42.∑
(i,j)∈Γ′

c

pijSij = P. (A.42)

where Γ′
c represents the potential contact zone, and λij = 0 and ζ = 0.

2. Surface Normal Displacement: Use DC-FFT to calculate the surface normal
displacement ūp

z. Approximate the rigid body displacement δz by summing
the gaps in the contact zone according to equation A.43.∑

(i,j)∈Γc

ūp
zij +h∗

ij = 0. (A.43)

3. Gap Calculation: Compute the gap gij for each contact point (i, j) in the
actual contact zone using gij = ūp

zij +h∗
ij .

gij = ūp
zij +h∗

ij , (i, j) ∈ Γ′
c. (A.44)

4. Descent Direction: Calculate the descent direction dij based on the gap gij

and the previous descent direction. For contact points (i, j) in the contact
zone, update dij ←−gij + ζ G

Gold
dij , where G is the sum of squared gaps. For

non-contact points, set dij ← 0. Update Gold←G and ζ← 1.

dij ←−gij + ζ
G

Gold
dij , (i, j) ∈ Γ′

c, (A.45a)

dij ← 0, (i, j) /∈ Γ′
c, (A.45b)
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The Semi-analytical method for the Contact Problem

where
G=

∑
(i,j)∈Γ′

c

g2
ij . (A.45c)

Finally, Gold←G and ζ← 1.

5. DC-FFT on Descent Direction: Apply DC-FFT to the descent direction d to
obtain rp

z = Ap
zd.

rp
z = Ap

zd. (A.46)

The descent step is calculated as follows:

α =
∑

(i,j)∈Γ′
c
g2

ij∑
(i,j)∈Γ′

c
dijrij

. (A.47)

6. Descent Step Calculation: Compute the descent step size α as
α =

∑
(i,j)∈Γ′

c
g2

ij∑
(i,j)∈Γ′

c
dijrij

.

7. Pressure Update: Update the pressures using pij ← pij +αdij .
pij ← pij +αdij . (A.48)

8. Complementary Conditions Enforcement: Enforce complementary conditions
by setting negative pressures to zero and adjusting the contact zone. If pij < 0
for contact points (i, j), set pij ← 0 and remove (i, j) from Γ′

c. If gij = λij < 0
for non-contact points, set pij ←−αgij , ζ← 0, and add (i, j) to Γ′

c.
if pij < 0, (i, j) ∈ Γ′

c, (A.49a)

pij ← 0, Γ′
c← Γ′

c \ (i, j), (A.49b)

if gij = λij < 0, (i, j) /∈ Γ′
c, (A.50a)

pij ←−αgij , ζ← 0, Γ′
c← Γ′

c∪ (i, j). (A.50b)

9. Equilibrium Equation Enforcement: Multiply the pressure field by a factor a
to satisfy the equilibrium equation A.42, where

a= P∑
Γ′

c
pijSij

Check the convergence criterion ε, given by

ε=
∑

(i,j)∈Γ′
c
(pij−pij old)∑

(i,j)∈Γ′
c
pij

< ε0

If ε is below the threshold, terminate the algorithm; otherwise, go back to
step 2.
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A. Elliptical contact

a= P∑
Γ′

c
pijSij

, (A.51)

And then the convergence criterion is tested:

ε=
∑

(i,j)∈Γ′
c
(pij−pij old)∑

(i,j)∈Γ′
c
pij

< ε0. (A.52)

The semi-analytical solver employed in this study allows for the resolution of
both normal and tangential contact problems using the methods described earlier.
By solving the contact problem, the solver provides pressure and shear fields on
the contact surface. These fields can be used to calculate elastic stresses within the
semi-infinite space and the coefficients of influence outlined in Annex B. A "return
mapping" algorithm is utilized for elastoplastic calculations to compute plastic defor-
mations and the resulting displacements on the surface. A contact resolution loop
ensures the contact problem is properly resolved on the geometrically deformed
surface. The semi-analytical solver also offers additional functionalities, such as
handling heterogeneities and incorporating viscoelasticity, although they need to be
covered in this context. Figure A.6 shows the general algorithm for the contact
problem.

