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Prediction: Tangent vgctor
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Figure 2.3: Generic HBM-PAC algorithm.
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Figure 2.8: Notion of local (asymptotic) stability foa cycleqo(t). Left: stable cycle,
right: unstable cycle.

The 2nsolutions of Eq.(2.68) are known as tRéoquet forms, which play a role
analogous to normal modes for systems with periodic coef®cients and are expressed in
the general fornz;(t) = e itpj(t), with pj (t+ 2p=w) = pj(t). Clearly, the time evolution
of the perturbation is determined by the real part of the exporignts there exists at
least onej such thatA | i > 0, the associated mode's amplitude grows exponentially
and the underlying cycle is thus unstable, as depicted in Fig. 2.8. Furthermore, in the
case of unforced systems, there exists at least one trivial exponent equal to zero. This is
due to the invariance of periodic solutions with respect to time translations, which equates
to the existence of a direction in phase space along which perturbations have no effect.
This particular direction is given bgt) = [ & (t); 8 (t)]7, and the demonstration of this
fact is a classical result shown in numerous textbooks, see e.g. [SEY 10]. Substituting
the Floquet form ansatz in Eq. (2.68) and factoring out the exponentials from both sides
yields an equation for thie; purely in terms of periodic functions:

G0+ 1pjt) = A(t)pj(t) (2.70)

Eq. (2.70) has been used in [LAZ 10, BEN 17], where a Fourier expansion of the
coef®cient matrix and of vectqrj(t) was introduced. Then, using harmonic balance, a
linear eigenvalue problem is obtained from which the characteristic (Floquet) exponents
are found as the eigenvalues of a truncatitls matrix. The right-hand side, being a
product of two time series, leads to a convolution in the frequency domain which is rep-
resented by a Toeplitz matrix if a complex formulation of harmonic balance is employed
(and a more complicated matrix otherwise). Hereafter we adopt a different approach,
which has the advantage of exploiting information already available from the AFT-HBM
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Figure 2.10: Local stability for a quasi-periodic solutiag(t). Left: stable cycle, right:
unstable cycle.

Projection onto the frequency domain leads once again to Eq. (2.72), where the total
derivative, Eq. (2.89), is employed.

Mediating the computational strategies for the computation of the required terms,
Hill's methods remains unchanged for quasi-periodic solutions, as the number of Floquet
exponents for a given system does not depend on the nature of its solutions. However,
it is important to realize that any free phase will lead to a trivial eigenvalue, just as in
the case of autonomous systems discussed in Sect. 2.1.4.2. In fact, an analogous in-
variance argument may be advanced for quasi-periodic solutions, as follows. Consider a
periodically-forced system driven at a frequemney, which acts as continuation param-
eter; let one of its solutions bgqz1;q2), belonging to a bifurcated branch born at a NS
point. As the forcing prescribes only a phase with respect to the ®rst hyper-time coor-
dinate, the total phase is free: in other words, time-translations purely along the second
time coordinate result in rotations along the torus surface, which is invariant. A good
geometric picture, represented in Fig. (2.11) is the following: a Podsaction of the
solution in phase space takert at 0 yields a closed curve, such that an in®nite family of
solutions describe the same torus, each one corresponding to a different starting point on
this curve.

Let us express the partially time-shifted Fourier coef®cients as:

X(1;02+ Dep) = [F(q 1;092+ Dp)  1n]X =[F(q 1;02)G2(Dp) In]X
=[F(@1;92) In]Xpg (2.98)

where the matrixG, operates a partial rotation along the second hyper-time coordinate.
Owing to invariance, the ®rst variation of the equilibrium equations with respé&xpto
must be nil for any givemv; andw,. Hence:

4Alternatively, one can compute this term using ®nite differences, which is much simpler to code but
also quite inef®cient.
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Figure 2.12: Eigenvectors spanning timall subspace associated to a multiple root.

The R1 bifurcation is relevant in quasi-periodic analysis, since it marks the branching,
i.e. the birth or end, of a NS curve out a LP one. As its name suggests, it is a conse-
guence of the coincidence between natural frequencies of two different vibration modes
of the system, triggered by the detuning introduced by nonlinear effects. For instance, two
modes with initially close linear frequencies can intersect due to stress stiffening. In the
vicinity of an R1 point, the closeness between these frequencies results in a beating phe-
nomenon, i.e. modulated oscillations. Conversely, this bifurcation can also be detected
along NS tracking, where it is self-evident from the fact that eigenvalkiesend to zero.

1:nresonancgRn) | 1.0= 1| Vr\]/;nZ N
Extended systems for the other strong resonances are found by appending the required
phase-locking condition to the NS system, Eq. (2.40), as follows:

2 3
R

Rx k%D, Rr kD1 |
kD]_ rRT Rx k2D2 |
pT r 1
pT |
w nk

Yra(X; Ry 1;Wik;a) = (2.109)

At an Rn point, branches ofT-periodic sub-harmonic solutions bifurcate and can be
followed by applying the techniques introduced in the following section.

Hybrid bifurcations

Critical Floguet exponents in this case are of different nature, i.e. each root has simple
multiplicity. Thus, extended systems are built by straightforwardly appending the con-
straint equations for the corresponding codim-1 bifurcations one after the other. Regard-
ing nomenclature, here the choice is made to borrow from the bifurcations of equilibria.
Thus, the words °of cycles® shall be understood to be systematically, albeit implicitly,
present. For instance, the wokbpf refers to a Hopf bifurcatiomf cycles, i.e. a NS
bifurcation.
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