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Analytical and Numerical Study of the Stress and Displacement 
Distribution During Solidification Process in a Tank

Context: Tank failure due to liquid expansion during solidification

Analytical calculation: Stress and liquid pressure of freezing problem in a spherical vessel

Half cut of the tank during freezing

Simulation by thermal conduction: geometric 

prediction of solidification interface 

Component failure due to high 

pressure in the liquid pocket.
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Possible mechanical interferences

Non-isotropic phase-change expansion (PCE) 

at the solidification interface:

S L

Unexpanded: 

determined by 

thermal analysis

S L

Isotropic PCE: 

Expands uniformly 

in all directions

LS

Non-isotropic PCE: 

expands more in normal 

direction of interface

Weeks & Wettlaufer (1996): “As polycrystalline ice grows, favorably 
oriented crystals expand at the expense of less favorably oriented ones.”

Rigid spherical vessel

ℎ is current interface position. Thermal 

expansion in solid/liquid phase is 

neglected, only PCE is considered.

Solid and liquid are treated elastically.

A PCE orientation factor 𝜂𝜂is introduced.

ℎ

Solid

𝑅𝑅

Liquid

𝛔𝛔= 𝜆𝜆tr 𝛆𝛆− 𝛆𝛆𝐩𝐩𝐩𝐩 𝐈𝐈+ 2𝜇𝜇 𝛆𝛆− 𝛆𝛆𝐩𝐩𝐩𝐩

𝛔𝛔=

𝜎𝜎𝑟𝑟
𝜎𝜎𝜃𝜃

𝜎𝜎𝜃𝜃
𝛆𝛆=

𝜀𝜀𝑟𝑟
𝜀𝜀𝜃𝜃

𝜀𝜀𝜃𝜃

PCE orientation factor 𝜼𝜼

𝛆𝛆𝐩𝐩𝐩𝐩 =

1 + 2𝜂𝜂
1 − 𝜂𝜂

1 − 𝜂𝜂
𝜀𝜀0
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If 𝜂𝜂= 1, PCE only in normal expansion

𝜀𝜀0 =
Δ𝑉𝑉

3𝑉𝑉
=
phase change vol.

3 × initial vol.

Elastic response Elastic + perfect plasticity

Numerical method: A coupled thermo-mechanical finite-element approach for solidification problems

- Liquid phase is treated as in static state solid  

with small shear stress:

• Small shear modulus

• Small yield strength to plasticity

- The non-isotropic PCE is modeled using 

local heat flux, which is always in the normal 

direction to the phase-change interface 

during solidification.

- For the solid phase:

with a viscoplastic function:

𝑟𝑟 ̅𝜀𝜀i n : isotropic hardening function

This material model is implemented into 

Abaqus via a user-defined subroutine UMAT.

The method is validated by the analytical 

solution of the spherical model.
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𝛔̇𝛔= ℂ ∶(𝛆̇𝛆− 𝛆̇𝛆th − 𝛆̇𝛆i n )

̇̅𝜀𝜀i n = 𝑓𝑓 �𝜎𝜎, 𝑟𝑟 ̅𝜀𝜀i n ,𝑇𝑇

Numerical model Benchmark test in a steel vessel, filled with water Application exp: freezing in an open reservoir

with a pressure censor and a thermocouple in the center. - Rigid reservoir example

- Pressure near the last liquid pocket is 

high, component of the tank should 

avoid these positions.

- Inelastic deformation above liquid 

region is big, cracks of the solid may 

occur. >> Future work

- Simulation in 3D is also available, 

contacts between liquid and tank wall 

should be carefully defined. 

𝜂𝜂= 0.7

Solid fraction Equivalent inelastic strain Pressure/hydraulic stress

t=2500s

t=7500s

t=15000s

t=20000s
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Approche numérique : solidification par éléments finis en thermo-mécanique couplés
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