A.2.7 Stress and displacement field in bodies in contact
In solving contact problems involving normal or normal + tangential forces, it is
necessary to establish a relationship between the load distribution and the result-
ing displacements and stresses. In the case of semi-infinite elastic, homogeneous,
and isotropic space, Boussinesq (BOU 85) and Cerruti(CER 82) used the theory of
potentials to define the relationship between loading and stress fields and induced
deformations. Love(LOV 29) later developed a similar approach for the relationship
between uniform pressure acting on a rectangular area and the resulting normal
displacement. Finally, Vergne (VER 85) extended this solution to the tangential
problem, defining the relationship between the distribution of tangential forces and
the resulting tangential displacements. These methods are still widely used today
in the field of contact mechanics.

The discretization of the contact surface and the volume is a common approach
to solving contact problems numerically. By discretizing the surface and volume into
small rectangular and hexahedral elements, respectively, the problem is transformed
into a finite number of algebraic equations that can be solved using numerical meth-
ods. Each element is centered at a specific point, and the pressure, displacement,
and other relevant quantities are assumed to be constant within that element. The
discretization step size ∆x and ∆y determine the size of each element, and the num-
ber of elements Np is determined by the number of points in the discretization grid,
which is given by Np = Nx×Ny. The pressure distribution on the contact surface
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Initial loading
Material parameters
Material geometries

Normal contact problem
DC-FFT CGM
p calculation

Tangential contact problem
DC-FFT CGM
q calculation

Contact problem convergence

DC-FFT
Elastic stresses calculation

Plasticity
Return mapping

Plastic deformations calculation

If | P − P0 |< δ0

Contact problem solutions

Yes

No

Figure A.6: General algorithm for solving the Contact Problem.
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A. Elliptical contact

can then be approximated by a sum of pressure values on each element.

The stresses induced by the loading on a rectangular area of size ∗ centered at O
and subjected to loading p, qx, or qy constant can be calculated using the theory of
potentials. At any point M(x,y,z) in the massif, the stresses induced by the loading
can be expressed as follows:

σi,j

p
= Cp

i,j(x,y,z,E,ν)

= Sp
i,j(x+ ∆x

2 ,y+ ∆y
2 ,E,ν)+Sp

i,j(x−
∆x
2 ,y−∆y

2 ,E,ν)

+Sp
i,j(x−

∆x
2 ,y+ ∆y

2 ,E,ν)+Sp
i,j(x+ ∆x

2 ,y−∆y
2 ,E,ν)

(A.53)

σi,j

qx
= Cqx

i,j(x,y,z,E,ν)

= Sqx
i,j(x+ ∆x

2 ,y+ ∆y
2 ,E,ν)+Sqx

i,j(x−
∆x
2 ,y−∆y

2 ,E,ν)

+Sqx
i,j(x−

∆x
2 ,y+ ∆y

2 ,E,ν)+Sqx
i,j(x+ ∆x

2 ,y−∆y
2 ,E,ν)

(A.54)

σi,j

qy
= C

qy

i,j(x,y,z,E,ν)

= S
qy

i,j(x+ ∆x
2 ,y+ ∆y

2 ,E,ν)+S
qy

i,j(x−
∆x
2 ,y−∆y

2 ,E,ν)

+S
qy

i,j(x−
∆x
2 ,y+ ∆y

2 ,E,ν)+S
qy

i,j(x+ ∆x
2 ,y−∆y

2 ,E,ν)

(A.55)

Analogously, the displacements caused by the loading at a point M(x,y,z = 0) of
the contact surface are given by the following relations:

ui,j

p
=Kp

i,j(x,y,z = 0,E,ν)

= Up
i,j(x+ ∆x

2 ,y+ ∆y
2 ,E,ν)+Up

i,j(x−
∆x
2 ,y−∆y

2 ,E,ν)

+Up
i,j(x−

∆x
2 ,y+ ∆y

2 ,E,ν)+Up
i,j(x+ ∆x

2 ,y−∆y
2 ,E,ν)

(A.56)

ui,j

qx
=Kqx

i,j(x,y,z = 0,E,ν)

= U qx
i,j (x+ ∆x

2 ,y+ ∆y
2 ,E,ν)+U qx

i,j (x−∆x
2 ,y−∆y

2 ,E,ν)

+U qx
i,j (x−∆x

2 ,y+ ∆y
2 ,E,ν)+U qx

i,j (x+ ∆x
2 ,y−∆y

2 ,E,ν)

(A.57)
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ui,j

qy
=K

qy

i,j(x,y,z = 0,E,ν)

= U
qy

i,j(x+ ∆x
2 ,y+ ∆y

2 ,E,ν)+U
qy

i,j(x−∆x
2 ,y−∆y

2 ,E,ν)

+U
qy

i,j(x−∆x
2 ,y+ ∆y

2 ,E,ν)+U
qy

i,j(x+ ∆x
2 ,y−∆y

2 ,E,ν)

(A.58)

Using the principle of superposition and the elementary solutions, we can solve
the contact problem on a discretized grid of points on the surface of semi-infinite
masses. Let us define a grid of Np = Nx ∗Ny points with a spacing of xin the x-
direction and y in the y-direction. Each point is the center of a rectangular zone of
area S = ∆x∗∆y, where normal and tangential loadings are considered constant.
The stress field at any point M(x,y,z) in the space is then obtained by summing
the contributions of all the rectangular zones centered on each grid point, taking
into account the loading and displacement influence coefficients, as follows:

σi,j(x,y,z) =
Np∑
k=1

Cp,k
i,j pk +

Np∑
k=1

Cqx,k
i,j qx,k +

Np∑
k=1

Cqy,k
i,j qy,k (A.59)

Where σi,j(x,y,0) is the stress tensor component σi,j at point M(x, y, z = 0),
Cp,k

i,j , Cqx,k
i,j , and Cqy,k

i,j are the normal stress, x-direction shear stress, and y-direction
shear stress influence coefficients at the k-th grid point, respectively, and pk, qx,k,
and qy,k are the normal pressure, x-direction shear force, and y-direction shear force
applied at the k-th grid point, respectively.
The stress field at any point M(x,y,z) in the solid mass is given by the sum of the
contributions from all the rectangular zones centered on each grid point, taking into
account the loading and pressure influence coefficients, as follows:

σi,j(x,y,z) =
Np∑
k=1

Nq∑
l=1

Cp,i,j(x−xk,y−yl, z,E,ν)p(xk,yl)

+
Np∑
k=1

Nq∑
l=1

Cqx,i,j(x−xk,y−yl, z,E,ν)qx(xk,yl)

+
Np∑
k=1

Nq∑
l=1

Cqy,i,j(x−xk,y−yl, z,E,ν)qy(xk,yl)

(A.60)

Where Cp,i,j , Cqx,i,j and Cqy,i,j are the normal pressure, tangential force along the
x-axis and tangential force along the y-axis influence coefficients, respectively. pk,
qx,k and qy,k are the values of the normal pressure, tangential force along the x-axis
and tangential force along the y-axis, respectively, applied on the rectangular zone
centered on the k-th grid point with coordinates (xk,yk,0). Np is the total number
of grid points, which is equal to Nx×Ny, and ν and E are the Poisson’s ratio and
Young’s modulus of the solid mass, respectively.
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A. Elliptical contact

The relative displacements of surfaces can be obtained using a similar approach
as for the stress field. For a point M(x, y) on the surface, the relative displacements
are given by:

ux =
Np∑
i=1

Ux,i ·pi (A.61)

uy =
Np∑
i=1

Uy,i ·pi (A.62)

uz =
Np∑
i=1

Sxy,i · qy,i−Syx,i · qx,i (A.63)

where Ux,i and Uy,i are the influence coefficients for the displacement in the x and
y directions respectively, caused by a unit normal load pi applied at the center of
the ith rectangular zone, and Sxy,i and Syx,i are the influence coefficients for the
displacement in the z direction caused by unit shear loads qy,i and qx,i applied at
the center of the ith rectangular zone. Here the alert is put on the difference in the
reference frame between surfaces 1 and 2 and that there is an opposition of signs for
the shear terms qx and qy between the two surfaces.

σi,j

qx
= Cqx

i,j(x,y,z,E,ν) (A.64a)

σi,j

qy
= C

qy

i,j(x,y,z,E,ν) (A.64b)

uj

p
=Kp

j (x,y,E,ν) (A.65)

With

Kp
j (x,y,E,ν) = Up

j (x+ ∆x
2 ,y+ ∆y

2 ,E,ν)+Up
j (x−∆x

2 ,y−∆y
2 ,E,ν)+

Up
j (x+ ∆x

2 ,y−∆y
2 ,E,ν)+Up

j (x−∆x
2 ,y−∆y

2 ,E,ν) (A.66)

where i, j denotes the direction of the stress component, E is the elastic modulus
of the material, and ν is its Poisson’s ratio. The coefficients Cp,i,j , Cqx,i,j , and Cqy,i,j

are known as the influence coefficients and depend on the geometry of the loaded
area and the location of the point M.
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Appendix B

Parametric study on denting
process

B.1 Denting problem
The denting problem refers to the occurrence of dents or depressions on the surface
of a material or component. It is a common issue in various industries, including
automotive, aerospace, and manufacturing. Dents can be caused by various factors,
such as impact or collision with other components, excessive loads or pressure, im-
proper handling or storage, or particle crushing in two components contact. The
dent’s severity can range from minor surface imperfections to deep deformations
that compromise the component’s structural integrity. The study of surface fatigue
caused by lubricant contamination is a complex undertaking that necessitates care-
ful consideration of the conditions that give rise to dents. While naturally occurring
dents can display various characteristics, researchers often prefer to utilize artifi-
cial dents generated through techniques such as spherical indenters or finite element
models in plane strain or axisymmetric configurations in fatigue studies. The use of
artificial dents offers the advantages of repeatability and generalizability.

Several researchers, including Xu et al. (XU 20), Warhadpande and Sadeghi
(WAR 10), Morales and Gabelli (DIA 03; COU 05; NEL 05; ANT 08; MOR 11b;
MOR 15a; MOR 15b; MOR 16; VIE 16) and others (JAC 01; JAC 02; JAC 03),
have employed artificial dents to investigate the impact of residual stresses, mi-
crostructure, and lubrication conditions on the behavior of dented surfaces.

While natural dents may pose challenges in experimental design and interpreta-
tion, dedicated efforts in this area can still yield valuable insights into the mecha-
nisms underlying surface fatigue. However, for studies that require precise control
and reproducibility, artificial dents remain a valuable tool.

The behavior of particles in suspension within the lubricant during their pas-
sage through contact has been investigated by researchers such as Wan and Spikes
(WAN 88), Dwyer-Joyce et al. (DWY 90; DWY 92; CAN 96; DWY 05) and others
(VIL 98a; VIL 98b; VIL 99a; VIL 99b). These studies utilized optical setups capa-
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ble of capturing microphotographs, as exemplified in Fig.B.1, to observe and analyze
particle behavior. The researchers observed distinct differences in the behavior of
particles depending on their nature. Ductile particles were found to undergo crush-
ing as they passed through the contact. This crushing process occurred continuously
throughout their passage, resulting in particle shape and size changes. In contrast,
brittle particles shatter early in the process, creating clouds of dents. Figure.B.1
schematically illustrates this behavior. The shattering of brittle particles leads to
generating numerous dents in the surrounding area. Dwyer-Joyce et al. (DWY 92)

(a) (b)

Figure B.1: Observation montage of the EHD contact (a) and photomicrograph
showing the passage of SAE 30 particles in the contact (b), according to (WAN 88)

established a relationship between particle size, surface geometry, and the coefficient
of friction to define the maximum particle size that can enter the contact. Finally,
Cann et al.(CAN 96) compared the profiles of dents obtained with and without lu-
bricant for iron particles with a diameter of 30−60µm. In the presence of lubricant,
a reduction in the depth of the dent is observed, as illustrated in Fig.B.1,B.3. This
reduction is of the same order of magnitude as the thickness of the lubricant film.

(a) (b)

Figure B.2: The behavior of a ductile particle (a) and a fragile particle (b) when
passing through the contact, according to (DWY 92)

.
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In their research, Ville and Nélias have conducted various studies (VIL 98a;
VIL 98b; VIL 99b; NEL 00) where they developed a pollution test rig, originally
imagined by Nelias (NEL 99). This test rig enables them to introduce a known
number of particles into the lubricant and control the concentration of particles.
Using this setup, they studied the contact indentation between bi-disc steel rollers
made of AISI 52100. Through their experiments, Ville and Nélias observed that the
number of dents counted on the surfaces of the rollers exhibited a linear relationship
with the product of the particle concentration in the lubricant and the duration of
the test. This relationship is illustrated in Fig.B.4. The linear correlation between
the number of dents and the particle concentration and test duration suggests that
these factors significantly influence the indentation process. In their study, the au-
thors investigated the behavior of different particle types: ductile M50 steel particles
and fragile SiC silica carbide or sand SAE AFTD particles. They confirmed the pre-
viously observed differences in behavior between these particle types. By conducting
experiments with particles of varying sizes, ranging from 10-20 µm to 40-50 µm, the
authors established a direct relationship between particle size and the dimensions
of the dent. Larger particles resulted in larger dents, indicating that particle size
plays a significant role in indentation.

Figure B.3: Indentation profiles acquired from iron particles from initial diam-
eter of 30-60 µm under both dry and lubricated contact conditions, as outlined in

(CAN 96)

The authors also examined the effect of relative slip between the surfaces. They
found that the relative slip tends to spread the particles in the direction of friction,
leading to longer dents and the embedding of particles in the surfaces. Furthermore,
the authors compared tests conducted at different speeds and observed a reduction
in the dent depth in lubricated contact. This reduction, on the order of the lubri-
cating film thickness, aligns with the observations made by Cann et al. (CAN 96).
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Figure B.4: Count of dents observed on surfaces based on variations in product
concentration and duration (VIL 99b).

This consistency supports the understanding that lubrication plays a crucial role in
modifying the behavior and characteristics of dents.

Figure B.5: Rate of particle capture in steel-steel or hybrid contacts under condi-
tions of constant head and a consistent Hertz zone size, as detailed in (STR 16).

So it appears that the use of ceramic rolling bodies in hybrid bearings can provide
protection against indentation for the ceramic body but at the expense of the facing
surface, which experiences deeper dents. This observation is supported by stud-
ies conducted by Tonicello et al.(TON 12b) and Strubel et al.(STR 16; STR 17).
Additionally, the nature of the contact does not seem to affect the capture rate of
particles, as demonstrated by Fig.B.5.

In modeling the passage of a particle in rolling contact, relatively fewer analytical
or numerical studies have been conducted. One of the early approaches was pre-
sented by Hammer et al. (HAM 87; HAM 89), who approximated the phenomenon
by relating it to crushing a spherical particle between two flat surfaces. They pro-
vided an analytical expression for the axisymmetric pressure field and the shape of
the dent. This approach was supported by experimental tests conducted by the same
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Denting problem

authors and demonstrated the ability of soft particles to cause damage to harder
surfaces through confinement.

Ko and Ioannides (KO 89) developed two finite element models, one axisymmet-
ric and the other in plane strain, based on the work of Hammer presented in Fig.B.6.
These models replicated the crushing of a spherical and cylindrical particle and al-
lowed for the study of residual stresses after indentation. Kang et al. (KAN 04) later
introduced the rolling effect into the modeling by developing a finite element model
for the passage of a particle in a two-disc contact. This model enabled a paramet-
ric study of indentation and produced results in agreement with the experimental
tests conducted by de Ville and Nelias (VIL 98a; VIL 98b; VIL 99b; NEL 00). The
study also examined the effect of the coefficient of friction between the particle and
the surfaces, showing that a reduction in friction led to decreased frictional forces
opposing the spreading of the particle and resulted in wider and more superficial
dents.

When the coefficient of friction between the particle and the surfaces is reduced,
the opposing frictional forces decrease, allowing the particle to spread more easily.
This leads to wider and more superficial dents, as observed in indentation experi-
ments. Finite element analysis can be used to model and simulate this phenomenon,
providing valuable insights into the behavior of particles during indentation.

(a) (b)

Figure B.6: (a) Axisymmetric finite element (FE) model and plane strain repre-
sentation (KO 89). (a) Finite element model depicting the passage of a spherical
particle within a two-disc contact and profiles of dents acquired through this model

for varying friction coefficient values (KAN 04).

Recently, Nikas’s analytical model enables to take into account multiple factors,
including plasticity, sliding, lubrication, thermal effects, and strain rate effects. The
model has been further improved by incorporating thermal and strain rate effects in
subsequent studies, demonstrating ongoing efforts to enhance the accuracy of mod-
eling and simulations in the field of rolling contact mechanics. A significant finding
of Nikas’s model is the generation of high temperatures within the particle during its
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B. Parametric study on denting process

passage through contact. Plastic work and friction contribute to this heating, and in
some cases, the temperatures can reach the melting point locally. This emphasizes
the importance of considering thermal effects in accurately predicting the behavior
of particles during indentation.

Figure B.7: The pressure profile and indentation shape for particles on top of low
alloy steel, mild steel, and copper surfaces were sourced from (HAM 87).

Additionally, Nikas (NIK 12; NIK 13; NIK 14) highlights the significance of in-
corporating visco-plastic effects in the model. This can be achieved through a
Johnson-Cook-type behavior law, which captures the time-dependent deformation
behavior of the particle and the influence of strain rate on its response.

Studying the fatigue of indented surfaces requires careful consideration of the
operating conditions and the ability to create dents with specific parameters. A
flexible numerical indentation tool is essential for this purpose as it allows for the
accurate and reproducible creation of dents with controlled parameters such as size,
shape, and depth. Such a tool enables researchers to precisely control the contact
parameters and explore the effects of different materials and surface coatings on the
fatigue behavior of the indented surfaces. This capability enhances understanding
how dents respond to varying conditions and contribute to developing more effective
fatigue mitigation strategies.

In parallel with experimental studies, developing a versatile finite element model
that incorporates thermal and visco-plastic effects is crucial for a comprehensive
understanding of indented surfaces. While previous models discussed in the text
have limitations, incorporating these effects can significantly improve the accuracy of
simulations. However, it is important to consider the computational cost associated
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Denting problem

with such models, as high computational requirements can hinder their practical use
in industrial applications.

Therefore, the challenge lies in balancing accuracy and computational cost when
developing a finite element model. It should accurately capture the thermal and
visco-plastic effects while being computationally efficient enough for practical uti-
lization. This balance allows for wider adoption of the model in industrial contexts,
where time and computational resources are often limited. With an accurate and
efficient model, researchers can investigate the fatigue behavior of indented surfaces
under realistic conditions and explore the influence of various parameters and oper-
ating conditions on fatigue life.

The Coupled-Euler-Lagrange model, developed by Bonetto et al.(BON 20), is
an example of a sophisticated numerical approach that addresses the challenges of
incorporating thermal and visco-plastic effects while maintaining reasonable compu-
tational costs. This model provides a framework for implementing a versatile finite
element model capable of capturing these effects accurately. Additionally, the on-
going efforts to update and extend the model to consider operating conditions and
new parametric studies further enhance its applicability and relevance in studying
indented surfaces.

Figure.B.9 depicts how the elastic modulus and the yield strength of the particle
impact the dent profile. It’s noticeable that the modulus has a minimal effect, while
the elastic limit moderately affects the dent profile.

(a)
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Figure B.8: Dent profile according (a) Influence of the modulus, (b)Dent profile
for yield strength σ0 = 0.5GPa.

When examining hybrid rolling, it becomes evident that the indentation profiles
differ, characterized by greater indent depths, smaller indent diameters, and notably
elevated bead heights, as depicted in the illustrations figure Fig.B.10. Specifically,
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B. Parametric study on denting process
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Figure B.9: Dent profile according (a) For a particle elastic limit of σ0 = 3GPa,
(b) Influence of the particle size and loading.

in pure rolling scenarios, the bead heights are comparatively lower than those seen
in the presence of sliding. In hybrid bearing conditions, a protrusion becomes no-
ticeable around the material bead. This is primarily attributed to the expulsion of
material from the interior, which is then slightly smoothed on the surface due to the
movement of rolling elements.

The harder a particle is, the more fishy effect it will create on the track. The
fish effect consists of the deformation in the direction transverse to the loading of
the track due to the poisson ratio of the materials which tends to shrink the surface
section of the indent.

The loading effect of the particles on the tracks which is an effect combining the
level of loading and the hardness of the particles consisting in crushing a level of
bead by the loading which induced it.

In the scenario of the hybrid bearing, a swift saturation in the evolution of bead
height was observed in relation to various parameters. This phenomenon can be
rationalized by the increase in these parameter values, leading to the particle’s pen-
etration reaching a threshold beyond which the bead height diminishes. This reduc-
tion occurs due to the material pressing against itself, prompted by the constriction
effect.
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Figure B.10: (a) Dent profile in pure rolling for particle yield strenght σ0 = 1712
MPa, (b) Dent profile in pure rolling for particle yield strenght σ0 = 3000 MPa,

(c) Dent profile in rolling/sliding for particle yield strenght σ0 = 500 MPa.

Figure B.11: Presence of lubricant in CEL model.
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Appendix C

Fatigue criteria

C.1 Stress invariants
Consider a volume of matter subjected to a stress tensor σ. The tensor can be
decomposed into a deviatoric part s and a hydrostatic part:

σ = s+σHI (C.1)

The hydrostatic stress σH is the first invariant of the stress tensor σ and I is the
identity tensor.

σH = 1
3tr(σ) (C.2)

In fatigue rolling, two constraint invariants are commonly used: the first invariant
of the deviatoric stress tensor and the second invariant of the von Mises equivalent
stress tensor.

The first invariant of the deviatoric stress tensor is denoted as J2 and represents
the magnitude of the deviatoric stresses. It is defined as:

J2 = (1/2)sijsij (C.3)

Where sij is the deviatoric stress tensor, defined as:

sij = σij−
1
3σkkδij (C.4)

Where sij is the stress tensor, and δij is the Kronecker delta.
The second invariant of the von Mises equivalent stress tensor is denoted as

J3 and represents the magnitude of the equivalent stress. It is defined as: Over
a loading cycle, the maximum hydrostatic stress, as well as the mean hydrostatic
stress is defined as:

Maximum hydrostatic stress:
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Stress invariants

σH,max = max
t∈[0,T ]

(σH(t))

Mean hydrostatic stress:

σH,mean = 1
T

∫ T

0
σH(t)dt

where σH(t) is the hydrostatic stress at time t during the loading cycle and T is
the total time of the loading cycle.

The deviatoric stress tensor s is used to define the second invariant of constraints,
noted J2:

J2 = 1
2sijsij (C.5)

Where sij represents the deviatoric stress tensor. The value of J2 corresponds
to the square of the von Mises equivalent stress, commonly used in fatigue analysis.
It takes into account both the normal and shear stresses acting on the material and
is defined as:

σeq =
√

(3J2) (C.6)

Where tr(σ) is the trace of the stress tensor, and I is the identity tensor. The de-
viatoric part represents the contribution of the shear stresses, while the hydrostatic
part represents the contribution of the normal stresses. The use of the deviatoric
part is common in fatigue analysis as it is more sensitive to the presence of shear
stresses, which are often the primary cause of fatigue failure.

In the context of fatigue, the deviatoric stress tensor is used to evaluate the
damage accumulation in a material during cyclic loading. The average part of the
deviatoric stress tensor, smoy, is related to the mean stress while the alternating
part, sa, is related to the amplitude of the stress variation. These parameters are
used in fatigue criteria to predict the fatigue life of a material. To determine the
values of smoy and sa, we need to evaluate the deviatoric stress tensor over a loading
cycle. The curve traced by the deviatoric stress tensor in the 6-dimensional space is
generally complex and irregular. Therefore, to obtain representative values of smoy
and sa, we need to find the smallest 6-dimensional hypersphere that encloses the
curve traced by the deviatoric stress tensor. This hypersphere is called the minimum
enclosing hypersphere, and its center corresponds to the average value of the devia-
toric stress tensor, while its radius corresponds to the alternating part. Finding the
minimum enclosing hypersphere is a non-trivial problem in high-dimensional spaces.
Still, it allows us to obtain representative values of smoy and sa from the irregular
loading path. This is important because the fatigue life of a material depends on the
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C. Fatigue criteria

amplitude and mean of the cyclic stress and not on the details of the loading path.
Therefore, by using smoy and sa obtained from the minimum enclosing hypersphere,
we can predict the fatigue life of a material more accurately.

The search for the center and radius of the smallest hypersphere circumscribed
to a curve can be achieved through minimization algorithms. The most commonly
used algorithm is the Welzl algorithm, which can determine the center and radius
of the smallest sphere circumscribing a set of points up to dimension 3. For higher
dimensions, Gartner extended the algorithm to hyperspheres of dimension n = 10.
These algorithms can be implemented in software such as Matlab or through dedi-
cated algorithms.

The Tresca criterion states that material failure occurs when the maximum shear
stress in a material exceeds a critical value. In the case of rolling fatigue, this
criterion is applied to the alternating part of the tensor of deviatoric stresses, sa.
The component τpr is defined as half of the difference between the maximum and
minimum values of the shear stress, which can be written as:

τpr = 1
2(s1− s3) (C.7)

where s1 and s3 are the maximum and minimum principal stresses, respectively,
obtained from the eigenvalues of the deviatoric stress tensor. The critical shear
stress τc can be obtained experimentally or from theoretical models, and material
failure occurs when τpr > τc.

C.2 Variables acting on a plane
The critical plane fatigue criteria use plane invariant variables to predict the onset
of fatigue failure. These variables are derived from the stress and strain tensors on
a specific plane called the critical plane. The critical plane is the plane of maximum
shear stress range over a loading cycle. The plane invariant variables commonly
used in critical plane fatigue criteria include:

❄ Normal stress amplitude (σa): This is the average absolute value of the critical
plane’s maximum and minimum normal stress.

❄ Shear strain amplitude (γa): This is the average absolute value of the critical
plane’s maximum and minimum shear strain.

❄ Maximum shear stress range (∆τmax): This is the maximum difference between
the maximum and minimum shear stress on the critical plane.

❄ Shear stress amplitude (τa): The average absolute values of the maximum and
minimum shear stress on the critical plane.
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Fatigue criteria with stress invariants

❄ Normal strain amplitude (εa): This is the average absolute value of the critical
plane’s maximum and minimum normal strain.

These variables can be used to calculate the fatigue damage or life of a material
under cyclic loading based on empirical or theoretical models. The accuracy of the
prediction depends on the validity of the model and the accuracy of the input data.

The stress vector T acting on the plane with normal vector n can be decomposed
into a normal stress vectorN and a vector of shear stress τ , N is defined as the
projection of T onto the normal direction n, while τ is defined as the projection of
T onto the plane perpendicular to n. In equations, this can be expressed as:

N = Tn (C.8)

τ = T −N (C.9)

C.3 Fatigue criteria with stress invariants
The fatigue criteria based on stress invariants do not provide information about the
orientation of fatigue cracks. These criteria are based on invariant scalar quantities
under coordinate transformations, such as the first and second stress invariants or the
maximum shear stress. They provide a way to assess the potential for failure based
on the magnitude of the stress state but do not consider the stress’s direction or
orientation. Criteria based on the critical plane can be used to obtain information
about the orientation of fatigue cracks. These criteria consider the stress state’s
variation as the plane’s orientation changes. They are based on the assumption
that the plane of maximum shear or normal stress is the most critical for crack
initiation and propagation. There are several critical plane-based fatigue criteria,
such as the Smith-Watson-Topper (SWT) criterion (SMI 70), the Fatemi-Socie (FS)
criterion (FAT 88), and the Brown-Miller (BM) criterion (BRO 73). These criteria
use different combinations of stress components on the critical plane to calculate a
fatigue damage parameter, which can be compared to a fatigue limit or S-N curve to
assess the potential for failure. The critical plane-based criteria are more complex
to apply and require more computational effort, but they can provide more accurate
predictions of fatigue life and crack orientation.

C.4 Stress fatigue criteria
The Dang Van criterion is a fatigue criterion considering the effect of multiaxial
stress states. Dang Van proposed it in 1984 (VAN 84), and has been widely used
in the industry. The criterion is based on the stress invariants and is expressed in
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C. Fatigue criteria

terms of the maximum shear stress amplitude and the normal stress amplitude on
the critical plane. The original Dang Van criterion (1984) involves searching for the
critical plane where the maximum shear stress amplitude is maximum. The criterion
can be expressed as follows:

τmax

σa
+k

σmax

σa
≤ 1 (C.10)

Where τmax is the maximum shear stress amplitude, σmax is the maximum nor-
mal stress amplitude, σmax is the stress amplitude, and k is a material parameter.
However, the search for the critical plane is computationally expensive in 3D prob-
lems. Therefore, in 1989, Dang Van.(VAN 89) proposed a simplified version of the
criterion that does not require the search for the critical plane. The simplified
criterion can be expressed as:

( τa

σa
)2 +(σn

σa
)2 ≤ 1 (C.11)

Where τa is the amplitude of the shear stress on the plane perpendicular to
the mean stress, σn is the normal stress on the same plane, and σa is the stress
amplitude. This criterion is simpler but may be less accurate than the original one.
The Dang Van criterion is widely used in the industry due to its simplicity and
effectiveness in predicting fatigue failure under multiaxial loading.
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